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Abstract

We develop solutions for the transport of suspended sediment by a single swash event following the collapse of a bore on a
plane beach, and we investigate the morphodynamical role that such transport may play. Although the intrinsic asymmetry
between uprush and backwash velocities tends to encourage the export of sediment, we find that swash events may be effective
in distributing across the swash zone much or all of the sediment mobilised by bore collapse; additionally, settling lag effects
may promote a weak onshore movement of sediment. We quantify both effects in terms of the properties of the sediment and of
the swash event, and comment on the relationship between our findings and recent field studies of swash zone sediment

transport.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction and motivation

When waves break and collapse on a beach they
drive rapid, shallow flows under which the shoreline
moves back and forwards across the so-called ‘swash
zone’ of the beach. These swash events may be a
significant agent of sediment transport on many
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natural beaches, but because of the difficulties in
measuring hydrodynamic quantities and sediment
transport in very shallow water, as well as the highly
transient nature of the flows and the strongly non-
linear nature of sediment transport processes, their
role is not fully understood.

In recent years, considerable efforts have been
made to improve the state of knowledge of swash
zone transport processes (see the reviews by Butt and
Russell, 2000 and Elfrink and Baldock, 2002). Several
important aspects, however, remain outstanding. In
particular, there is uncertainty about the structure of
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the turbulence in the flow which follows wave
breaking (Longo et al., 2002; Petti and Longo,
2001); about the role of beachface permeability
(Elfrink and Baldock, 2002; Butt et al., 2001); and
about how the modes of sediment transport should
be described. Although this latter point is often
treated as a matter of nomenclature, the distinction
between bedload and suspended load is of consid-
erable importance for morphodynamic purposes.
Even in steady flow, the transport rates of material
carried as bed and as suspended load may be rather
different and depend differently on the hydrody-
namic variables. In unsteady flows, a more funda-
mental difference is that suspended load does not
respond instantaneously to changes in the flow
conditions, and this may lead to net cross-shore
transport through settling lag effects (see, e.g.,
Pritchard and Hogg, 2003a), which do not occur
for bedload. A further reason to consider suspended
load is that a considerable amount of sediment may
be suspended by the intense turbulence which occurs
during wave collapse (Elfrink and Baldock, 2002;
Kobayashi and Lawrence, 2004), and at least some
will settle out during the uprush, leading to a net
landward movement of sediment. Thus, although
suspended sediment load may be smaller than
bedload during most phases of a swash event (we
note that even this is hard to confirm in the field), its
different behaviour may give it a rather different, and
perhaps more significant, morphodynamic role. The
numerical study of Kobayashi and Johnson (2001)
has suggested that including suspended load
improves the ability of a sediment transport model
to predict morphological changes, while the recent
numerical and field investigation of Jackson et al.
(2004) has for the first time attempted to identify the
different contributions to cross-shore transport from
locally mobilised sediment and from that ‘pre-
suspended’ by the bore collapse.

Motivated by these experimental and numerical
findings, in the current study, we carry out an
analytical investigation of suspended sediment trans-
port under a single swash event. We consider
separately the roles of lag effects and of sediment
supply from the bore collapse, and, following
Jackson et al. (2004), we pay particular attention to
the spatial distribution of sediment transport. Our
results provide an easily reproduced prediction of

suspended sediment transport in the swash zone,
which may act as a baseline result for future
experimental and numerical studies. In particular,
they indicate that the amount of sediment which is
initially suspended by the bore is crucially important
in determining the direction of net transport, and they
provide estimates of how much sediment must be
pre-suspended in order for its onshore advection and
deposition to counterbalance the tendency of the
swash zone to export sediment.

