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ABSTRACT. Poincaré profiles are analytically defined invariants, which provide
obstructions to the existence of coarse embeddings between metric spaces. We
calculate them for all connected unimodular Lie groups, Baumslag—Solitar
groups and Thurston geometries, demonstrating two substantially different
types of behaviour. For Lie groups, our dichotomy extends both the rank one
versus higher rank dichotomy for semisimple Lie groups and the polynomial
versus exponential growth dichotomy for solvable unimodular Lie groups. We
provide equivalent algebraic, quasi-isometric and coarse geometric formula-
tions of this dichotomy.

As a consequence, we deduce that for groups of the form N x S, where
N is a connected nilpotent Lie group, and S is a rank one simple Lie group,
both the growth exponent of N, and the conformal dimension of S are non-
decreasing under coarse embeddings. These results are new even for quasi-
isometric embeddings and give obstructions which in many cases improve those
previously obtained by Buyalo—Schroeder.
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1. INTRODUCTION

The notion of coarse embedding is very natural, since the inclusion of one com-
pactly generated locally compact group as a closed subgroup of another automat-
ically yields a coarse embedding with respect to the relevant word metrics. While
remarkable progress has been made on the much more restrictive class of quasi-
isometric embeddings — especially for high rank symmetric spaces and their lattices

[KLOT, [EF97, [FN20] - the techniques involved typically say nothing about
coarse embeddings. As a consequence, many natural questions have been so far
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intractable; for instance, whether there is a coarse embedding HZ — HZ x R? for
some d € N (cf. [BST12, Question 5.4])E|

The separation profile was introduced by Benjamini, Schramm and Timar in
[BST12] as a new tool to provide obstructions to regular maps between bounded
degree graphs: in this setting, coarse embeddings are examples of regular maps.
In [HMT18], we introduced a new family of invariants: the LP-Poincaré profiles,
which interpolate between the separation profile (for p = 1) and a function of the
volume growth (for p = 00). We computed all the LP-Poincaré profiles in a number
of instances, including rank 1 simple Lie groups and groups of polynomial growth.
This already produced new obstructions to coarse embeddings: e.g. from HZ to
Hi® (see [HMTIS|, Corollary 15] for a general statement). In this paper we push
this study much further by computing the L? profiles for all connected unimodular
Lie groups, deducing in particular a negative answer to the question above (see
Corollary .

For the rest of this introduction, let us call a metric space standard if it is quasi-
isometric to a bounded degree graph. The class of such spaces includes bounded
degree graphs themselves, which in this paper are assumed to be connected, but
also Riemannian manifolds with bounded geometry, and compactly generated lo-
cally compact groups equipped with their word metric. Our main focus will be on
connected Lie groups, which are duly compactly generated.

This introduction is organized as follows: in we recall the definitions of
Poincaré profiles, and of regular, coarse and quasi-isometric embeddings. We then
introduce the notions of analytically thin/analytically thick metric spaces. From
there on, we state our results. §1.2| contains our first main contribution: we show
that the LP-profiles have two distinct types of asymptotic behaviour (analytically
thin/thick), and we characterize each one in terms of the Lie algebra of the group
(algebraically thin/thick). In the complete calculation of the LP profiles of
unimodular connected Lie groups is given. We also obtain a range of new obstruc-
tions to coarse embeddings which mainly (but not exclusively) follow from these
calculations of LP-profiles.

1.1. Background.

1.1.1. Poincaré profiles. Poincaré inequalities are fundamental tools in analysis,
controlling function norms by the norm of their derivatives on a given space. For a
finite graph T', with vertex set VI' and edge set ET we can quantify the extent to
which an LP-Poincaré inequality holds by defining its LP—Poincaré constant, for
p € [1,00]:

||Yff||P D VISR, Y f(v) o,fyéo}
p veVT

where Vf : VI' — R is defined by Vf(z) = max{|f(z) — f(y)| : zy € ET}. For
p = 1, we recover the Cheeger constant of the graph, while for p = 2, h?(I")?
is comparable to the first positive eigenvalue of the graph Laplacian (and indeed
would equal it for a different choice of gradient norm). This constant is usually
interpreted as a measure of how “well-connected” the graph I is (in particular it is
positive if and only if the graph is connected).

hP(T") = inf {

1Using asymptotic dimension, there are no coarse (or even regular) embeddings for d = 0. In
the case d = 1, coarse embeddings do not exist by [Lil8, Corollary 4.49].
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Inspired by Benjamini-Schramm-Timar’s “separation profile” [BST12], in a pre-
vious paper [HMTI18] we used LP-Poincaré constants to define a family of invariants
for infinite graphs.

Definition 1.1. For an infinite bounded degree graph X, we define its LP—Poincaré
profile A% : N — R to be

AL (r) =sup{|[VT|RP(T) : T < X, |[VT| <r}.

We consider functions up to the natural order < where f < g if there exists a
constant C such that f(r) < Cg(Cr+C)+Cforallr,and f ~gif f Sgandg < f.
As mentioned above, LP-Poincaré profiles interpolate between the separation profile
(for p=1) and a function of the volume growth (for p = co) [HMTIS].

It turns out that the asymptotic behaviours of Poincaré profiles are invariant
under quasi-isometry [BST12, [HMT1§]. Hence one can define the Poincaré profiles
of a standard metric space to be those of a fixed bounded degree graph which is
quasi-isometric to it. This definition is indirect and not always useful in practice,
but we shall stick to it in this introduction in order to keep the presentation as
elementary as possible. Let us simply mention that it is possible to generalize the
definition of Poincaré profiles to a class of metric measure spaces including bounded
degree graphs, Riemannian manifolds with bounded geometry and compactly gen-

erated locally compact groups equipped with their word metric and Haar measure
[HMTT8], §4] (we shall use this definition in §4.2)).

1.1.2. Poincaré profiles as obstructions to embeddings. In addition to their natural
interest, LP-Poincaré profiles are of use as obstructions to regular maps in the sense
of [BST12): if X and X’ are bounded degree graphs and there exists a regular
map X — X', then AX < AL, for all p € [1,00] ([BST12, Lemma 1.3] for p = 1,
[HMT18, Theorem 1] for all p). Recall

Definition 1.2 ([BST12, §1.1] and [BS96, Definition 1.3]). A map ¢ : X — Y
between bounded degree graphs is regular if it is Lipschitz and (at most m)-to-one
for some m € N, i.e. for ally € Y, [¢~({y}| < m.

Note that regularity is stable under post and pre-composition by quasi-isometries.
This allows us to define a regular map ¢ : X — Y between two standard metric
spaces as follows: if I'x and I'y are bounded degree graphs and ix : 'y — X
and py : Y — I'y are quasi-isometries, then ¢ : X — Y is regular if and only if
py o ¢ oix is regular. By the remark above, this definition is independent of the
choice of I'x, Ty, ix, py.

The prototypical example of regular map between bounded degree graphs is an
injective Lipschitz map. In fact, it is easy to see that on replacing Y by Y x F for
some finite graph F, every regular map is at bounded distance from an injective
Lipschitz map.

Recall that a map ¢ : (X,dx) — (Y,dy) between metric spaces is a coarse
embedding if there exist increasing functions pi : [0,00) — [0,00) such that
p—(r) > o0asr — oo and for all z,2’ € X

p—dx(2,2)) < dy (6(x), 6(2")) < p(dx (w,2")).
When p_, p4 are affine functions ¢ is called a quasi-isometric embedding. In
the context of graphs, coarse embeddings are obviously p. (1)-Lipschitz. Moreover,
for all y = f(x), ' ({y}) is contained in B(x,p_*(0)). Hence coarse embeddings
between bounded degree graphs are regular maps. More generally we deduce that
coarse embeddings between standard metric spaces are regular maps.



4 DAVID HUME, JOHN M. MACKAY, AND ROMAIN TESSERA

1.1.3. Analytically thin versus thick metric spaces. Now let us focus for the moment
on the p = 1 case, where the Poincaré profile is equivalent to the separation profile
of Benjamini—Schramm-Timar. It follows by definition that for all bounded degree
graph X, one has A (r) < r. For virtually nilpotent groups, or Gromov hyperbolic
groups, the separation profile has a bound A (r) < 7 for some a < 1 [BSTI2].
Second, for the product of two non-abelian free groups F' x F', the separation profile
is Ak, p(r) ~ r/log(r) [BST12]. The lower bound of r/log(r) therefore holds for
the separation profile of any finitely generated group containing F'x F’ as a subgroup.
More generally, all examples of groups whose separation profile has been calculated
exactly satisfy exactly one of the following two properties.

Definition 1.3. We say that a standard metric space is analytically thin if there
exists a < 1 such that AL (r) < r® On the other hand we call it analytically thick
if A% (r) >

~ logr"

The corresponding version of Definition for the L profile is that “thin”
spaces have (at most) polynomial growth and “thick” spaces have exponential
growth (this follows from [HMT18, Proposition 6.1]). Many classes of groups such
as linear and elementary amenable groups do not contain any intermediate growth
groups. More specifically for connected Lie groups, this dichotomy has an elegant
algebraic formulation which can be read off the Lie algebra [Gui73]. One of the
main objectives of this paper is to show that connected unimodular Lie groups
are either analytically thick or analytically thin, and to provide nice and workable

algebraic translations of these properties.
1.2. An analytic, geometric and algebraic dichotomy.

1.2.1. A dichotomy for connected unimodular Lie groups. Connected Lie groups
offer a fascinating playground for exploring the relationship between the algebraic
properties of a group and the geometric properties of the metric spaces on which
it acts, as their algebraic properties are conveniently encoded in the Lie algebra.
There are many examples of these relationships, including the already mentioned
algebraic characterization of Lie groups of polynomial growth; Varopoulos’s classi-
fication according to the large time behaviour of symmetric random walks [VSC92]
using both analytic and geometric methods; Pansu’s LP-cohomology methods char-
acterizing Gromov hyperbolicity for such groups [Pan89bl [CT11]; and Cornulier—
Tessera’s algebraic characterization of Lie groups whose Dehn function is polyno-
mially bounded [CT17].

Our main result has a similar flavour as it consists in identifying algebraic coun-
terparts of being analytically thin/thick.

Definition 1.4. A connected Lie group G with solvable radical R and Levi factor
S is algebraically thin if

e its R-rank is at most 1;

e [Suc, R] = 1, where S, is the non-compact part of S

e R is an NC-group.
Otherwise it is called algebraically thick.

The concept of NC-group appears in various articles by Varopoulos, for instance
[Var96l §1.2]; we refer to for the full definitions of this and of R-rank. In
the case R is a solvable connected real Lie group, then R is an NC-group if it
admits a closed normal subgroup E such that R/FE has polynomial growth and
some element of R acts on E as a contraction, see Lemma, [2.5] This includes the
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case R itself has polynomial growth, since any « acts on F = {1} as a contraction
(since o™ converges to the identity on compact sets). If such solvable connected R
is unimodular, then it is NC if and only if has polynomial growth.

The examples of algebraically thin groups that will be most important to us are
direct products R x S where R has polynomial growth and S is either trivial or
semisimple of rank 1. While we already know that rank 1 semisimple Lie groups and
connected Lie groups of polynomial growth are analytically thin, we are now able
to show that their direct product is as well. More generally, we have the following
dichotomy.

Theorem 1.5. Let G be a connected unimodular Lie group. Then G is algebraically
thin (resp. thick) if and only if it is analytically thin (resp. thick). Moreover, if it
is algebraically thick, then AL (r) ~r/log(r) for every p € [1,00].

As each polycyclic group is virtually a uniform lattice in a connected unimodular
solvable Lie group, such groups satisfy a similar dichotomy.

Corollary 1.6. Let G be a polycyclic group. If G has polynomial growth, then
it is analytically thin. Otherwise, it is analytically thick, and moreover satisfies
AZ%(r) ~r/log(r) for every p € [1,00].

Some remarks are in order.

(1) Since connected Lie groups have finite Assouad—Nagata dimension, from
[HMTTI8, §9] we deduce that every connected Lie group G satisfies AZ (1) <
r/log(r) for every p € [1,00], giving sharp upper bounds for analytically
thick groups.

(2) Further examples of NC-groups include all direct products R = H x N
where N is a connected real nilpotent Lie group and H is a Heintze group
(i.e. of the form E x R with every positive element of R acting as a con-
traction on E). To see this, write R = E x (R x N): it is clear that E
is a closed normal subgroup of R and that R/E has polynomial growth.
Finally, any non-trivial element (or its inverse) of the R factor acts on FE
as a contraction.

(3) The condition [Sye, R] = 1 appears in various works dealing with algebraic
characterizations of certain analytic properties of Lie groups. A first occur-
rence of this condition appears in Varopoulos’s work on the diffusion of the
heat kernel in [Var96l §1.8], as reported in [CPS07, Theorem 7.1]: in his
context, GG is assumed to be unimodular, and R of polynomial growth. It
appears in the characterization of the Haagerup property [CCV01], and of
weak amenability [CDSWO05]: there Sy, is assumed to contain only certain
rank one factors. More recently, Chatterji, Pittet and Saloff-Coste proved
that a connected Lie group has Property RD if and only if its Lie algebra
has the form v x s with [s,c,t] = 0 and ¢ has type R [CPS07, Theorem 0.1.].

1.2.2. More characterizations of algebraically thin groups. Let G be an algebraically
thin connected Lie group with solvable radical R and Levi factor S. Then exactly
one of the following holds (see Proposition :

(a) G has polynomial growth;
(b) S has R-rank 1, [Sy¢, R] = 1 and R has polynomial growth; or
(c) S is compact and R is an NC-group with R-rank 1.

We observe that (a) and (b) exactly correspond to the case where G is unimodu-
lar (as an NC-group is unimodular if and only if it has polynomial growth). We
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prove that unimodular algebraically thin groups reduce up to quasi-isometry to the
following class of groups (see Corollary for a more algebraic statement which
implies this one).

Proposition 1.7. An algebraically thin connected unimodular Lie group is quasi-
1sometric to either P or a direct product P x Hy', where P is a connected Lie group
of polynomial growth, K € {R,C,H, O} and m > 2 with m = 2 when K = Q.

Below is an easy consequence of Theorem — and the Bonk-Schramm embed-
ding theorem [BS00] — providing an algebraic characterization of connected uni-
modular Lie groups which admit certain embeddings into certain standard product
spaces.

Theorem 1.8. Let G be a connected unimodular Lie group. The following are
equivalent:
(i) G is algebraically thin;
(i) G admits a regular map into R™ x HE for some n,m > 0;
(i4i) idem with ‘coarse embedding’;
(iv) G admits a quasi-isometric embedding into P x HE for some connected Lie
group P with polynomial growth, and some m > 0.

Although it only applies to unimodular groups, this theorem should be compared
with Cornulier’s algebraic characterization of connected Lie groups admitting a
quasi-isometric embedding into a CAT(0) space [COS].

Note that in (iv) one needs such a P rather than R™ since, for example, the
Heisenberg group does not quasi-isometrically embed into any R”.

1.2.3. More characterizations of algebraically thick groups. The following result is
a partial version of Theorem [I.5] valid without the unimodularity condition.

Theorem 1.9. Let G be a connected Lie group. If G is algebraically thick, then
AZ(r) ~r/log(r) for every p € [1,00]. In particular G is analytically thick.

An important ingredient in the proof of Theorem is the following useful
characterization of algebraically thick Lie groups. The following proposition says
that within a slightly restricted class of connected Lie groups, there are two types
of ‘minimal’ algebraically thick groups: SOL, = R? X(1,—a) R, for a > 0, and the
split oscillator group Osc = Heisg % (;,_1 9)R. We denote by sol, and osc their
respective Lie algebras.

Proposition 1.10. Let G be a connected linear real Lie group whose radical R is
real-triangulable. The following are equivalent:
(i) G is algebraically thick;
(i) G admits a closed undistorted subgroup isomorphic to either SOL, for some
a >0, or Osc;
(iii) g has a Lie subalgebra isomorphic to either sol, for some a > 0, or osc.

Recall that a real-triangulable Lie group is a connected, simply connected
Lie group which admits a continuous faithful triangulable real representation. To
the best of our knowledge, this characterization is new, but its statement and
proof are similar to previous works (for instance [CDSWO05|, Proposition 8.2]). The
assumptions that the group is linear and has real-triangulable radical are here only
to avoid inessential complications. We shall indeed see that an algebraically thick
connected Lie group is quasi-isometric to an algebraically thick connected Lie group
of that form (see Theorem for a more precise statement).
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We recall that connected Lie groups have finite Assouad—Nagata dimension, and
therefore by [HMTIS], they satisfy AL (r) < r/log(r) for every p € [1,00]. With
Proposition [I.10] at hand, the proof of Theorem [I.9] boils down to showing that
SOL, and Osc both satisfy AZ(r) Z r/log(r) (Theorems and . The lower
bound in the case Osc is treated by a direct (involved) computation which uses the
definition of Poincaré profiles of metric measure spaces from [HMT18]. We proceed
more indirectly for SOL,: indeed, we first prove that the Diestel-Leader graph
DL(2,2) quasi-isometrically embeds into it, and then that A%L(QQ)(T) ~ r/log(r).

We have the following geometric characterization of unimodular algebraically
thick groups.

Theorem 1.11. Let G be a connected unimodular Lie group or a polycyclic group.
The following are equivalent:
(i) G is algebraically thick;
(i) either DL(2,2), or Osc reqularly maps to G;
(1) idem with “coarsely embeds into G”;
(iv) idem with “quasi-isometrically embeds into G”.

1.2.4. A word on the non-unimodular case. The question whether all non-unimodu-
lar algebraically thin groups are analytically thin remains open. We can prove it
though when G is a direct product of a group of polynomial growth with a Heintze
group. We shall provide explicit upper and lower bounds on their Poincaré profiles
below. For now, let us indicate an indirect argument showing that they are ana-
lytically thin: By Heintze’s theorem [He74], a Heintze group admits a negatively
curved left-invariant Riemmanian metric, and therefore is Gromov hyperbolic. Ap-
plying the Bonk-Schramm embedding theorem, we see that every Heintze group
quasi-isometrically embeds into some Hg. Next, every group of polynomial growth
satisfies the doubling property, so by Assouad’s embedding theorem we obtain a
coarse embedding into some R™ [A83]. Thus, the product of a Heintze group with
a group of polynomial growth coarsely embeds into some Hy x R™, and is therefore
analytically thin by Theorem

More generally, any hypercentral-by-Heintze group is analytically thin: this is be-
cause such a group is a closed subgroup of a direct product of a nilpotent connected
Lie group with a Heintze group (see Corollary . An example is the semi-direct

1 ¢t 0
product of R? x R, where the action of R is through matrices | 0 1 0 (this
0 0 ¢

appears as a special case of Corollary .

The smallest example of an algebraically thin (actually an NC-group) for which
we are unable to prove analytic thinness is G' = Heisz X (1,9,1)R, also isomorphic to
et 0

R? % R?, where the first factor acts through matrices ( 0 et

) and the second

1 ¢t
h h i .
through matrices ( 0 1 )

1.3. Poincaré profiles and obstructions to regular maps.

1.3.1. Precise calculation of Poincaré profiles of thin groups. A slightly disappoint-
ing consequence of Theorem [1.9]is that Poincaré profiles do not allow to distinguish
between algebraically thick groups. By contrast, they provide very refined invari-
ants for unimodular algebraically thin groups, as shown by the combination of
Proposition and the following result.
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Theorem 1.12. Let X be a direct product P x H, where P is a connected Lie
group of polynomial growth of degree d > 0, and H is one of the following:

o (a uniform lattice in the group of isometries of ) HI, for some K € {R, C,H, O}
and m > 2 with m = 2 when K =0, and with Q@ = (m+ 1) dimg K — 2, or
more generally

e o Gromov hyperbolic discrete group whose conformal dimension @ is at-
tained by a metric admitting a 1-Poincaré inequality, or

e a non-abelian free group of finite rank with Q = 0.

Then
rl-ar if 1<p<@
Ay(r)={ r'"a@logara(r) if p=Q
1
=% if @Q<p<oo.

Theorem also applies to the case where P is a finitely generated virtually
nilpotent group as any such group is quasi-isometric to a connected nilpotent Lie
group.

The proof of this result uses the metric structure of the boundary at infinity
OsocH of H. Recall that the boundary at infinity 0,,G of a Gromov hyperbolic
group G admits a ‘visual metric’ which is Ahlfors Q-regular for some @ > 1:
the measure of balls of radius r is comparable to r?. The conformal dimension
of G is the infimum of values of @ so that J,,G is quasisymmetric to an Ahlfors
Q-regular space, and is a quasi-isometric invariant of G [Pan89a]. We say the
conformal dimension of G is attained if this infimum is a minimum. In certain
cases one can find a metric on the boundary of a hyperbolic group which admits
a ‘1-Poincaré inequality’ in the sense of Heinonen and Koskela. This is the case
for (uniform lattices in) rank 1 simple Lie groups Isom(H}), where the conformal
dimension is (m + 1) dimg K — 2 as in Theorem and the isometry groups for
a family of Fuchsian buildings studied by Bourdon and Bourdon-Pajot, where the
conformal dimension can take a dense set of values in (1,00) (cf. the discussion in
[HMTTIS8, §11])).

