HAUSDORFF DIMENSION FOR RANDOMLY
PERTURBED SELF AFFINE ATTRACTORS

THOMAS JORDAN, MARK POLLICOTT, AND KAROLY SIMON

ABSTRACT. In this paper we shall consider a self-affine iterated
function system in R?, d > 2, where we allow a small random
translation at each application of the contractions. We compute
the dimension of a typical attractor of the resulting random iter-
ated function system, complementing a famous deterministic result
of Falconer, which necessarily requires restrictions on the norms of
the contraction. However, our result has the advantage that we
do not need to impose any additional assumptions on the norms.
This is of benefit in practical applications, where such perturba-
tions would correspond to the effect of random noise. We also give
analogous results for the dimension of ergodic measures (in terms
of their Lyapunov dimension). Finally, we apply our method to a
problem originating in the theory of fractal image compression.

1. INTRODUCTION

In this article we consider families of self-affine Iterated Function
Systems (IFS) defined on R?. More precisely, we consider contractions

(1) Fi={filx)=A-x+t},

for x € R?, where the A; are d x d non-singular matrices satisfying
(2) 0<||A]l <O <1, VI<i<m,

and the vectors t; are in R%. The following definition is standard.

Definition 1 (The attractor A of F). Let B be a ball in R? centered
at the origin with radius larger than maxi<;<m, ||t:||/(1 — ©). Then the
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attractor of F is defined by:

(3) A::ﬂ U Jig.iina(B).

n=11ig...in_1
where we denote fi, i, = fi,o -0 fi, ;-

It is easy to see that this definition does not depend on the choice of
B and that A is the unique non-empty compact set for which

A={JfW).

Since we use the translations as parameters it is sometimes conve-
nient to explicitly show the dependence by writing F* and ff, instead
of F and f;, respectively. We let dimy At and dimp A® denote the Haus-
dorff dimension and Box dimension of the attractor, respectively. (We
refer the reader to [5] for the definitions.)

The following result is due to Falconer [4] and Solomyak [18].

Theorem 1 (Falconer, Solomyak). If
1
(4) | Al < o1 V1<i<m,

then for Leby,.q-almost all vectors t := (ty,...,t,) € R™ the dimen-
sion of the attractor A®* = U™, fE(AY) s

(5) dimy A* = dimg A* = min {d, s(Ay,..., A,)},

where s(Aq, ..., Ay) is the singularity dimension (see [4, Proposition

4.1] and Definition 2 below.)

Theorem 1 was originally proved by Falconer in 1988 under the
stronger hypothesis that [|A;]] < 3, for all 1 < ¢ < m. Ten years
later Solomyak weakened the hypotheses to their present form. Previ-
ously, Edgar [2] had already observed that the bound in (4) is optimal.
Moreover, it was shown by Simon and Solomyak in [17] that the bound

2 in (4) cannot be improved even in the special case that all the maps

]2‘} are similarities. Finally, the “almost all” hypothesis is necessary, in
light of the construction by Bedford and McMullen of sporadic exam-
ples where the equality (5) fails even when the norms are smaller than
5 [13].

If the matrices A; are orthogonal then the singularity dimension is
simply the usual similarity dimension, while in the general case it is

defined in terms of the singular values of repeated products of the
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matrices Aj,...,A,. More precisely, let T" be a non-singular linear
mapping from R? to R?. The singular values

o] 2y > -2 Qg

of T" are the positive square roots of the eigenvalues of the positive
definite symmetric matrix 7*7. The singular value function ¢*(7T) is
defined for s > 0 by

s—(k—1) . .
s Q1 Q1 , ifk—1<s<k<d;
¢>(T):={ L

(ay - ag)™?, if s > d.

We can now present the definition of singularity dimension.

Definition 2 (Singularity dimension). For a contracting self-affine IFS
defined by (1) the singularity dimension is

(6)  s(Ay,...,A,) = inf{t>0:§: D¢ (A A <oo}.

n=0 %9...in

The following conjecture is widely believed to hold.

Conjecture 1. For a typical (in an appropriate sense) self-affine IFS
the Hausdorff dimension of the limit set is equal to min {d, s(A1, ..., Am)}.

In this general direction, we will prove a statement for a random
perturbation of a given attractor A. Of particular importance is the
fact that our Theorem will make no assumptions regarding the matrix
norms. More precisely, we assume that with each application of the
functions from the given IFS we make a random additive error Y. We
assume that these errors have distribution 7, where 7 is an absolutely
continuous distribution with bounded density supported on a disk D
which is centered at the origin and can be chosen to be arbitrarily
small. We saw in (3) that A is defined by all possible compositions
fig-in_,- For each such function we assume that the perturbations are
independent. More precisely, let 7 be the m-adic tree with m™ nodes
on the n-th level. Each of these n-th level nodes corresponds to a word
i, := (ig,...,in1) € {1,...,m}". To obtain a random perturbation of
the attractor A we consider the random perturbations of the n-th level
node maps f;, : R? — R? of the form

g:" = (fio + ¥io) © (fir + Yigir) 0+ 0 (i1 + Yigin 1),
where i, = (ig,...,i,-1) € 7, and the elements of

yin = (yio7yioi17 o 7yi0..,in71) c D X« X _D

n
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are i.i.d. with distribution 7.

It is notationally convenient to label the perturbations by the natural
numbers. Let ¢ : 7 — N be the natural labeling of the nodes given by
setting ¢(k) to be the k-th element of the following infinite sequence:

{1,2,....,m,(1,1),(1,2),...,(m,m),(1,1,1),...,(mym,m),...}.
The sequence of all random errors
(7) y i ={u}tre, €D*:=DxDx---
in the construction of the random perturbation of A is defined by

yk =i, if k= @(i,).
Given y € D> we denote the associated attractor by AY. More pre-

cisely,
A= (U AB),
n=0 i,
where B is a sufficiently large ball in R?, centered at the origin. Let
IIY : ¥ — R? be the natural projection from the symbolic space

S={1,...,m}*
to the attractor AY given by
(8) 1Y (i) := lim f(0)

where i € ¥ and i,, denotes the truncation to the first n terms. More
explicitly,

n—oo

9) Hw:m@m+2%w%ﬂ%
k=1

+ yiO + Z Aio e Aik_l : yl02k> .
k=1
On D> we define the infinite product measure by

(10) Pi=npx---Xxnx---.

