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Abstract

Let us say that two finite sets of natural numbers are primality-isomorphic if there is a difference-
preserving primality-preserving and nonprimality-preserving bijection between them. Let ® be the state-
ment “every infinite set B C N has an infinite subset A such that for any z < y < z in A, the interval
{%, R %} is primality-isomorphic to the interval {£=, ..., 3:”%}”. We prove in RCAy, that the
Hardy-Littlewood k-tuple Conjecture implies that ® is equivalent to the Regressive Ramsey Theorem for
pairs, a statement that axiomatises ACAyp, and so in particular implies all theorems of Peano Arithmetic.

Let ¥ be the statement “for every infinite set B C N there is an infinite A C B such that for any
k<m<ninA, p,, = pn, mod pi”, where p, is the nth prime. We show, using I3;-provability of an
effective version of Dirichlet’s theorem on primes in arithmetical progressions, that ¥ is again equivalent
to the Regressive Ramsey Theorem for pairs and thus implies all theorems of Peano Arithmetic.

Finally, for every n > 1, let P(n) be the statement “for all m > n, there is N such that for every
polynomial p(x1,x2,...,2n) with integer coefficients, there is a set H C {0,1,2,..., N — 1} of size at least
m such that |H| > min H and the values of the polynomial p are prime on all n-element subsets of H
or composite on all n-element subsets of H”. For every n > 2, the statement P(n) is equivalent to the
Paris-Harrington Principle in dimension n, and hence is I3, _i-unprovable. In particular the statement
“for all n, P(n) holds” is equivalent to the Paris-Harrington Principle and hence is not provable in Peano
Arithmetic.

In this note we show how to use prime constellations, residues modulo a prime number and primality
and non-primality of polynomials in place of colours as in Ramsey theory, to formulate some simple and
attractive strong (unprovable) statements about prime numbers. In all examples in this note, our strong
statements are mere reformulations of the Regressive Ramsey theorem, the Kanamori-McAloon Principle and
the Paris-Harrington Principle.

The background material on Unprovability Theory is in [2]. We use standard names for arithmetical the-
ories of this part of the spectrum of arithmetical strength. The theory IAg + exp, also denoted IAg(exp)
(and its variation EA as well as the conservative second-order version EFA) is the theory where usual concrete
mathematics (that does not use genuine infinitary methods and does not talk about functions that grow faster
than finite towers of exponents) takes place. See [1] for a discussion of this theory and its strength. A stronger
theory IY;, the one-quantifier induction arithmetic (and its variations, including primitive recursive arithmetic
PRA and the conservative second-order extension RCAy) is often identified with the intuitive concept of “fini-
tary reasoning” or “all possible elementary methods in mathematics” but is actually somewhat stronger than
the informal perception of “elementary methods”. The theory I3, the two-quantifier induction arithmetic,
is an extension of I, and is believed to be able to incorporate the rest of concrete mathematical proofs of
first-order arithmetical theorems from the past, including all “non-elementary methods”, such as theorems of
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complex analysis etc. The theory PA, first-order Peano Arithmetic (and its second-order conservative version
ACAy) is very strong and is often identified with “finite” or “separable” mathematics, the last outpost of the
finite before truly infinitary methods kick in. All definitions and discussion of these theories can be found in
S. Simpson’s book [11], which is the standard reference.

The classical number-theoretic theorems and conjectures we mention in this note can be found in most
introductory number theory textbooks. I was occasionally using the textbook [10]. Let me formulate the three
important unsolved problems in number theory that will often be mentioned below.

A finite sequence of zeros, ones and stars is called a constellation. We say that a constellation is realised
in N if there is an order-preserving, difference-preserving function that maps zeros into composite numbers,
ones into prime numbers and stars into any numbers. (By difference-preserving we mean that two symbols
of a constellation whose locations differ by n are mapped into two numbers whose difference is n.) We say
that a constellation is allowable if it satisfies the following straightforward condition: for every prime number
p, the set of places where 1 occurs in our constellation does not cover all residues modulo p. The Hardy-
Littlewood k-tuple Conjecture says that every allowable constellation is realised infinitely-often (and even
gives the asymptotic number of occurrences of each constellation below z). Only two easy cases of the Hardy-
Littlewood Conjecture are known to hold: the case of an arbitrarily long string of zeros and the case of an
arbitrary string of zeros and a single one.

