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Abstract

This is a preprint for Max-Planck Institute’s proceedings.

We present recent results in the area of unprovability. We find unprovable state-
ments about a general class of functions using similtaneous diophantine approxima-
tion, unprovability results about the Riemann zeta-function using almost-periodicity
and probabilistic arguments and a simple unprovability result about converging series
using existence of a universal series, that is a sum of terms of the form a; - z* - y%
whose re-arrangement converges to an arbitrary function of two variables.

This reseach takes its origin from H.Friedman’s sine principle [2]. The statement
roughly says that the sine-function, when considered discretely with rational steps, re-
turns to smaller and smaller neighbourhoods of the same point arbitrarily often. The main
idea behind the unprovability proof of the sine-principle is that it was possible to somehow
formulate Ramsey-theoretic statements in this set-up without actually mentioning quan-
tification over all possible colourings. It turns out that it is possible to extend this result
to larger classes of functions in place of sine, to results of separate interest. This research
also led to a general technology of using universality phenomena to imitate Ramsey-style
statements in non-Ramseyan contexts while preserving logical strength and unprovability
of the original Ramseyan assertions.

1 Unprovable statements obtained by simultaneous dio-
phantine approximation

Here is a quite general theorem that embraces all relevant ideas. We can think of slightly

more general formulations but they wouldn’t expose new ideas.

Definition 1. Let f be a function of one real argument, definable in the language of
arithmetic. A’ is the following statement: “for all m, there is IV such that for any sequence

{a;)| of rational numbers, there is H C N of size m such that for any two m-sequences
h<ig<...<ipand ig <ks <...<kp,,

f(ai, - ai, - - ai,) = flaiy - ap, - oag, )] <2707,
Ay is the statement VnA?.

Theorem 1. Let f, g and h be three functions such that for any N € N and any small
e >0,

1. h is a periodic function with period a, continuous on its period;

2. fissuch that for any by, bo, ..., by, linearly independent over aQ and any ¢y, co,...,cy €
[0, a), there is x € Q such that for all ¢ € {1,2,...,N},

|f(b;-x) mod a — ¢ < e



3. g is any continuous function on a subset of R, whose image contains [d, +00) for some
deR.

Then Apofoq is unprovable in Peano Arithmetic and AZ;LJ}O p is unprovable in I3,

This turns out to be a rich class of functions. During the proof, the reader can think
of h(z) as sin(x) or {z}, of f as any polynomial and of g(z) as e.g. 1 (but note that g
does not have to be a bijection when restricted to any of the subsets of its domain: only
continuity and covering some [d, +00) is needed).

Proof. For convenience, assume that the range of h is [0,1]. We will show that for any
F: [N]™ — [0,1], there are rational numbers r1,73,...,ryn in the range of g such that for
all 17 <ig < -+ <ip <N,

|F(i1a'~-ain) 7h(f(7ﬂi1 "Tiy Tln))| <E&.

We shall first find such aQ-linearly independent numbers and then find the required rational
numbers close to them. The proof goes by induction. The inductive step is as follows.
Suppose we have built a; < as < ... < a,, as needed. Enumerate all C"~!-many sequences
i1 < ip < ... < ip—1 < m, denote the product of the kth sequence a;, -...a;, , by di
and apply the assumption on f to find a,,41 as a linearly independent number in a small
neighbourhood of a solution of the simultaneous set of diophantine inequalities:

W(f(di - 2)) — Fliv, ... in_1,m +1)| <.

Having constructed aq,...,axn, set our desired 71, ...,ry to be any rationals sitting in
a very small neighbourhood of g=!(a1),...,g9 *(an). O

Actually, a periodic function, continuous on its period can be replaced by any function
that takes infinitely (but boundedly-many) values on its period. Now let’s turn to some
examples.

EXAMPLE 1. f IS A POLYNOMIAL.

Lemma 2. (Hermann Weyl, 1916).

Whenever we have a finite number of polynomials p; (), p2(z),...,pk(x) such that each
of them has an irrational coefficient then for any c1,co,...,cx € [0,1) and any € > 0, there
exists a sumultaneous natural solution of all inequalities [{p;(z)} — ¢;| < €.

I am also assuming there exists an effective vesrion of Weyl’s Theorem. This gives us
many new results.