Example 1. Fat Sierpinski gaskets were one of the examples used in
[17] to show that Theorem 1 does not extend to contractions bigger than
%. These were defined in terms of functions on R%, of the form

filz) =Xz +a; fori=0,1,2,

where ag, ay, as are not collinear and \ > % For certain algebraic A

log3 91, the value one might

log \?
expect from Theorem 1. One such example is X = @ where the

the dimension is strictly less than min{—
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F1GURE 1. The golden gasket with and without random
errors in the translation

expected dimension from Theorem 1 is 2 but was computed in [1] as
1.93.... However, with the addition of random translation errors to
the iterated function scheme, Theorem 2 gives that almost surely the
dimension of the attractor is two and, furthermore, the Lebesque mea-
sure 1s positive. The reason for the drop in dimension in the deter-
ministic case is that several of the third level iterations are the same
(for example foo fio fi = fio foo fo). In particular, this means a
“recoding” can give a more efficient cover. However, in the random
case these third level iterations are typically no longer identical due to
the random errors (see figure 1). Moreover, since no form of recoding
would be possible as the random errors are different for each nth level
iterate there s no longer any obvious reason to anticipate a drop in
dimension.

The following theorem gives a rigorous formulation of the intuitive
notion that random attractors should have the expected dimension.

Theorem 2 (Main Theorem). Consider contracting self-affine IFS of
the form (1). For P-almost all'y € D> we have:

(1) If s(Ay,..., Ap) < d then dimg AY = s(Ay, ..., An);

(2) If s(Ay, ..., Ay) > d then Lebg(AY) > 0.

There is a closely related result by Peres, Simon and Solomyak in
[15] for self-similar IF'S with random multiplicative errors. Moreover,
there the authors consider IFS which contract on average and where
the nth level maps are assumed to have the same error.

Our method of proof of this Theorem involves an investigation of the
dimension of certain measures defined on the attractor (Theorem 3).
These are the images, under the natural projection, of ergodic, shift
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invariant Borel measures on X. For the rest of the paper when we refer
to an ergodic measure on X, or a compact subset of 3, we shall always
assume it is both Borel and shift invariant. We use this method since
s(Ay, ..., A,,) can be expressed in terms of the Lyapunov exponents of
an ergodic measure introduced by Kédenméki in [8]. More precisely, let
v be an ergodic measure on ¥ and let A : ¥ — M, where M denotes
the set of d x d matrices with real entries be defined by

A(i) = Aio'
Then for the stationary process given by the measure v and
(11) {PH(A7 i) = A;kn_1 .'.A:()}ZO:]_

we denote the Lyapunov exponents [10, Theorem 5.7] by
(12) A(V) > Aa(v) = > Aa(v).

Indeed, the main reason for introducing the transposed matrices A7 is
to reverse the order of the product of such matrices, and so be able to
directly apply known results on Lyapunov exponents.

This leads naturally to the following definition.

Definition 3 (Definition of the Lyapunov dimension D(v)).
(i): If
(13) k:=k(v)=max{i:0<h, +\(v)+---+ N(v)} <d,
then we define
hy + A (V) + -4+ Ap(n)

D =k + )
) — A1 (V)
(ii): If hy + M (v) + - + Xa(v) > 0 then we define
D(v) :=d h

(@) F e a(v))
where h,, is the entropy of the measure v.

Note that in both cases above the Lyapunov dimension is simply the
generalization of the similarity dimension (which can be higher than
the dimension of the space) if the system is self-similar.

The following theorem gives a characterization of properties of the
image of an ergodic measure in terms of the Lyapunov dimension.

Theorem 3. Consider a contracting self-affine IFS of the form (1) and
an ergodic measure v on Y. For P-almost all y € D> the following

hold:
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(a):
dimy ITY (v) = min{d, D(v)}
(b): If D(v) > d then
HZ(V) < Eebd.

We refer the reader to [6] for the definition of the Hausdorff dimension
of a measure. Theorem 2 is an immediate consequence of Theorem 3
and the following proposition. Let £(X) denote the ergodic probability
measures on X..

Proposition 1. There exists an ergodic probability measure p on X
such that
s(Ay, ..., Ap) = D(u) = sup D(v).
ve&(X)

The measure p in Proposition 1 is the same as that constructed by
Kéenmaki in [8].

We briefly explain the scheme of the proofs of Theorem 2 and Theo-
rem 3. The key point is the introduction of a new self-affine transver-
sality condition (26) for certain families of self-affine IFS, which was
motivated by Solomyak’s general projection scheme in [18]. We show
that if this condition holds then for a typical parameter value the Haus-
dorff dimension of the attractor is the minimum of d and the singularity
dimension (Theorem 6). Furthermore, the Hausdorff dimension of the
image v = I1Y(u) of an ergodic measure p on X is the Lyapunov dimen-
sion if the Lyapunov dimension D(v) is smaller than d. Alternatively,
if D(v) is larger than d then the image measure is absolute continuous
(Theorem 7). As another application of this method we can solve a
randomized version of a long standing open problem in fractal image
compression [7], [9] (see Section 6).

The techniques we use in this paper also apply to the deterministic
case, giving the following analogue of Theorem 1. We define a natural
projection 7t : ¥ — R? by

7(i) := lim <tz’0 + ZAz'o A -tik> :
Theorem 4. Consider a contracting self-affine IFS of the form (1)
and an ergodic measure v on Y. As in Theorem 1 we assume that

1

Then for Leb,,g a.e. t € R™ we have:
(a): dimy 7f(v) = min{D(v), d};
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(b): If D(v) > d then wt(v) < Leby;
(c): If s(Ay,...,A,) > d then Leby(AY) > 0, where A* is the
attractor. That is A* = 7%(2).

In section 2 we describe the main properties of the singular value
function and singularity dimension. In section 3 we introduce a variant
on thermodynamic formalism, which is important in relating singular-
ity dimension and Lyapunov dimension. The self-affine transversality
condition is introduced in section 4 and used to get lower bounds on
the dimensions, and to verify absolute continuity, in a general setting.
Section 5 contains proofs of Theorems 2-7. Finally, in section 6 we
apply our method to a problem in fractal image compression.

2. MAIN PROPERTIES OF THE SINGULAR VALUE FUNCTION

Here we summarize those properties of the singular value function
and singularity dimension which will be used in our proofs.
One can easily see that for every s, h > 0 we have

¢*MT)
14 ol > 2L >
( ) 1 ¢8(T) d
The singular value function is submultiplicative [4]: For each s > 0,
¢*(Th13) < ¢°(T1)9°(12).