We employ the model of a swash event obtained by
Shen and Meyer (1963) as a solution to the depth-
averaged shallow-water hydrodynamic equations, and
we use a similarly reduced model for suspended
sediment transport. Shen and Meyer’s solution pro-
vides a good description of swash flow (see, e.g.,
Barnes, 1996; Titov and Synolakis, 1995), although
some numerical studies (e.g., Hibberd and Peregrine,
1979) have suggested that additional frictional and
non-hydrostatic effects should be included to obtain
better agreement with experimental data. It has also
proved useful in the interpretation of more complex
swash motions (see, e.g., Baldock and Holmes, 1999),
suggesting that it captures many of the essential
aspects of swash flow. Finally, it is an important
benchmark problem for numerical methods which
complements the more elaborate non-breaking sol-
utions based on the formalism of Carrier and Green-
span (1958).

In Section 2, we describe a depth-averaged model
of sediment transport and present the hydrodynamic
solution of Shen and Meyer (1963). A key feature of
this sediment transport model is that it does not
depend on any heuristic parameters, so all input
quantities can in principle be measured independently.
In Section 3, we consider the transport predicted
under Shen—Meyer flow by a quasi-steady ‘total load’
model. In Section 4, we consider transport when the
quasi-steady assumption is abandoned: in particular,
we consider the onshore transport of sediment
suspended by the initial bore collapse, and the role
of lag effects. We discuss these results in some detail
in Section 5, and relate them to recent field studies as
well as to other modelling approaches. Finally, in
Section 6, we summarise our conclusions from this
study. Appendix A gives details of some mathematical
results which help to interpret and generalise our
findings.
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2. Development of the model
2.1. The shallow-water equations

Working in a shallow-water framework (Peregrine,
1972), we describe the flow in terms of its depth h
normal to the bed and depth-averaged velocity
parallel to the bed. Suspended sediment is described
in terms of a depth-averaged mass concentration ¢.
The bed is taken to be planar with an inclination 0 to
the horizontal: X is a bed-parallel distance which
increases inland. (Carets and overbars both denote
dimensional quantities, while dimensionless quantities
are unadorned.)

The flow and transport are governed by the
dimensional equations
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Egs. (1) and (2) represent the conservation of fluid
mass and fluid momentum respectively, while Eq. (3)
is a depth-integrated transport equation for suspended
sediment (see, e.g., Pritchard and Hogg, 2003b). We
have used the result that the horizontal velocity is
vertically uniform to leading order (Peregrine, 1972;
Petti and Longo, 2001) to write the fluxes of
momentum and suspended sediment in terms of the
depth-averaged quantities # and ¢. We neglect the
horizontal diffusion of suspended sediment, which in
a shallow-water regime is expected to be small
compared to the advective transport, and we assume
that the beach morphology does not change appreci-
ably over the timescale of a swash event.

We have also neglected any effect from the
percolation of water into and out of the beachface.
For beaches of coarse sand or gravel, this process is
likely to influence the hydrodynamics significantly,
and may also affect sediment transport directly by
stabilising or destabilising the bed and by altering the
mass transport rate in the near-bed region (Conley and
Inman, 1994; Butt et al., 2001). However, a detailed

numerical study (Masselink and Li, 2001) has
indicated that for beaches of grain size less than
about 1 mm, swash infiltration is not an important
effect, because the hydraulic conductivity of the
beachface decreases with sediment size. The results
obtained here, therefore, are most appropriate for
beaches of medium sand or finer.

The right-hand side of Eq. (3) represents the
erosion and deposition of sediment. The first term,
Meq., 1S @ mass erosion rate per unit area of the bed. In
the second (depositional) term, wg is the effective
settling velocity of the sedimentary particles. If we
assume a vertically well-mixed suspension, W is
identical to the settling velocity of an individual
particle; however, it may also be used to represent
settling from a vertically structured suspension, in
which case it is increased by the ratio of the near-bed
concentration to the vertically averaged concentration
(Pritchard and Hogg, 2003b). The form of this
weighting depends on the assumptions made about
the vertical distribution of sediment in the water
column, and thus on the detailed turbulence structure
of the flow; recent work by Masselink et al. (2004)
has suggested that concentration may be represented
by an exponential distribution with a mixing length of
2-3 cm, so for flows a few centimetres deep, the
effective settling velocity could increase by a factor of
up to 10. [However, if very high concentrations are
attained in the near-bed region, this can reduce the
effective settling velocity because of hindered settling
effects (see Baldock et al., 2004).] We will discuss
below how the uncertainty in this component of the
model affects our results.