Note that Theorem [I.12]is new even when p = 1 and H x P is quasi-isometric
to PSL(2,R) x R, or equivalently HZ x R. In this case, the correct lower bound of
r1/210g"/?(r) was found by Benjamini-Schramm-Timar [BST12, Corollary 3.3].

Observe that these computations show that the polynomial growth exponent is
monotonous under regular maps. For instance, it follows from Theorem 1.12 that
H2 x R does not regularly map into HZ for any n > 2, but this does not yet rule
out a regular map from H2 to H3 x R. We shall see in Theorem m that the
quantity @ is also monotonous under regular maps when the domain satisfies the
hypotheses of Theorem [1.12

Theorem [1.12] is a consequence of a more general statement, which we state as
two theorems. One of them is general upper bound on the Poincaré profile (The-
orem , and the other is a lower bound for hyperbolic spaces whose boundaries
admit a 1-Poincaré inequality (Theorem and Corollary . These bounds give
information in other cases too, such as Heintze groups, see

1.3.2. Obstructions to regular maps. Below is a general non-embeddability result
which cannot be solely deduced from Poincaré profile estimations.

Theorem 1.13 (Corollary [6.10). Assume G1 = Hy x Py and Go = Hy X Py, where
fori=1,2:
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e H, is a non-elementary finitely generated hyperbolic group of conformal
dimension Q; > 0, and
e P, is a locally compact group with polynomial growth of degree d; > 0.

If there exists a regular map G, — Ga, then di < do. Moreover, if Hy has its
conformal dimension Q1 > 1 attained by a metric admitting a 1-Poincaré inequality,

then Q1 < Q2.

Here is a specialization of the above theorem to the family of connected Lie
groups from Proposition [I.7]

Corollary 1.14. If there is a regular map Hg'' x Ré — Hg? x R?% then (my +
1) lel]R(Kl) -2 < (mQ + 1) dlIIl]R(KQ) —2 and dl < dg.

This corollary answers [BST12, Question 5.4], which asked for an obstruction
to the existence of a regular map H2 — H2 x R, indeed we show that there is no
regular map H} — H2 x R? for any d using the monotonicity of the conformal
dimension of the hyperbolic factor.

There are several further points to note about Theorems and Corol-

lary .14}

Remark 1.15.

(1) Theorems and (and the more general upper bound in Theorem
are new even in the case of hyperbolic groups (i.e. d = 0, respectively
dy = dy = 0), since the technical hypothesis about “equivariant conformal
dimension” from our previous paper is no longer needed [HMTI8| Corollary
12.6]. However for a different class of maps including coarse embeddings,
Pansu earlier ruled out maps H; — Hs unless Q1 < @2 for groups satisfying
the second part of Theorem @ [Pan16l Corollary 1].

(2) One particular case of Theorem [I.13]is that there is no regular map from
F5 X Z (i.e. the product of a 4-regular tree and a line) to any hyperbolic
group.

(3) The fact that H; is non-elementary is important, since there certainly are
coarse embeddings R? — Hf{l or R? — Hﬁ‘é X R, etc., using horospheres.

(4) The monotonicity of d in Theorem does not follow from the separation
profile alone, and indeed to deduce that d; < ds above, we will need to
consider LP-Poincaré profiles with p > Q1, Q2.

(5) As already mentioned, the Poincaré profile is not enough to imply the
monotonicity of the conformal dimension of the hyperbolic factor in The-
orem and Corollary This is obtained by a different argument
based on the same techniques in

(6) For coarse embeddings, obstructions in the case where d; > 0 and dy = 0 are
obtained in [HS17]. Apart from this case, we believe that the monotonicity
of the growth exponent of the polynomial factor is new.

(7) Tt is natural to ask whether the last statement of Theorem holds for
Q1 = 1, that is, can one show there is no regular map HZ — Fy x R" for
any n > 0. We answer this question using different methods in forthcoming
work [HMT?22].

1.3.3. Comparison with ‘dimension-based’ obstructions. It is worth comparing our
results with those obtainable using Gromov’s asymptotic dimension and its vari-
ants. If there is a coarse embedding X — Y then asdim X < asdim Y, and in fact
the same is true for regular maps [BST12, §6]. Asymptotic dimension does not rule
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out maps Hﬁ — H{f{l X Rd, since for d > 1 we have asdimHH’% =k<k-14+d=
asdim(HE " x R?). Buyalo-Schroeder [BS07] used a variation on asymptotic dimen-
sion to show that if there is a quasi-isometric embedding Hy'' x R — H'? x R%
we must have monotonicity of the asymptotic dimension of the hyperbolic factors,
that is mq dimg (K;) < mo dimg(Ks). Thus they can rule out quasi-isometric em-
beddings HE — Hﬂg_l x R?%, however their variation does not behave well with
respect to coarse or regular maps.

Corollary applies to regular maps, shows monotonicity of the growth ex-
ponent of the Euclidean factor, and when the hyperbolic factor in the domain has
large conformal dimension compared to its asymptotic dimension we get bounds
stronger than those of Buyalo—Schroeder. For example, if there is a quasi-isometric
embedding HZ — HZ' x R? then Buyalo-Schroeder get m > 8, while Corollary
gives m > 11. On the other hand, when the hyperbolic factor in the codomain has
large conformal dimension but small asymptotic dimension, Buyalo—Schroeder’s
bound may be stronger. For instance, if there is a quasi-isometric embedding
Hi! — HZ x R? then Corollary gives m > 5, while Buyalo-Schroeder can
conclude that m > 6.

1.3.4. Further results and applications. Another natural class of groups which sat-
isfies the thick/thin dichotomy are Baumslag-Solitar groups.

Theorem 1.16 (§6.3). For all p € [1,0)
e if |m|=|n|=1,

AZ];S(m,n) (T) =p Tliﬁ if ‘m| = |7’L| > 2,
r/log(r) if |m|# |n|.

The lower bound in the case |m| # |n| of Theorem is proved by showing
that BS(m,n) admits a quasi-isometrically embedded copy of DL(2,2). Theorem
[1.16) implies that a Baumslag-Solitar group regularly embeds into some hyperbolic
group if and only if it is virtually abelian, generalising results for coarse embeddings
in [HS17].

Next, we observe that the L!-Poincaré profile (i.e., the separation profile) dis-
tinguishes the non-compact Thurston geometries, except of course for the quasi-

—_—

isometric HZ x R and PSL(2, R):

X HSQXIR{‘HMH%XR,PS/L\({R)‘R?"NIL‘ SOL
Ay [

ri ‘ r/log(r)

2
r3

ra log% (r)

1
r2

The next result is a direct consequence of the fact that spaces admitting regular
maps into analytically thin spaces are themselves analytically thin.

Corollary 1.17. Let H be a locally compact group which contains a closed subgroup
isomorphic to any of the following:
e o wreath product K ! L where K is nontrivial and L is infinite finitely
generated;
e a Baumslag—Solitar group BS(m,n) = (a,t | ta™t~! = a™) with |m| # |n|;
e a solvable group of exponential growth;
e a uniform lattice in a semisimple Lie group of real rank > 2.

Then there is no regular map H — X X N whenever X is a bounded degree hyperbolic
graph and N a nilpotent group.
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Our results prove that the wreath products, Baumslag-Solitar groups and lattices
mentioned above are all analytically thick. Le Coz-Gournay prove that solvable
groups of exponential growth are not analytically thin [CG19].

Obstructions of coarse embeddings of the groups H considered in Corollary
into hyperbolic groups were established in [HSI7], but as far as we are aware the
stronger result of Corollary is new even for quasi-isometric embeddings.

The monotonicity of the dimension of the Euclidean factor also has applications,
for instance it provides a coarse geometric proof of a result in Lorentzian geometry
originally due to Zeghib [Zeg98| Theorem 4.2(i)].

Corollary 1.18. Let G be the identity component of the isometry group of a
compact Lorentz manifold. If G has a closed subgroup H locally isomorphic to
PSL(2,R), then it has finite center. Moreover, if it has a closed subgroup locally
isomorphic to PSL(2,R) x R, then the abelian factor is compact.

The proof goes as follows: by a fundamental observation of Gromov, G coarsely
embeds into some real hyperbolic space (cf. [Gro88, [Fr21]). If H had infinite center,
then it would be quasi-isometric to HZ x R. So we invoke Corollary (or [HSTT])
which implies that H2 x R does not coarsely embed into any real hyperbolic space.
In the second case, we similarly argue that G would otherwise contain a closed
subgroup quasi-isometric to Hﬁ x R.

1.4. Plan of the paper. § is dedicated to all the Lie theoretic results that are
needed in the paper. In particular, Theorem proves that any connected Lie
group is commable to a group of the form (real-triangulable)x (linear semisimple),
and that this reduction preserves all the properties that are relevant to us. In
§2.4] we prove that subgroups isomorphic to SOL, and Osc are always closed and
non-distorted. Finally, and most importantly, is dedicated to the proof of
Proposition [I.10]

In we show that DL(2,2) quasi-isometrically embeds into various groups. In
we prove that the Poincaré profiles of DL(2,2) and Osc are 2 r/logr; in both
cases the proof relies on curve counting arguments.

In §5] and §6] we study direct products of hyperbolic spaces with locally com-
pact groups of polynomial growth. Complete Poincaré profile calculations for the
individual factors appear in our previous work [HMTI8| and many of these tech-
niques are also needed to consider products. The lower bound follows fairly quickly
from our previous work on considering product subgraphs, but the upper bound is
much more challenging as we have to find good functions on arbitrary subgraphs
of H x P. This entails developing a theory of ‘capacity profiles’ of weighted graphs
arising from projections onto H, and a general upper bound formula for products
which may be useful in other contexts (Theorem ; it also results in a connec-
tion between conformal dimension and hyperbolic cones (Theorem . The last
part of the section, §6.4]is dedicated to the proof of our non-embeddability result
Theorem which is not a direct consequence of our calculations of Poincaré
profiles but is based on similar ideas. In we end the proofs of Theorems [1.9

[1.5 11} [I-8 and Corollary [I.6] Finally in §§ we raise some open questions.

1.5. Acknowledgments. We would like to thanks Charles Frances for communi-
cating Corollary [I.18 and its proof to us, Marc Bourdon for comments on a previous
version of the paper. We are especially indebted to Yves Cornulier for greatly help-
ing us with the Lie-theoretic aspects. We also thank two anonymous referees for
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their corrections and very helpful suggestions, particularly regarding the results of

2

2. LIE THEORETIC RESULTS

2.1. NC-groups and algebraically thin groups. In this subsection we elaborate
on the Lie theoretic definition of algebraically thin groups. We start by recalling
the notion of weight used in the definition of NC-groups. We refer to [Var96l §1.2]
for more details. We let v be a solvable real Lie algebra. Denote by ad¢ the adjoint
action of t on t¢c :=t® C. A root )\ :tv — C is a Lie algebra morphism such that

() ker(adc y — A(y)) # 0.

yee
A weight is the real part of a root. Note that roots may be viewed as elements of
Hom(t,p, C), where t,, is the abelianization of t, and that weights are elements of
the dual real vector space t, of ta,. We now extend the usual notion of rank of a
semisimple Lie group to arbitrary connected Lie groups, as suggested by a referee.

Definition 2.1. The R-rank of a connected solvable Lie algebra v is the dimension
of the subspace of t}, spanned by the weights. The R-rank of a connected Lie
algebra is the sum of the rank of its semisimple part, and of its solvable radical.
Finally the R-rank of a connected Lie group is the R-rank of its Lie algebra.

Remark 2.2. Note that a connected Lie group has real R-rank 0 if and only if it
has polynomial growth (see for instance [Gui73]).

Our definition of algebraically thin (Definition uses the following definition
of Varopoulos.

Definition 2.3 ([Var96l §1.2]). A solvable Lie algebra has Property C if 0 is in
the convex hull of non-zero weights; else it has Property NC. A solvable connected
Lie group has Property C (resp. NC) if its Lie algebra has C (resp. NC).

We now show the following trichotomy stated in the introduction.

Proposition 2.4. Let G be an algebraically thin connected Lie group with solvable
radical R and Levi factor S. Then exactly one of the following holds:

(a) G has polynomial growth;

(b) S has R-rank 1, [Spe, R] =1 and R has polynomial growth; or

(c) S is compact and R is an NC-group with R-rank 1.

Moreover G is unimodular if and only if we are in cases (a) or (b).

Proof. Recall that an algebraically thin connected Lie group satisfies [Syc, R] = 1,
R is an NC-group, and its R-rank is at most 1. Assume that the rank of S is 1,
then the rank of R is 0, and we are in case (b) by Remark If the rank of G is
zero, then again Remark implies that we are in case (a). Finally, if the rank of
S is zero and the rank of R is one, we have case (c). Regarding unimodularity, the
only non-obvious statement is that groups of type (c) are never unimodular. This
is because the presence of an element r € R which contracts the exponential radical
E of R implies that the Haar measure of E is not preserved by conjugation by 7.
Since R/FE is unimodular, we deduce that R is not. And since S is unimodular, G
is not. U

We close this subsection with further examples of algebraically thin groups as in
these corollaries are not needed elsewhere in the paper.
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We denote by ec C vc the Lie subalgebra spanned by characteristic subspaces
of roots with non-zero real part, and ¢ = ec Nt. We now assume that v is the Lie
algebra of some solvable connected Lie group R. By [Gui80, Proposition 5], the
subgroup F = exp(e¢) is a nilpotent connected subgroup and it coincides with the
minimal closed normal subgroup of R such that R/E has polynomial growth. It
was later rediscovered by Osin in [Osi02] who named it the exponential radical of
R. The following lemma is standard: see for instance [CT17, Proposition 4.B.5.]E|

Lemma 2.5. Let R be a solvable connected Lie group. The following are equivalent:

(i) R is an NC-group.
(i) there is some element of R acting as a contraction on its exponential radical
E.

We recall that a contraction of a locally compact group G is an automorphism
a such that a™(g) — 1 for all g € G, uniformly on compact subsets. Recall that a
group is a Heintze group if it is isomorphic to a semidirect product £ x R, where
FE is either trivial or a simply connected nilpotent Lie group, with every positive
element of R acting as a contraction on E.

Corollary 2.6. Let 1 - N —- G — H — 1 be an exact sequence of connected
Lie groups, such that N is hypercentral in G (i.e. covered by the ascending central
series of G) and H is a Heintze group. Then the diagonal map G — G/E x H
induces an isomorphism of G onto a closed subgroup of G/E x H, where E is the
exponential radical of G.

Proof. The characterization (i) of NC-groups in Lemma makes it clear that
being NC is stable by central, and therefore by hypercentral extensions. Since
Heintze groups are NC, we deduce that G is NC. Thus there exists an element of G
that contracts F, hence EN N = {1}. Therefore, the morphism G — G/E x G/N
is injective (and obviously has closed image). O

Corollary 2.7. Let G be a NC-group which is isomorphic to a semi-direct product
R™ x R. Then G is a closed subgroup of a group of the form P x H, where P is a
connected Lie group of polynomial growth, and H is a Heintze group.

Proof. Denote U = R", and D = R so that G = U x D, and let d be a non-
zero element of D that contracts the exponential radical E of G (provided by
Lemma . By decomposing U into characteristic subspaces of ad(d), we see
that U decomposes as a D-equivariant direct sum U = E @ N, where N is the
sum of characteristic subspaces associated to eigenvalues of modulus 1. Thus G =
(E® N) x D, which embeds as a closed subgroup of (E x D) x (N x D). Since d
contracts F, the first factor is a Heintze group, while N x D has polynomial growth

by Remark O

Remark 2.8. Corollaries and provide slightly different kinds of examples:
for instance the semi-direct product of (C x R) x R, where R acts by rotation
on the complex factor and by homothety on the R factor. This example satisfies
the conditions of Corollary but not of Corollary indeed, in this example,
N = C, which is not hypercentral.

2Although the assumptions there are slightly more restrictive, the same proof applies.
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2.2. Reduction to linear, real triangular by semisimple. The goal of this
section is to prove that any connected Lie group is commable to a linear connected
Lie group whose radical is real-triangular (which is unimodular and is an NC-group
if and only if G is). Recall that two locally compact groups G and G’ are commable
(see [CT5H]) if there exists n > 1 and a sequence

G:GO_GI_"'_anl_Gn:GC

where the G; are locally compact groups and G;_1 — G; denotes the existence of
a proper continuous group homomorphism with cocompact image G;—1 — G; or
G; — G;—1. We shall call these maps commability arrows associated to the
commability from G to G'.

Commability is a natural generalization of commensurability for discrete groups,
and like commensurable finitely generated groups, commable locally compact groups
are always quasi-isometric.

We say a Lie group G has Property V (for Varopoulos) if [Syc, R] = 1 where
R is the solvable radical and Sy is the non-compact part of a (any) Levi factor S;
equivalently the corresponding Lie algebras satisfy [syc,t] = 0. We now state the
goal of this subsection.

Theorem 2.9. Let G be a connected Lie group. Then G is commable to a linear
connected Lie group G' with same R-rank of the form (real-triangular)x (semisimple
without compact factor). Moreover each of the following properties is true for G' if
and only it is true for G:

unimodular;

Property V;

the solvable radical haﬂ Property R;

the solvable radical has Property C (or NC);
algebraically thin (or thick).

We will proceed in two steps: Proposition [2.12] treats the defect of linearity of the
semisimple part, while Proposition deals with the property that the amenable
radical is real-triangular. (Given G a connected Lie group, we denote by Am(QG)
the amenable radicaﬁ : the maximal normal amenable subgroup of G, which
turns out to be closed.) This argument replaces our approach in an earlier version
of the paper, following helpful suggestions of the referee.

Let us start recalling a few basic facts about connected Lie groups (see [OV90]),
and more specifically about the linearity of connected Lie groups (see [Mal43
Ho60]). We let K(G) be the intersection of all kernels of continuous linear fi-
nite dimensional representations of G. Considering the adjoint representation of a
Lie group, we see that K(G) is central.

—_~—

Example 2.10. A typical example of non-linear simple Lie group is PSL(2,R):
the universal cover of PSL(2,R).

When the group G is semisimple, K (G) has finite index in the center Z(G) of
G, which is discrete. In particular, linear connected Lie groups have finite center.

Let T be a Levi factor of Am(G) in G: this a Lie subgroup of G which is locally
isomorphic to a sum of simple factors of positive rank and such that G = Am(G)T.

3Recall that a solvable connected Lie group has Property R if its roots are purely imaginary,
or equivalently if it has polynomial growth [Gui73].

4At the level of Lie algebras, the amenable radical differs from the solvable radical in that we
add the compact semisimple factors to it.
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Example 2.11. Note that T is not necessarily closed. A counterexample is for in-

stance given by the group G = (PSﬂé,/R) xR/Z)/Z, where Z is the cyclic subgroup
generated by (z,t), where t € R/Z is irrational and z generates Z(PSL(2,R)): here
the amenable radical is the image of R/Z in G, and a Levi factor T is the image of

—_~—

PSL(2,R), their intersection being the dense subgroup of R/Z spanned by t. We
also observe that in this example, K(G) = R/Z .

We shall use the fact that a semisimple Lie group with finite center admits a
real-triangulable cocompact subgroup. For instance in PSL(2, R), this would be the
subgroup of upper triangular matrices, while in PSL(2,C), it would the subgroup
of upper triangular matrices whose diagonal entries are real.

Proposition 2.12. Let G be a connected Lie group. Then then there exists a
connected Lie group G' = G x V, commable to G, such that

o V=R? for some d € N;

e G' and G" are (amenable)x (linear semisimple without compact factor);

e G and G" are locally isomorphic.

In particular,

G is unimodular if and only if G’ is unimodular;
Amo(Gl) = Amo(G) xV ;

G/ Am(G) and G'/ Am(G") are isomorphic;

G has Property V if and only if G’ has Property V.

Proof. Write A = Am(G) and Ag = Amg(G), and let T' be a Levi factor of Ay in
G, i.e. a semisimple subgroup of G satisfying G = Ay - T, and Ay NT C Z(G).
Let Zy = K(T), so Zp has finite index in Z(T') and is central in G. Note that
the amenable radical of G/Ay coincides with the center of T'/(Ap N T'), so that
AC A()Z(T)

In Zy, let Z; be a maximal subgroup among those intersecting Ag trivially. By
maximality, Z; - (Zo N Ap) has finite index in Zy and therefore in Z(T"). This implies
that the group A; = Z; - Ay & Z; x Ap has finite index in AgZ(T'), and therefore
in A. Thus the semisimple group G/A; has finite center.

