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Abstract

In this paper we present a large deviation principle, for partial
sums processes indexed by the half line, which is particularly suited
to queueing applications. The large deviation principle is established
in a topology that is finer than the topology of uniform convergence
on compacts and in which the queueing map is continuous. Conse-
quently, a large deviation principle for steady-state queue lengths can

be obtained immediately via the contraction principle.
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The main result in this paper provides a new tool for looking at large devia-
tions for queueing systems in equilibrium. Equilibrium systems have gener-
ally been treated on a case-by-case basis, with much work and/or additional
hypotheses necessary to prove large deviation principles (see, for example,
Bertsimas et al. [1], Chang [6], Chang and Zajic [7], Ganesh and Anan-
tharam [16], Majewski [18] and Ramanan and Dupuis [23]). We provide a
simple sufficient condition for the usual sample path LDP (as in Mogulskii’s
theorem) to be strengthened to a topology for which the reflection mappings
appearing in many queueing applications are continuous and the contraction
principle can be applied. A step in this direction was made by Dobrushin
and Pechersky [13], who introduce a finer topology (a gauge topology) which
allows one to treat the single server queue with constant service rate, and
prove the LDP in this topology for a class of Markov jump processes. How-
ever, this does not easily extend to more complicated network configurations,
or even to the single server queue with stochastic service rate. The main
result in this paper can be (and has been) applied to some quite complicated

multidimensional systems with interacting traffic [21, 22, 24].

The context in which the need for our main result arises is a general scheme
which can be applied to a variety of network problems where the goal is to
establish probability approximations for aspects of a system (such as queue
lengths) under very general ergodicity and mixing assumptions about the

network inputs.

Suppose that the inputs to a network can be represented by a sequence of
random variables (X}) in R?, and that the (sequence of) objects of interest,

(On), can be expressed as a function of the partial sums process correspond-



ing to X. To make this more precise, for ¢ > 0 set

[nt]
1
Sn(t) = - E Xka (1)
)

where [z] denotes the integer part of z, and write S, for the polygonal

approximation to S:

S,(t) = S, (t) + <t - M) <Sn (M) -8, <@>> . (2)

n n
Denote by C(Ry) the space of continuous functions on R,. Then S, €
C%(R) and our supposition is that there exists a function f : C4(Ry) — &,

for some space X, such that O, = f(S,), for each n.

For example, suppose d = 1 and X}, is the difference between the amount of
work arriving at time —k at a single-server queue and the available service

capacity at that time. Suppose also that the limit
n
W= nlggo Z Xi/n
k=1
exists almost surely and is less than 0. Then the queue length at time zero

is given by

Qo = SupZXka (3)

n20p—g

or, equivalently, Qo/n = f(Sy,), where f : C(R;) — R U {oo} is defined by

f(¢) = sup p(t). (4)

>0
If the sequence Xy, is stationary and ergodic, then )y represents the equi-

librium queue-length distribution. In this example, O,, = Qo /n.

The idea is to deduce a large deviation principle (see below) for O, from
one which can generally be assumed for S,. This can be done using the

contraction principle, which we will now describe.



Let X be a Hausdorff topological space with Borel o-algebra B, and let u,
be a sequence of probability measures on (X, B). We say that u, satisfies
the large deviation principle (LDP) with rate function I, if I : X - RU{oo}

is non-negative and lower semicontinuous, and for all B € B,

1 1
— inf I(z) < liminf —log u,(B) < limsup —log un(B) < — inf I(z); (5)
z€B° n n n n x€EB

here, B° and B denote the interior and closure of B, respectively. If, for
each n, Z, is a realization of u,, it is sometimes convenient to say that
the sequence Z,, satisfies the LDP. A rate function is good if its level sets
are compact. The contraction principle states that if Z,, satisfies the LDP
in a Hausdorff topological space X with good rate function I, and f is a
continuous mapping from A into another Hausdorff topological space ),
then the sequence f(Z,) satisfies the LDP in ) with good rate function
given by
J(y) =inf{I(z): f()=y}.