We denote by ¥* the set of finite words from the alphabet {1,...,m}.
Fix a contractive IFS F, of the form (1). We choose 0 < ar < br <1
such that for each i = 1,...,m,

1>br > o1(4) > > aq(4;) > ar >0.
We then obtain
(15) D > an(A) > - > ag(A) > dlp

where |i| denotes the length of i. Furthermore, it follows from the
definition that for all i € ¥* and s > 0 we have

(16) bt > ¢°(Ar) > af.

For an arbitrary i € ¥* with |i| > n, or i € ¥, we define
Yy (i) = log ¢°(As, -+ Ai, )

It follows from (16) that
nslogbr > 15 (i) > nslogag.

Using
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it follows from the sub-additive ergodic theorem that for every ergodic
measure v on % and for v almost all i € ¥ we have that

(17) lim (i) = Tim © [ 0 (@)du(i).

n—oo M, n—oo M,
b

Finally, we need the following simple result to show that the singu-
lar values are the same if we reverse the order of the product of the
matrices.

Lemma 1. For every i € ¥* and for every 1 < k < d we have
ak(Ai) = ak(Pn(Av i))?
where P,(A,1) was defined in (11).

Proof. The proof immediately follows from the standard fact that for
a d x d matrix B the eigenvalues of the matrices B*B and BB* are the
same (with the same multiplicity). O

2.1. A Corollary of a proof of Oselede¢’s Theorem. Using the
proof [10, p. 43-47] of Oselede¢’s Theorem we can deduce the following
result.

Lemma 2. Consider a contractive IFS F defined by (1). Let v be
an arbitrary ergodic measure on ¥.. We define P,(A,i) and \;(v) for
i =1,...,d as in (11) and (12). Then for v-almost all i € ¥ and
1 <k <d we have

(18) lim = log a (P,(A,1)) = \e(v),

n—oo N,

where ay, (P, (A, 1)) is the k-th largest singular value of P, (A,1).
This is an immediate consequence of the proof [10, Theorem 5.7].

2.2. The singularity dimension and finite measures. Consider
the d x d non-singular matrices Ay, ..., A,, satisfying (2) and Q@ C ¥
a o-invariant compact set. For {2 = X the singularity dimension was
defined by Falconer [4, p. 344]. For the convenience of the reader we
summarize the most important facts about the singularity dimension
sq(Aq, ..., Ay) for Q C 3 compact o-invariant analogous to those in
[4, p.344.].

For every ¢ > 0 and s > 0 we define a set function N on the subsets
of Q2 by

N/(A) = inf {Z ¢°(Ap,) 1 wp € %, A C Ugwy and |wg| > E} )
k
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Then it follows from [11, Theorem 4.2] that the measure
N3(A) = glim N (A) = sup N (A)
—00 ¢

is a Borel regular measure. It follows from (14) and (15) that if ¢t < s
and N*(Q) < oo then N*(2) = 0. This implies that we can define
sq(A1, ..., An) by
(19) sq(Ay,...,A,) =inf{s: N*(Q) =0} =sup {s: N°(Q) = o0} .
It follows from [4, p.344] that if Q = ¥ then sq(Ay, ..., A,,) is equal to
s(Ay, ..., A,,) defined in (9).

The following lemma allows us to find a finite measure whose prop-
erties are closely related to the singularity dimension.

Lemma 3. If N*(Q) = co for some s then there exists a finite measure
1 supported on ) and a constant cq such that

w(w) < o @°(Ay) for every w € 3°
where p(w) represents the measure of the corresponding cylinder set.
Proof. Fix an s such that N'5(Q2) = oo. It follows from [16, Theorem
54] that there exists a compact set Q' C 2 such that 0 < N5(Q') < oc.
We define a metric p on § as follows:
co ot (Auy), i
pli.J) = { 0, if i = j.
We can see that p is a metric since for every w € ¥* we have
¢°(Ainj) < max{¢*(Airw), ¢°(Aunj) } -
Then it follows from [16, Theorem 53] that the measure N is the
1-dimensional Hausdorfl measure on the compact set 2. Now the

assertion of the Lemma immediately follows from [11, Theorem 8.17].
U

3. THERMODYNAMICAL FORMALISM

Following [8], we define the energy of an ergodic measure v by
1
(20) E,(s) = lim — [ 42 (i)dv(i).
n—oo
The following lemma relates the energy to the Lyapunov exponents.

Lemma 4. Assume the same hypotheses as in Lemma 2. For k < s <
k+ 1, we can write

M)+ Me(v) + [s — k) A1 (v), if s < d;
(21)  Eu(s) = { SD() 4+ E\d(y)][, | if s> d.
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From this we obtain that
(22) h, + E,(D(v)) = 0.

Proof. It follows from (17) that for v-almost all i we have E,(s) =
lim L¢3 (i). It follows from Lemma 2 that for v-almost all i we have
lim L¢3 (i) is equal to the right hand side of (21). O

n—~o0

We can define the pressure function by

1
P(s) :== lim —1 *(Ay).
(s) = lim — og;eﬁ( )
In particular, we see that P(0) = logm > 0. Comparing (14) and (15)
we see that
5 log 32 07(Ay) — 5 log 3D 6°(Ay)
li[=k li[=k
h
and from this we see that the function P(s) is strictly decreasing, and
has a unique zero which we denote by ¢y > 0.
The following result is due to Kdenmaéki [8].

logbr > > logar

Theorem 5 (Kdenméki). For any ergodic measure v we have
P(s) > h, + E,(s).
Moreover,

(a): There exists an ergodic measure j1 on % such that
(23) 0= P(ty) = h, + E,(to),
(b)! S(Al,...,Am) = 1p.

We are now in a position to prove Proposition 1, assuming Theorem
5.

Proof of Proposition 1. It follows from (21) that the function s —
E,(s) is strictly decreasing. Therefore it follows from (22) and (23)
that to = D(u). Using part (b) of Theorem 5 the result follows. O

4. GENERALIZED PROJECTION SCHEME FOR SELF AFFINE IFS

In [18, p. 542], Solomyak presented a generalized projection scheme
applicable to self-conformal IFS. In this section we construct an analo-
gous scheme suitable for self-affine IF'S. In the next section we give the
details of the proofs.