The Buniakovsky Conjecture [4] says that for every irreducible polynomial p(z) with integer coefficients,
if p(x) does not have local obstruction (i.e., there is no prime number that divides p(z) for all x) then p(x)
takes infinitely-many prime values.

Hypothesis H is the ultimate generalisation of the Buniakovsky Conjecture to finite collections of polynomi-
als: for any finite collection or irreducible polynomials py(z), p2(x), . . ., pn(x), if there is no prime number that
divides [];", pi(x) for all z, then on some infinite set of arguments z, the polynomials p;(z) are simultaneously
prime.

This note was written on the occasion of the 70th birthday of Grigori Mints.

1 Primality-isomorphic intervals of natural numbers

We say that two intervals of natural numbers are primality-isomorphic if there is an order-preserving, primality-
preserving and nonprimality-preserving bijection between them. For an interval [m, n], we define isotype([m, n])
as the sequence of zeros and ones of length n —m + 1 such that for every i < n —m + 1, the ith entry is 0 if
1+ m is composite and 1 if ¢ + m is prime.

Theorem 1. Let ® be the statement “every infinite set B has an infinite subset A such that for any x < y < z
in A, the interval {Z£%, ..., 3ZF4} is primality-isomorphic to the interval {Z2, ..., 3221”. Then RCA( proves
that, assuming the Hardy-Littlewood conjecture, ® is equivalent to the Regressive Ramsey Theorem for pairs,
thus implying all theorems of PA.

For every set X, [X]™ denotes the set of all n-element subsets of X. We define a function f of n arguments
x1 < T3 < ... < T, to be regressive if f(x1,22,...,2,) < x1 and 2%-regressive if f(x1,x2,...,2T,) < 271,
We say that a set H is f-min-homogeneous if for all 1 < 29 < ... < xp and T1 < Yo < ... < y, in H,
flzi, 2o, ... 20) = f(z1,92, ..., yn). RegRT? is the statement “for every regressive f: [N]2 — N, there exists
an infinite f-min-homogeneous set”. RegRT?(2%) is the statement “for every 2%-regressive f: [N]2 — N, there
exists an infinite f-min-homogeneous set”. It is known that RegRT? is equivalent to the infinite Ramsey
Theorem for triples and two colours RT3 (“for any infinite set B C N and any function f: [B]® — 2, there
exists an infinite set such that f is constant on its 3-element subsets”). It is also known that RT% axiomatises
ACAy, and thus implies all theorems of Peano Aritmetic [11].

Let us first show that ® follows from RegRT?(2%). Consider any infinite set B and a colouring iso: [B]> — N
defined as follows: iso(z,y) = isotype( %‘W, ceey 3x;'y }) Since there are fewer than 2% possible isomorphism
types, the function is 2”-regressive. A min-homogeneous infinite subset of B is as needed.

We used a seemingly stronger version of RegRTQ(Q‘”) by applying the principle to an arbitrary set B, not




to N, which could theoretically turn out to be strictly stronger, for example false. Let us show that it is still
equivalent to RT5. Consider any colouring f: [B]? — N with f(z,y) < 2°. Put

g(;t,:%z)_{ 0 lff(xvy):f(l',z)

1 otherwise

Using RT%, choose an infinite homogeneous set and notice that the colour is 0, so we are done.
Before we go into the proof of Theorem 1, we need the following lemma.

Lemma 2. Given numbers n and r and an allowable constellation C there is a number s such that there are
at least n allowable constellations of the form

Cxxsxxxx]
———

where each I is a string of zeros and ones of length s.
The lemma is provable in IAg 4 exp.

Proof. (Proof of Lemma 2.) Let ¢ be the length of the sequence C. For every prime number p; < ¢+ 2, fix
some residue a; modulo p; that occurs in C' and define the sets

P,={m|m>{+rand m=k-p; +a; for some k € N}.

By well-known properties of residues, the set ﬂpi <t42 P 1s infinite (and recurring with period Hm< 112 Di)-
Set - B
b1 = min ﬂ P;.

pi<€+2

Clearly, for all primes p; < £+ 2, by realises only existing residues modulo p; and for every prime p > ¢+ 2, by
does not complete the set of all residues modulo p (since we left two spare places when wrote ¢ + 2).