Note also that Z; is discrete: indeed, it maps injectively to the (discrete) center
of the semisimple quotient G/Ag. Let P = L1/A; be a closed cocompact real-
triangulable subgroup of G/A;. P; being simply connected, its preimage Lj/Ag
under the projection (which is a covering map) G/Ay — G/A; is a direct product
(A1/Ap) x Py, where Py = Lg/Ap is isomorphic to P;. In restriction to 7', the
surjection G — G/A yields a surjective morphism 7' — G/Aq with discrete kernel,
which splits in restriction to the simply connected subgroup Py. Thus lifting Py we
see that Lo = Ag x Py.

Denote S = T'/Zy, which is by definition of Zy = K(T') the largest linear quotient
of T. The T-action on A induces an action of S on Ag. Embed A; /Aj as a uniform
lattice in some connected abelian Lie group V’, with non-compact factor V. We
have the following cocompact inclusions:

GDLi=Z1XxLoCV' xLyDV xLy=V x (Agx Py) CV x (49 x S). (2.13)
Thus G is commable to G’ :=V x G”, with G" := Ag % S.

Let a denote the common Lie algebra of Ay and A1, p the Lie algebra of Py & P,

and let g, s, ... denote the Lie algebras of G, S, .... We already have g = axt. Since

T and S are locally isomorphic, we deduce that g = a x s, and therefore G and G”
are locally isomorphic. More precisely, on the level of Lie algebras, the sequence
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of inclusions first passes through the subalgebra a x p, then takes a direct
product with v’ (which is subsequently reduced to v), and finally ends up with
ox(axt)=0xg.

The additional preservation assertions are clear, observing that they are un-

changed under taking local isomorphisms and direct products with abelian groups.
O

Examples 2.14. It is instructive to illustrate the proof on the examples discussed

—_~—

above. First the case of G = PSL(2,R): here the group Py = Ly is the subgroup of
upper triangular matrices in SL(2,R). We have K(G) = m1(SL(2,R)) = Z. Hence
V =R, and we finally get G’ = R x SL(2,R). In Example we leave the reader
to check that G' = G” =R/Z x SL(2,R).

The second reduction step consists in passing from A x S, where A is amenable
and S is (linear) semisimple without compact factors, to N x S, where N is real-
triangular.

Proposition 2.15. Let G = A x S be a connected Lie group, such that A =
Amy(G), and S has finite center. Then G is commable to a group of the form
N % S, where N 1is real-triangulable. Moreover, each commability arrow is of the
formp; : A; xS — A1 xS (orp; i Aig1 XS — A; xS) such that

e p; is compatible with the semi-direct decomposition;

e its restriction to S is the identity;

o its restriction A; — A;y1 (or Aip1 — A;) has coabelian image.

Proof. We will use the following easy observation.

Fact 2.16. Let M be a Zariski dense subgroup of an algebraic group L. If [M, M]
is Zariski closed in L, then [M, M] = [L, L].

Proof of the fact. The map L x L — L defined by (g,9') — [g,¢’] being Zariski
continuous, the Zariski closure of [M, M] contains [L, L], since L is the Zariski
closure of M. O

This follows from the proof of [CO8, Lemma 2.4]: there Cornulier treats the
case where S = {1}, but one checks that even in presence of a non-trivial S,
both the commability arrows can be made S-equivariant. The first arrow in his
proof is (replacing his G by our A) A - H = KA where K = H/A is abelian.
The second arrow is (denoting his 77 by N) the cocompact inclusion of N —
H. Now [A, A] is unipotent, hence Zariski closed, so A being Zariski dense in H
we have [A, A] = [H, H]; Cornulier shows [A, A] C N. Thus both arrows have
coabelian image. The last statement of Proposition follows from the following
observation: [CO8, Lemma 2.4] provides maps with coabelian image: indeed, in the
argument, [G, G| is unipotent, hence Zariski closed, so G being Zariski dense in H,
we have [G,G] = [H, H]. O

Remark 2.17. The fact that this reduction preserves unimodularity is clear as
commability preserves unimodularity among amenable locally compact groups.
Since the commability arrows have coabelian image, the set of non-zero weights
of the radical is preserved, thus so are Property R, R-rank, and Property C or
NC. We will prove that Property V (recall this is the condition [Sye, R] = 1) is
preserved in the following lemma (2.18). Given these results the fact that this
reduction preserves algebraic thinness is simply a consequence of the others.
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Lemma 2.18. Let S be a semisimple Lie group, and let R and R’ be connected
solvable Lie groups with S-actions. Let f : R — R’ be an S-equivariant proper
continuous group homomorphism with cocompact coabelian image. Then R x S has
Property V if and only R’ x S does.

Proof. On refining the sequence of commability arrows, we can assume f is either
injective or surjective. In each case, one implication is trivial. Let us treat the
non-trivial directions. Assume f is surjective with compact kernel K and [sy, '] =
0. Denote the Lie algebra of K by €. As s,. is semisimple, ¥ admits a vector
complement W in v which is stable by the adjoint action of s,.. Since [syc,t'] = 0,
the adjoint action of s,. on W is trivial. Moreover, since Sy, acts trivially on K,
we have [s,¢, 8] = 0. Combining these two facts, we conclude that [sy,t] = 0.
Suppose now that f is injective, and that [s,.,t] = 0 while [s,.,t] # 0. By
semisimplicity, and since v is an ideal in v/ we have [s,c,t'/t] # 0. But then, Sy,
acts non-trivially on the compact group R'/R: contradiction. U

Proof of Theorem[2.9 Starting with a connected Lie group G, Proposition 2.12]
reduces to the case where G satisfies the assumptions of Proposition [2.15] The
fact that the properties listed in Theorem are preserved is obvious as the Lie
algebras only differ by an abelian factor. Next, applying Proposition[2:15]reduces to
the case where G is (real-triangular)x (linear semisimple without compact factor).
The resulting group is linear by Malcev’s theorem [Mal43]: a connected Lie group
with solvable radical R and Levi factor S is linear if and only if both R and S are
linear. The preservation of the relevant properties is justified in Remark O

2.3. Algebraically thin unimodular connected Lie groups.

Proposition 2.19. Let G = R x S, where R is real-triangulable, and S = Sy is
semisimple with finite center. Then G is unimodular and algebraically thin if and
only if G = R x S, R is simply connected nilpotent, and S has rank 1 or is trivial.

Proof. Suppose G is unimodular and algebraically thin. By Proposition [2:4] we
have two cases. In the first case G has polynomial growth, hence S is trivial and
G = R, being triangulable and polynomial growth, is simply connected nilpotent.
In the second case, we have [R,S] = 1, and R has polynomial growth (thus again
is simply connected nilpotent). The intersection RN .S is contained in the (finite)
center of S. Hence it must be trivial as R is torsion-free. (]

Corollary 2.20. Any algebraically thin, unimodular connected Lie group is commable
to a direct product G = R x S, where R is simply connected nilpotent, and S is
simple of rank 1 with finite centre, or trivial.

Proof. We apply Theorem [2.9) and then Proposition [2.19] O

2.4. Non-distortion of certain subgroups in linear connected Lie groups.
This section gives sufficient conditions for a subgroup of a Lie group to be undis-
torted. Although we could not find the following theorem in the literature, it is
probably known to the experts. The role it plays in the paper is to ensure that the
subgroups SOL, and Osc from Proposition [1.10] are closed and undistorted.

Let G and H be locally compact compactly generated groups such that H is a
closed subgroup of G. We say that H is undistorted in G if the inclusion H — G
is a quasi-isometric embedding (with respect to word metrics on both groups). In
what follows, we shall use repeatedly the following obvious remark: if ¢ : G — G’
is a continuous homomorphism from G to another compactly generated group G’
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such that ¢|p is injective and ¢(H) is undistorted in G, then H is undistorted in
G.

Theorem 2.21. We consider a group H = U x A, where U is a simply connected
nilpotent connected Lie group, and A =2 R" and

(i) for each non-trivial a € A, the action by conjugation of a onV =U/[U,U]
has an eigenvalue of modulus distinct from 1,

(i) there exists some ag € A such that all its (possibly complex) eigenvalues on
V' have modulus distinct from 1.

Then for any linear connected Lie group G, any injective morphism f : H — G has
closed and undistorted image in G.

Proof. On composing with a faithful linear representation, we can suppose that G =
GL(d,C). By Lie’s theorem, we can assume that H is contained in the subgroup
of upper-triangular matrices. We deduce from (ii) that V is contained in (and
therefore equal to) the derived subgroup of V x A, since the map V — V, v — [v, ag]
is surjective. Therefore we have U = [H, H][U, U], which implies that U/[H, H] is a
perfect group, hence trivial as it is solvable. Hence U = [H, H]. It follows that U is
contained in the subgroup of upper unipotent matrices. Let g be the Lie algebra of
G, that we equip with a norm ||-||. We denote by |-|g, ||z and |-|4 word lengths on
respectively G, H and A associated to compact generating subsets. We also consider
the operator norm |- ||, of GL(d, C) acting on C? equipped with the usual Euclidean
metric. Note that since || - ||op is submultiplicative, |g|op := log max{||g|lop lg ™" lop}
satisfies |99'[op < |glop +[9'[op- Hence

l9lop < l9lc- (2.22)

In particular, a straightforward calculation shows that for all « € g\ {0}, log ||z|| <
| exp(2)|op, from which we deduce that

log(1 + [|z[]) < [exp()|c- (2.23)

On the other hand condition (ii) implies that U is the exponential radical of H (see
[Gui80, Proposition 5]). By the corollary following [Gui80, Proposition 5], we have
for all u € U,

lulr < log(1 + [ loguf)).
Combining this with and with the obvious inequality |h|g < |h|g, valid for
all h € H, we deduce that for all u € U

|u|lg = |u|g = log(1+ || logul). (2.24)

A consequence of (i) is that for all h = ua € H, |h|op 2 |al4. Indeed, note that
I - lop defines a norm on the vector space of square matrices M(d, C), and as such
is bi-Lipschitz equivalent to any other norm. Now, if one considers the norm || - |1
consisting of the sum of absolute values of coefficients, one clearly has ||h||1 = ||al/1+
llully > |lall1. On the other hand, we observe that log max{||a|, [|[a=}|1} =~ |a|a,
80 |hlop 2 |ala as claimed. Since there is an obvious projection of H onto A,

~

lala =~ |a|m, so |hlop 2 |a|m. We then deduce from (2.22)) that

hle Z lala- (2.25)
Assume for a contradiction that there exists hy = (ug,ax) € H such that |hg|¢ =
o(|hk|m). Then by (2.25), |ak|g = o(Jhk|m), which implies by the triangle inequality

that |hilg =~ |uklg, and |ukle S |hele + lakle S hele + lalg = o(Jhe|e) =
o(Jug|mr). But the latter contradicts (2.24)), so we are done. O
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Examples 2.26. The class of groups H satisfying the conditions of Theorem [2.21
is stable under finite direct product, and contains the examples that are relevant
to us: SOL, for all @ > 0, and Osc. But it also contains the subgroup of upper
triangular matrices whose diagonal entries are real and positive in SL(d, K), for
d > 2 and K € {R,C}. In this last case U is the upper triangular unipotent
matrices and A consists of diagonal matrices with real and positive entries.

2.5. Algebraically thick connected Lie groups. The main goal of this section
is to prove Proposition [I.10} We will proceed in various steps.

Proposition 2.27. Let G be a linear connected Lie group. If either:
o [Sue, R] #1, or
o the R-ranks of both Sn. and R are positive, or
e the R-rank of Syc is at least 2,

then G has an undistorted closed subgroup isomorphic to SOL; or Osc.

Proof. Let us first prove the Lie algebra analogue. In the first case, by [CDSWO05),
Proposition 8.2], g has a subalgebra isomorphic to v,, xs[(2, R) for some irrreducible
n-dimensional representation v,, for n > 2, or to the 1-dimensional central extension
Bont1 X 8[(2,R) of vg, % s[(2,R) for some n > 1. The first one contains a copy of
soly, while the second one contains a copy of osc.

Let us now assume that [s,c,t] = 0 and both s, and v have positive rank, then
they both contain a subalgebra isomorphic to the affine Lie algebra R x R. Hence
g contains a subalgebra isomorphic to sol;.

We are left with the case where s,. has R-rank at least 2. We can assume
without loss of generality that g is equal to its semisimple part. If g is not simple,
then it contains s[(2,R) x s[(2,R). Since the latter contains a copy of sol;, we are
done. Otherwise, by [BAIHV08, Lemma 1.6.2], it contains a copy of either sl(3,R)
or sp(4,R). Since sp(4,R) contains a copy of s[(2,R) x s[(2,R), it has already been
treated. Finally we conclude from the fact that sl(3,R) contains a copy of sol;.

Let us now prove the proposition. By simple connectedness and the Lie algebra
case, we deduce that there is an injective continuous homomorphism H — G, with
H either SOL; or Osc. By Proposition and Examples we deduce that
the image is closed and undistorted. O

We now treat the case of real-triangulable Lie groups. We start with the following
Lie algebra statement. A Lie algebra is called minimal algebraically thick if it is
algebraically thick, i.e. has R-rank at least 2 or is C (recall Definition but no
proper subalgebra satisfies these conditions.

Lemma 2.28. A real-triangulable Lie algebra is minimal algebraically thick if and
only if it is isomorphic to sol,, for some a > 0, or osc.

Proof. Clearly these are minimal algebraically thick. Conversely, assume that g
is minimal algebraically thick, and let ¢ be its exponential radical. Since the Lie
algebra is real-triangulable, its roots are real, and this correspond to weights. Recall
that we can see them as elements of the dual of the abelianization g, of g.
Assume first that e has codimension at least 2. Since e C [g,g], we deduce
that g, has dimension at least 2. Fix a Euclidean structure on g,p, so that we
can identify it with its dual. Consider subalgebras containing [g, g] of dimension
1+dimlg, g], which are in one-to-one correspondence with lines of g,,. The effect of
passing to such a subalgebra on the weights is to project them orthogonally to the
corresponding line. Since there are only finitely many weights, one can find a line so
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that any non-zero weight remains non-zero when restricted to the line. Moreover,
whether g has C, or has R-rank is at least 2, we can find a line such that when
projecting onto this line we obtain a subalgebra which has C, which contradicts
minimality.

Hence ¢ has codimension 1, so g = ¢ x a, where a is one-dimensional. Recall that
weights are elements of Hom(g,p, R) = Hom(a, R) = R. Since g is real-triangulable,
weights correspond to the eigenvalues of the adjoint action of a on e. Denote e,
the characteristic subspace of ¢ associated to the weight x. Observe that since
the adjoint action is by derivations, [e;,e,] C ezyy. In other words, the vector
decomposition ¢ = €, e;, where x run through weights, defines a real grading of
the Lie algebra e.

Write (¢%);>1 for the lower central series of ¢. These are graded ideals, so in
particular the graduation on ¢ induces a graduation on ¢/e¢’ for all i < j (associated
to the corresponding induced a-action). Moreover the Lie bracket induces for each
pair of weights «, 3, and for all i,j € N* a bilinear map

(' /e )y x (&7 /7Y g — (M eIy g (2.29)

The fact that g has C implies that there are both positive and negative weights—
say s and t. Passing to the graded subalgebra generated by one eigenline in degree s
and t, and using minimality, we see that ¢! /¢? is 2-dimensional with weights s and ¢.
We claim that ¢? is concentrated in degree 0, and therefore that ¢ = ¢; @ es @ ed. For
if ¢2 contains a negative (resp. positive) weight then (e, +e¢2) xa (resp. (e; +¢2) xa)
contradicts minimality.

Now if t + s # 0, then by @I), we have ¢2 = 0, and so g =2 sol_y/s. Assume
s+t = 0. Again by by @ we have [es,¢?] = [er,¢?] = 0, so ¢? is centralized
by ¢s and ¢;. By minimality ¢, and ¢; are one-dimensional, and ¢? is either zero
or one-dimensional, according to whether [eg, ¢;] is zero or not. In the first case,
g = sol, while in the second case, ¢ is the Heisenberg group, and g = osc. O

Proposition 2.30. Let G be an algebraically thick real-triangular Lie group. Then
it has an undistorted closed subgroup isomorphic to SOL,, for some a > 0, or Osc.

Proof. Lemma [2.28| clearly implies the analogous result for Lie algebras: since an
algebraically thick real triangulable Lie algebra contains a minimal one, we deduce
that g contains a subalgebra isomorphic to sol,, for some a > 0, or osc. We conclude
as in the end of the proof of Proposition [2.2 O

Combining Proposition and we immediately deduce the following re-
sult.

Corollary 2.31. Let G be a linear connected Lie group with real-triangulable rad-
ical. If it is algebraically thick, then it contains a closed undistorted subgroup iso-
morphic to SOL,, for some a > 0, or Osc.

Proof. The only case not covered by Proposition [2.27] is when R is a C-group or
has R-rank at least 2, which is treated in Proposition [2.30 U

We now turn to the converse.

Lemma 2.32. The class of solvable algebraically thin groups is stable under taking
closed subgroups.

Proof. Recall that algebraically thin solvable Lie groups are precisely NC-groups of
R-rank at most 1 by Proposition 2.4l The conclusion can be deduced from Lemma
indeed, if G’ < G, then the exponential radical E’ of G’ is contained in E, and
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either G’ contains an element that contracts F, and therefore E’, or it does not.
But since the R-rank of G is at most one, the last option implies that E' = {1},
and therefore that G’ has polynomial growth. O

Lemma 2.33. If a connected Lie group is algebraically thin, then so are all its
closed connected solvable subgroups.

Proof. This is a statement about Lie algebras. Let s be the semisimple part of the
Lie algebra g of G, and let t be its solvable radical. Let n be a maximal solvable
subalgebra of s: it is of type NC. Let m = n+ t. The condition [t,s] = 0 ensures
that m is the direct product of n with tv. Besides, by Hahn-Banach, property NC
says that there exists = in the Lie algebra such that w(z) > 0 for all for weights w.
Since weights of n x v are pairs (wp,w, ), where w,, and w, are respectively weights
of n and v, we deduce that m has property NC and has R-rank at most 1. Now
every maximal solvable subalgebra of g is of this form. Hence combining this with
Lemma [2:32] proves the lemma. O

Proof of Proposition[1.10. Corollary readily implies (i) = (ii), and (ii) =
(iii) is clear. Hence we are reduced to proving (iii) = (i). This results from Lemma
together with the fact that neither SOL, nor Osc are algebraically thin. [

3. EMBEDDINGS OF DIESTEL-LEADER GRAPHS

The goal of this section is to show that for all a > 0, SOL, (and some others
groups) contain a quasi-isometrically embedded copy of the Diestel-Leader graph.
This will be important when we establish lower bounds on Poincaré profiles in §4]
Unfortunately, we are unable to prove it for Osc, so its Poincaré profiles will be
established by a direct (much harder) computation in

Theorem 3.1. The Diestel-Leader graph DL(2,2) quasi-isometrically embeds into

T x T where T is any tree with minimal vertex degree > 3,

any finitely generated wreath product H { K where H is non-trivial and K
18 infinite,

the Baumslag—Solitar group BS(m,n), whenever |m| # |n|, and

e SOL, for any a > 0.

The first two items are certainly not new, and, as mentioned in the introduction,
all are likely known to experts, but proofs are given for completeness.

Firstly, we recall the definition of the Diestel-Leader graph. Given a simplicial
tree T, v € VT and & € 9T, for each vertex w let -y, be the unique geodesic ray
from w to §&. The Busemann function associated to the triple (T, v, £) is defined
by bTﬂj’g VT — R,

bTﬂhf(w) = dT(v77v N ’Yw) - dT(wa Yo N ’Yw)'

Let T; = (T, v, &;) for ¢ = 1,2, where each T; is a simplicial tree, v; € VT; and
& € 0Ty Let hy = by, v,¢, for i = 1,2. The vertex set of the Diestel-Leader
graph DL(71,72) is

{(z,y) e VTy x VT3 : hi(z) + ha2(y) =0}

and two vertices (z,y),(z’,y’) span an edge if and only if zz" and yy’ are edges in
ETy and ET, respectively. As a shorthand we write DL(¢1,¢2) when each T; is a
(¢; + 1)-regular tree. The Diestel-Leader graph DL(q, q) is a Cayley graph of the
lamplighter group Z, ! Z [Woe05].
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We start with the standard fact that Diestel-Leader graphs are undistorted in
the product of trees used to define them.

Lemma 3.2. The inclusion map ¢ : DL(T1,72) — T x Ty (defined on vertices) is
a bi-Lipschitz embedding with respect to the shortest path metric on DL(Ty,T2) and
the L' product metric on Ty x Ts.