Assume that we are given a contractive IFS F of the form (1). For
every distinct i,j € ¥ we write ay(i A j) for the k-th largest singular
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value of Ajp; if 1 < k < dand ap(iAj) := 00, agp1(iA]) == 0. Let
Jo = [os1(INj), (i A j)]. We define a function Zjny @ [0,00) — [0, 1]
(see Figure 2) by

e
min {p, ax(iAj)} ¢
Zi . = . . = 1 1 1 O 1 ]]_ )
Ai(p) g ap(iNj) ;al(l/\J)...Oég(l AJ) g 1y
1
1,
0 1

FIGURE 2. The function p — Zixj(p) for ay, := ay(i A j)

Note that if all the maps of F are similarities then the similarity
ratio of fi/\j is )\i/\j and Zi/\j(ﬂ) = min {1, )\'OTd}.
inj
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The motivation for the next Theorem is that we want to consider
a one-parameter family of self-affine IF'S defined by random perturba-
tions of F. The parameter space is a compact metric space U on which
we are given a probability measure M. We want to give a dimension
estimate for M almost all parameters u € U.

Definition 4. Consider a contractive IFS F of the form (1). Let U
be compact metric space (parameter space) with a finite Borel measure
M. Assume we are also given a continuous map II : U x Q — RY
(the natural projection), where Q C ¥ = {1,--- ,m}Z+ is compact and
o-invariant. For any u € U,i € Q we write I1*(i) := II(u,i). We make
the following two definitions.

Self-affine Holder condition: There exists a constant K > 0
such that for every u € U and i € Q) and for every n € N we can find
an isometry G = G(i,n) : R? — R? with

(25) M“(iln) € K - G ([0, a1(i|n)] x -+ x [0, ag(i|n)])

where iln denotes the truncation of i € 3 to a word of length n (i.e.,
we scale the image of the isometry by the constant K ).

This condition is used only for upper bounds on the Hausdorff dimension.

Self-affine transversality condition: There is a constant C' > 0
(independent of i,j) such that for alli,j € Q, 1 # j we have

(26) MA{ueU: [II*(Q) = II"(§)| < p} < C- Zini(p).
With this definition, we can now state the following theorem.

Theorem 6. Consider a contractive IFS of the form (1) and a compact
metric space U with a finite Borel measure M. Let I and Q0 be as in
Definition 4. Let v be an ergodic measure on €. If the self-affine
Holder condition and self-affine transversality condition hold then for
Me-almost all u € U we have:

(a): dimg (IT*(2)) = min {d, sq(A1, ..., An)}; and

(b): If sq(Ay, ..., An) > d then Leb, (I1*(£2)) > 0.

Note that the self-affine Holder condition (25) in the self-similar case
reduces to the formulae in [18, p.542, formulae (10)]. Similarly the self-
affine transversality condition (26) in the self-similar case reduces to
the usual transversality condition (see e.g. [18, p.542, formulae (11)]).

We also have the following measure theoretic result.

Theorem 7. Consider a contractive IFS of the form (1) and a com-
pact metric space U with a finite Borel measure M. Let I and € be
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as in Definition 4. If the self-affine Holder condition and self-affine
transversality condition hold then for M-almost all u € U we have:

(a): dimyg [I%(v) = min{d, D(v)}; and
(b) ffh,/ > —(/\1 + - F >\d) then
Hz(l/) <K Eebd.

To get the lower bound in Theorems 6 and 7 we need the following
Proposition.

Proposition 2. Consider a contractive IFS of the form (1) and a
compact metric space U with a finite Borel measure M. Let 11 and €2 be
as in Definition 4. Assume that the self-affine transversality condition
holds. Consider a Radon measure p on 2 and a positive number s such
that there exists c; > 0 which satisfies that for all finite words w € ¥*,

(27) u(lw]) < 19°(Au).
Then for M-almost all u € U we have:
(a): If s < d then dimy (IT%w) > s.; and
(b): If s > d then IT%(u) < Leby.

In turn, to prove part (a) of Proposition 2 we need the following
Lemma.

Lemma 5. Consider a contractive IFS of the form (1) and a compact
metric space U with a finite Borel measure M. Let I1 and € be as in
Definition 4. Assume that the self-affine transversality condition holds.
Then for every t & N, 0 < t < d there exists a constant co = c(t)
(independent of i,j) such that for alli,j € Q, 1 # j we have

(28) /ann—wvoﬂ4dwuw<ua-@%AW»

-1

Proof. Fix t > 0 and i,j € 2. Observe that we can write

L/Imm—WﬁWWMW)

uelU

= ¢ [ M{ue Ui -G <}t dp
p=0
Thus using (28) it is enough to prove that there exists a constant such
that if we write

(29) Tipg = / Zipg(p)p~""dp

p=0
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then

o A s P t—(k—1) /s A -« -1
(30) Iiy < comst - |an(iA])- - ar_1(iN]) - a injg|
where

E—1<t<k.

Henceforth, for notational simplicity, we shall write Z(p), oy and Z in
place of Zixj(p), ar(i Aj) and Z,;. We can write the integral in (29)
as a sum of the integrals over the intervals [0, ag] and [ag, c0]. More
precisely, if we write

ayg 00
7, = /Z(p)p_t_ldp and 7y := / Z(p)p~tdp,
p=0 p=0y;
then we have
(31) IitAj =T, +Is.

First we prove Z; is bounded by the expression on the Right Hand Side
of (30) and then we show the same holds for Z,. The proof then follows.
Next observe that

0 < p < «; implies P <_r
al e aZ al . e al—l
Thus
Qg & 1 1
p —t-1 t—(k=1)]"
32 i< | - ptlgp= — [ o
( ) 1 /oq"'Oékp P L—1 aq Q10
p=0

which verifies the required inequality with the constant ﬁ We now
bound

(33) =3 [zl ap

Observe that
i 1 - . -
/Z(P)P dp = — (o1 ap)”! [a§+t1 —aj t} )
Je
where for £ = 0 we set ap* = 0. Using that

1 1 1t 1 -
m(al'“aéﬂ) O‘zil >m(041'“046)
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one can see that the number which we add in the sum (33) for each ¢
is smaller than that which we subtract for £ 4 1. Therefore

1 t—(k—1)\
I2<m.<al...ak_lak( ))
This completes the proof of the required inequality for Z,. It follows
from this (31) and (32) that (30) holds for Z with the constant — (k 5+

. O

k—t
We now use Lemma 5 to prove Proposition 2. This proposition is
important in the proofs of all of the main results in this paper.