Do the same process to define b; for all i < n. Suppose the number b; has been built. For every p; < b,,_1+2,
fix a residue a; occurring so far in C or as by for some k =1,2,...,7 — 1 and define again

P,={m | m>by,_1, m=k-p;+a; for some k € w}.
Set b; = min ﬂmeFlH P; and define

C" = C#xx*xxx000...01, 0...001, ,

T

where new ones stand in the places by,bs,...,b, and the rest are zeros. Notice that C’ is an allowable
constellation, and so is any constellation obtained from C’ by substituting some of b;’s ones by zeros. Therefore
we have built 2"-many allowable constellations that continue C. The number s = b,, —r — £ can be estimated,
since at each stage there is a rough exponential bound b; < b;,_1 + Hpi <b;_,+2 Pi, so the construction can be
conducted within TAg + exp. O

Now let us prove Theorem 1.

Proof. (Proof of Theorem 1). Consider an arbitrary regressive colouring ¢: [N]*> — N and build a set B, C N
with its nth element denoted by b, such that for any n < m < k in N, if iso(b,, b)) = iso(by,bx) then
g(n,m) = g(n, k), so the application of ® to B, will pick out the desired min-homogeneous set for g.

Let us define a sequence of points (b, | n =0,1,2...) and a certain auxiliary tree T'. Set by to be arbitrary
and fix an a allowable interval constellation Iy on [0,bg]. Let the root of T be Ij.



Define the point b; as follows. Apply the Hardy-Littlewood Conjecture to Iy to find (using Lemma 2)
the first realisation [a,a + by] such that, defining by = 2a — by, we have: there are at least two allowable
constellations of the form

Tox s s sxsxsxx ]
—_——

co

where [ is of length b; + 1 and ¢y = %

Consider the set
b1 — by 3b1 — by
2 2

[0, bo] # * % % *x
~—
Cco
and fix two allowable constellations on this set: Iy * * % % x xIpg and I * * * % % xI5;. These two constellations

form the second level in T, and are the two immediate successors of the root Ij.
Let us find a point by such that

1. by > 17by:
2. iso0(bo, b2) = o, iso(b1,b2) = Iy g1,2);

3. both Iy and Iy; have three different (and different from each others’) continuations, i.e. there are three
constellations of the form
T s k% sk ko g k% %k ok sk k ok

co C1

and another three allowable constellations of the form

To s sk koo ok ok Tgp sk okok ko ok ok [

co c1
where I is of length by + 1 and ¢; = %.

The three continuations of Iy * * x % x Igg will be called Iyog, Ipo1 and Ipge and the three continuations of
Ip % x x x x Ip; will be called Ip1g9, Ip11 and Ip1o. It is important that we chose b so that all these six
constellations of length by 4 1 are different.

Now the general case. Suppose bg, b1, ...,b,—1 have been defined, as well as the first (n — 1) levels of the
tree T'.

Find a point b,, such that

1. b, > 17bn_1;

2. iSO(bo, bn) = Io;
iSO(bl, bn) = I(],g(l,n);
iSO(bQ, bn) = IO,g(l,n),g(Q,n);

is0(bp—1,b,) = Io g(1,n),....9(n—1,n);
3. for every branch in T),_1, i.e. for every constellation of the form

C = Tox % %% xx Log, % % %k Loy % - % % D0k koo ke

kn_19

Co C1
where k; € {0,1,...,i}, there are (n + 1) different allowable continuations of the form

Coksxxkkxl,
—_————
Cn-1

by, —3bn_1

where [ is of length b,, + 1 and ¢,,_1 = 5



Define B to be the set of all b, for n € N. (Notice that it is well possible that g(n,m) = g(n,k) but
150(by, byy,) # 1s0(bp, bi) but it does not concern us since we are only interested in the inverse of this relation.)
Now, apply ® to B and extract the set A as in ®. Now notice that the set

{m eN| b, € A}
is min-homogeneous for g. O

There is another way to think about the proof of the strength of ®, namely in terms of choosing an
infinite branch through our tree 7' (which we eventually do when we extract A). So we could think not in
terms of ® < RegRT? but in terms of equivalence with full Kénig’s Lemma (which is equivalent to ACAy) [7].