For any nonconstant polynimial p(x) with an irrational coefficient outside 7@, the following
functions work in our set-up:

sin(p(z1 -T2 ... Zn));
{p(xy - z2-...-xy)};
ez )
pley-wa- ... xy)
Proof. Enumerate all products as above and define pg(x) = p(a;, - ... a;,_, - x) for all

k < Cr~1. Apply the effective version of Weyl’s Theorem to this finite set of polynomials
to solve our inequalities:

Hp(aiy - - ai, - x)} — F(i1,...ip—1,m)| < e.



EXAMPLE 2.

Question 1. What is known about the joint diophantine approximation of fractional parts
of other classical functions: e*,In(z), etc ?

I guess we have to ask some diophantine experts by email: e.g. whether there is a
nice class of N-sequences aq,...,an such that for any sequence ci,...,cy € [0,1), the
collection of simultaneous inequalities [{e*®} — ¢;| < € has a solution z € Q.

We need to find more examples of functions f that satisfy condition (2) in Theorem 1.

ExAMPLE 3. f 1S AN IPR-FUNCTION OF FURSTENBERG AND WEISS
Some words about unprovable statements about p-adic functions HERE.

2 Unprovable statements about converging series

Here are some easy considerations based on Fekete’s Theorem. Let us do this for n = 2
and IXi-unprovability, to make life easier in the beginning.
Here is a 2-dimensional version of Fekete’s theorem.

Lemma 3. There is a sequence {(a;);e, of rational numbers and two sequences (¢;) and
(ki) of natural numbers (where each ¢; and each k; appears only finitely-many times) such
that for any continuous function f: [0,1]? — [1,2], there is a sequence (my)xe, such that

my
Smk (l‘,y) = Z a'ixéiyk% ——k—oo f(xvy)

i=1
uniformly on [0, 1]2.
Proof. SKETCH OF THE PROOF HERE. 0

Let us introduce two second-order statements P; and P, and one first-order statement
P; and show that RT! — P, — P, — P; — KM>.

Py: for any sequence (my)key, such that Sy, (x,y) uniformly converges to some func-
tion [0,1]? — [1,2], there is an infinite set H C N and ko € N such that for any i < j <n
in H and any k > ko, |Spm, (§,5) = Sm, (5, 3] < 37%

Py: for all m there exists N such that for any sequence (mg)re. such that Si(x,y)
uniformly converges to some function [0,1]? — [1,2], there is a subset H C N of size m
and ko such that for any i < j <nin H and any k > ko, [Sm, (7, 5) = Sm, (7, 5)| < 37"

P53 is the statement: “for all m there exists IV such that for all k£ there is a subset
H C N such that for all i < j <nin H, |Sk(4, %) = Se(3, L <37,

Proof.

The proof that RT! implies — P, is easy. Choose any i; and put X; = N. Suppose i1, .. .4,
and X, have been constructed and define i,,; and X,,11 as follows. Partition [1, 2] into 3"
segments of length 37% and define I to be a segment that contains infintely-many images of
Smk(i, %) (z € Xp). Put X,,p1 ={z € X, | Smk_(%, %) € I} and put i,11 = min X,,41.

Let us show thatPs implies KM?. For any m, consider N as in P; and show that this
N is suitable for KM?. Consider a regressive function F: [N]> — N and let f(z,y) be



defined on [{1/N,...1/2,1}]* as f(3, %) =1+ ﬁ and continue f to a continuous
function f:[0,1]> — [1,2]. Set ¢ = 3. By Lemma 1, choose an index k such that
[Sk(z,y) — f(x,y)| < & uniformly for all z,y.

Choose H C N of size m such that for all i < j <n in H, |Sk(3, %) = Sp(3, 5 <374
Then |£(3,7)=f (5 )l < IF(5 5)=Sk(G DI+ 1S(3 1) =Sk (G DIHIF (G ) =Sk(5: )l <
e+37"+e.

However, since F' is regressive, we know that the distance between f (%, %) and other
images of f is at least ﬁ > 37% + 2¢ for all i. Hence, on H, f(%,%) = f(3,1) and

F(i,j) = F(i,n), so H is the needed min-homogeneous subset for F. O

3 Riemann zeta function

Lemma 4. Let 0 > 1 and let I, be a non-trivial interval (which exists according to [1])
on the real line in which the zeta values ((o + it) are dense. Let € > 0. Assume that
F : [R]" — I,. Let N be so large that |[];Z 5., 1_11:%| < ¢/6 uniformly in t. Let
K = Q(log(p1),log(p2), ..., log(pn)). Here p; denotes the i-th prime. Then there exist
K -algebraic irrationals ay,...,ar over K such that degy (a;) = 33" for 1 <i < R and
such that

(Fir,.yin) = Clo+i-as - a1,)] <e

forl1<i;<...<i, <R.