The proof of Proposition 2. We first prove part (a). Assume that s <
d. Tt follows from the potential theoretic characterization of the Haus-
dorff dimension (see e.g. [5, Theorem 4.13]) that for every measure v
on R? we have

(30)  dimyy > sup {a : // & — y| - du(z)du(y) < oo} |

Fix t < s. It suffices to prove that

= [ ] e - m) dndam < o

uelU(i,j)eQxQ

since this, together with (34), implies that dimg(IT¥x) > ¢ for M-
almost all u € U. Using (27) and Lemma 5 we obtain

AR5 3> // 4.)) " du(D)du(j)

k=0 o=k 2,

< 02012 Z,u ) (¢'(A ))_1.
k=0 |w|=k

It follows from (14) and (15) that

6*(AL) - (#%(AL)) T <ol
Using this and (35) we obtain that

T' < clcQZbl}'(s_t) Z p(jw]) < oo.

k=0 w|=k
=1
Since t can be chosen arbitrarily close to s this completes the proof of
part (a).
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We next prove part (b). It follows from the definition (24) of Zix;(p)
that for distinct i,j € Q and p > 0 we have the bound

d

Zi/\.]( ) - ¢ (p 1/\])

Thus it follows from the self-affine transversality condition (26) that
for all distinct i,j € 2 and p > 0,

ol

P4 (Aing)

(36) M{u €U |IT() — I“G)| < p} < C -

Furthermore, from (16) we obtain that for w € X*
s A wl(s—
ud([W]) <o ¢d( ) < el
¢*(Au) ¢¥(Au)
To show absolute continuity of II¥u for M almost all v we will follow

a standard approach (introduced by Peres and Solomyak in [14]). In
particular, it suffices to show that

I —//hmmf ( LB ) i () d M () < 00

We apply Fatou’s Lemma, lift to the shift space, and apply Fubini’s
Theorem. Finally, using inequality (36) we have that

(37)

I < hmlnf—/// (3 gy () -1 G <ry (1) d p(§) AM ()

r—0 2rd

< hmmf—/ M{w  [IT*(5) — ()| < ridu(i)du)

r—0

<cff mdu(i)du(j)-

To complete the proof we split the integral up into an infinite summa-
tion and use (37) to get the bound

I < CZZ 1 (Pa(A)) ™

k=0 [@|—k
< ¢ C+ CZbI}(S_d) Z p(w) < oo.
) @|=k

This suffices to show the result (cf. [14]).
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5. THE PROOF OF THE THEOREMS

In this section we will prove Theorems 6 and 7, and then deduce
from these Theorems 2 and 3.

The proof of Theorem 6. We first prove part (a). The upper bound fol-
lows immediately from the definition of the singular value function. To
get the lower bound we fix an arbitrary s < min {d, sq(41,...,4n)}.
In particular, N¥(Q2) = oo by (19). It then follows from Lemma 3 that
we can find a measure p which is supported on € satisfying (27), i.e.,

u(w]) < e19°(Auw).

In particular, we now can apply Proposition 2 to deduce that for M
almost all u we have dimy IT*(€2) > s. This completes the proof of part
(a) of the theorem.

Next we prove part (b). Since we are assuming that d < sq(Ai,..., An)
we can choose

d<s<sq(Al,....,An).

Using definition (19) of sq(Ay, ..., A,,) it follows from Lemma 3 that
there exists a measure p supported by € and a constant ¢y > 0 such
that for every w € ¥* we have

p([w]) < co - ¢°(As).
Thus we can apply part (b) of Proposition 2 to deduce that for M a.e.
u € U we have IT%(u) < Leby and thus Leby (TT4(€2)) > 0. O

Proof of Theorem 7. We first prove part (b). It is apparent from the
definitions of Zj,;(p) and ¢¢ that

ol
Zini(p) £ ———
! ¢ (Aing)
for distinct i,j (cf. Figure 2). Since we are assuming the self-affine
transversality condition (26), there exists C' > 0 such that

d
. . p
M{u e U : |[IT*G) —11"(j)| < p} < C———.
{ |11 (3) (@) < p} S A
Recall that by the Shannon-McMillan-Breiman Theorem we have that
for v almost all i € Q
1
(38) lim - logv([ig, .- ,in_1]) = —h(v)
and that we have already shown that for v almost all i € 2
1
lim —log ay(Ajjn) = Ak(v),

n—oo M,
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which implies that for v almost all i € Q

(39) lim {/a(Ajjn) - - - aa(Aip) = MW+ Aa(v)
To show that v, := II¥v is absolutely continuous it suffices to show

that for an arbitrary ¢ > 0 we can find a measure v, which is the
restriction of v to a set with measure greater than 1 — ¢ and for which
IT*v, is absolutely continuous. For any € > 0 we have that by Egorov’s
Theorem there exists a set X, C  such that v(X.) > 1 — ¢ and the
convergence in both (38) and (39) is uniform. We let v, be v restricted
to this set. Choose 6 > 0 such that

(40) hy—(5>—()\1+"‘+)\d)+(5

(where we write \; for A;(v) for convenience). By the uniform conver-
gence in (38) and (39) we can choose N € N such that for n > N and
ie X,

v([ijn]) < e"(=hvt0) and (/bd(Ai‘n) > et tAa—d)

It is now enough to check the absolute continuity of the measure II}v..
To see this we observe that by (40) there exists d < s and a constant
c1 such that for every w € ¥* we have v.([w]) < c1¢°(A,). Using
Proposition 2 we obtain that IIYv. < Leby. Since this holds for all
e > 0 this completes the proof of part (b).

We next turn to the proof of part (a). We can assume that D(v) < d.
Let k := k(v) be defined as in (13). In particular, ¥ < D(v) < k+1
and we can choose k < s < D(v). Let € > 0 satisfy

2e

—Akt1

D(v)—s=

Then it follows from Lemma 4 that
E,(s) > —h, + 2¢.

Using Egorov’s Theorem it follows from (20), the definition of E,(s),
(17) and the Shannon-McMillan-Breiman Theorem that for every § > 0
there exists a set Hs C  with v(Hs) > 1 — § and there exists an N
such that for all n > N and for all i € Hs we have

v(iln) < exp(n(—h, + <)) < exp(nE,(s)) < ¢*(Ajpn).
In this way we see there is a ¢ > 0 such that for all i € Hs we have

v(in) < c*(Aqn).
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Let v5 := v|g,. Then by Proposition 2 we obtain that for M a.e. w € U
we have

dimp (IT%v) > dimg (IT{vs) > s.
Since s < D(v) was arbitrary this gives the lower estimate in part (a)
of the theorem.