Let o be the statement “for all m, there is N such that for any set a; < as < --- < ay, thereis H C N
such that whenever ¢ < j < k and are in H then the sets iso(a;, a;) and iso(a;, ay) are primality-isomorphic”.

Corollary 3. I3, proves that the Hardy-Littlewood conjecture implies o — KM?. Thus 2 and the Hardy-
Littlewood conjecture cannot be both provable in 3.

Proof. The proof is identical to the proof of Theorem 1 above. O

It is now possible to formulate some other related unprovable statements about polynomials and primes if
instead of the Hardy-Littlewood k-tuple Conjecture we use the Buniakovsky Conjecture or Hypothesis H. Since
each of those unprovable statements uses exactly the same idea (realisation of constellations corresponding to
colours) and a very similar proof, we shall stop here now.

Also, it is possible to generalise the statement o to the statement ¢,, equivalent to KM™, using the

function iso(xy, 22HEtetin,

2 Basic congruences and Dirichlet’s theorem

Let p, be the nth prime. Consider the statement W: “for every infinite set B C N, there is an infinite subset
A C B such that for any k < m <n in A, p,, = p, mod p;”.

Theorem 4. RCA, proves that ¥ is equivalent to RegRT?, and hence implies all of ACA,.

Proof. RegRT? — W is easy. Set f: [B]?> — N to be defined as follows: f(x,y) is the residue of p, modulo
ps. Clearly f is 22-regressive (and even z In z-regressive), so choose an infinite f-min-homogeneous set A and
notice that this set is as needed in V.

¥ — RegRT?. Given a regressive colouring g: [N~ {0}]2 — N~ {0}, build a set B, C N consisting of
primes such that for any m < n in N,

by, mod b, = g(m,n).

Set by = 2, by = 3. Clearly, g(1,n) = 1 for all n > 1, so for all prime numbers p, we have p mod b; =
g(1,n) for all n € N. Suppose for n > 2 we have chosen prime numbers by, bs,...,b,. Find a number
a€{1,2,...,b1by...b, — 1} such that

a modb =g(l,n+1)=1
a mod by =g(2,n+1)

a mod b, = g(n,n+1).

This number exists because all b; are prime. Notice also that since g(i,5) # 0, a is not divisible by any b;.
Now, every member of the arithmetic progression

ble...bn~k+a



satisfies the same set of conguences modulo b; (i = 1,2,...,n) as a, so, we can use Dirichlet’s theorem and set
bn+1 to the first prime member of this arithmetic progression for some k > 1.

I3 -provability of Dirichlet’s theorem can be found in Cegielski [5]. See also discussion and some of the
history of the question in Avigad [1]!.

Therefore our proof of the equivalence ¥ < RegRT? is clearly being conducted in RCA,.

Define B, = {n € N | p, € B}. Apply ¥ to By to get a subset A C B, such that for k < m < n in A,
Pm = pn mod pg. Notice that A is the g-min-homogeneous set we were looking for. O

Corollary 5. The statement 15 defined as “for all n there is N such that for every set B of size N, there is
a subset A C B of size n such that for all m < k < £ in A, pr = p¢ mod p,,” is not provable in Y.

Proof. The proof repeats the proof of Theorem 4 above. O

It is possible to transform 1), into an equivalent statement in II9 form by substituting the quantifier “for
every finite set B of size N” by a bounded quantifier with an explicit upper bound f(NN) such that the set
{b1,ba,...,bn} is stated to be chosen from {0,1,..., f(N)}.

As with many strong IT3 statements, both ® and ¥ can be approximated by their “densities” in the sense
of J. Paris. The resulting first-order statements are equivalent to 1-consistency of PA (and thus are much
stronger than o or 12) and talk in a certain iterative way about prime numbers. But those statements no
longer look particularly interesting, so we omit them here. Another way to gain more strength than s, but
still end up with interesting assertions (while staying in the language of first-order arithmetic) is to imitate
KM" in the same way as in the proof of Theorem 4, by multiple applications of Dirichlet’s theorem. This is
quite straightforward and we also omit it.

3 Primality and non-primality of polynomials

Theorem 6. For every n > 1, let P(n) be the statement “for all m > n, there is N such that for every
polynomial p(x1,xa, ..., x,) with integer coefficients, there is H C {0,1,2,..., N — 1} of size at least m such
that |H| > min H and p is prime on all n-element subsets of H or composite on all n-element subsets of H”.