Sketch of proof. It is clear that ¢ is 2-Lipschitz. For the converse, suppose we
have (s1,s$2) and (t1,t2) € DL(71,72) C Th x T>. We find a path in DL(77,72)
connecting these points by concatenating a path of length dr, (s1,t1) from (s1, s2)
to some (t1,s5), and a path of length at most dr, (s1,t1) + dr, (s2,t2) from (¢1,s5)
to (tl,tg). Hence, dDL(Tl,”I}) S 2dT1><T2o O

3.1. Busemann compatible embeddings. We let H2 = {(z,y), € R,y > 0}
be the hyperbolic half-plane with boundary OHZ = (R x {0}) U {co}, and define a
Busemann function on H2 by bu2,(0,1),00 (T, y) = log(y).

Recall that if 7" is a tree, and ¢ : T — H3 is a bi-Lipschitz embedding, then
¢ extends to a topological embedding (a homeomorphism onto its image) between

the Gromov compactifications 7: T — H2.

Definition 3.3. Let o > 0, and let T be a tree. Let (X,v’,00) be either the
triple (H2, (0,1),00) or a triple of a tree T”, a vertex and a point labelled oo in
the boundary of T”. Let hx be the Busemann function associated to the triple
(X,v,00). A map ¢ :T — X is called a-Busemann-compatible, if there is a
vertex v € T and a point & € 9T such that

(i) ¢ is a bi-Lipschitz embedding;
(ii) 2(§) = oo
(ili) hx(u(2)) = abry,e(2), for all z € VT.

Remark 3.4. It is an easy observation that given a tree (7”,v’,¢’) where every
vertex has degree at least 3, and any positive integer k, there exists a k-Busemann-
compatible embedding of the 3-regular tree (73,v,§) into (77,v',&’). The following
proposition shows that a similar fact is true replacing 77 by H3.

Proposition 3.5. For all a > log(m), there exists an a-Busemann-compatible
embedding of the (m + 1)-regular tree in H3.

Proof. Fix m € N and o > log(m). Set t := e® > m. Let A,,, be the subset of R
consisting of finite combinations of the form Zkzo a;th, with a; € {0,...,m — 1}.
Now for every n € Z, define 3, to be

Y, ={(at",t") : a € A}

We now define a graph T whose set of vertices is ¥ = U,ez2,, and whose edges
relate pairs of vertices (v,v’) € £, X X,41, with v = (at™,t") and v' = ((a —
ag)t™,t"™1). This ensures that the distance between v and v’ is bounded by a
constant K only depending on ¢t and m. It follows by construction that 7' is an
(m 4+ 1)-regular tree, and that the restriction of a‘leD§7(O)1)7OO to T coincides with
the Busemann function based at (0,1) € T, and pointing towards co. As already
observed the inclusion ¢ : T — H2 is K-Lipschitz; we will now prove that the choice
of v ensures that it is bi-Lipschitz. We start with the case of two points on T at the
same Busemann level, whose images in HZ are therefore of the form v = (at",t")
and v = (a/t", t™). On applying the hyperbolic isometry of the half-plane that fixes

0 and oo and maps H,, = bﬁ; ©0,1) oo(om) to Hy, we can assume that n = 0. Then
R\ L)
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their distance in the tree is 2k + 2 where k is the largest integer such that ay # a,.
On the other hand, one has
k-1

/ k i k m—1
la —d'| >t —;(m—l)t >t (1—t_1>.
Since t > m, there exists ¢ > 0 only depending on « and m such that dH§ (v,0") > ck,
so we are done. The general case can easily be deduced from this one using that
the distance between any points in 3,, and ¥, is at least ak. O

3.2. Horocyclic products. Let X,Y be spaces with associated Busemann func-
tions bx,by and let a > 0. The (a-stretched) horocyclic product of X and
Y is defined as

Sa(X,Y) ={(21,22) € X XY : bx(21) + aby(z2) = 0}
and is equipped with the subspace metric from the L' product metric on X x Y.

Proposition 3.6. Let aj,as > 0, and let each of X1 = (X1,v1,001) and Xo =
(Xa,v2,002) be either (T,v,&) with T a tree, v € VT and & € OT or (H3, (0,1), 00).

Suppose T1 = (T1,v1,&1) and Ta = (To,ve,&2) are two trees of degree at least 3,
with distinguished vertices and points in their boundary, and admitting oy and co—
Busemann-compatible embeddings into X1 and Xo respectively. Then the Diestel—
Leader graph DL(T1, T2) admits a bi-Lipschitz embedding into the a-stretched horo-
cylic product So (X1, Xa) of X1 and Xs, where a = ay /.

Proof. For i = 1,2, let ¢; : T; — X; be an a;—Busemann-compatible embedding,
i.e., for all z; € T},
hx, (¢i(2i)) = aibr, (2:).
We immediately obtain a bi-Lipschitz embedding ¢ = (¢1,¢2) from Ty x Ty
to X1 x Xy, which by Definition (iii) restricts to a (Lipschitz) embedding v :
DL(71,72) — Sa(X1, X2). To see this notice that for (21, 22) € DL(T1,7T2) we have

0= b7 (21) + by (22) = a7 'hx, (61(21)) + a3 "hix, (62(22)),

s0 hix, (¢1(21)) + ahx,(¢2(22)) = 0.
By Lemma the embedding of DL(71, 72) into 77 x T5 is bi-Lipschitz, so

¢OLZDL(71,7§)—>X1 XX2

is a composition of bi-Lipschitz embeddings and hence, is a bi-Lipschitz embedding.
Since 1ot equals the composition of 1) with the natural embedding j : S, (X1, X2) —
X1 x X, and ¢ and j are both Lipschitz, it follows that ¢) must be a bi-Lipschitz
embedding. O

With these results we can now complete the proof of Theorem

Proof of Theorem[3.1} As is standard, by Lemma DL(2,2) quasi-isometrically
embeds into the product of two trivalent trees, and the trivalent tree isometrically
embeds into any tree with minimum degree > 3. Next, DL(2,2) is a Cayley graph
of the lamplighter Zo 1 Z. Let h € H \ {1x} and let v be a bi-infinite geodesic in a
Cayley graph of K. The map

(f,2) €207 — (g,7v(2)) e HIK

where g(k) = h if k = ~(m) for some m and f(m) = 1, and otherwise g(k) = 1g,
defines a quasi-isometric embedding of Zs ! Z into H { K. Thus H ! K contains a
quasi-isometrically embedded copy of DL(2, 2).
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For n > 2, BS(1,n) is quasi-isometric to a horocyclic product of an (n + 1)-
valence tree with a copy of H2, so contains a quasi-isometrically embedded copy
of DL(2,2) by Proposition [3.6f The groups BS(m,n) with |m|,|n| > 2 and |m| #
In| are all quasi-isometric [WhyO1], and BS(2,4) = {(a,t | t~'a?*t = a*) contains
BS(1,2) = (a?,t) as an (undistorted) subgroup.

Finally, for a > 0, we consider

SOL, = R? x(1,_q) R = {((z,1),(y,)) € (R %1 R) x (R x_o R)}
= {((xa _t)v (yvt)) € (R X1 R) X (R N_q R)} .

Here, for b € R, R X3 R indicates the semidirect product where the action is given
by x - (t) = e’*z; when b # 0 this group admits a left-invariant metric isometric
to H2. Let us fix isometries 17 : Rx_1 R — H2, 15 : R x_, R — H2 so that for each
1 = 1,2 we have bH§7(071)700(Li(1‘,t)) = B;t where 81 = 1,85 = 1/a. Equipped with
a suitable left-invariant metric, SOL, is isometric to the %—stretched horocyclic
product of (HZ, (0,1),00) with itself.

By Remark and Proposition for 8 > 0 large enough the 3-regular tree
admits a 33;—Busemann-compatible embedding in HZ for each i = 1,2, hence by
Proposition DL(2,2) quasi-isometrically embeds into SOL, = S, (H%,H2) for
a=58 =585 ]

B2 BB2
Remark 3.7. Given two locally compact groups G, G2 with automorphisms aq, ao
contracting into compact sets, the methods above adapt straightforwardly to show
that DL(2,2) quasi-isometrically embeds into (G1 x Gz) X ) Z (ct. [CTT17,

Definition 1.3]).

-1
Q1,0

4. POINCARE PROFILE CALCULATIONS FOR ANALYTICALLY THICK GROUPS

Having established the required background on Lie groups and Diestel-Leader
graphs, we now begin the main content of this paper. In this section we prove:
DL(2,2) and Osc have AP(r) ~ r/log(r) for all p € [1,00]. In both theorems the
p = oo case follows immediately from [HMTI8, Proposition 6.1], and so by the
following proposition it suffices to prove a lower bound of r/log(r) on A.

Proposition 4.1. If X is a graph with bounded degree with finite Assouad—Nagata
dimension, then A% (r) < r/log(r) for all p € [1,00).

Proof. Note that having finite Assouad-Nagata dimension, X has finite measurable
dimension in the sense of [HMTIS|, Definition 9.1] with function v(t) < ef. We
conclude thanks to [HMTTS| Proposition 9.5]. O

Corollary 4.2. Let G be a connected Lie group or a Baumslag—Solitar group
BS(m,n). Then AZ(r) < r/log(r) for all p € [1,00), and moreover if G is an-
alytically thick,

A (r) ~r/log(r) Vpe[l,o00].

Proof. Such a group G has finite Assouad—Nagata dimension (see [HP13] for the
case of connected Lie groups). Moreover G is large scale equivalent in the sense of
[HMT18| Definition 5.3] to a graph with bounded degree, hence the first statement
follows from Proposition Thus if G is analytically thick it has AZ (r) ~ r/log(r)
for p € [1,00) by [HMTIS8, Propositions 7.2]. For p = co, G does not have poly-
nomial growth (as those groups are analytically thin), so it must have exponential
growth [Gui73l [Jen73], thus the result follows from [HMTI18, Proposition 6.1]. O
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4.1. Diestel-Leader graphs. This section is dedicated to the proof of the follow-
ing theorem.

Theorem 4.3. For all p € [1,00], the Diestel-Leader graph X = DL(2,2) satisfies
A% (r) ~r/log(r).

Proof. Fix a Busemann function h on the 3-regular tree 73. Consider copies 17,75
of T3 so that VDL(2,2) C VT} x VT,. Suppose k € N is given. Fix o; € VT
with h(o1) = k and 0y € VT with h(oz) = 0. Consider the induced subgraph T’y
of DL(2,2) with vertex set

d(oy,z) =k — h(x),
Vk = (337y) : d(027y) = _h(y)7
0 S d(Ol,SC),d(OQ,y) S k

For0 <t <k, let V! = {(z,y) € Vi : h(z) = t}. We call a directed edge (z,y)(z",y’)
in Ty an up edge if h(z") > h(z) and a down edge otherwise.

Given a pair of vertices (z,y), (¢/,v') in 'y, with h(z) =t > h(a’) = s we assign
a family C(y ) (2y) Of 287175 paths of length 2k — ¢+ s connecting them as follows

Czzt = (:L‘7y) T (017 z/) \If (2702) T ($I7yl)7 (4'4)

where 2/ varies over the 2F~* vertices in the second coordinate T5 satisfying k =
d(09,2") = d(o2,y)+d(y, 2'), and z varies over the 2° vertices in the first coordinate
T, satisfying k = d(o1, z) = d(o1,2") + d(2/, z). Each path ¢, ./ is uniquely deter-
mined by the two vertices z, 2’ and the length restriction. This forces the path to
split into three parts as indicated in : the first and last consisting only of up
edges and the second only down edges.

We split the remainder of the proof into three claims.

Claim 1: |T'y| = (k + 1)2%.

For each 0 < t < k, there are 2F pairs (z,y) such that h(z) = t: 2! different
possibilities for z and 2¥~* possible y. Thus there are (k + 1)2* vertices in total.

Claim 2: Every edge in ET), is contained in at most 22*~¢*% paths connecting
a vertex (z,y) € V! to a vertex (2/,y’) € V5.

Fix an up edge e = (a,b)(a’,0’) so 0 < h(a) < k—1. For t > s, denote by
N, (t, s) the number of times e appears with either orientation in one of the chosen
paths which starts at some (z,y) where h(z) = ¢ and ends at some (z,y’) where
h(z') = s.

If the edge e appears in the first section of some path in C(; ) (5+,,) then h(a) >t
and y is the unique vertex satisfying d(o0z,b) = d(o2,y) + d(y,b) and h(y) = —t.
Moreover, 2 can be any of the 2"(®)~* vertices satisfying d(o1,z) = d(o1,a)+d(a, z).
For any of these 2"(®)~* choices of a pair (z,%) and every choice of (z’,'), the edge
e appears in exactly 2~ (h(a") =) proportion of the paths in C(; ), (2r,,)- All of this
analysis is independent of the choice of (z',3') so for each of the 2/(®)~t2F possible
choices of suitable (z,y),(2,y), e appears in 2~ ((@)=1)9k=t+s of the paths in
Clay (@)

Thus e appears in the first section of some path at most 22¢~*+5=1 times. A
similar analysis shows that if h(a) < s then e appears in the third section of some
path at most 22¥~*+s~1 times, and if h(a) > s then e never appears in the third
section.

We are left to analyse the second section of the paths. If either h(a) > t or h(a) <
s then the above analysis also holds and e is used 22*7*+s~1 times. Otherwise, either
none or all of the paths in C(, ) 2,47y contain e. In the case where it is all of them,
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we have 2t="(a") possibilities for y, 2/(®~% possibilities for 2/, 287t choices of the
pair (z,2'), 287t choices of x and 2° choices of y’. Therefore, e appears at most
22k=t+s=1 times as a down edge. Combining these observations, we see that the
total number of different paths containing e is at most 2 - 22¥=t+5=1 ag required.

Claim 3: h'(T) = 1/k.

Let f: Vi — R be a non-constant function with 3 . f(v) = 0. For an edge
e € ET with endpoints v,w, let |Vf(e)] = |f(v) — f(w)|. Using the triangle
inequality, we have

PORIORITIEE) DI SENS= I DI W\ 210

v,wE Vg t>s veVtweve YECy w €EY

22k7t+s 1
22%( > X ZQ%_HS'W(B)')

t>s veVE, 7€Cy w €Y
weVy
<N N V(o).
t>s eecETy

We deduce that
ST Ifw) = fw) <28k + D) (E+2) Y (Ve
v,weVj ecETy

Now, for every finite graph I" with maximal degree d, and every function f : VI' — R
we have
d d
D Vi@l 5 X V@Il =5 1Vl
ecET veVTl
which implies that if > . f(w) =0,

Vil I = Vil S [£0) - ﬁ S fw)
veVE weVy
d
< 3 1) - fw) < 2 G+ 1)k +2) [V,
v,weVy
d
= §(k +2) Vi [IVfll; -

Thus h'(T'y) = 1/k as required.

Since for each k > 1, [T'y| < [Tgy1| < 4|Tk|, for every r > 4 there exists a k such
that 2 < |I'x| < r. Moreover, |I'x| = (k + 1)2¥, so log,(r) > k.

Given Proposition the proof is now complete, since

AL (r) > Tel R (T5) = ——. O
X(r) = | k| ( k) - log(r)

Corollary 4.5. For every non-trivial finitely generated group H and every infinite
finitely generated group K, the wreath product G = HUK satisfies A7, (r) 2 r/log(r)
for allp € [1,00]. If, in addition, H is finite and K is virtually cyclic then AL (r) ~
r/log(r) for all p € [1,00].

Proof. For p = oo, G has exponential growth so A¥ (r) ~ r/log(r) by [HMT18|,
Proposition 6.1].
By Theorem [.3] and Theorem

r/log(r) < All)L(z,z)(7"> S A%;(T)-
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Finally, G has Assouad—Nagata dimension 1 whenever H is finite and K is virtually
cyclic, so by Proposition for all p € [1,00)

r/log(r) S Ag(r) S Ag(r) S r/log(r). O

4.2. Poincaré profiles of Osc. Let Heisg denote the real Heisenberg group, con-
sider the action R ~ Heiss given by

1 a c 1 eka c
01 b (k) = 0 1 e |,
0 0 1 0 1

and construct the corresponding semidirect product Osc = Heis3 x4R. For brevity,
we will omit ¥ in what follows and we introduce the following shorthands for ele-
ments of Heisg and Osc respectively

1
(a,by,c):=1 0
0

S = 2
_ S0

1
(a,b,c; k) := 0
0

o~ 2
= S0
>

For example, the group operation in Osc is
(a,b,c;k)(a', b, s K') = (ek/a +d e For ¥ e+ +eMab k+ K.

In what follows we will work with the cocompact subgroup G = Heisg XZ. To define
Poincaré profiles on G, we use the word metric from the compact generating set
[—1,1]3 x {—1,0,1}, and we use the following notion of gradient: Given a function
f: X — R on a metric space X, and a > 2, we define |V, f|: X — R by

IVafl(z) =sup{|f(y) = f(4)| : .y € B(x,a)}.

Full details about Poincaré profiles with respect to this notion of gradient of a
function are presented in [HMTT8|, Sections 3 and 4].
Our goal is the following:

Theorem 4.6. For all p € [1,00], AD (1) =~ r/log(r).

By Corollary it suffices to prove that A (r) = r/log(r).

The proof has four main steps: first we define special families of sequences for
each pair of points in chosen subsets of Heisz, second we show these sequences have
“small overlap”, third from them we construct coarse paths in G, and finally we
get a lower bound on A}, by controlling the change in functions by their gradient
on these paths.

Let us demonstrate the approach with a simpler example that avoids some of
the technicalities required. Consider G = R* X(1,-1,1,—1) Z with the word metric
from the compact generating set [—1,1]* x {—1,0,1}. For each t define H; =
[—e!, el]* C R%. Given any pair a = (a1, as,as,a4), b = (b1, b, b3, by) we define a
special sequence S(a,b) as follows:

(a1,a2,a3,as) = (b1, az,as,as) = (b1, b2, a3, as) — (b1, b2, bs,as) = (b1, ba, b3, bs)

By “small overlaps”, we mean that if for some 1 < n <5 we know ¢ = (¢1, ¢2, ¢3,¢4)
is the nth term in the sequence S(a,b) then a; = ¢; for n < i <4 and b; = ¢; for
1 < ¢ < n. We interpret this as saying that the set of points in H; x H; whose
special sequence contains a given ¢ in the nth term is a “copy” of Hy.
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Next define

t
Gi= | Wk Hy, k) = {(z,y,2,wi k) € G,z € [—eTF, e,
k=—t
y,w € [—et 7k TR t <k < t}.

For each pair a; = (24,¥:, 2i, wis ki) € Gy for ¢ = 1,2 we define a discrete path
P(a1,az) connecting them with adjacent terms at distance < 2 with respect to the
word metric, and having at most 10t + 5 entries in G;. In the description below of
P(ai,az2), “—7” indicates that we move between the two points by applying PpEL
the appropriate number of times. Each application of ¢! defines a new point on
the path. Observe that all points defined are of the form (c - ¢ (k); k) for some
—t<k<tce Pla,a).

. —t—k otk —t—k tky,
(1,91, 21,w15k1)  —z (e txy, tyi,e Y2y, e wy; —t)
— e_t k2 t+kly176_t_klzlaet+klwl;_t)
N kQZ’Q e t+k1y ,et*klzl,e*Hklwl;t)

t— itk t—k ik,
e 299, "2y, € Lwy;t)

t+k2y27 e—t—kl 21, et+k}1 wy; _t)

—t—k t+k) —t—k t+k .
e 21, 2y, € 229,€ M wy; —t)

= e TRy, et Rz et R )
Y2,

et*kz,zQ7 67t+k2'lU2; t)

(&

et k}sz e —t+ko

(
(
(
(
—z (e7' k2x2 e
(
(
(
($2,y2,2’2,w2,]€2)

Given f: Gy — R, for any « = (a;7),y = (b;s) € Gy, by the triangle inequality
we have

f@) = f)I< D> Y Vaflle- v(k)ik).
k=—t ceS(a,b)

Therefore,

WGOIf — felli < /G 1) = S@)ldn(Ge x G (4.7)

< (2t41)° Z > IVafl(e: (k); k)du(H, x Hy).

HiXHe =t ce5(a,b)

Now we split |’ Hy x H, into 8 integrations over the variables x;, y;, w;, z;. We also split
into 5 terms coming from the five positions ¢ could take in the sequence S(a,b).
For the nth of these we reorder the integration as follows:

t

/ahm,anhbmm by p—

04—y

/b . S [Vaflle-b(k)yik) | (48)

0 e=S(a,b)n

By the “small overlap” condition, the bracketed part of the above expression is

simply [. ., [Vafl(c- 9 (k) k), so 1) is bounded from above by

1
u() [ 1Vaf) = gl [ 1911
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Combining this with (4.7)) and cancelling p(Gt) we deduce that
19 = el <52t +1) [ |91].
Gy

We deduce that h(Gy) > m > ¢/log(u(Gy)) for some € > 0 which is inde-
pendent of ¢. Since for any r one can find ¢ with u(G;) comparable to r, thus

Ag(r) 2 r/log(r).