To get the upper bound in part(a) assume that D(v) < d. We fix
an arbitrary v € U and then we can prove the upper estimate for
A = TI*(€2). Since u is fixed, we write II instead of II* to simplify the
notation. Given any v > D(v), it is enough to prove that

dimy (IT,v) < 7.
We choose € > 0 to satisfy
hy + XM+ A kE+1

> T AT k +k+ @

—Akp1t € —Akp1 €
By the self-affine Holder condition (25) there is a K > 0 such that for
every i € Q and n € N the set II(ijn) can be covered by a rectangular
box By, with sides K - aq(i|n),..., K - aq(iln). Without loss of gener-
ality, let us assume that K = 1. Let k := k(v) be as in (13). For every
i€ Qandn e N we fix a subdivision of the box B, into

(41)

ap(ijn) - - - ax(iln)

O"lﬁﬂ(ﬂ”)

N(in) :=

boxes of sides
(ijn) = agr1(in), ..., a1 (in), arsa(iln), . . ., aq(ijn).
e
Let P, (i) denote the box which contains II(i). We denote by @, (i) the
set in {2 which corresponds to P,(i). That is

Qn(i) :=={j € Q:j € liln] and 11(j) € P(i)},

where [i|n] denotes the nth level cylinder. In general @, (i)
for II is not 1 — 1. Furthermore, let

A= {i €Q:v(Q(i) > e ]”V((im) } .

S I7(Pa(i))

Observe that for every n we have
(42) v ((AD)) < .

In particular,

V(a0 = X vilnan) £ XN e el <e

|w|=n |w|=n
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Using (42) we see that the set

A :=limsup A” = ﬁ O A

o k=1n=k
satisfies
v(A) >1—e.

It follows from Egorov’s Theorem that there exists a G. C A, such
that v(G.) > 1 — 2¢ and we have that

1 1
—logv(iln) — —h, and —log ay(iln) — Ae(v),
n n

where the convergence if uniform for all 1 < ¢ < d and all i € G..
Thus, for every i € G. we can find arbitrary large n simultaneously
satisfying the following four conditions:

(0): v (@n(0) > <51

)
(if): ") < p(ifn) < en(-hv+e);
(iii): e"()“f 9 < aqyiln) < "()‘”5 for every 1 </ < d;
(iv): ——28 < ¢
log avg 41 (iln)

Fix i € G. and choose n satisfying (i)-(iv) above. We want to apply
Frostman’s Lemma to the measure Il,v, and to this end we need to
estimate

log v [B (I1(i), a1 ()] ‘

R,(1) := .
() log ans (i)

In particular,
log v(Qn(i)) < loge N logv(i|n) — log N(i|n)

R,(1) < . < : :
D= Togannlin) = logaram * logarn(in)
log N(i|n) — logv(i|n)
B —log a1 (i[n)
< eq n (A + - A+ ke — kA + ke) + n(h, + ¢€)
—n(Agr1 — €)
hy, +X 44+ A kE+1
= Tt Ak +k+ @
—Apgy1t € —Aig1 + €
For e satisfying (41) we can find n arbitrarily large such that
R,(i) <7.

From this we deduce that for every i € G, we can bound

(43) o iy 108 1Lt [B (1), a1 (i[n))]
e log ag11(i[n)

<.
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By construction, G, D G, whenever €1 < g5 and thus we obtain that
(43) holds for v-a.e. i € Q. Frostman’s Lemma ([3], Theorem 3.3.14)
now implies that, dimy v < 7. This completes the proof of the upper
estimate since v > D(v) was chosen arbitrarily.

O

In order to apply Theorems 6 and 7 to deduce Theorems 2 and 3, we
need to show that the self-affine transversality condition holds. This is
the purpose of the next Lemma.

Lemma 6. The self-affine transversality condition (26) holds for 1Y,
y € D, i.e., there exists a constant C > 0 such that for all distinct
i,j € X we have

(44)  Ply e D*:|IP(i) — ()] < p} < C- Zing(p).

Proof. Fix y € D* and consider the natural projection IIY : ¥ — AY
defined in (8). It follows from (9) that for every i,j € ¥ with [iAj] =n
there exists a random variable ¢, (i, j,y) which is independent of y;,. s,
such that

(45) T (i) — T¥(3)| = [Ainj Wig..in + (1,3, )] -
Let us fix all of the terms in y except y;,..;, € D. Using the product
structure of P and the fact that the measure n is absolutely continuous
with respect to Leby; with bounded density we see that in order to
verify (44) it is enough to prove that

Leba{yi...., € D+ [IP (1) = IV ()| < p} < T+ Zini(p)-

Let us write Box, := [—p, p|? and let r be the radius of the ball D. Let
¢ be a rotation of R? which sends the coordinate axes to the mutually

orthogonal singular vectors of Ai—A%i and let Boxjpj := o([—r,r]%). It is

clear that for all distinct i, j we have D C Box;aj. Then using (45) we
get that

Eebd {yio,,,in eD: |Hy(i) — Hy(J)‘ < p} < Eebd {Al_/&] (BOXP) N BOXi/\j} .

Finally, it follows from elementary geometry that

Leby {Ai_/\ﬁ (Box,) N BoxiAj} < C- Zins(p),
which completes the proof of the Lemma. O

We are now in a position to complete the proofs of Theorems 2 and
3.

Proof of Theorem 2. Theorem 2 is an immediate consequence of Lemma
6 and Theorem 6. 0J
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Proof of Theorem 3. Theorem 3 is an immediate consequence of Lemma
6 and Theorem 7. O

In order to deduce Theorem 4, we need the following Lemma. This
is an adaptation of related results proved by Falconer [4] and Solomyak
[18].

Lemma 7. Consider a contractive self-affine IFS F of the form (1).
Let U be an arbitrary ball in R™ and let M be the measure Leb,,g
restricted to U. Given u = (uy,...,u,) € U we define

Hu(l) = Jggo(flo + uio) 0---0 (finfl + u2n71>(0)
Then the self-affine transversality condition (26) holds.