For every n > 2, the statement P(n) is equivalent to PH}, and hence is I3,,_j-unprovable. In particular
the statement “for all n, P(n) holds” is equivalent to PH and thus is not provable in Peano Arithmetic.

Notice that since there are polynomials all of whose positive values are prime [8] and polynomials all of
whose positive values are composite, it is important to mention both “primality” and “non-primality” cases
here, to stay consistent.

We routinely think of each polynomial as a cut-off function from N to N, setting p(x1,zo,...,z,) = 0 if
the value turns out to be negative. Let us also mention what we mean by “primality on a set H”. We mean
that for all 1 < x93 < ... < z, in H, the number p(z1,za,...,z,) is prime. Similarly for “being composite
on a set H”.

Proof. Tt is clear that for every n, PHS implies P(n) and that PHy implies “for all n, P(n) holds”. So let us
now prove the opposite direction.

Consider an arbitrary m and find the number N as provided by the principle P(n) for m. Consider an
arbitrary colouring f: [N]™ — 2. Let us build a polynomial p¢(z1,...,2,) with integer coeflicients such that
forallz; <zo <...<z, <N,

ps(z1,22,...,2,) is prime <= f(z1,22,...,2,) = L.

This is not difficult because we have finitely-many such functions f but an infinite supply of various polynomials
we can use to imitate f by their primality or non-primality.

LA related question concerns provability of the Prime Number Theorem. I¥1-provability of the Prime Number Theorem, was
done by Grigori Mints already in 1975, see [9]. (A IAg(exp)-provability proof can also be found in [6].)



First let us define for every k1 < k2 < ... < k,, an auxiliary polynomial

Jhrko. kon (T1, T2, ooy Ty) = H (1 —i1) - H (xg —d2) ...- H (Ty, — ).

i1 <N,i1#£k1 i< N,ig#ka in<N,inF#kn

Clearly, for 1 = k1,...,2n = kn, Gky1ks. .k, (T1, T2, ..., 2,) # 0, but for all other arguments z1,...,z, < N,

gklkg..‘k‘n (xla Z2, ... 7$n) = 0
Now consider C'y-many infinite sequences:

140 Grikoo ko, (K1, k2, .o kn)

that is, one sequence for each n-element subset k1 < ko < ... <k, of {0,1,2,...,N —1}.

Each of these sequences has infinitely-many composite values and, by Dirichlet’s theorem, infinitely-many
prime values, and we have a primitive recursive bound on when the first composite value and the first prime
value is guaranteed.

For each k1 < k2 < ... <k, < N, find and fix the natural number My, k,...r, such that:

o if f(ki,kay..., ky) =0then 1+ My, k. k * Gkiko.. .k, (K1, K2, ..., kn) i composite;
o if f(ki,kay... ky)=1then 1+ My, koo ko * Gkiko.. .k, (K1, k2, ..., kp) is prime.

Now, set
pr(@1, 22, .., 2n) =1+ Z Miyks i * Gk ki (T1,T25 - oo, T).
k1 <ko<..<kn<N
Clearly, this polynomial is as needed.
Hence the set H C {0,1,2,..., N — 1} of constant primality or non-primality for p; is the homogeneous
set for f needed in the Paris-Harrington Principle, so P(n) implies PHS. The proof of this implication has
been carried out in I3, because the explicit bounds in Dirichlet’s theorem are proved in I¥;. O

At this moment we may want to formulate the following statement A (an easy consequence of the Infinite
Ramsey Theorem): “for every polynomial p of several variables, there is an infinite set H on which primality or
non-primality of p is constant”. It would be tempting to try a compactness argument to show that A implies
“for all n, P(n) holds” thus implying PH. However, it does not work (the infinite branch is not defined by a
polynomial). There is more to say about this statement and several other interesting statements concerning
prime values of polynomials. This is work in progress and will appear in due course in [3].

Although all unprovability proofs in this note are very simple, the main ideas (constellations of primes,
residues modulo a prime and primality or non-primality as colours) appear as ingredients inside more serious
arguments in the big project [3]. We extracted and isolated the unprovable statements ®, w2, ¥ and Vn P(n)
of the current paper since they are simple, compact and might have some independent interest.
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