In principle, we could consider almost any form of
the mass erosion rate ¢g. as a function of the
hydrodynamic conditions. In the current study, we
restrict ourselves to considering erosion rates of the
form

fneQe = me(@) ) (4)
T

where n>0, where 7, and 7, are a threshold stress
for erosion and a reference shear stress, respectively,
and where the relation is presumed to hold only
when |7[>7.; for |£|<T., no erosion occurs. The
effective bed shear stress is calculated using the
Chezy law t=cppli|ii where cp is a small, constant
friction coefficient; more complex closures could



4 D. Pritchard, A.J. Hogg / Coastal Engineering 52 (2005) 1-23

readily be employed, and in Section 3.1, we will
consider what happens when the assumption of a
constant cp, is relaxed slightly.

We define the instantaneous and net sediment
fluxes by

AAAAAA

A ()
0(3)= / G D, (5)

where the limits of integration represent the times of
inundation and denudation of the point ¥. O(¥) then
describes the net transport of sediment across the
swash zone under a single swash event; specifically,
Q(O) is the net mass of sediment per unit cross-stream
width which is imported to the swash zone by this
event. The net deposition at a point over one swash
event is proportional to the first derivative of the net
flux: If the mass concentration of sediment in the bed
is given by ¢, the depth of net deposition will be
given by

149

(6)

The suspended load model described here differs
from conventional bedload and total load models
(e.g., Bagnold, 1966; Bailard, 1981) in that the rate of
sediment transport is not an instantaneous function of
the hydrodynamic variables 7 and /; instead, changes
in the suspended sediment load will tend to lag behind
changes in the forcing conditions with a characteristic
‘response time’ 7, of the order of h/¥y (Stansby and
Awang, 1998). Under steady flow conditions, or when
f, is very small compared to the timescale over which
the flow changes, ¢ will tend to adopt an equilibrium
value é.q(f)=n.q.(t)"Ws at which erosion precisely
balances deposition. The mass flux of suspended
sediment will then be given by the quasi-steady
expression ﬁﬁéeq. This resembles a conventional total
load formula except for the dependence of the
transport rate on h. We will show in Sections 3 and
A.1 that this dependence does not greatly alter the
character of the transport processes; the existence of a
finite response time, however, makes a more funda-
mental difference.

2.1.1. Non-dimensionalisation

Following Peregrine and Williams (2001), we scale
hydrodynamic quantities on the vertical excursion 2A
of the swash, and following Pritchard and Hogg
(2003b), we choose the natural concentration scale
C=ri W The dimensionless variables are then

x=00 0 o isin(?\/g, = hees?
A A A
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while the governing equations become
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The ‘exchange rate’ parameter £ gives a global
estimate of the ratio of the hydrodynamic timescale
to the sediment response timescale 7, and so
quantifies how sediment transport lags behind
changes to the hydrodynamic variables. The local
sediment lag, however, may vary considerably in
time and space, since it depends both on the local
fluid acceleration and on the local fluid depth which
determines 7,.

To determine what range of E we should
consider, we take as a reference case a steep beach
with tan0=0.1. Maximum velocities under swash
may range from about 0.5 m s~ ' to as much as 4 m
s~! for a particularly vigorous event, which as we
will see corresponds to the velocity scale \/Q =
025 to 2 ms~'. As indicated above, we are
concerned primarily with beaches of fine to medium
sand, for which we may take w¢= 102 ms b itis
also interesting to consider the fate of finer particles,
to determine whether these can be preferentially
removed from beaches as suspended load, and so
we may reasonably consider s as low as 10> m
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s~!. These reference values suggest that we should
consider a range of E from around 0.005 to 0.4: we
will first show some examples from the extremes of
this range, and investigate the dependence of our
results on £ more thoroughly later, when we will
also discuss the effect of allowing for the vertical
structure of the concentration field. (Most of our
discussion will refer to the nondimensional form of
the results, but in Section 4.4.1, we will return to this
reference case to estimate dimensional values for
the expected rates of erosion and accretion under
swash.)