Proof. Let T be a d x d matrix with singular values 0 < ag < ... <
a1 < 1. We can bound

d
(46) Leb{x € B(0,0) : |Tz| < p} < COHmin {ﬁ,(S}
y
i=1

)

for some constant Cy > 0. This is easily seen by observing that
T~'B(0, p) is contained in a box with sides of length 2° aligned in
the direction of the singular vector associated with «;. Fix distinct
i,j € ¥ and let

L i= Lebyaf Jul] < 6 : [IP°() — ()] < p}.
Let k = |i A j| and then we can write
|Hu(i) - Hu(-])‘ = Ai/\j (uik+1 — WUjpyq + (fik+1uik+2 + fik+1 fik+2uik+3 +
(-fjk+1ujk+2 + fjk+1 fjk+2ujk+3 +oee ))
- Ai/\j (uik+1 — Ujpy t E(u))

It follows from [18, p. 540] that provided ||[A;]| < i forall 1 <i <m

then || E|| < 1. Thus as in [4] the linear transformation from R™* — R™¢
defined by

(Ug,Ug ..oy Up) — (Y, U ooy Upy)

where y = u;, , — u;,,, + E(u) will be invertible. Thus there exists a
constant C'; > 0 such that

L < CiLeba{(y, uz, ... ug) € B+ || fins()ll < p}

where B is the product of the interval [—(2 + m)d, (2 + m)d] in the y
direction and the d — 1 dimensional d-ball. It now follows from (46)



24 THOMAS JORDAN, MARK POLLICOTT, AND KAROLY SIMON

that there exists Cy = Cy(d) and C5 = C5(6) such that

Finally, we can use Lemma 7 to prove Theorem 4.

Proof of Theorem 4. Theorem 4 immediately follows from Theorem 7,
Theorem 6 and Lemma 7. U

6. AN APPLICATION IN FRACTAL IMAGE COMPRESSION

In this section we will compute the almost sure Hausdorff dimension
of certain randomly perturbed graph directed IF'S which appear in the
theory of fractal image compression.

The following graph directed Iterated Function System (GIFS) arose
naturally in the field of fractal image compression. Given a large nat-
ural number K we partition the unit square Q into M := 2K x 2K
subsquares of size 2% which we denote by Ri,..., Ry;. This is the
family of range squares. We define the family of domain squares as the
set of all N := (2K — 1) x (2K — 1) squares Dy, ..., Dy which are the
union of four range squares having a common vertex. We associate a
domain square to every range square. More precisely, we are given a
map

(47) p:{1,..., M} —{1,...,N}.

This defines a directed graph I' = (V, &) as follows The vertices are
V ={1,...,M}. There is a directed edge (k,¢) € € from k € V to
¢ € Vif R, is one of the four squares of Dy). In this way I' is a
directed graph with exactly four edges going out of every vertex.

We also assume that for each 1 < k < M and ¢ = ¢(k) we have
associated a self-affine map Sy, : (Dy x [0,1]) — (Ry % [0, 1]) of the form

Sk(x,2) = (Th(x), fs(2))
where T} : Dy — Ry, is onto, fi : [0,1] — [0, 1], and they satisfy

(48) DTi(x) = [ 3 0 } and fu(2) = M- 2 + by

o

N

where 0 < A\, < 1. See Figure 3
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FIGURE 3. The function S},

of compact sets satisfying

(49)
and

(50)

A= siny).

(4,5)€E

the attractor of the GIF'S is
M
A= U A;.
i=1

25

., A s to be the unique family

Note that if we write S, := S; whenever (i,j) = e € € then (49) can
be written as

In particular, {S;}, is a graph directed IFS in the sense of [12].

T

he attractor A can also be written as

A:ﬂ U Sio.in_1 (B),

n=114g...ip_1
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where B := [0, 1]> and the union is over admissible words i, . . ., ;1.
We suppose that at each application of the functions we make a random
translational error in the vertical direction. More precisely, for every

admissible i, := (ig,...,%,_1) we consider
(51) S = (Sig +Gi,) 00 (S + Fiyin) s
where 7, o = (0,0,%i..0,_,) € R? and the numbers y;, ; , are

chosen independently in every step, from an arbitrary small interval
I centered at the origin using an absolutely continuous distribution
1 with bounded density. Gathering the random errors in an infinite
vector as in (7) we can write,

Y =1, s Yy Y11 s Yy -+ ) €L X T X oo =0 I
As in (10) we define the product measure on I, by
(52> [P2:77><77><...

It is our aim to compute the dimension of the attractor,

- AUs o

n=0 iy,

where B = [0, 1]*> X [—u,u] C R3, where u is sufficiently large, and the
union is over admissible words i,, for P a.e perturbation y.

Theorem 8. Let E be a d x d matriz such that E;; = X; if (i,j) € €
and E;; = 0 otherwise. We denote by o(E) the spectral radius of the
matriz E. Assume that the matrix E is irreducible. Then for P a.e.
y € I, we have

. log o(E)
(53) dlmH Ay = max {2, 1+ W .

We remark that a related result for box dimension was obtained in
[9] for almost all deterministic attractors of a similar type. The main
difference between the GIFS considered here and the ones considered
in [9] is that in [9] the authors considered deterministic GIFS with a
restriction on the family of domain squares. This restriction allowed the
use of a technique which cannot be used in this more general setting.

Proof. Let Q1 := {i €X: B,
ders of €.

The upper estimate: This is independent of the vertical translations.
Let A, be the n-th approximation of the Cantor set A consisting of 4"
boxes By, i, for (ig...i,_1) € . Each of these has a face parallel to
the (z,y) plane which is a square of s1de — and a vertical side of length

> O} and let €2, be the set of n cylin-
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2uXiy..i,_,- Thus, for all (ig...i,—1) € €, the box B, ; , can be
covered by 2“)‘10/727]‘*1 cubes of size 1/2" where A\;, i, = Nig =+ Xip_4-
Therefore,
S 2u S n
(54) 1/2" (A) S 2n(s—1) Z )\Z'()...in,1 + Z 1/2
z()...in_1 | 0. n—1
1Bl o

where the summations are taken over all (ig . . .4,-1) € ,. This implies
that whenever o(E) < 2 we have dimy(A) = 2. If o(E) > 2 it also

follows immediately from (54) that dimp(A) <1+ %.

The lower estimate: In the case that o(E) < 2 we have already seen
that dimg(A) = 2. Therefore, for the rest of the proof we may assume
that

o(E) > 2.

If we could verify the self-affine transversality condition (26) then
we would be able to apply Theorem 6 which would imply the required
lower estimate. Unfortunately there is no way to check condition (26)
for the GIFS under consideration. However, we will introduce another
GIFS which is the same in the vertical direction and which is shrunk
by a small amount in the direction of both the z and y axes. In this
way there will be a gap in between any two shrunken range squares
in the plane which will allows us to verify the self-affine transversality
condition. Thus the Hausdorff dimension of its attractor gives a lower
bound for the Hausdorff dimension of the original attractor.