Before proceeding with the lower bound on Osc we briefly mention some of the
difficulties of generalising our approach to R* x Z. The first, and most obvious,
is that the special sequences in Heisz are longer than those in R* and the “small
overlap” condition is more involved. It is crucial to our argument that the Haar
measure duy on Heiss coincides with the Lebesgue measure dzdydz on R? allowing
us to split integrals. However, in making this change we will have to apply three
changes of variables, some of which have non-trivial Jacobians. These also need to
be controlled.

Notations and conventions. In what follows we let ¢ be a positive integer.

e Define a subset of Heiss as follows:
H, = {(a,b,c) —el <a<el, —et <b<el, —2e% << Qezt} C Heiss .
e Define a subset of G = Heiss XZ as follows:

—etth <g < etk et~k <p<et™F }
)

G = {(a’b’“k) C2e? << 2, —t<k<t

ie. Gy =Upe_y (Hi30) - (Thteisgs %)) = Up—_ o (He - (k) k).
e We shall consider the following subset of Heiss:
Sy = {A(s),B(s) : —2¢' <s < 2e'} C Heis,

where A(s) = (s,0,0) and B(s) = (0, s,0).
Step 1: Defining sequences in H;. Let us fix &’ = (a1,b1,¢1),y’ = (ag,ba, ) €

H;. We will define a sequence 2’ =y, ... x5, =y such that (z}) 'z}, , € S, for
all 7.
Define a@; € [0, %et) such that a; —@; € %etZ, and b; € [0, %et) such that b; —b; €
%etZ; note —et < b, — b; < %et.
Define ¢7 € (—%e*,0] such that ¢7 — ¢ = %e% for some 1, € {—4,-3,...,3}.
Finally, define ¢; such that ¢, — ¢35 = %262’5 for some Iy € Z and
1 _ _
56% <6—a—071(b1 —bl)—@(bg—bl) < e2t, (49)
As we shall later see, %Qezt << %e% soly € {-7,—6,...,5}. Set k = (3 —¢1 —

ai(by — bi) —az(ba — b)) Y2
The first sixteen steps travel from z(, = (a1, b1, 1) to @} = (a1,b1,¢1). We have
w16 = 2oC"
where C is any cyclic conjugate of the commutator A(%et)B(%et)A(—%et)B(—%et)
and |l1| < 4. Now C"* decomposes as a product of at most 16 elements of S;. Split-
ting into four cases depending on the signs of a1, b1, at least one of these paths will
remain inside Hy, for example, the commutator given above always stays inside H,

when a1,b; < 0. If 2} = (a1, b1,¢1) occurs for the first time with ¢ < 16 then we
simply define all terms in the sequence from z} to x4 to be equal to (a1,b1,c1).
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The next steps are given by multiplying by suitable A(s) or B(s) in turn:
2y = (@1b,e) = 2iAa - a)

(@1, b1,¢1 + ai(by — b1)) = 2}, B(by — by), etc.

(az, b1, c1 +ai(by — b))

(@z, by, o1 + ar(by — b1) + az(by — b1))

= (az — k,by,e1 +ar(by — by) +az(by — by))

zhy = (az—k,bo—k,C3 —az(bs — by) — k)
(
(@z
(@2
(

vhy = (@2,by — k,e3 — @a(by — by) — kao)
xhy = (ag,b, 3 —az(by — by))

Ths az,be,C3)

Ty = (az,b2,%)

It is clear from the definitions given above that the a and b coordinates remain
within H;. For the ¢ coordinate, we have:

1 — 1
71—2 exp(2t) < 1 +ai(by — by) < 3 exp(2t)

5 — — 4
% exp(2t) < e+ ar(by — b)) +az(be —by) < 9 exp(2t)
Adding k2 to both sides, and then adding either —kay or az(by — by) we get:

1 — 13
~3 exp(2t) < ¢z — az(ba — b2) < — exp(2t)

9
2 . — o 13
—3 exp(2t) < T3 —az(ba — b)) —kaz < n exp(2t)
2 _ 5
~3 exp(2t) < 2 < 3 exp(2t)

and therefore the sequence remains inside H;.

For the final part we apply conjugates as in the first step, except that this time,

we only have |l3] < 7, meaning as many as 28 steps could be required. As before,
we insist on using the full 28 steps (to simplify notation later) so if =} = y occurs
for the first time at some i < 54 we simply define 2, = y whenever i < j < 54.
Thus, to each pair of points z’,y’ € H; we have assigned a sequence xy, ..., xk,.
We define g; : Hy x Hy — H; by gi(2,y') = .
Step 2: Showing that these sequences have ‘“small overlap”. These se-
quences retain a considerable amount of information about their initial and terminal
points. We want to show that for any fixed v € H; the set of pairs (z,y') € Hy x Hy
such that v lies on the sequence connecting 2’ to 3y as defined above is “small”. We
now make this precise.

For all v = (v1,v9,v3) € R® and o = (01, 09,03) € {1,2}3, we define

Heis;a = {((al,bl,cl), (ag,bQ,CQ)) S (H6183)2 . aal = 1, b,T2 = V2, 003 = 1)3}
Recall that for ¢ € {0,...,54},2' € Hy and y’ € H; the ith term in the sequence
connecting x’ to v’ is g; (2, y').

Lemma 4.10. For each i, there exists o' = (0},05,0%) such that g; ' (a’,V,c)

intersects each Heisigi in at most M = 2932 points.

Proof. We will prove this by finding an appropriate o’ in each case and proving a
bound on the intersection. As a shorthand, let us write z} = (A;, B;, C;).
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Case i < 16 and i > 26: For i < 16, set o = (2,2,2), we know that a’ €
{a1 — %et,al,al + %et}, b e {bl — %et,bl,bl + %et} and ¢/ = ¢; + eajel +
Be? for some € € {—1,0,1} and at most 8 possible values of p € Z. Therefore the
intersection with each Hy ,: contains at most 3% . 8 points, corresponding to the
three choices of a’, V', e and eight choices of p respectively. We argue similarly for
stage 7, where i > 28, except that we must set o' = (1,1,1).

Case i = 17: Set o = (2,2,2). Given (ar, by, 1) there are at most 6 possibilities
for a; and 8 possibilities for c;.

Case i = 18: Set o' = (2,2,2). Given (ay, by, ¢ + ai(by — by)) there are at most 6
possibilities for a1, 6 for b; and, for each of these choices, 8 possibilities for ¢;.
Case i = 19: Set o = (1,2,2). There are at most 6 possibilities for as, 6 possibil-
ities for by, and for each of these, 8 possibilities for ¢;.

Case i = 20: Set o' = (1,1,2). There are at most 6 possibilities for as and 6
possibilities for by. From these we determine ¢ exactly, and there are 8 possibilities
for ¢;.

Case i = 21: Set o' = (1,1,2). We have

k? + k(by — ba) + Az (bg — bg) — &3 + Cay = 0.

There are at most 6 possible values of by — by and at most 8 possible values of &
(given that cg has been fixed). So solving the quadratic equation, there are at most
96 possible values of k. For each one we determine as and then ¢;. Then there are
at most 6 possibilities for as and 8 for ¢q, giving at most 96-6-8 < M possibilities.
Case i = 22: Set o° = (1,1,1). We have

Coy =1 +ar(by — b1) + (Ao + k)(Baa + k — b1) — Agok

which is a monic quadratic in k where we are given all the coefficients. We solve
this, giving at most two possibilities for k. Using k we determine az and by giving
six possible as and by in each case. Finally, we determine ¢3, giving eight possible
values of c,.

Case i = 23: Set o' = (1,1,1). We have

kK = Chs+kaz—cr—ai(by —by) —ag(ba — k+k —b)
= Coz —¢1 —ar(b1 — b1) — Aa3Boz + Aasbs.

Thus we may calculate k exactly, and use this to determine by. There are then 6
possibilities for by. For each one, we then calculate ¢3 using the original definition
of k2. There are at most 6 possibilities for as, and 8 possibilities for cs.

Case i = 24,25: The same technique as i = 18,17 respectively work, except with
ot =(1,1,1). O

Step 3: Defining sequences in G;.

Fix 2 = (a1,b1,c1;7) and y = (ag,be, c2;8) in Gy and let 2’ = (e "aqy,€"by,c1)
and ¢y = (e ag, e°ba, c3) be the corresponding points in H;. Fix the sequence of
points ' = x,...,ak, = y in H; constructed in Step 1. We now construct a
sequence T = g, ..., Ty, =y of points in Gy such that dg(z;, x;41) < 2 for all 4.

Starting from zo = (ay, by, c1;7), define x; = (e ‘ay, etby, c1;7—1i) for 0 < i < rif
r > 0and z; = (e‘ay,e by, c1;r+i) for 1 <i < —rifr < 0. Now z)p = (20;0). We
now define parts of the sequence (z;) going from xy, = (z;0) to xy,,, = (2}, ;0)
for each 0 < i < 54; note that ky = |r|. If 2} and zj,, differ by some A(s) then
define

l'k-—i-':{ o, (0—j) F0<j <t
B Tppyy (0 —(2t+1)+7) ift+1<j<2t+1.
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Note that here @y, 1141 = Tp,+¢(A(se™");0) with |se™?| < 2. If 2} and xj, differ
by some B(s) then define

x e xk;(Qv]) it0<j<t,
S Ty - (032t +1—75) ift4+1<5 <241,

Note that here zy, 1111 = Tk, ++(B(se™");0) with |[se~*| < 2. Finally, to get from
(254;0) to (az,ba,ca;8) we apply (0;s) to get the last |s| steps of the sequence, so
the entire sequence has length |r| + 54(2¢ + 1) + |s|, which is at most a bounded
multiple of ¢.

Step 4: Controlling functions by their gradients. In this step we show the
following bound. Let ug be the Haar measure on G = Heisg XZ; note that this
restricts to the Haar measure pug of Heisg on each copy Heiss x{i}. Recall that
wp agrees with Lebesgue measure under the identification of (a,b,c) € Heisg with
(a,b,c) € R3.

Lemma 4.11. There ezists a constant C' such that for any measurable function
f Gy = R we have

/EG (@) — f() dui(x,y) < C2et / Vol dual(z).  (412)

z€Gy

Proof. Using our defining sequences, the left-hand integral in equation (4.12)) is
bounded from above by

(z,y)
/ Y Fafwle s, (4.13)

i=0
where x;(x, y) is the ith term of the defining sequence from x to y, and m(z,y) is its
last index. Define G¥ = {(a,b,c;7) € Gy : = k}. Let HF = {(a,b,c) : (a,b,c; k) € G4}
which is by definition equal to H; - ¢ (k). Once k' is fixed (a’,b’,c; k') is in the

sequence To, ..., &, only if (e ¥'a/ ek V) = (a/,V,¢) - (—K') is in the corre-
sponding sequence xy, ..., z5,, and if a single point appears more than once in the
sequence o, ..., T, then we can shorten the sequence so that this does not happen.

Since dg(z;,x;4+1) < 2 for all ¢, the left hand expression in (4.13) is bounded from
above by

t 54

Z Z Z:/EH"1 /eH"2 |V f (@] - (K); k)| dprs (y)dpaes ()

r1,re=—t k'=—t j=0

where for z = ("™ ay,e by, c1;71),y = (€"2ag, e "2by, co;12) we use the shorthand
’; to represent the point g;((a1,b1,c1), (az, b2, c2)), which we recall is the jth term
of the defining sequence from (a1,b1,c1) to (az, ba, c2).

Now fix 71,72, k' and j. Our next goal is to bound the integral

/ / Ve f (@l oK) k)| dum (y)dpr () (4.14)
zeH,* JyeH,?

in terms of [ _ . [Vaf(2)| dug using Lemma Firstly, by Tonelli’s theorem,
(4.14) equals

/<exp<r(,{>a0{ exp(

where 77 is chosen so that {07, 7/} = {1,2}.

77

Lo (kDY kK
é)/(exp(rr ‘v2f($_] w( ), )’

—T‘g%')boé,co" {)arf ,exp(—T‘T%’)bT%‘,CTé')

(4.15)
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Although the integrand is what we are looking for, the problem is that x; € H;
depends on the endpoints x and y in a complicated way. To work this out, we now
perform a change of variables (in three steps) which will fix the variables of the first
integral and replace the second three by the image of (2’ -1 (k'); k') in HF | ie. the
second integral will now be with respect to duy as desired.

The first change of variables is the natural rescaling which fixes ¢y, co, and maps
exp(ri)ar — ar and exp(—rg)by — by for k = 1,2; since pp is Lebesgue measure
with respect to these coordinates, this rescaling preserves the measure.

The second step fixes i bag,co_j and replaces (aT{,szj , ch) by .

/ Finally, we return (/aU{ , bgg,co_é/) to (exp(ra{)aa{ , exp(—rgg)bag,cgé) and map
b= (o, B8,7) = (exp(kK')a, exp(—k') B, 7).

In each case we treat each of d; — d; for d € {a,b,c} and i = 1,2 as a constant.
In reality, each takes one of a finite number of values, so we may split the domain
of the integral dependent on those values so that they are truly constants.

Claim: There exist constants 0 < K < L such that the determinant of the
Jacobian J; corresponding to any such three-step change of variables is between
Kexp(ra{ - rag) and Lexp(rai' — ’I“ng').

€T

Proof of Claim: We denote the Jacobian matrix of the ith change of variables by
det J ; The first change of variables clearly has Jacobian determinant 1, and third
transformation has Jacobian determinant exp(rU{) eXp(*TUg).

We must compute the finitely many Jacobian determinants corresponding to the
change of variable

(aaf7baéacaéaa7f7b7'2i7c‘r§) - (aa{abagacagaaa/@a’}/)'

For i # 21,22,23 it is straightforward to determine that these Jacobian deter-
minants are equal to 1. For example, in the case i = 20, we fix (a1,b1,c2) and
replace (ag, by, c1) by (@2, be,e1 + ar(by — by) + @z(by — b1)). The Jacobian for this
transformation is

which has determinant 1.
For ¢ = 21, 22,23, the important partial derivatives are

Ok _ b-B Ok _ m ok _ -1 ok _1
6a2 - 2k ’ 8b2 a Qk/” 601 - 2]{}, 862 N 2/€'
Applying these, we get

bo—b, az 1
5 I+ 22k1 (2172@ 2k
J21 == 0 1 0 9
by — by a; 1
L B 5
J2, = ba=by 1+2 L |,
= Tlba—b) @’ @
—(by —by) — k+ =2t @ @
1 0 0
2 bo—by as 1
J33 = gt L+5  —2

—(by — b) — ki + cTQ(bsk—H) [ 1_ @
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which have determinants 1 + b"’;kg, % + EQ_kH and 1 respectively.
Since %exp(t) < k < exp(t), and —exp(t) < by — by < Zexp(t), we have
0<1— L <detJf <1+

Next, \E—E|§%exp() soO<f—V<detJ22< —1—3\[ O

For fixed (exp(rgjl-)aa{,exp(froé)bgg,cgg), the change of variables in the other

three coordinates is (at most M)-to-one by Lemma Thus, (4.15) is bounded
from above by

dper M/ \Vaf(z's k) |dpm
/(exp(Taj)a(,j exp(—=r_j)b_j.c_j) < 2 eH}' det Jj
1 1 2 2 3

t

M
<16 ™M / Vo (2 k) s,
K k;t z/GH’f/

where we used that f(exp(r Ja_sexp(—r_;)b_ dpp = 16e* exp(r_; — Tpy), and
7 J’ ] 1

7 " 7 )
‘1
that the Claim gives exp(rgi 02) T S K
Thus, we can bound [ yea, [f(@) = )] dpZ(z,y) by

t
YDIDILTEUD Sl IENL NIRRT
r1,r2=—t j=0 k/*ft z'eH k
Finally, > p,__, veny IVof(2's KN |dug = fzth |Vaf(2)|ldpe. Combining these,
we see that there is constant C' such that
[ 1s@ - sy < et [ 92,
z,y€Gy z€Gy
as required. 0

We are now ready to complete the proof.

Proof of Theorem[{.6, By Corollary it suffices to prove that A%IeisB Wz 2

r/log(r).
Let f : Gy — R be a non-constant function. Since ug(Gy) =~ te*’, by Lemma

41T
helGOIlf = fell S [ 15(0) = F0)]duy(o,) S tua(Go) V7,

z,y€Gy
Thus AL (1 (Gr)) 2 pe(Gr)/log(pue(Gr)) as functions of . Here we are using the
Poincaré profile as defined in [HMT18] rather than the version for graphs stated in
the introduction. Since pi(Gt) grows at most exponentially in ¢ we have AL (r) >

r/log(r). O
5. CAPACITY PROFILES

The main goal of §5| and §6|is to compute the Poincaré profiles of spaces such
as P x Hy', where P is a connected Lie group of polynomial growth, m > 2, and
K € {R,C,H,O}. In our previous work [HMTI8], we were able to compute the
Poincaré profiles of Hy' and P separately. Since Poincaré profiles do not behave
especially well under direct product, we cannot simply apply these calculations
to our problem. As usual, upper bounds and lower bounds on Poincaré profiles
involve radically different ideas and strategies. In this section we will be entirely
concerned by upper bounds (lower bounds will be obtained in . Our strategy to
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obtain upper bounds relies on introducing new invariants: (weighted) capacity
profiles. Let us start by briefly explaining the problem and outlining its solution.

Recall that for the LP-Poincaré constant of a finite graph I' we minimize over
nonconstant functions f : VI' — R the ratio |V f||,/|lf — frllp, where fr is the
average value of f on I'. To find functions on I' C X X Y it is natural to pull
back functions on the projected graphs in X and Y, where the image subgraphs
are weighted by the number of vertices in the fibre over each point. A problem
arises in that it is difficult to relate the Poincaré constant of ' C X x Y to a
‘weighted Poincaré constant’ in a projection. However, all works much better if
we restrict the functions f we consider to those which satisfy f <0 and f > 1 on
substantial proportions of I, and just minimize ||V f||, among such functions. This
resulting ‘LP-capacity’ constant and profile are by construction at least as large as
the LP-Poincaré constants and profiles, and are amenable to finding good upper
bounds.

We define the capacity profile in and compute it for trees in In
we study it for Gromov hyperbolic spaces, getting new bounds for Poincaré profiles
along the way, and use it to find product graph bounds in

We use the following notation. For quantities A, B we write AV B := max{A, B}
and A A B := min{4, B}. We write A < B if there exists C' > 0 with A < CB,
and write A < Bif A X Band B < A. For agraph I"and f : ' — R we

1
have | fll, = | fllrp == (Xaevr [f(@)P) /P and for z € VT we have IV fl(z) =
max{|f(z) — f(z')] : xz2’ € ET'}, which lets us define ||V f|, := |V f|rp- Note that

if I' has degree bounded by d then ||V f||r,, <a (3 0cpr |f(z) — f(x’)|p)1/p.

5.1. Definitions and basic properties. In this section we will define the LP-
capacity profiles of weighted and unweighted graphs.

Definition 5.1. A weighted graph is a (finite) graph I" with a non-zero measure
w = pur on VT, ie. a function p : VI' — [0,00) extended to subsets A C VI by
H(A) = ¥, ey ilx). We define ] i= maxsevr (o).

For any function f: ' — R we define || f|l.p := (X eyt \f(x)|pu(x))1/p.

Definition 5.2. Let (I', #) be a weighted graph. For each p € [1,00), a € (0,1/4),
we define the (p, a)-capacity of I' to be

P (T, ) = inf (D) V7 [V fll,, « f: VT >R
and p({f < 0}), p({f > 1}) > ap(I) },
where {f < 0} is short for {x € VI': f(x) < 0}.

Definition 5.3. We let X be a connected graph. For k: N — [1,00) with k(r) <
r/10, and for o € (0,1/4), we define

2R (r) = sup p(T)CP* (T, p),

where the supremum is taken over all subgraphs I' of X with |T'| < r equipped with
some weight function p so that u(T') < r and ||p]|e < k(p(T)).

If there exists a function f : N — R+ so that for all sufficiently small o we have

E’)’go"k(r) ~, f(r), then we say that the (L?, k)-weighted capacity profile Eg(’k

exists and write E2" (r) ~ f(r).
Similarly, we define ZX%(r) = sup |T'| CP*(T',#) where I is a subgraph of X

with #(T') = |T'| < r, weighted by the counting measure # on T
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If there exists a function f : N — R<q so that for all sufficiently small o we
have ZX%(r) ~, f(r), then we say that the (unweighted) LP-capacity profile =5
exists and write 25 ~ f(r).