Using Eq. (7), the nondimensional erosion rate is
given by

S
0 when  |u|<ue,

where u, = TACA - (10)
cppgA

Finally, the dimensionless fluxes have the form

g — { (? —u?)"  when |u|>u.,
.=

q(x,t)=h(x,t)u(x,t)c(x,t) and

t4e(x)
0(x)= / e (11)

2.1.2. Lagrangian formulation

The Lagrangian method introduced by Pritchard
and Hogg (2002) allows the governing equations for
suspended sediment transport to be integrated either
numerically or analytically for any known flow field. In
this approach, we write Eq. (9a) in Lagrangian form,
following a fluid element with position xy(#; ¢) which
carries sediment concentration ¢y (¢; &)=c(xy(¢; &), 1),
where ¢ is a parameter which labels the elements.
We obtain two first-order ordinary differential
equations,

% =u(x,t) with xp(4(&)) = xo(&), (12)
dCL . qe(u(xL, l)) — CL(t) .

and o e with

cL(to(&)) = co(). (13)

2.2. Shen and Meyer s solution for a swash event

As part of a series of mathematical studies of
wave breaking on a plane beach, Shen and Meyer
(1963) obtained an exact solution to the shallow-
water equations which describes the flow following
bore collapse on a plane beach. This solution may
be interpreted in several ways. It is most correct to
regard it as an asymptotic description, valid for a
very wide class of initial conditions, of the flow
field close to the moving shoreline. In this context,
the most important aspect of the solution is that the
shoreline undergoes so-called ‘ballistic’ motion with
a constant downslope acceleration due to gravity:
this result has been widely used in the interpretation
of swash zone processes (see, e.g., Baldock and
Holmes, 1999).

Alternatively, Shen and Meyer’s flow field may
be interpreted as an exact solution for either an
initial value problem or a boundary value problem.
In the initial condition interpretation, the fluid is
initially at rest, with uniform depth 4#=1 behind a
‘dam’ at x=0; at =0, the dam is removed and the
fluid is allowed to flow out and to accelerate
downslope. In the boundary condition interpretation,
we consider only the flow in some region close to
the shoreline, and regard the flow as ‘driven’ by
incoming characteristics which satisfy the condition
u+2vVh+t=2. Although we will generally
describe results in terms of the boundary value
problem, the initial value interpretation is useful
because it provides a natural way to label Lagran-
gian fluid elements (see below).

The derivation of the solution has been suc-
cinctly described by Peregrine and Williams (2001).
In dimensionless variables, it has the form

2
(41— —2x)
h(x,t) = 367 and
2 2
u(x, 1) zi(t—t +x) (14)

in the region ftf%t2<x<2tf%t2. Meanwhile, the
notional ‘reservoir’ region behind x:—t—% £* accele-
rates downslope with uniform depth A=1 and
increasing negative velocity u=—¢. The times of
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inundation and denudation of a point x are given
respectively by

fn(x) =2 —v4—2x and tg(x) =2+ V4 —2x.
(15)

It is useful also to note here the convective
acceleration field Du/D¢, which is given by
Du ou ou 22t—52—x
2.2.1. Region of validity of the solution

Shen and Meyer’s swash solution, like the classical
dam-break solution (Ritter, 1892), becomes singular at
(x, 1)=(0, 0), where the free surface becomes vertical
(the ‘dam”) and the acceleration of the shoremost fluid
element becomes unbounded, since it must accelerate
from rest to a velocity of 2 instantaneously. This
singularity means that there is a region around (0, 0)
in which the shallow-water approximations are no
longer valid. This region may most easily be defined
as that in which |0/4/0x|=|Du/Dt+1| is greater than
some small quantity €,, yielding the criterion

1
X<xyal(t;€) = 2t — Etz — et (17)

for invalidity, where €=9¢,/2. (We note that setting
€=9(e,/10)"? recovers the essentially equivalent
definition used by Peregrine and Williams (2001),
where €, is the acceleration of a water particle
perpendicular to the beach.)