Let us fix an arbitrary 0 < r < 1/2K. We use the same directed graph
[' as above and let ¢ be the same as in (47). For every 1 < k < M
let R}, be a square having the same center and sides parallel to the
sides of Ry, but with sides of length QLK — r. Similarly, for 1 </ < N
we define Dj as the square having the same center as Dy, and sides of
length 5= — r parallel to the sides of Dy. For every k and ¢ = (k)
then we define the surjective affine map S;, : D; — R}, of the form

Sk(x, 2) = (T (%), fu(2)),

where fj, is defined as in (48) and T} : D} — RY, is surjective. Further-

more,
D1 = | § 5 |-
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where

5=50) =3

Then as in (49) and in (50) there exists a unique family of compact
nonempty sets Af,..., A7 and A" satisfying

1 _ 2
M
1 1
M r

A= Sj(A) and AT = UA’“

(4,5)€E

Let us write sg) for the singularity dimension of this system (see
(19)). To proceed we need the following result.

Claim 1. Ifo(E) > 2 and 0 <1 < %K 18 sufficiently small such that

1
(55) 5< o(E)
then | (5)
() _ 1 0g 0
S0 + — log 3 .
Proof of the Claim. For (ig, ..., i,_1) € Q, we have
6" 0 0
DS{O ..... = 0o g 0
0 O )\io...in_l

Since the dimension of the attractor is larger than 2 it suffices to con-
sider s > 2 for which we have that

T n(s—1) ys—2 2n
¢ (‘DS’L() ..... in— 1) max {)‘io-~-in—1ﬁ ( ) >\20 i 16 } :
Using that on the one hand

Z >\7,0 o 1ﬂ2n< Z ﬁ2n_ 26211

10.--In—1 10---in—1

and on the other hand Y A, ., = [|[E"™]|1 we obtain that

i0mrin—1
BEVNE < Y ¢ (DS ) < BTCTVIE L+ 1,
10...0n—1

which immediately implies that
“(Ds! <00, if s> S(T)
¥ X o5 ° :
= =o00, if s <sg'.

n o 10...0n—1

Using (6) this completes the proof of the Claim. O



RANDOMLY PERTURBED SELF-AFFINE SETS 29

To complete the proof of the lower estimate in (53) the only thing
we need to do is to verify the self-affine transversality condition 26 for
the GIFS {S;} It would then follow from Theorem 6 that for P a.e.
y € I, we have
(56) dimy A, = 5§

Since this holds for all sufficiently small » > 0 and since sq = lim,_,q sg )
this would complete the proof of the lower estimate.

Now we prove that the self-affine transversality condition holds for
the GIFS {S;}

Claim 2. For sufficiently small r > 0 there exists a constant, C' > 0,
such that for all distinct i,j € Q0 we have
Py € L [T () ~ T (5)] < p} < O Zung(o).
Where 113, : ¥ — Ay is the natural projection defined by:
I} (5) := lim 577" (0,0,0),
where
(57) Si:ym = (SZO + yz‘o) 0--+0 (Szn,l + ?io...in_l) .

Proof. We fix 0 < r < 1/2% which is sufficiently small such that
B = [(r) satisfies (55). Henceforth we will not explicitly show the
dependence of variables on r. For simplicity we write

g0 0
AiO ~~~~~ in—1 = DSZT() ..... n—1 = O /677/ 0
L

We can write the projection Il as
Iy (i) = (i) + Iy (i),

where o
H(i) = tiO + Z A’io...ikfltl'k7
k=1

is the deterministic part and
(o]
Hy(i) = gio + Z Aio...ikflyio...ik7
k=1

is the random part. Furthermore, let p12(i) € R? be the component of

I1(i) in the (z,y) plane and let p3(i) be the third component.
Given distinct i,j € Q set w :=1Aj. Let k := |w| and set

Y1, ¥) = NiyYio.ipsr T Nigin i1 Yiowings T
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Finally we denote

a3, ¥) = —vjo.ju + (i, y) — %G, y) + p3(c™i) — ps(a¥)),

which is independent of y;, ;. With this notation we can write

. N . P12(c*i) — p12(0*j)
I, (1) -1, (j) = As { Yiooir + a6(1,3, 7). }
_ [ B* (Plz(Uki) - P12(Ukj)> ]
)\Eyio-..ik + AEQk(iuL Y)

For all ¢ and for all (ny...ny) € Qp we fix Y, _n,, with the exception
of vi,..i,, which is allowed to vary. For convenience, we denote our
free variable y;, ;, by y € I. Recall that the measure 7 is absolutely
continuous with bounded density. Thus it follows from (52) that it is
sufficient to check that there exists a constant ¢ (independent of i and
j) such that for every p > 0 we have

| 8% (Pr2(0™1) — p12(a*)))
(58) Leb {yel. { () - Pl } EBoxp} < Zs(p),

where Box, := [—p, p]®. Since we have assumed that |w| = k the vectors
pi2(c®(i)) and pi2(c*(j)) are in the same domain square, which we
denote by Dj. However, these two vectors are in two different range
squares R}, R}, say, contained in Dj. In particular, at least one of the
two components of the vector pi2(c¥i) — p12(c¥j) has absolute value
greater than 2r. Thus, whatever value y = y;,.;, takes we have

k ks ke
if p < 2r3* then s (p12(0 i) - p1.2(.0 ‘])> Box,.
p ﬁ )\wyzozk + )\ka(l7.]> Y) ¢ P

Hence, in this case (58) holds. Next we consider the case when p > (3.
If we additionally assume p > Ay then Z(p) = 1 and (58) holds with
¢ = 1. Therefore we may assume that

B <p <A
holds. Then, by definition, Z,, = ﬁ. On the other hand, since

qx(1,j,y) is independent of y = y;,. ;. the Lebesgue measure of those y
for which the absolute value of the third component of the vector

ﬁk (p12(0ki) - P1.2(.Ukj))
Awyio...ik + )\ka(lu.]u Y>
is smaller than p is equal to i—f. Hence, (58) holds with constant ¢ = 2.

Finally, we assume that 2r3* < p < $*. By an obvious case analysis
one can see that for every w
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Z, (3% 1

(ﬁ ) < =:C.
Z,(2rpk)  (2r)3

Using that the function p — Z,(p) is monotone increasing we obtain

that for all such p

. 5k (p12(0ki) - P12(Ukj)) L7
Feb {y <h |i )\wywlk + )‘qu(iaja y) © BOXP = 261 Zw(p)

Hence, (58) holds with constant ¢ = 2¢;. This completes the proof of
the Claim. ]

We can now complete the proof of Theorem 8. Using Theorem 6 we
obtain that for P a.e y € I, (56) holds. A simple computation shows
that for every r > 0 and for every y we have dimy Ay > dimg Ay. This
completes the proof of the Theorem. O
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