Now consider the partial sums process S,,. Denote by S,,[0, 1] the restriction
of S, to the unit interval, by C]0,1] the space of continuous functions on
[0,1], equipped with the uniform topology, and by .A[0, 1] the subspace of
absolutely continuous functions ¢ on [0, 1] with ¢(0) = 0. Dembo and Zajic
(1995) establish quite general conditions for which S,[0, 1] satisfies the LDP

in A[0, 1] with good convex rate function given by

Jo A*($)ds ¢ € A0,1]

00 otherwise,

Ii(¢) = (6)

where A* is the Fenchel-Legendre transform of the scaled cumulant gener-



ating function

A(N) = lim 1 log Ee™5n(1), (7)

n—oo n,
which is assumed to exist for each A € R? as an extended real number. For
such an LDP to hold in the i.7.d. case, it is sufficient that the moment gener-
ating function EeM ™1 exists and is finite everywhere; this is a classical result,
due to Varadhan [25] and Mogulskii [19]. This LDP is usually extended to
the space C'(IRy) (of continuous functions on R} ), via the Dawson-Géartner
theorem for projective limits. However, the projective limit topology (the
topology of uniform convergence on compact intervals) is not strong enough
for many applications; in particular, the function f defined by (4) is not con-
tinuous in this topology on any supporting subspace, and so the contraction

principle does not apply. To see this, consider

t/n, 0<t<n,

Pn(t) =
1, t>n.

¢n — ¢ = 0, uniformly on compact sets, but f(¢,) = 1 for all n whereas

f(¢) =0.

The lack of continuity was observed by Dobrushin and Pechersky [13], who
introduce a finer topology (a gauge topology) which allows one to treat
the single server queue with constant service rate, and prove the LDP in
this topology for a class of Markov jump processes. In this topology, the

restriction of the mapping in (4) to a certain subspace of paths ¢ with limits

lim $(t)/t = p < 0,

t—00
is continuous. However, this does not easily extend to more complicated
network configurations, or even to the single server queue with (stochastic)

time-varying capacity.



We consider the set of paths

J .
Y= {gb € CYR,) : tlg(r)l() (f:(_tz exists },

i=1
where ¢/ (t) denotes the 5" component of ¢(t), and equip ) with the norm

¢ (t)

1+t

|¢]lu = supsup
J t

Note that ) can be identified with the Polish space C4(R%.) of continuous
functions on the extended (and compactified) real line, equipped with the
supremum norm, via the bijective mapping ¢(t) — ¢(t)/(1 +t). In particu-

lar, ) is a Polish space. We prove the following.

Theorem 1 Suppose that for each 0 € R?, the limit

A(D) = lim L log BenSn(1), (8)

n—oo n,
erists as an extended real number, and the sequence S’n[O, 1] satisfies the

LDP in C%0,1] with good rate function given by

Jo A (d)ds ¢ € A0, 1],

00 otherwise

Ii(¢) =
where A* is the convex dual of A. If A is differentiable at the origin, then

S, satisfies the LDP in'Y with good rate function

I A (d)ds ¢ € AYRL)NY,

00 otherwise

Io() =

Here, A9[0,1] (resp. A%(IR.)) denotes the space of absolutely continuous
functions, ¢, from [0,1] (resp. Ry) to R? with ¢(0) = 0. Although our



topology on ) is quite different from the gauge topology introduced by
Dobrushin and Pechersky [13], conceptually it is quite similar: the idea is
to get some kind of uniform control over the sample average. We have also
used some ideas from their paper in the proof of Theorem 1 below, in order
to construct compact sets that support most of the measure. Eichelsbacher
and O’Connell [15] extend the sample path LDP to an even finer topology
on Y than considered here, under the additional assumption that Xj is an
iid sequence. We remark also that Deuschel and Stroock [11] prove a version

of Schilder’s theorem in the space ), using essentially Gaussian techniques.

To illustrate how Theorem 1 can be applied, we will continue to work through
the single-server queue example: suppose d = 1 and consider the function f
defined by (4). Recall that f(S,) is equal in distribution to the normalized
queue length at a single-server queue. If A’(0) = u, say, then a corollary of

Theorem 1 is that the LDP holds in the subspace

yi={pey: m A _u1.