Proof. By [1] find for all sequences i1 < ... < i,, rational numbers ¢(i1,...,4,) such that
[C(o+i-t(i1,... 1)) — F(i1,i2,...,q+ 1)| < &/6.

The proof is now by induction on 7,. Assume i, = n. Pick K-algebraic irrationals
ai,...,an—1 such that deg(a;) = 33" By [1] we know that t — ((o + it) is dense in I,.
Then by density of the algebraic irrationals involved we can pick a suitable a,, which has
to satisfy only |F(1,2,...,n) —((oc +ia1 ... an)| <e.

Now consider i, = ¢ + 1 and assume that ai,...,a, have been constructed with the
desired properties.

Put CN(O'"’Zt) = Hilﬁ and RN(O'"—Zt) = %

By the condition on degrees the products, log(p;)ai, - .. .- a;, are linearly independent.
Hence by the effective version of Kronecker’s theorem on simultaneous diophantine approx-
imation and continuity considerations, we find a rational number ¢ with effective bounds
on nominator and denominator such that

‘CN(O'—‘y-t-ail '~-~'ain,1)_CN(U'FZ"t(ilaw-yinflan"1)‘ <8/6

for all relevant indices. By continuity, find a positive ¢ such that for all v with |y| < & we
have
IClo+i(t+7)-aiy - .-a;s,_,)) — F(i1,42,...,¢+ 1) < e.

Find a441 of appropriate degree in a d-neighbourhood of ¢ such that

IC(o+i-ay ... ai,_, -ai,,)— F(i1,is,...,q+1)| < £/6.



We finally obtain

IC(o4i-ai, ... a;,) — F(iy,... 0|

< Un(o+i-ay - ...ma;,) —Cn(o+i-t(in,... in))]
+ [C(o+i-t(ir, .. in)) — F(i1, ... in)|

+ |Rn(o+i-a;y ... ai)l

+ |Rn(o+i-t(i1,...,in)| <e.

O

Lemma 5. Let 0 > 1 and let I, be a non trivial interval (which exists according to [1])
on the real line in which the zeta values ((o + it) are dense. Let ¢ > 0. Assume that F :
[R]™ — I,. Then there exist rationals r1,...,rg such that nominators and denominators
are effectively controlled for 1 <i < R and such that |F(i1,...,in) — C(o(rsy, - ... 1)) <€
for1<ii<...<i, <R.

Proof. Apply the previous Lemma and pick the a;. By Dirichlet’s result on simultaneous
diophantine approximation we can find nice rationals r; close to a;. Then do a continuity
argument. O

As before we obtain the following applications.

Theorem 6. Fiz 0 > 1 and a natural number n > 2. For all natural numbers K there
exists a natural number R so large that for all rational numbers 1y < ... < rr which
nominators and denominators bounded prim rec in R there exists a subset H of cardinality
K such that for all choices 1, < 7Tiy,... <13 € H and all vy, <7j, <...<7rj € H we
have [C(o +iryy ~Tiy oo Tige) —C(O 0 1iy Tjy oo Ty )| < 270

Theorem 7. Theorem 6 is not provable in PA.

In the next step we extend the previous theorem to the case where o € (%, 1]. The proof
will now have a different flavour since || does not converge uniformly for
o € (0.5,1] and any fixed N.

As before, let Ry(s) :=((s) - Hi]\il(l —p; ¥). The following three lemmas can be found
in Bohr-Courant [1]

o0 1
i=N+1T_p 7%

Lemma 8. Assume that 0.5 < o < 1. Assume that £,8 are strictly positive reals. Then
there exists Ny depending on o,¢,0 such that: For every fited N > Ny we have that for
T large enough the sum of the lengths of the intervals I C [=T,T], such that fort € I we
have |Rn (o + it) — 1| > €, is smaller than § - T

We need the following version of Kronecker’s Lemma.

Lemma 9. Assume that \1,..., AN are linearly independent over the rationals. Assume
that we are given an N -dimensional cube Q,with side length d, contained in the unit cube.
Assume that the sides of Q are parallel to the axes. Let M := {t € [0,T] : (tA1,...,tAN) €

Q( mod 1)}. Then M consists of a finite number of intervals. Let M(T) be the sum of

the lengths of these intervals. Then limp_, % =dVN.

