
SAMPLE PROBLEMS FOR MECHANICS 1

The exam will contain 5 short problems, all to be done, and 3 long problems, 2 of which to be
done. Some examples of the short(ish) problems below may, perhaps, be at places a bit longer
than the actual short problems. Some long(ish) problems below may be a bit more cumbersome
as far as the calculations are concerned. In addition, have a good look at the last year’s exam.

Short(ish) questions

1. A particle moves around the circle of radius R, starting at rest from the initial point (R, 0).
Its speed increases at rate β. Find the acceleration of the particle at nth return to the
initial point.

2. A body of mass m moves from rest under the force F = 2i + xj. Find the trajectory.

3. A ball falls from a very high altitude under constant gravity, in air. Find the ball’s accel-
eration right after the elastic impact with the ground.

4. Find the maximum speed wherewith a car of mass m can travel along a curve of radius r,
given that the friction coefficient is µ.

5. A man of mass m sits on the edge of a disk of radius R. The disk starts spinning with
slowly increasing angular velocity ω. Given that the friction coefficient is µ, find the value
of ω when the man will slip off the disk.

6. The same problem, but it is now a woman of mass m who sits on the bench of mass M ,
which (together with the woman) is set in linear motion under constant force F . Find the
value of F so that the woman slips off the bench, friction being µ.

7. A cat of mass m slowly walks from one end of the floating boat of mass M and length L
to the other. Find the displacement of the boat.

8. A bullet of mass m moving with some horizontal speed v to be determined hits a sack of
mass M , which is suspended on a rope of length L. After the collision the bullet gets stuck
in the sack, which starts oscillating with the maximum deflection angle α. Find v.

9. A bee sits on the bottom of a small sealed test tube of length l. The test tube is hung
vertically over a table by a thread, so that its bottom is at height l above the table. The
thread is cut, and as the test tube falls (there is no air resistance), the bee flies up to the
tube’s sealed top. Assuming that the mass of the bee equals the mass of the test tube, find
the time it takes for the lower end of the tube to hit the table.

10. Given F (x, y) = xyi + y
x
j compute the work of F along the path y = x2, between the

origin and the point (1, 1). Is this a potential force?

11. A particle is moving in three dimensions along the right helix of radius R and pitch (the
vertical distance between nearby loops) H. Given F (x, y, z) = yi + xj + xyzk compute
the work of F along the part of the helix that starts at (R, 0, 0) and ends at (−R, 0, H/2).

12. A bead of mass m whirls around a whole in a horizontal table being tied to a string which
passes through the hole. Originally the bead is ar the distance R from the hole, moving
with the angular velocity Ω. Find the work it takes to pull the string in, so that the bead
finds itself at the distance r < R to the hole.
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Long(ish) questions

1. A stone of mass m is thrown with initial speed v0, so that its initial velocity forms an angle
α with the horizontal. In the same direction, at the point where the stone was thrown
there starts a long hill with constant incline β < α. Assume that the only force acting on
the stone before it hits the ground is gravity.

(a) Find the position of the airborne stone at time t.

(b) Write down a Cartesian equation for the path of the stone.

(c) Find how far from its starting point will the stone hit the ground on the hill.

(d) Suppose, after the stone hits the ground it stops immediately, whereupon it may start
sliding down the hill towards its starting point. The friction coefficient between the
hill and the stone µ. Find the total time it will take the stone to return to the starting
point if µ is small enough.

(e) Identify for which value of µ will the stone not slide back.

2. A particle of mass m moves along the positive x-axis in the potential V (x) =
a

x2
− 2b

x
for

a, b > 0.

(a) Sketch the potential.

(b) Find the equilibrium point and show that it is stable.

(c) Find the period of small oscillations near the equilibrium point.

(d) Suppose, the total energy of the particle equals E = −3b2

4a
. Show that this value of

energy corresponds to a finite motion.

(e) Find the turning points of the above finite motion and give an integral expression for
the period of the trajectory with the above energy, with the turning points as limits
of integration. Do not attempt to calculate the integral.

3. An external vertical force of magnitude F acts on a solid ball of mass m suspended from the
lower end of the weightless spring with Hooke’s constant k. There is a constant gravitational
force acting, with acceleration g due to gravity, and no air resistance.

(a) Identify all the forces, acting as the ball and describe their values and direction.

(b) Show that the equation of motion can be written in the form

ẍ + ω2x = f,

where x is the deformation of the spring. Express ω, f via k,m, g, and F .

(c) Let the external force be periodic, namely F = F0 cos Ωt with the constant amplitude
F0 > 0 and frequency Ω : Ω− ω = ε > 0, where ε is small compared to Ω.

i. Find the the oscillatory particular solution of the above ODE.

ii. Find the trajectory x(t) which satisfies the initial conditions x(0) = mg
k

, ẋ(0) = 0.
What is the meaning of the condition x(0) = mg

k
?

iii. Suppose ε is small. Find (approximately) the value of ε when the maximum
amplitude of oscillations of the above solution x(t) about the equilibrium x(0)
reaches the value reaches some value H.
HINT: You may use the formula

cos a− cos b = 2 sin
a + b

2
sin

b− a

2
.

2



4. Consider two attracting to each other particles with masses m1 and m2, such that the force
of their interaction depends only on the distance r between the particles, is directed along
the line connecting the particles, and equals in magnitude F (r).

(a) Use the Newton laws to show that:

i. the relative motion of the particles, in terms of r = r2 − r1 can be described by
the equation

µr̈ = −F (r)
r

r
,

where µ = m1m2

m1+m2
;

ii. the mass centre of the system moves with constant velocity.

(b) Let (r, θ) be polar coordinates associated with the vector r above. Consider now the
motion of a single particle of mass µ in the central force field as above. Show that
L = µr2θ̇ is a constant of motion.

(c) Let F (r) =
α

rn
, with α > 0. Sketch the effective potential for n = 2, 3, 4. For n 6= 3

show that for any nonzero value of L, there exists a solution where the distance
between the two interacting particles is constant. Find, in terms of L this constant
distance and the period of revolution of one particle around the other.

(d) Consider now the case n = 3 and show that for any, but one special value of |L| there
are no such solutions.

(e) For the cases n = 2, 3 provide the initial conditions r(0) = r0, θ̇(0) = ω0, whereby the
above solution is realised.
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