If u < 0, then the restriction of f to Y* is finite and continuous. To see
this, note that Y* is a metric space and so we can check continuity using
sequences. Take ¢, — ¢ in Y¥. Then, for any € > 0 there exists N such
that for all n > N we have ¢, (t) < ¢(t) +e(1+1¢) for allt > 0. Since ¢ € Y*
we also have ¢(t) < (u + €)(1 + t) for all t sufficiently large (¢ > T say).
Thus, for all n > N and t > T, ¢, (t) < (1 + 2€)(1 + t) which, in particular,
is negative for small e. Now, since ¢(0) = ¢,(0) = 0 for all n, we can
completely ignore what happens outside the interval [0,7']. The suprema
are attained on this interval; moreover, ¢, — ¢ in Y* implies that ¢, — ¢

uniformly on [0, 7], and so the supremum converges on this interval. Hence,



f is continuous on Y*. We can therefore apply the contraction principle and
Jensen’s inequality to get that the sequence Qo/n = f (S,) satisfies the LDP
in Ry with rate function given by

Ta) = wt{ [T A @)ds s supp(e) =}

t>0

_ . . T * 5 . _ _ . *
= ;gg 1nf{/0 AN (P)ds : ¢(1) =qp = ;I;ETA (/7).
This fact has previously been demonstrated by several authors [5, 12, 14,
17], under similar conditions. The i.i.d. case is due to Cramér [8] and
Borovkov [4]. The advantage of our approach is that the existence of an

LDP is established by continuity which, using the above topology, is quite

accessible, and the rate function is easier to compute.

Finally we remark that this result is not specifically designed for the single-
server queue. It is widely applicable, and ideally suited to problems where
reflection mappings exist. It has been used, for example, to obtain compre-
hensive equilibrium large deviations results for a multiclass FIFO queue [21]
and can also be applied to systems with dedicated buffers [20, 22] (the latter
corresponds to the random walk in a quadrant, and is the subject of many

recent papers: see, for example, Bertsimas et al. [2, 3]).

Proof of Theorem 1

We have from the assumptions of the theorem and the Dawson-Géartner the-
orem for projective limits [10, Theorem 4.6.1] that the sequence S, satisfies

the LDP on C%(R.;), equipped with the topology of uniform convergence on



compacts, with the good rate function

JSeA*(P)ds ¢ € AYRY),

00 otherwise

1(¢) =

We first show that [;’n satisfies the LDP on )Y with the same rate function
by showing that D; C Y and P(S, € V) = 1.

By considering S, (t) — tVA(0) we can, without loss of generality, assume
that VA(0) = 0. Let ¢ belong to the domain of I. Then ¢ is absolutely
continuous, and we have from the non-negativity and convexity of A*, and

Jensen’s inequality, that

tA*(p(t) /1) < I()-

Since this holds for all ¢, we must have A*(¢(¢)/t) — 0 as ¢ — co. Now, by
the assumption that A is differentiable at the origin, A* has a unique zero at
VA(0) = 0. Hence, ¢(t)/t — 0 as t — oo, and so ¢ € Y. Moreover, by the
assumption that S,[0,1] satisfies the LDP in C%0,1] and the contraction
principle, S, (1) = (1/n) Y.7_, X} satisfies the LDP in IR with rate function
A*. As already noted, A* has a unique zero at E[X;] = 0. Hence, for any
€ > 0, there is a § > 0 such that P(|S,(1)| > €) < e~™ for all n sufficiently
large. Thus, by the Borel-Cantelli lemma, Sy,(1) = (1/n) X7, X — 0 as
n — 00, from which it is immediate that, for every fixed n,

lim Sn(t)

t—o00 t

=0 as.
Hence, P(S, € V) = 1.

We now have by [10, Lemma 4.1.5] that S, satisfies the LDP in ) when

equipped with the topology of uniform convergence on compact intervals,



and that the rate function is I, (the restriction of I to )). To strengthen
this to the topology induced by the norm || - ||,, we appeal to the inverse
contraction principle [10, Corollary 4.2.6], by which it suffices to prove ex-

ponential tightness of the sequence S, in the space (), || - ||u).

By the Dawson-Gartuner theorem and the assumption that I is good, I
is a good rate function in the topology of uniform convergence on compact

intervals. Hence, the set
Ko ={¢p €C'(Ry) : Ino(¢) <}
is compact in this topology, and

1 -
limsup —log P{S, ¢ Ko} < —a. 9)
n n

By assumption, A is finite in a neighbourhood of the origin, so we can find

6o > 0 such that |A;(0)] < oo for all |#] <6y and j =1,...,d. Here,

1 .
A;j(0) := lim —log B (),

n—oo n,

where S) is the j*" component of S,,; in other words, A;(#) = A(fe;) where

ej denotes the 4™ unit vector. We now define the following quantities:

?