Lemma 10. Assume that (r;)32, is a sequence of positive reals such that Y ;< r; diverges
and such that >"7°, r; converges. Let Sy(n1,...,nn) = Zf\il log(1 —riexp(2-7-i-m;)).
Assume that Iy is a finite collection of cubes with non-zero diameter. Then the Lebesque
measure of {(n1,...,nn) € [0, 1N : Sxy(n1,...,nn) € I} is strictly positive.



Lemma 11. Let 0.5 < 0 < 1. Let ¢ > 0. Assume that F : [R]™ — [1,2]. Let N > Nj.
Let K := Q(log(p1),log(p2), . .., log(pn)). Here p; denotes the i-th prime. Then there exist

K -algebraic irrationals ay,...,ar over K such that degy(a;) = 337” for 1 <4 < R and
such that
Fliv, .- yin) = C(o +i-as, - ai)| < £

forl1<ii<...<i, <R.

Proof. The proof is again by induction on 4,. Assume i, = n. By Bohr-Courant [1]
we know that the (-values are dense in C for the vertical lines under consideration.

Pick K-algebraic irrationals ay,...,a,_; such that deg(a;) = 3*" . Then by density of
the algebraic irrationals involved we can pick a suitable a, which has to satisfy only
|F'(1,2,...,n) —((c+iay - ... an)| <e.

Now consider i, = ¢ + 1 and assume that aq,...,a, have been constructed with the
desired properties.

Put (n(o+i-t) := Hf&l — — and Ry(oc+i-t) := M Let i :=:= Ty eneybn_1

=1l 1-p; Cn (o+i-t)

be a typical sequence of indices i; < ... < i,_1 < n. By continuity of the involved
operations let us fix a positive €; such that for simultaneously for all i we have that from
|z — F(i)| < &1 and |y — 1] < &1 we can conclude that |z -y — F(i)| < e. Further we may
choose an &5 such that we have that for all 7 we can conclude from from [log(x) — log(F(7)| <

ey that |z — F(7)] < ;. The assertion follows when we can find an N and a ¢ such

that for all i we have simultaneously |log Hilil(l —pﬁgii't'n T —log(F (1)) < &5 and
|[Ry(o+i-t-]a;) — 1] <e1.
Let us introduce some abbreviations. Let ry, := p,7, A 7:= 7%,
N ) N
SN ;(U +7- t) = Z log(l _ p;o'—z‘bn af) — Z log(]_ — 7y EXP(27Ti . t)\n ;))
n=1 n=1

So we have to fulfill all the inequalities |Sy (o +i-1) — F (i)| < 2 simultaneously. Let us
consider the function Sy (n1,...,mn) = 25:1 log(1—ry,-exp(2min,)). For every 7 let Q; be

an N-dimensional cube with center F (Z) and diameter smaller than 2. Since 0.5 <o <1
the sum Y > | r, does diverge and the sum > -, r2 does converge. We can thus apply
auxiliary lemma 10 to see that the probability that for all i the value Sy (7717;, co Ny s
contained in Ry is strictly positive, say greater than k. (Note that we can apply here the
Fubini theorem to see that the probabilities for different z_"rzlultiply.) The Lemma 10 is
here applied to vectors of length N times the number of the 1.

Now we want to apply the Kronecker Lemma in this situation. Let

Q(;) = {(7717,7]N) : SN(WI,---J’)N) S R;}

We have that Sy(o +i-t-[[a;) € Ry iff (t-Ai,...,t-\,) € Q(i). By choice the numbers

ni = —W are simultaneously linear independent for all n = 1,..., N and all

choices of i. Let M(T) be the set of those ¢ € [0,T] such that (tA 7o tAy7) mod 1€
Q(f) for all 7. Then by Kronecker’s Lemma for large enough T the Lebegue measure of
M(T) is larger than k% . T.

Let us now consider the remainder terms Ry (o +i-t-]]az).

2’“_?:{ we find a fixed N > Ny such

that for each 7 the sum L of the lengths of the intervals consisting of those ¢t € [T, T for

By applying auxiliary lemma 8 for e = ¢; and § =



which [Ry(o+i-t-J]a;) — 1] > &1 is less than % Hence the sum (taken over all 7) of
the lengths of all intervals consisting of those t € [—T, T for which for all fsimultaneously
we have [Ry(0 +i-t-[[a;) — 1| > €1 is less than k?. Let M*(T) denote the set of all
such ¢.