We do not pursue here whether the weighted capacity profile is a quasi-isometric
invariant of a graph. Unweighted capacity profiles are monotone regular invariants;
the proof — which follows exactly the same strategy as for Poincaré profiles — is
omitted from this paper as it is not needed.

Remark 5.4. In the definition of C”'%*  we may as well assume that f : VI' — [0, 1],
since replacing f by (fV0)A1 (that is, min{max{f,0},1}) only decreases ||V ||, p-
Under this assumption, [[Vf|[, < u(F)%, so CP*(T,u) < 1 for every weighted
graph (T, 1) and every p.

Remark 5.5. In all our examples below the (weighted) capacity profiles =X exist.
Moreover, we aim to find bounds for weighted profiles that are uniform in the
following sense: for a given p, we find a function f, : [1,00) X N — Ry so that for
all sufficiently small «, for all functions k = k(r) as in the definition, Z%**(r) ~,
fp(k(r),r), where the constant of ~ does not depend on k. We then write this
bound in short as Z8"(r) ~ f,(k, 7).

Remark 5.6. One may also define capacity profiles for p = oo, but it follows
immediately from the proof of [HMT18|, Proposition 6.1] that 2% ~ A%. Similarly,
arguing as in [HMTTS| Proposition 7.2] (in fact in the proof we may directly define
f(2) = g?/?(2)) we can deduce that whenever 1 < p < ¢ < co and the functions are
defined, we have

ZR (1) Sp.g E% (7).

In what follows we work only with p < co.

Poincaré, capacity and weighted capacity profiles are related by the following
two simple observations. Firstly, we compare Poincaré and capacity profiles.

Lemma 5.7. Let X be a graph. For all a € (0,%), A% <o EX®. So when =X is

defined, we have A%, < E%.

Proof. f T is a subgraph of X, and we have f : VT — [0,1] with |[{f < 0}, |{f >
1}| > a|T|, then ||f — frll, = |T|*/P: if the mean value fr satisfies fr > 3 then

|f = fr| = 3 on{f <0}andso |f— frll, > 0‘12/1)|I‘|1/P, and if fr < 1 the same

bound holds on considering {f > 1}. So we have, infimising over all non-constant
f:VD >R,

: IV /Il 2 pa
h?(T") :mf{Hf—mep} < al/pCP (T, #). g

The weighted and unweighted profiles are related by the following.

Lemma 5.8. Let X be a graph. For any k : N — [1,00) with k = k(r) <r/10, we
have k2R (r/k) S E2*F(r). So, when defined, k=5 (r/k) Sa R (r).
Proof. Let I' C X be a subgraph of size < r/k so that [T'|CP*(T, #) < ZK%(r/k).

Setting p to be k# where # is the counting measure on VI, we see that C?%(T", u) =
CP2 (T, #), s0

—p,x @ “ 2X° ;
= H () = (D)™ (0, 1) = KIDICP (T ) = k2R (7). .

As simple as these bounds are, they prove to be sharp for trees and rank 1
symmetric spaces, as we now proceed to show.
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5.2. Weighted profiles of trees. Our first goal is to adapt the argument of
[HMTI8, §9] to bound the weighted profiles of trees, perhaps the easiest exam-
ple.

Proposition 5.9. For the 3-reqular tree T and any weight function k = k(r) < r/4,

E’%’k(r) ~ ke,

Proof. Since AL (r) ~ = by [HMTIS8, Theorem 9], Lemmas and E give
1-3 191
RER (1) Za bty (2) =k (7)) 7 = w37
To show the upper bound, suppose we have a subgraph ' C T with |T'| < r and
a weight p on T with u(T) <7 and ||plec < k = k(u(T")). One can find a median
vertex v of T', i.e. if Cy,Cy,Cs denote the connected components of T\ {v} then
for each i we have u(C; NT) < 1u(T). Since p({v} NT) < k < (), there is
some i so that u(C; NT) > 1u(T). Let v € C; be the vertex adjacent to v in
Cj, and set f to be the characteristic function f = x¢,. For any a < i we have
p{f <0} p{f > 1} > o|l'|. Thus, as [[Vf|7, , < p({v,v'} NT) < 2k we have

—=p,a,k i1-1 —p,k : —=p,k ot 11
ERN(r) Sa kPro TP, Hence 27 exists and 0% (r) ~ krr " 7. O

—p,ak
=) 2

~a

5.3. Weighted profiles of hyperbolic spaces. We now consider (Gromov) hy-
perbolic groups and spaces, with the main goal a general upper bound on weighted
capacity profiles (Theorem, adapting the argument of [HMT18, Theorem 11].
Our argument here is stronger than that of [HMTI8, Theorem 11] even in the
unweighted case (k = 1), giving a stronger Poincaré profile upper bound as the
equivariant conformal dimension is replaced by the usual (Ahlfors regular) confor-
mal dimension, which a priori may be strictly smaller. As the Poincaré profile is a
quasi-isometric invariant of a graph [HMTIS, Theorem 1], if X is quasi-isometric
to G then an upper bound on Z{* gives an upper bound on A?, by Lemma
AP~ A5 < ER®. We take advantage of this by working in a particularly nice
graph model: Bourdon—Pajot’s hyperbolic cone on the boundary at infinity.

Recall that a metric space X is Ahlfors Q-regular if there is a measure on X
so that the measure of any ball of radius 7 € (0,diam X) is < r?. Starting with
an Ahlfors Q-regular compact space X, Bourdon and Pajot construct a hyperbolic
graph whose visual boundary is isometric to X: the hyperbolic cone of X. Al-
though the automorphism group of this graph may be trivial, it nevertheless has
a crucial homogeneity property: the volume of any ball of radius R is < e®® (see
Lemma . This property is a key ingredient in replacing the “equivariance”
that was required for the proof of [HMTI8| Theorem 1].

5.3.1. Preliminaries on hyperbolic geometry and hyperbolic cones. Experts in hy-
perbolic geometry may skip to §5.3.2] Recall that given three points p,z,y in a
metric space (X, d), the Gromov product of z and y at p is given by

(aly)p = 3 (d(p. 2) +d(p,v) — d(z,)). (510)

Note that 0 < (z]y), < d(p,z) A d(p,y) by the triangle inequality. A metric space
X is -hyperbolic if, for any p,x,y,z € X

(@l2)p = (xly)p A (yl2)p — 0. (5.11)
In a d-hyperbolic geodesic metric space X, given any geodesics v, with common
start point p and end points = and y respectively, we have that for all ¢ < (z]y),,

d(y(t),7'(t)) < 24.
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To each proper geodesic hyperbolic space X there is an associated boundary at
infinity 0., X, which is a compact space, with a family of visual metrics that are
pairwise ‘quasisymmetric’. If X admits a geometric group action then the visual
metrics are Ahlfors regular. The Gromov product can be extended to X = X U0, X
by setting

(@ | 9)p = suplim inf(z:]y;),
where the supremum is taken over all sequences (z;) and (y;) in X with z = lim x;
and y = limy;. Moreover, liminf; ;o (i|y;)p > (2]y)p — 20 for all such sequences.
Finally, given z,y,z € X and p € X, we have

(x[2)p = (2[y)p A (y]2)p — 26, (5.12)

Suppose (Z, p) is a compact Ahlfors Q-regular metric space with at least two
elements, and rescale so that diam Z = 1/2. Following Bourdon-Pajot [BP03, §2.1]
we define a hyperbolic cone on Z to be a graph X, with vertex set VX = | |,y X¢
where each X; is a maximal e *-separated net in Z, and with an edge connecting
z € Xy tow € X, if and only if |t —u| < 1 and Bz(z,e ") N Bz(w,e™*) # (. Each
x € Xy C X corresponds to a ball Bz(x,e™t) in Z.

The graph X is hyperbolic, and Z = 0,,X. Moreover,

plz,y) < e~ @We < diam(A U B) (5.13)

holds for all z,y € VX corresponding to balls A4, B in Z [BP03| Proposition 2.1,
Lemma 2.2, Corollary 2.4], where o is the vertex in Xg C X. If (Z, p) is the
boundary of a proper visual hyperbolic space Y, then any hyperbolic cone X of Z
is quasi-isometric to Y [BSQQ].

5.3.2. Calculating weighted profiles of hyperbolic spaces. The main theorem of this
section [B.3] is:

Theorem 5.14. For X a hyperbolic cone on a compact Ahlfors Q-reqular space Z
with @ > 0, for any o > 0 small enough and any k = k(r) <r/10 and p > 1,

k(r)@ if 1<p<Q
ERN) S k(R) T loge (£) if p=Q
k()7 if p>Q.

Using this theorem, we obtain the following analogue of [HMTIS8|, Theorem 11]
for weighted capacity profiles.

Theorem 5.15. Let G be a finitely generated hyperbolic group with conformal
dimension Q@ > 1. Then for every e > 0, there exists a graph X quasi-isometric to
G, so that for any k = k(r) <r/10 and any o > 0 small enough,

r 1—-L4e .
E’;sa”“(r),s{ b DT psQe
k(§) 7 if p>Q+e

If the conformal dimension is attained (see discussion following Theorem ,
there exists a graph X quasi-isometric to G so that:

k()79 it 1<p<Q
o _1
ERF) S S R (E) T log? (2) if p=Q
P
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Proof of Theorem[5.15 If 05 G attains its conformal dimension of Q, let (Z, p)
be an Ahlfors @Q-regular metric space, quasisymmetric to 0o G; without loss of
generality, diam Z = 1/2. Let X be a hyperbolic cone on Z as above, then the
needed bounds on Eg‘la’k follow from Theorem

If the conformal dimension of J,,G is not attained, for any € > 0 we can find
Q' > @ sufficiently close to @, so that the bounds of Theorem for a hyperbolic
cone on an Ahlfors Q’-regular space quasisymmetric to d,,G satisfy the necessary
estimates. (|

We also get general bounds on Poincaré profiles of hyperbolic cones.

Theorem 5.16. Let Z be an Ahlfors reqular compact metric space of conformal
dimension Q@ > 1 and let X be the hyperbolic cone over Z in the sense of Bourdon—
Pajot. Then

Q>1nf{p>1 A (r) S rl_l/p}.

Proof. Given an Ahlfors regular space Z with conformal dimension @ > 1, let X
be a hyperbolic cone over Z. Suppose Z’ is an Ahlfors Q'-regular space quasisym-
metric to Z, with hyperbolic cone X’. Then X’ and X are quasi-isometric, so by
Lemmas 5.7 and 5.8l we have

—p,x — ,1
AR (r) = A% (r) S ERV(r) SERT ().
Thus by Theorem n for any p > Q' we have A% (r) < r1=1/P; since we can take
Q' arbitrarily close to Q we are done. O

The following proof of Theorem adapts and extends the work of [HMT18|
§12]; in that paper we only considered spaces on which G acts geometrically, but
here we instead use the hyperbolic cone construction of Bourdon—Pajot (cf. .
The idea is that, given a weighted subgraph of X, one can use a Lipschitz function
on the boundary to get a good candidate function for the p-capacity. The argument
is mainly elementary though somewhat long due to details given; we suggest the
reader skips the proofs of the lemmas on a first reading.

Proof of Theorem[5.1] As in §5.3.1] we suppose (Z,p) is a compact Ahlfors Q-
regular metric space with > 0, and rescale so that diamZ = 1/2. Let X be

a hyperbolic cone over Z with hyperbolicity constant §. First we establish some
geometric properties of hyperbolic cones.

A graph X is C-visual with respect to a point x¢g € X if for any x € X, there
is a C-quasi-geodesic ray (i.e., a (C, C')-quasi-isometric embedding) ~ : [0,00) — X
with v(0) = 2o and = € v (cf. (1) in [§12, HMT)).

Lemma 5.17. There exists C' so that for any xg € X, X is C-visual with respect
to xg.

Proof. Firstly we prove the lemma for xy = 0. By definition, any x € VX corre-
sponds to a point z € X; C Z. For each s € N with s # ¢ choose z; € X so that
z € Bz(zs,e7%); and set z; = x. Then (z;) describes a geodesic ray from o in X
which contains x in its image. Denote this ray by v,. So X is 1-visual with respect
to o.

Now consider general xg and z. Let d = (x|z¢), and note that d(y,(d), vz, (d)) <

46 since by (5.11)), -

d- %d(%(d),%:o (d)) = (1 (d) [ay ()0
> (va(d)|2)o A (x]20)0 A (olme ()0 — 26 = d — 26.
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e—d(oy)+C

FIGurE 1. Counting points z € X; with (z|y), = d(o,y)

There are now two cases.

Case 1: Suppose d(z,0) > d+ 2. We concatenate: the subgeodesic of 7., from
Zo t0 Yz, (d); a geodesic (of length at most 46) from 7, (d) to v, (d); and the subray
of 7, from ~,(d) to v,(c0). This is a (1,86)-quasi-geodesic ray starting at xo and
containing x, as we now show. As the ray is 1-Lipschitz, it suffices to show that
for ¢t,t' > 0 with d + ¢’ < d(o,z0), writing y = v,(d + t) and 3y = 7., (d + t), that
d(y,y’) > t+t —8J. Applying , we have

d= (x‘IO)o > (I|y)o A (y|y,)o A (y/|z0)o —26
= ((d+t) Ad(z,0)) A (d + %(t +t - d(y,y’))) A(d+t) — 24.

From this, either ¢t < 24, or t/ < 26, or d > d + %(t +t' —d(y,y’)) — 26, that is
d(y,y’) > t+t — 46 as required. If ¢’ < 26 then

d(yvy/) > d(yv’YI(d)) - d(’yx(d)a’h’o (d)) - t/ >t— 66 >t+ t/ - 85»

and similarly if ¢t < 24.

Case 2: Suppose d(z,0) < d+ 20. Recall by that there exists C, > 1
so that for all z,y € Z, p(z,y) < Cpe’my)". Choose an integer T' > log(5C,) +
26 + 3 > 3. Since diam(Z) = 3, and considering zo as a point in Z, we can
find y' € Z with p(zg,y’) > %. Choose y € X7 C VX so that y' € Bz(y,e™7),
then p(zo,y) > § —e T > L. Now e~ (@olv)o > Cipp(xo,y) > 1/5C, so (xol|y)o <
log(5C,) < T —26 = d(o,y) — 25. Thus x¢, y satisty the hypotheses of Case 1, and
so there is a (1, 86)-quasi-geodesic ray § from x¢ to va, ((zo|¥)o), to vy ((@o|y)o),
then along 7, .

Since d = (]} < d(0, 7o) and d(z, 1, (d)) < d(z,7%(d)) + d(1(d), 7eo () <
69, and (zoly)o < log(5C,), we have that x is within C’ := 66 + log(5C,) of the
geodesic segment of 7, from xg to vz, ((zo]|y)o). So adding in to 8 a path of length
< 2C" to x and back, we get our desired (1,85 + 2C’)-quasi-geodesic ray. O

The graph X has “volume entropy” @ in the following sense (cf. [(2), §12, HMT]).

Lemma 5.18. There exists C' so that for every R > 0 and xqg € X, we have
|QR —log|B(xo, R)|| < C.

We first note the following estimate; see Figure

Lemma 5.19. For any C > 0 there exists C' > 1 so that for anyy € X andt € N
with t > d(o,y),

{z € X, : (2]y)o > d(0,y) — C}| =¢r eQU=d9),
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Proof. Observe that (z|y), < d(o,y) always. Thus by (5.13)) we are counting z € X}
so that

p(z,y) < diam(Bz(z,e ") U By (y, e~ o)) < ¢~ GlWo < o=dlow),

So we are counting a set of e ’-separated points in some By(y, C"”e~%*¥)): by
Ahlfors regularity there are < e‘Qd(O’y)/e_Qt of them. ]

Proof of Lemma[5-18 Tt is equivalent to prove that |B(zo, R)| < exp(QR). We
assume R € N.

By the construction of X, any geodesic from o to xy consists of a sequence of
centres of balls z; € Xy, where t goes from 0 to n = d(0,xg) such that zg € X,,, so
that each By (z, e ) N By (zq1,e” ¢ £ (.

Each z € B(zg, R) has 0 < (2]0),, < d(xg,2) < R. We partition B(xg, R) into
sets Vo, Vi,..., Vg such that z € V; whenever (z|0),, = ¢ or i — % If z € V; for
some 0 < i < R, then z € X; for some t with

d(o,z0) —i <t < R+d(o,z9) —2i + 1
where the first inequality follows from d(o, zo) — (2]0)z, = (2|%0)0o < d(2,0) =t and
the second from ¢+ 2i — 1 < d(o, z) + 2(2[0), = d(x0, z) + d(0,z¢) < R+ d(0, x0).
Moreover,
d(07 IO) —i= d(O, Zd(o,wo)—i) > (Z|Zd(o,wo)—i)o

> (2]m0)o A (w0|24(0,50)—i)o — O

> (d(o,x0) — i) A (d(0,20) — i) —d = d(0,x0) — i — 6.
Therefore, for given values of ¢ and ¢, by Lemma applied when y = 2g(0,20)—
the number of options for z is < e@(t=d(:20)+%)  Hence

R R+d(o,xz0) R
B(zo, R)| = Z i<y Z (QUt=dloma+i) < 37 Q=) < (@R
i=0 t=d(o,x0)— =0

On the other hand, by Ahlfors regularity there are = e points of Xd(o,wo)+R
in By (xg, e~ %)) so |B(xg, R)| = e? also. O

Recall from [HMT18, Definition 12.1] that A C X is a C-asymptotic shadow
of zyp € X if for every x € A there is a C-quasi-geodesic ray v, : [0,00) — X
with 7,(0) = zg,v,(r;) = x for some r,, and v,[rz,00) € A. In broad terms,
the following lemma says that given any weighted subgraph I' C X, we can find a
point zy and two asymptotic shadows of x( that are far apart and both containing
a substantial part of I'.

Lemma 5.20 (cf. [AMTIS, (4), §12]). There exist (small) & > 0 and (large)
C > 0,Rg > 0 so that for any R > Ry and subgraph I' C X weighted by p which
satisfies || plloo < p(T)/C, there exists some xg € X and two C-asymptotic shadows
H* C X\ B(wo, R) of zo so that p(HT NT), u(H~ NT) > ku(T) — Ce®F and so
that for any p* € H* we have (pF|p™) 4, < —log k.

Proof. We adapt the proof of [HMT18, Proposition 12.2 (4)] to deal with the weight
w and the absence of a group action, and refer to [HMTIS] for further details.

By Bonk—Schramm [BS00] there exists a quasi-isometric embedding ¢ : X — Hg
for some n. Push forward p to give a measure 1, on (X).

The Helly’s Theorem argument of [HMT18| Lemma 12.8] applies verbatim to give
the existence of ¢ > 0 and = € Hy so that for any half-space H of Hy containing x
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we have ¥, u(H) > cu(T). By [HMTIS8, Lemma 12.10] there is a point zg € X so
that d(¢(zo),x) < Cy = Cy(, n).

The proof of [HMTI18, Lemma 12.9] goes through nearly verbatim to find a
constant o > 0, and a hyperplane H C Hf through z, so that ¢, u(H* \ {z}) <
Su(I'), where H® is the union of all geodesics through = making an angle of < «
with H. Note that we have to remove x from H® to get the volume bound as the
polar coordinates in the proof of [HMT18, Lemma 12.9] degenerate at x. As ¢ is
a quasi-isometry, [ ~1(¢(z))| < Oy for some Csy, so if we assume C' > 6Co/c then
up(H*) < §p(T) + Cop(T)/C < Fp(T).

Let V* be the two components of Hi \ H%; by the assumptions on z, 1, u(V*) >
£u(T). Let C3 be the visual constant of Lemma By hyperbolicity and the
Morse lemma, there exists Cy = C4(Cs5,0) so that if v : [0,00) — X is a Cs-
quasi-geodesic ray with v(0) = g, then for any T > ¢ > 0 we have d(y(T), z¢) >
A1 (1), 20) ~Ca and (HT)A(E))sy = d(3(2),20)—Ci. Let H* = v~} (VE)\ B(a, R+
Cy). Since X is Cz-visual, for any x € H™T there is a Cz-quasi-geodesic v, with
v2(0) = zg and v, (r,) = x for some r,. Let HT be the union of 7, ([ry, 00)) for all
x € HT, and likewise for H~.

By construction H* are Cz-asymptotic shadows of zg in X \ B(xg, R). By the
convexity of V=, VT and hyperbolicity, there exists R, Cs depending on «, 1, Cy so
that for R > R} such ¥ € HE must satisfy (27|27 ), < Cs. If we fix Ry > RV
(26 + Cs) then for any R > R, we have that for any such p* € v,+ ([r4,00)) C H*
we have

Cs 2 (2727 )ze 2 (&[0T )ag A (P[P )ao A (P [27 )y — 26
> (R+Cs = Cai) AT P )ag AR+ Cs = Ca) =26 = (pT|p7 )ay — 26,

thus (pt|p™ )z, < Cs + 26.
Finally, by Lemma [5.18

P(HT) 2 p(HY) = p( = (V) = p(B(z, R+ Ca)) = 2u(l) — Coe?