1 &i
§(n) = sup sup max | — log Ee™m() _ A (9
() = sep sup max | —log ;(0)

O(n) = min{%, d(n), n_1/4},

e IO (O o)
1<j<d 0(n)

do(n) = (a+1)

It is not hard to see that d(n), #(n) and dy(n) all decrease to zero as n

increases to infinity (for d,(n), we use the assumption that VA;(0) = 0).

10



Comnsider the set

¢ (1)
1+1¢

D, = K, :
a {¢E a 1%1?%((1

< dqy([t]) for all t > 1} ,

where [t] denotes the integer part of ¢. Now ¢ = 0 belongs to D, because
A*(0) = 0 as a consequence of the assumption that VA(0) = 0. Thus, D, is
non-empty. The exponential tightness of S,, in (), || - ||.) will be established

by the following two lemmas.
Lemma 1 For each a > 0, D, is compact in (V,] - ||u)-

Proof. Let ¢, be a sequence in D,. Since K, is compact in Y equipped
with the topology of uniform convergence on compact intervals, there exists a
subsequence (k) such that ¢, ) converges to some ¢ € K, in this topology.
It follows that, for each T' > 0, and for each 7,

ba®)  H(1)
1+t 1+t

=0, j=1,...,d.

lim sup
k—o00 ¢<T

Note that this implies, for each ¢ and j, that

¢ (t)

Tt < do([1]),

and so ¢ € D,. Now for each € > 0, there is a finite 7" such that d,(T") < e.

}

The set D, is therefore sequentially compact, and hence compact, in the

Hence, for k sufficiently large,

bt $(0)
14+t 1+1

Pu® (1)
1+t 14t
< €+42d,(T) < 3e.

i < t>T

Gy = Bllu < au>{sup

metric space (Y, | - ||u)- O

11



Lemma 2 Under the hypotheses of Theorem 1,

1 _
lim li —log P(Sp ¢ Do) = —o0.
A limsup — log (Sn & Dq) 00

Proof. By Chernoff’s inequality,

oo n—1

Pg{gg;(t) > (14 t)do ()} < PIH g){gg(k +i/n) > (1 + k)da(k + 1)}
< ]ig Eexp [no(k +1)87 (k +i/n) — nO(k + 1) (k +i/n)da (k + 1)]
= li n;l Eexp [(nk +i)0(k +1)5%, (1) = (nk + 0)0(k + 1)de(k + 1)]
< li n_: exp(nk + i) [A; (O(k + 1)) + 8(nk +) — 0(k + 1)da(k + 1)],

where the last inequality is valid for n sufficiently large, when it follows from
the inequality,
E [enag%(l)] < A (0)+6(n)]

= )

which holds for all n > 1 and all || < 6y by definition of §(n). We note that
0 <6(k) < 0y/2 for all k € IN by definition. Now,

da(R)O(k) > (c+1) (IA;(0(R))] + 3(k) + O(R)E™/*) Y k> 1

by definition of d,. Moreover, d(k) is a decreasing, non-negative function of

k and 6(k) > min{6y/2, k~/*} by definition, so we get

Aj(O(k + 1)) + 6(nk + 1) — 0(k + 1)do(k + 1)

< —a(JA; 00k +1)| +0(k+1) + 0(k+ 1) (k +1) /")

< —amin{fy/2, (k+1)"Y*}k +1)"* < —amin{fy/2,1}(k +1)"1/2
S\ —1/2

< —%min{00/2,1}<k+%> VE>1,0<i<n-—1

12



Consequently, defining @ = amin{fy/2,1}, we get
- ~1/2
Zexp [——(nk—i—z) (k—i——) ]
— n

PULE® > 0} < 303
>1 k=1
< Lew

< Dexp—%\/n(n— 1)

for some finite constant D that remains bounded as « and n increase to

—g\/ko —1),

infinity. Here, we have used the inequality
2
S e exp

k>ko

obtained as follows:

> e s
k>ko
2
= —[pVvko—1+1]e

To obtain the last inequality above, we used the fact that ze™® < e~! and

exp(

ko—1
e~ 4+ 2
2 _g Vo —1)

~% <1 for all z > 0. Likewise, we can show that

P J{S5(t) < —(1 + £)da(t)} < Dexp——y/n(n —1).
4
t>1
Therefore,
hmsupnlogPUﬂSJ ) > (1+t)da(t)} <—%m1n{ 1. (10)
t>1
i 9 0), via the
O

The statement of the lemma can now be obtained from (9) and (

principle of the largest term

This concludes the proof of the theorem
13
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