We now choose a T' > T such that the Lebesgue measure of M(T) is larger than
T - k#1/2. Now we have that the measure of M(T) is larger then Tkjl

of M*(T) is strictly smaller than kT#iT. Therefore there is at least one ¢t in M (T') which is

not in M*(T). For this ¢ we have that for all  that |¢(o 4+ -t -] az) — F(i)| < e. Now by
continuity we can choose an an algebraic approximation of ¢ of the right kind. O

and the measure

Lemma 12. Let 0.5 < 0 <1 Let € > 0. Assume that F : [R]™ — [1,2]. Then there exist
rationals r1,...,rr such that nominators and denominators are effectively controlled for
1 <i < R and such that |F(i1,...,in) —Clo+i-r5y -.oor )| <eforl<ip <...<i,<
R.

Proof. Apply the previous Lemma and pick the a;. By Dirichlet’s result on simultaneous
diophantine approximation we can find nice rationals r; close to a;. Then do a continuity
argument. O

As before we obtain the following applications.

Theorem 13. Fiz 0.5 < 0 <1 and a natural number n > 2. For all natural numbers K
there exists a natural number R so large that for all rational numbers r1 < ... < rgr which
nominators and denominators bounded prim rec in R there exists a subset H of cardinality
K such that for all choices 7y, < 74,,... <1, € H and all v, < 1), <...<7rj € H we
have [((o +iryy ~Tiy oo 1) —Clo 401y Ty ooy )| < 270

Theorem 14. Theorem 13 is not provable in PA.

Here s a list of further unprovability conjectures. In each of the conjectures, the state-
ment is provable in some stronger theory, that is, known not to be inconsistent.

Conjecture 1. The following is not provable in I¥;. Fiz o = 0.5. For all natural numbers
K there exists a natural number R so large that for all rational numbers r1 < ... < rg
which nominators and denominators bounded by a certain primitive recursive function of
R, there exists a subset H of cardinality K such that for all choices i, <1, € H and all
iy, <1jy € H we have [(0 + i1y, - 1iy) — (o + i1y -15,)] < 270

We have a sketch for this assertion, applying a zeta result [4] by Chris Hughes.

Conjecture 2. The following is not provable in IX%,. For all natural numbers K, there
exists a natural number R so large that for all natural numbers 3 < mq < ... < mpg, there
exists a subset H of cardinality K such that for all choices m < | < k in H, we have
[sin(m - I™) — sin(m - k™)| < 27™.

Conjecture 3. The following is not provable in 1%1. For all natural numbers K, there
exists a natural number R so large that for all natural numbers 3 < my < ... < mg, there
exists a subset H of cardinality K such that for all choices m < 1 < k in H, we have
1™ (0.75 44 - 1) — ¢"™)(0.75 44 - k)| < 27™. Here ((m) denotes the m-th derivative of (.

Conjecture 4. The following is not provable in I%,. For all natural numbers K, there
exists a natural number R so large that for all natural numbers 3 < my < ... < mg, there
exists a subset H of cardinality K such that for all choices 2 < m <1 < k in H, we have
IC(E +i-0)—¢(L +i k)| <27



Conjecture 5. Let v, be an enumeration of the imaginary parts of the zeta’s zeros in
the upper half-plane in increasing order. The following is not provable in I%,. For all
natural numbers K, there exists a natural number R so large that for all natural numbers
3 < mi < ...< mpg, there exists a subset H of cardinality K such that for all choices
m <1<k in H we have |log(7m)? - log(v)™) — log(m)? - log(7x)™| mod 1 < 27™.

Conjecture 6. For every natural number n and every natural number K and every

function F: [K] — [0,1], there exist rational numbers ai,...,ax and natural numbers

b1,...,bx such that for all choices of indices i1 < ... < i, < K the following inequality
Lia o a,

holds: |£2ian ) _ pey ) < A

log(log(bi,, ))

Conjecture 7. The following is not provable in PA. For all natural numbers n and all
natural numbers K, there exists a natural number R so large that for all rational numbers
r1 < ... < rr whose numerators and denominators are bounded by a certain primitive
recursive function of R and for all natural numbers m; < ... < mpg bounded primive
recursively in R, there exists a subset H of cardinality K such that for all choicesr;, < ... <
C(%«H’»ril- o Tig) C(%+i'ri1'~~~'7‘jn) ‘

€ Handallry <rj, <-...-r; € H, we have | \/log(log(;’ni 5T st

T

n

270,
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