Although the shallow-water approximations are
strictly valid only when €, <1, we expect the Shen—
Meyer solution, like the related horizontal dam-break
solution to the shallow-water equations, to apply
reasonably well even when this is not strictly satisfied.
The experiments of Stansby et al. (1998) suggest that
the exact solution for horizontal dam-break flow
provides a reasonable description of the flow once
|0h/3x| <1, despite the effects of strongly non-hydro-
static pressures at earlier stages. (Jensen et al. (2003)
have considered the use of a Boussinesq approxima-
tion as a first step towards describing these.) Seaward
of x =x,a(t; €,=1), the flow may be strongly three-
dimensional and unsteady, owing its structure to the
interaction between the collapsing bore and the

backwash of the previous swash event (see, e.g.,
Cowen et al., 2003; Matsunaga and Honji, 1980), and
the shallow-water model cannot be expected to
capture the processes in this region. It may therefore
be natural to treat x,, as a natural boundary on which
to impose a boundary condition on suspended sedi-
ment, representing the amount stirred up by the
complex three-dimensional flow which follows the
collapse of the bore. We will return to this point in the
next section.

2.2.2. Lagrangian form of the solution

It is straight forward to construct the trajectory of a
fluid element. We label fluid elements x(¢; &) such
that in the ‘dam-break’ interpretation of the solution,
x1(0; £)=¢<0. Using dx/dt=u(xy, t), we obtain

é—zt for <[¢|
w(1:8) = 1 (18)
2t—§zz—3\é|l/3t2/3 for r>[¢],

and thus the velocity

ur (t; &) =u(xL(2),1)
—t for <|&
{ 1/3 - (19)
2—t=2¢' 3 for >|¢;
the depth
it =m0 = { | for 17l
t;E)=h(x (1), 1) =
- - G for 2)¢);
(20)
and the convective acceleration
Du  dup
Dt dt
-1 for <[¢|
—{ L2 for 2y G

Shen and Meyer’s solution is illustrated in Fig. 1a,
while Fig. 1b shows the fluid trajectories xy (f). The
swash event is dominated by very shallow flows; we
also note that while the shoreline reverses direction at
t=2 and follows a symmetrical ‘ballistic’ trajectory,
fluid elements behind it reverse direction sooner.
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Fig. 1. Important features of Shen and Meyer’s swash solution. (a) Eulerian form of the (nondimensional) solution: contours of constant « (solid
lines: u=—1.5 to 1.5 by 0.5) and constant / (dashed lines: #=0 to 1 by 0.05). (b) Lagrangian fluid element trajectories xp (¢) (solid lines) and
border x,(#) (dashed line) of region in which |9/4/0x|>1. Note the narrow range x; (0) =—1/8 to 0 of elements which enter the region x>0 at

some point.

Consequently, the speed of a fluid element is reduced
relative to ballistic motion #=2—¢ on the uprush, and
increased on the backwash. Thus there is an intrinsic
asymmetry in the hydrodynamics that we may expect
to favour the export of sediment from the swash zone.
However, this tendency may be counterbalanced by
landwards transport through settling lag effects (cf.
Pritchard and Hogg, 2003a) or by the presence of high
levels of pre-suspended sediment which are advected
into the swash zone: this latter mechanism was
identified as important by both Nielsen (2002) and
Kobayashi and Lawrence (2004). In the following
sections, we will consider firstly transport under a
steady-state total load model (Section 3) which
illustrates the effect of the hydrodynamic asymmetry,
and secondly transport under the non-equilibrium
suspended load model (Section 4) which includes
both pre-suspended sediment and settling lag.