€
3
for suitable Cg, and similarly for u(H ™). Set C = (6Cs/c) V C5 V Cs. O

If we are given a weighted subgraph I' C X and apply the preceeding lemma to
find 2o and H*, then the following lemma shows that, roughly speaking, either all
of H~ or all of HT must be on the other side of 2y from o.

Lemma 5.21. For C' = —logk + 0 either Vo € H~, (z|z9)o > d(o,z9) — C’, or
Ve e HY, (z|xg), > d(o,x0) — C".

Proof. Indeed, if there exists = € HT so that (z%|z0), < d(0,79) — C' then as we
have (z7|27)z, = d(0,20) — (27 |20)o — (27 |20)0 + (2T |27), by definition of the
Gromov product, by hyperbolicity we see that (z7|x7),, is at least

d(0,z0) — (T)20)o — (7 |20)o + (T]20)o A (7 |20)0 — 6 > C" — 6,
contradicting Lemma [5.20 ]

Given this lemma, without loss of generality we suppose for allz € H™, (z|xg), >
d(o,z¢) — C".

Lemma 5.22. There exists k' > 0 depending on §, k and the constant of (5.13) so
that p(Ose H™, 0o HY) > K'e40:0),
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Proof. Let C, be the constant of . If a* € 0, HT satisfy r/e"%@00) >
plat,a™) > Cipe*(aﬂ“_)o then (a™|a™), > d(zg,0) — log(C,r’). There exist se-
quences (z) C H* so that a* = limz; and = = limz;, so as discussed in §5.3.1]
we can bound
(a*|a™), <26 4+ liminf (] [z]),
1,]—00
<20+ llugn_}gf(xﬂxj)mo + d(zg,0) < 26 —logk + d(zg, 0)

by Lemma a contradiction for k' < e~2k/C,. O

Recall from Lemma that for any x € X there is a C-quasi-geodesic ray
~ from o through z. Given another point zy, we now find a geodesic ray from o
through x that doesn’t go any closer to zy than it has to.

Lemma 5.23. There exists D > 0 so that given any o,x9,x € X, there exists
a geodesic ray vy from o with d(v,z) < D and n, := vy(c0) satisfying |(xo|nz)o
(zolx)o| < D.

Proof. Given z € X, by Lemma [5.17] let «, 3 be C-quasi-geodesics from o that
contain xq, T, respectively.

By the Morse lemma there exists C; = C1(C, 0) so that |d(z,0) — (2]8(c0)),| <
Cy. If d(z,0) > (zo|z)o + 20 + Cy then we can let v be a geodesic representative of
B since d(x,~) is bounded, and

(w0]B(00))o = (wolx)o A (]B(00))o — 20
> (zo|z)o A (d(z,0) — Cy) — 26 = (x0]x)0 — 26,

and

(wolz)o = (0] 5(00))o A (B(00)]2)0 — 26
> (w0]B(00))o A (d(x,0) — C1) — 26 = (w0B(00))o — 20.
Otherwise, d(x,0) < (zg|z)o + 26 + C1 < d(x,0) + 25 + Cy. Since Z = 05X is

Ahlfors Q-regular with @ > 0, there exists 7, € 05X with p(n,, a(c0)) comparable
to e~ and so there exists Cy so that |(1,|a(c0)), — d(0,z)| < Cy. Let v be a
geodesic ray from o to y(c0) = 1,; we want to bound |(zo|n:)o — d(z,0)|. As with
x, B we have |d(xg,0) — (zo|a(00))o] < Cy, so
(o|nz)o = (o|a(00))o A (a(00)[02)0 — 20

> (d(07 .’L‘0) - Cl) A (d(O, (E) - CQ) - 267
but d(o, o) > (x|z0)o > d(x,0) — 25 — C4, so (xo|nz)o > d(0,x) — 46 — 2C; — Cs.
On the other hand

A0,2) + O > (a(o0) o > ({00 a0)s A (sole ) — 25

> (d(o,20) — C1) A (z0|Nz)o — 20.
So either (zg]n:)o < d(0,2) + Ca 4 2d and we are done, or d(o,zq) — C1 < d(o,z) +
Cy + 26. But then (xg|n)o < d(0,z0) < d(x,0) + C2 + 25 + C;. So in summary

|(x0|77x)0 —d(o, $)| <46 4+ 2Ct + Cs.
It remains to bound d(z, ). Let p € v be the point with d(o,p) = d(o, z). Then

d(0,) = 3d(z,p) = (#lp)o > (el0)o A (wola)o A (elp)o — 145

and so as (z|xg)o > d(x,0) — 20 — Cy, (xo|nz)e > d(x,0) — 45 — 2C; — Cs, and
(Nz|p)o = d(p,0) — Cy = d(x,0) — Cy we are done. O
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We define a function ¢ : X — R by
D() = 36" p(ng, Do H™ ) 00 — 1,

where each 7, € 05X is fixed by Lemma (The bounds below work regardless
of the choices of 7,,.) Up until now, no constants have depended on the choice of
R > Rp in Lemma and we now find a suitable choice of R to ensure 7 is
well-behaved. As a preliminary step we show that ¢ (z) > 1 outside a cone-like
‘shadow’ of xg.

Lemma 5.24. There ezists E so that for any x € T with (z|xo), < d(zg,0) — F
then ¥ (z) > 1.
Proof. If (z|x0)o < d(x,0) — E then for any y € H~, Lemmas and give
d(zo,0) = E+ D = (x0|nz)o 2 (xoly)o A (ylnz)o — 20
> (d(z0,0) = C") A (ylna)o — 20 = (12ly)o — 26,

where the last equality follows by assuming F > D + C’ + 2§. Therefore if £ €
OsoH ™, we have (1;]€), < d(z0,0) — E + C for some constant C. Writing C, for
the constant of (5.13)), we have

1 2K’
d(a:o,o) > E*Cl >
p(nx7£)e = Cpe - 3 )

fixing a choice of E > C1+10g(2C,k'/3). As& € O H ™~ was arbitrary, ¢(z) > 1. O

(5.25)

Lemma 5.26. There exists R > Ry (independent of T', i, xo, H ) so that for x €
H=,¢(z) <0, and for x € HY (z) > 1.

Proof. We require the following:

Claim: Suppose some z € X lies in a C-quasi-geodesic ray f from xg, and that
we have (z|zg), > d(0,z9) — F and d(zg,x) > R. Then there exists C; = C1(C, F)
and R; = Ry1(C, F) so that if R > R; then (8(00)|nz)o = d(0,29) + R — C1.

To see this, let 3 be a geodesic from o to 5(oc). We first show that d(zg, 5) <
2F + 125. Now,

F > d(0,x0) = (z|z0)o = (#[0)a, 2 (2[B(00))x, A (B(00)[0)a, — 20.
As z lies on the quasi-geodesic 8 from xg, the Morse lemma gives a constant Cy so
that (2]8(00))sz, = d(z,29) — Co > R— Cy. Thus if R > Ry := F 4+ Cy + 2§ + 1,
the above inequality gives F' > (3(00)|0)z, — 20. Then for ¢ := 8'(d(zo, 0)),
1 o . ,
d(zg,0) — §d(x0’ q) = (wolq)o > hirgloglf(xom’(z))o A(B'(3)|q)o — 20. (5.27)
Asqge ', (B'(1)]q)o = d(o,q) = d(o, ) for large i. Also,
lim inf(z0|8' (7)), = liminf (d(o, o) — (0|8 (7))z,)
i—00 1—00
> d(0,x0) — (0|'(00))ay — 26 > d(0,z0) — F' — 46,
S0 gives d(zo, ') < d(xo,q) < 2F + 124.
Now as z lies on a quasi-geodesic from zq to 8’ (c0) = B(0), and z is a bounded
distance from (', the Morse lemma gives that x is a bounded distance to 3’. Thus
|(B'(o0)]x)o — d(o0, z)| < Cj for suitable C5. By Lemma x also lies a bounded

distance from a geodesic from o to n,, thus again |(n;|x), — d(z,0)] < C4. So
together we have

(5(00)|77x)o > (IB(OO)LT)O A (33|77w)0 —20 > d(x7 0) —C3 — Cy — 26.
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The claim follows from Lemma [5.21] as
d(o,z) = 2(x|x9), — d(0, o) + d(x, o) > d(0,79) — 2C" + R,

setting C := 2C" + C3 + Cy + 26.

We return to the proof of the lemma. Let F = C’V E with C' given by
Lemma [5:21) and E by Lemma [5.24] and fix the resulting Cy, Ry from the claim
above.

For x € H™, by the definition of asymptotic shadow, = € § for some C-quasi-
geodesic 3 from g to B(c0) € o H™, and (z|20) > d(0,70) — F by Lemma[5.21]
So the claim gives (3(c0)[nz)o > d(0,x0) + R — C1, thus writing C, for the constant

of (5.13),
(N, Do H™)el@0:0) < 0 e=(B()Ins)o < ¢ o=RHC1

so provided R > Ci +1log(3C,/x") we have ¢ (z) < 0.

For x € H, if (z|z0), < d(v0,0) — E then by Lemma[5.24) we have ¢(z) > 1. So
we assume (z|zg), > d(xg,0) — E > d(x9,0) — F. As HT is an asymptotic shadow,
x € B for a C-quasi-geodesic 3 from zg to S(00) € O HT. The claim again gives
that

p(nm,ﬁ(OO))ed(xo’o) < Cpe—R-i-Cl < 3—11%/’
where the last inequality uses R > C; + log(3C,/k’). Thus by Lemma
PN o H™) 2 p(B(00), Do H™) = p(B(00),112) = (2/3)w'e” ) and ¢(x) > 1
follows. Setting Ry = R V (C1 + log(3C, /")) we are done. O

We now set ¢(x) = (¢(z) v 0) A 1l. By the above, ¢(z) =0 on H~ and ¢(z) =
on H, and by Lemmal5.20|both p(H*+ NT) and u(H~ NT) are > wpu(T) — Ce@F >
£(T), assuming as we may that p(I') > 2Ce®?f /K. Let a = /2.

It remains to bound ||[V¢||,.

If « has (z|z0), < d(z0,0) — E — 1 where E is the constant of Lemma [5.24] then
any neighbour 2’ of z has (2'|z¢), < d(20,0) — E, so by Lemma[5.24] ¢(z) = ¢(z’) =
1. Thus |V¢|(z) = 0. So the support of |V@| consists of x with (:c|:100)0 > d(xp,0)—
E, i.e. it is a subset of the cone-like set V,,, := {z € X : (x|xo) d(zg,0) — E}.

We also have the bound |V¢|(x ) < e~ (d(2,0)=d(20,0)) a5 p(., Do H™) is 1-Lipschitz
on the boundary, and if x and 2’ are adjacent then (n;|n. )0 d(o,z) — C so
p(Ney Ner) = e~ 4% Thus

VoL, < > e oty () (5.28)

xeFﬂVmo

As in [HMT18, (12.13)] we can optimise this bound: the right-hand side of
is maximized when the measure p is all in V., with d(z,0) as small as
possible for x in its support. For this reason, we choose ¢ minimal so that V; :=
{z € Vi : d(o,x) < d(wg,0) — E +t} has k|V] | > u(I'). By Ahlfors regularity
(see Lemma , we have [V | < @ so ke@" =< p(I'). Since e~ (d(@0)=d(@o.0))p
decreases as d(x, 0) increases, we have

‘vng < Z kef(dzo xo,o))p<zk6Qz 7zp
wEV’ i=0

Case 1, p > Q: We have ||Vl , <k so CP*(T') < EYVPu(r)—t/P,
Case 2, p < Q: We have

IVoIL, < ke @7 = k(u(T)/k)@7P/Q = (D) (u(I)/R) 77/,
and so CP(T") < (u(T)/k)~ /€.
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Case 3, p = @Q: We have
IV, = kt =< klog(u(I')/k)

wp —

thus CP*(T) < pu(T)~Y/PEYP log /P (pu(T) /k).
In each case the bounds of Theorem [5.14] follow. O

5.4. Weighted profiles and product bounds. Our motivation for bounding
weighted profiles is that they give bounds on (unweighted) profiles of products of
groups by projecting onto the factors. As we later see, in the case that the X factor
is a hyperbolic group and the Y factor a group of polynomial growth, the resulting
upper bounds are sharp.

Theorem 5.29. Let X andY be bounded degree graphs whereY has finite Assouad—
Nagata dimension d. Let k be the inverse growth function of Y, i.e. k(k) = min{t :
Jy € Y with |B(y,t)| > k}. Then for some ag > 0, for all a € (0, o],

p < =p,a/2 < 3 m =p,k
Aoy (r) SEYY () S max _ min (H(k) +EX"(m) )

Proof. The first inequality follows from Lemma

Let d be the Assouad—Nagata dimension of Y. Suppose I' C X x Y has || =
m < r. Suppose 1 < k <m/100d is given.

Denote by or the counting measure on I'. Let I'y = 7y (T), puy = (7y)«dr be
the weighted projection of I" onto Y.

Since Y has Assouad-Nagata dimension at most d, there exists ¢ = ¢(Y) > 0 so
that we can decompose Y as Y = Vy U --- UV, where each V; consists of a disjoint
union of ck(k)-separated sets each of diameter < x(k)/2. Without loss of generality,
uy (VoNTy) > m/(d+1). We observe for future use that for each subset A C Y
with diam A < k(k)/2 we have [A| < |Ny)24| < k, where Nc(A) denotes the
C-neighbourhood of A.

Consider Vo NT'y. There are two cases: either (a) one of the diameter-x(k)/2
subsets of Vy meets I'y with weight > m/4(d + 1), or (b) condition (a) fails.

In case (b), we can split Vj = Vg U VJ’ where we put the components of V;
into V{§ or V{/ in such a way that pu(Vy NTy) and u(Vy' NTy) are both > am for
a =1/4(d+ 1). It suffices to prove the theorem for this fixed choice of «.

Define f : Y — [0,1] by f(-) := 1A #(k)d(-,vo’). Let F : T' — [0,1] be the
composition F' = fomy.

Since 0 < F < 1, and or{F = 0} > uy (Vg NTy) > am, and or{F =
1} > py (VY NTy) > am, F is a candidate for bounding C?*(T"). Since f is
—-Lipschitz, we have |[VF|? < Ti)pm Therefore CP*(T") < ﬁ and so
or(M)CP*(T) < m/k(k).

Now suppose we are in case (a). Let U C V}, be the component set with py (U N
Ty) > m/4(d + 1) and diameter < x(k)/2. Consider U = 73'(U) € X x Y
and its neighbourhood U = Nn(k)/zﬁ. We define a weight function v on I' by
v(-) =0V (1 —d(U, )2/k(k)), and note that v is zero outside U’

Let T'x be the projection I'xy = 7Tx<U/ NT) with weight ux = (7wx)«v. Observe
that as op(T' N U) = puy (U NTy) > m/4(d + 1), and v = ép on U, we have
ux(Tx) > m/4(d+1). On the other hand, as v < 1, we have ux(T'x) < v(T') < m.
Moreover, as the fibres of (mx)~1(-) N U’ have size at most k, ||px|lcs < k-

For a > 0 fixed, let g : I'x — [0,1] be a function with ux{g =0}, ux{g =1} >

apx(Px) > am/4(d + 1), and with [[Vgl[h, < mCP*(T'x)P =< ml_pEgéa’k(m)p.
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Let G : T — [0, 1] be defined by the product

2 5
G()=gomx(") (au(-)/\l) )
We bound
or{G =0} > dér{gonx =0} > v{gonx =0} = ux{g =0} > am.
The bound for ér{G = 1} is a little more delicate since px{g = 1} > am does not
immediately give that v{z : g o mx(2)v(2) = 1} > am. However, we do get that

v{G =1} > §m. Indeed, let A = {gomx =1} CT. Then

am < px {g =1} = v(4)

=v{an{r<gi) s ( {VZ%})

<%u( )+ v{G=1}<

sov{G =1} > $m, and
sr{G=1}>v{G=1}> %m.
We now bound [|[VGIp. If z € T, let
IVxGl(2) = max {|G(2) — G()| : 22" € ET, 7y (2) = 7y (')}
and similarly let
IVyG|(2) = max {|G(2) — G(')| : 22’ € ET,7x(2) = 7x(2)}.
Then VG| = [VxG|| V[[Vy G| and so [[VG[} 2 [|[Vx G}V [Vy G}

If z2' € ET and 7y (2) = 7y ('), then v(z) = v(z) and so, using v(2)P*! < v(2),
we can bound:

IVxGllp=3"  max |G(z) =GP

2':22' €ET,

€y (2)=rmy (=)

optl ’ +1
< max lgomx(z) —gomx(2)[Fr(z)?

aP pperd 222/ €ET,

my (2)=7y (')

Za ) Y. v(), max o) = g

zelx 2671'71(1

=Y |Vgl(@)Pux(z)
z€lx
—p =p,ak
- HVgHuXp —ml p‘:‘z))(a (m)p

To bound ||VyG||,, we use Matousek’s inequality: if ¢,b > 0 and ¢ > 1 then

la? — b1| < gla —b| (a®* +077Y) < 2¢la —b| (a?7t Vv BT,
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So, using this with ¢ =1+ %, and the fact that v(-) is 2/k(k)-Lipschitz, we have

IVyGlp= > >  max [G(z)~G(z)]

/ -1
— z em x):
el x zeﬂ-xl(m) zz’)e(E(F)

9p+1

1+1 1+ 1L
<S=E Y > max Jg@)Pv(x)" T - vE) R

1
zemn x):
relx Zeﬂ-il(‘r) zz’)E(E(F)

Zap Y l9@P Y max u(z) —v()P (v(z) Vr(2)

T 1 z/ETr)_(l(m):
relx z€mx () 22 €ET

37 Jgla)Puiryt (@) = k() PlglL
< k()P , < KR Ppx (Dx) < w(k)Pm.

HXP —

So
VG| = m*PER* (m)P v ms(k) P
and thus

1/
L=pEP ek ()P (k)P
m

p(T)CP/2() < m (m

The proof is finished by varying k to get the best estimate. O

5.5. Questions on (weighted) capacitance profiles. Using the same method
as for Poincaré profiles [HMT18, Theorem 1], it is not difficult to prove that the un-
weighted capacitance profile is monotone under regular maps. We record a number
of questions about this.

Question 5.30. Does the (L7, k)-weighted capacity profile :1)’(’ exist for every
bounded degree graph X?

Question 5.31. Is the (L?, k)-weighted capacity profile (when it exists) monotone
under regular maps?

Question 5.32. Is there a bounded degree graph X and a p € [1,00] such that
=8 (r) % AL (r)?

6. POINCARE PROFILES OF PRODUCT SPACES

In this section we prove upper bounds and lower bounds for Poincaré profiles
of certain product spaces. The upper bounds, obtained in are an application
of the the results of The lower bounds are proved in §6.3] exploiting a general
lower bound formula for direct product of spaces. Finally, in we show our
non-embedding result Theorem [I.13] Its proof combines Poincaré calculations with
further arguments using techniques from

6.1. Hyperbolic times polynomial growth: general estimates. In the par-
ticular case of the product of a hyperbolic group with a virtually nilpotent group,
we find the following upper and lower bounds, which generalise the corresponding
results for hyperbolic groups themselves in [HMTIS8, Theorem 11]. Recall that a
graph Y has polynomial growth of degree d > 0, if there exist C' > 1 such that
forally € Y and r > 1,

C~r? <|B(y,r)| < Cre.
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Theorem 6.1. Let G be a finitely generated non-elementary hyperbolic group with
(Ahlfors regular) conformal dimension Q. Let' Y be a graph of polynomial growth
of degree d > 0. Then for every e > 0,

ritEEte i p<Q

Aly(r) S { A

p+d if p>@Q.

If the conformal dimension of G is attained (see discussion following Theorem ,
we have:

rl- o if 1<p<@
Ay (1) S 7T loga(r) if p=Q
v if p>@Q.

These upper bounds are found using weighted projections and capacity estimates
as in

The following lower bound is stated in the generality used by [HMT18|, Theorems
10.1, 11.1 and 11.3]; as we do not work directly with the notion of 1-Poincaré
inequalities in this paper we refer to [HMT18] for definitions and further references.

Theorem 6.2. Let X be a visual Gromov hyperbolic graph with a visual metric on
its boundary that is Ahlfors Q-regular and admits a 1-Poincaré inequality.

Let P be a connected Lie group (or finitely generated group) with polynomial
growth of degree d > 0. Then

pl- ot if 1<p<@
A p(r) 28 r @ og@F(r) if p=Q
rl=wta if p>Q.

As we shall see, these lower bounds for X x N follow fairly easily from the lower
bounds of the Poincaré profiles for X and P.

Together, these bounds give sharp results when the hyperbolic group acts geo-
metrically on a rank 1 symmetric space Hyg" or a Fuchsian building I, »,, m > 5,
n > 3, as studied by Bourdon and Bourdon—Pajot [Bou97, BP03|]. The isometry
group of I,,, , admits a uniform lattice Gy, ,, generated by generalized reflections,
a presentatiorﬁ of which is given by (see [Bou97)):

Gm,n = <517 ey Sm | 8711»37217 .. '75217 [51752]7 [SZa 83]7 ey [Sm,hSmL [vasl]>~

In the case of a rank 1 symmetric space H' the conformal dimension of the
boundary is @ = (m+ 1) dimp K — 2, while for a group G, » it is @ = 1+ log(n —
1)/ arccosh((m — 2)/2) [Bou97, Théoreme 1.1.]. In both cases there is a metric
on the boundary that is Ahlfors Q-regular and admits a 1-Poincaré inequality, so
the following immediate corollary to Theorems and generalises [HMTIS|
Theorem 12].

Corollary 6.3. Let H be a finitely generated Gromov hyperbolic group that has its
conformal dimension Q > 1 attained by a metric admitting a 1-Poincaré inequality,
and let P be a discrete or connected Lie group with polynomial growth of degree
d > 0. Then the group G = H X P has

1_ 1

T QFd if 1<p<@
AG(r) = q r'"@logTEa(r) if p=Q
Pl wa if Q<p<oo.

5Note that this presentation is that of a graph product of cyclic groups Z/nZ indexed by an
m-cycle.
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6.2. Upper bounds for direct products. The upper bound on Poincaré profiles
follows from the capacity profile and product space bounds obtained in

Proof of Theorem[6.1l Suppose @ is the conformal dimension of G, and d the poly-
nomial growth of Y. As Y has (exactly) polynomial growth it is doubling and so
has finite Assouad—Nagata dimension, say d’.

Given 1 < p < @ and € > 0, choose ¢ = €(d,Q,€) > 0 as described below,
and let X be a graph quasi-isometric to G with Z2**(r) < k(r/k)'~ @+ from
Theorem Theorem [5.29| gives

m 1 /o1 ’
AP r) ~ A% r) < max min (— +ml et ke ) )
Gxv (1) v (1) S m<r 1<k<m/100d’ \ k1/d

This is optimised for m = r and k = r(l_ﬁ/Q)/(l_e/Q"’%), and gives a bound
1—e

_1-¢'Q 1
57‘1 ata-vqd < plograte

where we can choose € = €'(d, Q,€) > 0 so that the last inequality holds.

For p > Q, if @ > 1 choose ¢ > 0 so that p > @Q + ¢’ and let X be a graph
quasi-isometric to G with Z8**(r) < k(r/k)'~7 from Theorem Q=20
then G is quasi-isometric to a 3-regular tree X, so Proposition again gives
=R () < kvr'~v. In either case, Theorem @ gives

AZC)JXY( ) < max

1—1
k).
~ ‘m<r 1<k<r?-n/100d’ (kl/d tmer

which is optimised for m = r and k = r¥/0+%) | giving A%, (r) < rl=ta,
If the conformal dimension is attained then @ > 1 and the bounds for 1 < p < @
and p > @ follow in a similar way to that above. For p = @, Theorems and

[6:29 give

Ay (r) S g+ Tk logd (5))

min (
1<k<m/100d’ \ k1/d

which is optimised for k < (r/logr)%(@+4) giving the desired bound of A%, (r)

=
1— L 1
r T QFd logQ@+d r. O

6.3. Lower bounds for direct products. Let us now consider the easier lower
bounds for products. This follows from a generalisation of [BST12, Theorem 3.2]
for Poincaré profiles.

Proposition 6.4. For X and Y infinite graphs,
A%y (r) 2 max {|A[|B] (h*(A) ARP(B)) : AC X, BCY, |A[|B| <r}.

If A%, and likewise AY,, satisfy the property that for any r there exists A C X with
|A| <7 and A% (r) < |A|hP(A), then the bound may be written as:

A%y (r) 2 max (%Ag((k)) A (k/\@ (%)) .

1<k<r

The result follows immediately from the following lemma concerning Poincaré
constants of products of finite graphs.

Lemma 6.5. For every p € [1,00) there exists a constant c, such that for all finite
graphs A, B, h?(A x B) > ¢, (h?(A) A hP(B)).
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Proof. For any f: A x B — R, the triangle and Holder inequalities give
If = faxsl”

- ¥

(z,y)€EAXB

oo L (X e -

(z,y)EAXB " (2',y")€EAXB

o X X Wew-raar

(z,y)EAXB (z',y')EAXB

p

fan) - g X S

(z’,y")EAXB

Elementary inequalities and the definition of h” applied to fibres {x} x B and
A x {y'} show that this is

1
= T4 2 Z <|f(xvy>—f{w}x3|p+

(z,y)EAXB (z',y')€EAXB

| frorxs — F@ )P + | fz,y) — P | Fasgyy — f(xlvy')}p>

=23 > |f@y) — frayun 42D D |f(@y) -

reAyeB y'eBzreA
<RIBS V@)t + > P AT V(g
T€EA yeB y'eB TEA
= (RP(A) AR (B) IV - O

Proposition [6.4] has the following consequence, when combined with the upper
bound in Theorem [6.1]

Corollary 6.6. Let T' be the infinite trivalent tree (quasi-isometric to any non-
abelian free group of finite rank), and let P be a discrete or connected Lie group
with polynomial growth of degree d > 0. Then for 1 < p < oo,

A%xP( ) Tliﬁly

Proof. Note that P is quasi-isometric to some bounded degree graph Y with the
same degree of growth and whose Poincaré profile has same asymptotic behavior.
Since T is quasi-isometric to the Cayley graph of a free group on two generators,
which has conformal dimension 0, Theorem shows the upper bound on Apyp
for any p > 1. The lower bound remains to be shown.

For the tree T', [HMT1IS8, Theorem 10.1] and its proof show that A%.(k) =~ ki-1/p
and is attained by a ball of size < k. For a group P with polynomial growth of
degree d, [HMTI18, Theorem 7] and its proof via [HMTI18, Proposition 9.5] show
that AL (r/k) ~ (r/k)'~Y? and is attained by a subspace of size < r/k. So
Proposition [6.4] gives

r ra1-1/d
p > To1-1/p (7) _ Up p fl/dp=1/d
AN p(r) 2 max. k‘k Nk A =7 max k=P Ak

which is optimised for k = r1/(+d/p), O

Corollary [6.0] is the last ingredient needed to complete the proof of Theorem
1L 10l
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Proof of Theorem[1.16 If |m| = |n| = 1, then G = BS(m,n) is commensurable to
72, so AL(r) ~ r'/2 for all p € [1,00) by [HMTIS8, Theorem 7]. If |m| = |n| > 1,
then G = BS(m,n) is commensurable to Fy x Z, so AL,(r) ~ Pl by Corollary
Finally, there is a regular map from DL(2,2) to BS(m,n) whenever |m| # |n|
by Theorem so AZ(r) = r/log(r) for all p € [1,00). By [GJ, Theorem 1] there
is a proper (and hence regular) map G — Aut(T) x Aff(R) where T is a bounded
valence tree. Since Aut(T') is quasi-isometric to a 3-regular tree, and Aff(R) has
finite Assouad-Nagata dimension by [HP13], we have AZ (r) < Af\ut(T)XAH(R)(r) <
r/log(r) for all p € [1,00). O

We can now also show the lower bound for products of certain hyperbolic groups
with groups of polynomial growth.

Proof of Theorem[6.4 By [HMTI8| Theorems 10.1, 11.1 and 11.3] and their proofs,
we have

ri=a if 1<p<@
M) 2 rTT g () i p=Q
i if p>Q.

and in each case the lower bound is attained by a set of size < r. So by Proposi-
tion [6.4] for p < Q we have

—1/d
Mxn(r) 2 max TRI1@ Ak (B)T < i@,

on taking the optimal k =< r/(1+4/@) For Q > p, as in Corollary we have

1-1/d
Axxn(r) 2 max %klfl/p Ak (%) / = p1=1/(pd).

For p = @ we have

A.?(XN(T) 2 max (%kl—l/Q log!/® k) A (k (;)11/d)

1<k<r

= max (rkil/Q logl/Q k) A (rlfl/dkl/d) .
1<k<r

The optimal value of k is approximately k = r@/(Q+d) 1ogd/(Q+d) r, giving

A?(XN(T) > pl-1/d (TQ/(Q-i-d) logd/(Q+d) r) 1/d

~

1— L1 .
=7~ Q+d Jog@+d r, O
We also have completed the proof of Theorem [1.12

Proof of Theorem[1.174 The bounds follow from Corollary[6.3]in the first two cases,
and from Corollary in the third case. O

6.4. Beyond profiles. A more careful analysis of specific weighted subgraphs
yields the following result.

Theorem 6.7. Let X be a hyperbolic graph whose boundary has a visual metric
that is Ahlfors Q-regular for some @Q > 1 and admits a 1-Poincaré inequality (hence
has conformal dimension Q). Let' Y be a graph with subexponential growth and let
H be a visual hyperbolic graph. If there is a reqular map X — H x Y, then the
conformal dimension of H is at least Q.

Recall that a hyperbolic space H is visual if every point in H is within a uni-
formly bounded distance from a geodesic ray from a base point of H. Any discrete
hyperbolic group is visual.
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Proof. Tt suffices to assume that X is visual by discarding any irrelevant points.

Following the proof of [HMTI18, Theorem 11.1], we can replace X by hyperbolic
cone graph I' (quasi-isometric to X) which has the following key property: for each
t € N, there is a subgraph I'; in the ball of radius ¢ about the base point of T’
which has < e®? vertices, and so that h*(TI';) = e~*, by [AMTIS, (11.2)]. There is
a subtlety here: [HMTTS, (11.2)] bounds hl (T;) from below, where the gradient of
f: VT — R in the definition of h}, is |V f|(z) = max{|f(z') — f(z")| : 2/, 2" €
B(z,C) N VT;}. Spaces with Poincaré inequalities are quasi-convex, so any two
points at distance C' in I'y can be connected by a path in I'; of uniformly bounded
length. Thus the argument of [HMTTS] Proposition 4.3] gives that h,(I't) =< h'(I't),
essentially by the triangle inequality.

Suppose for a contradiction that there is a regular map f : I' = H X Y as in
the statement of the theorem, where the conformal dimension of H equals Q' < Q.
Choose Q" € (Q',Q), then there is an Ahlfors Q"-regular space quasisymmetric
to O H, and let H' be a hyperbolic cone on that space. By [BS00], H' is quasi-
isometric to H, so we get a regular map f': ' — H' x Y. Now [HMTI8| Corollary
5.10] gives that h'(I';) = h&(f'(T:)) for a constant C. Taking a suitable neighbour-
hood T} := [f'(T¢)]ar for some M > 1 of the image f/'(T';) (essentially to make it
connected), as in [HMTIS, §5.2], we have h&(f'(T:)) < h'(I'}) again by the argu-
ment of [HMT18, Proposition 4.3]. Lemma gives h1(T}) < CL2(T}, #), where
# is the counting measure, and a > 0 is any value small enough.

We require the following lemma.

Lemma 6.8. The projection m : H x Y — H' is monotone with respect to ca-
pacities: if IV C V(H' xY) and w.# is the push-forward measure on w(I'"), then
CPY(T, #) < CP(n(I7), mu#t).

Proof. For any function h : V(n[') = R, m#({h < 0}) = #({hom < 0}) and

mA({h > 1}) = #({h o7 > 1}). Meanwhile, [|V(hom)|% < VAL , , as for
each z € VIV, [V(ho7)|(x) < |Vh|(r(x)). O

Combining our results so far, we have for each ¢ that
et X h(Ty) 2 (DY) < OBy, #) = OV (w(TY), T ).

Since T'; lies in a ball of radius ¢, T} also lies in a ball of radius < At for some
constant A > 1 depending on f’. As Y has subexponential growth, for each § > 0
there exists Ry so that every ball in Y of radius R > Rs contains at most exp(dR)
points. We fix 6 = §(Q, Q", A) later in the proof, and assume ¢t > Ry, so the fibres
of m|p, : I'y — w(I';) have at most k := exp(dAt) points in them.

Therefore, for this value of k¥ Theorem gives for a small enough that

L (n(D)), mtt) < mgh(m(D)) T EG0F (gt (m(T))))
= exp(—Qt)kJﬁ eXp(Qt)l_ﬁ

0 At Q
Since Q" < @, we can choose § > 0 so that (Q —JA)/Q"” > A" > 1 for some A'.
But then as et < e=4’t we have a contradiction. O

Remark 6.9. Intuitively what is happening here is that cut(I';) =< e(@=D¢ while
the weighted projection m(I"}) in H can be cut with weight < @ =DtR/Q" yp to
a subexponential factor, and cuts of 7(I'}) can be lifted back to cuts of T’y (cf.

Lemma .
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This argument does not work when ) = 1 because the cut sets of balls grow
too slowly. For example, this argument cannot rule out a regular map f : HZ —
T x Z%: considering balls Ty = B(t) of volume e!, using [HMT18, Theorem 11.3]
and Proposition the argument gives

te”t < RYTy) < CV(n(T})) < e 'k < e 14,
which is no contradiction.

We are now able to prove the following non-embedding result, of particular
interest for the products of rank 1 symmetric spaces Hg' or Fuchsian buildings
G, with nilpotent groups.

Corollary 6.10 (Theorem[1.13). Assume G1 = Hy x P; and Gy = Hy X Py, where
fori=1,2:
e H, is a non-elementary finitely generated hyperbolic group of conformal
dimension Q; > 0, and
o P, is a locally compact group with polynomial growth of degree d; > 0.
If there exists a regular map G, — Ga, then di < dy. Moreover, if Hy has its
conformal dimension Q1 > 1 attained by a metric admitting a 1-Poincaré inequality,

then Q1 < Qa.

Proof. Any such Hj contains a quasi-isometrically embedded 3-regular tree, so by
1
the monotonicity of AP and Corollary we have A’él (r) 2 T for p > 1.

Theoremﬂ applied to Gy gives for p > Qs that A, (r) < s , so the dy < dy
conclusion follows. The ‘moreover’ statement is given by Theorem [6.7] (|

7. CONCLUDING STEPS

In this section we complete the proofs of most of the theorem stated in the

introduction: Theorems and Corollary [L.6].

Proof of Theorem[I.9 Let G be an algebraically thick connected Lie group. By
Theorem we can assume that G is linear and its radical is real-triangulable.
Then by Proposition we deduce that it has a closed subgroup isomorphic to
either SOL,, a > 0 or Osc. By Proposition [3.1] if it contains SOL,, then it contains
a coarsely embedded copy of DL(2,2), and it is analytically thick by Theorem |4.3
If it contains Osc, then it is analytically thick by Theorem .6 We conclude by

Corollary O

Proof of Theorem[I1.5 By Theorem[I.9] and since algebraic thinness is by definition
the negation of algebraic thickness, it is enough to prove that if G is a connected
unimodular Lie group that is algebraically thin, then it is analytically thin. By
Corollary 2:20, G either has polynomial growth, in which case this follows from
[HMT18, Theorem 8.1.], or we may assume it is a direct product R x S of group
R with polynomial growth and a R-rank 1 simple Lie group S with finite center.
Picking a uniform lattice ' in S, G is therefore quasi-isometric to R x I', and we
conclude by Theorem O

Proof of Corollary[1.6 Recall that a polycyclic group has a finite index subgroup
that embeds as a uniform lattice in a solvable unimodular connected Lie group G.
If T (or equivalently G) is algebraically thin, then by Proposition G must have
polynomial growth, and so is analytically thin [HMT18]. If T' is algebraically thick
the conclusion follows from Theorem [L5 O
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Proof of Theorem[I.8 Assouad’s embedding theorem gives (iv) = (iii), and (iii) =
(ii) is obvious. The separation profile is monotonous under regular maps, and P xHg
is analytically thin by Theorem so we deduce that (ii) = (i). Finally, assume
@G is algebraically thin, then by Corollary[2:20] it is quasi-isometric to a direct prod-
uct (with one factor possibly empty) P x .S, where P has polynomial growth, and S
is simple of rank 1 with finite center. Having finite center, S is Gromov-hyperbolic,
so by Bonk-Schramm’s theorem [BSQ0], it quasi-isometrically embeds into Hf, for
any large enough n. Hence (i) = (iv). O

Proof of Theorem[I.11] (iv) = (iii) = (ii) are obvious. By Theorem [2.9} we can
assume that G is linear and that its radical is real-triangulable. Then (i) = (iv)
follows from Proposition[I.10} Let us prove (ii) = (i). Since the separation profile
is monotonous under regular maps, and is ~ n/logn for SOL,, a > 0 and Osc, we
deduce that G is analytically thick, and we conclude using Theorem [I.5] O

8. QUESTIONS
This work raises many natural questions. We selected a few of them below.

8.1. Thick/thin dichotomies. A natural question that we left open is: what hap-
pens for non-unimodular connected Lie groups? We risk the following conjecture.

Conjecture 8.1. Theorem holds in full generality (without assuming unimod-
ular).

As we mentioned in an interesting example to look at is the semidirect
product G = Heisz X(1,0,1)R. Such a group is non-unimodular, algebraically thin,
and one can check by a Lie algebra computation that it is not a subgroup of a
direct product of a Heintze group by a group of polynomial growth. Our conjecture
would imply that AL (r) < r® for some a < 1.

Question 8.2. Is every finitely generated group either analytically thick or ana-
lytically thin?

We expect the answer to this question to be negative in general, more pre-
cisely, groups containing a very rapidly growing sequence of expanders, and certain
elementary amenable lacunary hyperbolic groups (whose separation profiles were
considered in [Huml7] and [HM20] respectively) are likely to provide counterex-
amples. However, there is at present no obvious candidate for a finitely presented
counterexample. Despite this, there are likely to be many natural situations where
this result does hold. For instance, a popular conjecture [Bes04, Question 1.1] as-
serts that a group G with finite classifying space and no Z? subgroup either contains
a subgroup isomorphic to BS(m,n) with |m| # |n| (and therefore is analytically
thick) or is hyperbolic (so analytically thin).

It follows from [CG19] that for every finitely generated solvable group with expo-
nential growth, and every € > 0 one has AZ(r,) 2 7~ on an unbounded sequence
(rn). In particular, a finitely generated solvable group is analytically thin if and
only if it has polynomial growth. In view of our result for polycyclic groups, a
positive answer to the following question seems plausible.

Question 8.3. Does the analytically thick/thin dichotomy holds for the class
of solvable finitely generated groups? In other words, does the bound Af{(r) 2
r/log(r) hold for all finitely generated solvable groups of exponential growth?

Here is another reasonable class of groups where to expect a positive answer:
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Question 8.4. Does the analytically thick/thin dichotomy holds for the class of
linear finitely generated groups?

8.2. Groups admitting an embedding of DL(2,2). A positive answer to the
following question would in particular implies a positive answer to Question [3.3]

Question 8.5. Does DL(2,2) regularly map to any finitely generated solvable
group with exponential growth?

We suspect the answer is negative, a possible counter-example being (a lattice
in) the group Osc. Note that a positive answer for this specific example would
provide an alternative (potentially less technical) proof of Theorem 4.6

8.3. Conformal dimension. It is natural to wonder whether Theorem [B.16] is
sharp in the following sense.

Question 8.6. Let Z be a connected non-discrete Ahlfors-regular metric space and
let X be a hyperbolic cone over Z. Is

inf {p >1: AS(r) ~ rlf%}
equal to the (Ahlfors regular) conformal dimension of Z7

As an example, take Z to be the middle-thirds Sierpinski carpet, whose Ahlfors-
regular conformal dimension @) is currently unknown. Let X be a hyperbolic cone
over Z. By [GS19], we know that A% () % r!=/Q however the question above is
still open in this case.

Another natural example to consider would be the case of Heintze groups. More
generally,

Question 8.7. What are the Poincaré profiles of Heintze groups E x R?

For example, what are the Poincaré profiles of G = R? X (1,2) R? We have, see

Figure 8.3}

T1/2§A;é(r)§r2/3 if1<p<2

rl_%ﬁAg(T)§T2/3 if2<p<3

8 S AG(r) S og P (r) i p=3
AZ(r) = 17w if 3 < p < oo;

here the lower bounds come from the embedded R? and embedded binary trees,
and the upper bounds follow as in Theorem [6.1] from d-G attaining its conformal
dimension 3, but the exact asymptotics remain unclear.
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