3. Steady-state transport

Many studies of sediment transport in the swash
zone have employed a ‘total load’ description of
sediment transport, in which the total sediment flux is
taken to be a function of the instantaneous or time-
averaged hydrodynamic variables (e.g., Bailard,
1981). This lacks two features which our suspended
load formulation contains: firstly, the supply of
sediment mobilised by the initial bore and advected

into the swash zone; and secondly, the potential for
net transport which arises from lag effects. A principal
aim of this study is to investigate the contribution of
these two mechanisms to net sediment fluxes, and so
it is useful to consider as a baseline the case in which
neither applies. This arises naturally when the quantity
E/h in the sediment transport Eq. (9) is much greater
than 1 (i.e., in very shallow water or for very coarse
sediment), so that c(x, £)=c.q(u(x, 1)) everywhere, and
q=qeq=Ceqith. O(x) may then be calculated by the
simple integration

fae (x)
Ocq(x) = /t h(x, tu(x, t)ceq(x, 1)de. (22)

in (x)

Representative results for several forms of the
sediment transport rate are shown in Figs. 2 and 3.
The overall transport pattern is remarkably invariant
as ¢.q is varied; in each case, the onshore flux during
the uprush peaks within the lower part of the swash
zone before dying away rapidly upslope, while the
offshore flux on the backwash increases strongly
seawards. The net result in each case is that sediment
is exported from the swash zone, and as Fig. 3
illustrates, the principal reason is that the backwash
lasts longer than the uprush, and the higher concen-
trations on the uprush fail to compensate for this
effect. This result is very robust to the form of the total
load transport model employed: we show in Section
A.1 that it will hold for any model in which the flux is
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Fig. 2. Non-dimensional net fluxes Qq4(x) for (a) qquuzuh; (b) qeq=\u3\uh; (c) qecl:(uz—l)uh when |u[>1; (d) qeq=|u3|u (Bailard model). Solid
lines represent net flux over a cycle; dashed lines represent net contributions from uprush and backwash separately.

an increasing function of |u|, whether or not the flux
also depends on /4. This confirms the intuitive result
that if lag effects and pre-suspension are neglected,
the asymmetry between uprush and backwash in this
flow should tend to lead to the export of sediment by a
swash event. It is also consistent with the numerical
results of Masselink and Li (2001) for a beach of
negligible permeability: they found that starting from
a plane beach, sediment was eroded consistently from
the swash zone and was deposited seaward of the
swash zone at around 1 m depth below the undis-
turbed water level (see Fig. 8a of Masselink and Li,
2001).

In our suspended load formulation, the sediment
flux g depends on the depth / of the water, whereas in
Bailard’s (1981) total load formulation, ¢ is inde-
pendent of 4. (Bagnold, 1966 notes that this is a
deficiency in the standard energetics-based transport
model, since it suggests that a vanishingly small
amount of water can transport a non-vanishing
quantity of sediment.) As Fig. 2d illustrates, this
independence does not make a great difference to the
overall transport pattern, although it does extend the
influence of the swash further upslope where depths
are very low. Fig. 3b illustrates that when ¢ is
independent of / the transport rate is highest at the

04— 15 ————————————
0013: (a): 101 (b)A
o2 LN |

q 0.04f 1aqo0
o.og» 1 sl |
B ] o |
00805 1 1l.5té 253 354 % 05 1 11.51521 25 3 35 4

Fig. 3. Non-dimensional instantaneous fluxes g.q(x, #) plotted at x=0.25, 0.5, 0.75 and 1, for (a) ge=|u?|uh; (b) ge=|u’|u (Bailard model).
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moments of inundation and denudation; however, the
mechanism leading to net transport remains essen-
tially the same.

We also note that the presence of even a relatively
high critical shear stress for erosion (Fig. 2¢) makes
no qualitative difference to the pattern of net transport.
In future sections, we will take as a reference case the
simplest form of the erosion rate, u.=0 and n=2,
though we will also consider alternative values of u,
and n.

3.1. The effect of a varying friction coefficient

So far, our discussion has assumed that the friction
coefficient cp in the Chezy drag law is a constant, and
in particular that it has the same value during the
uprush and during the backwash. This is a simplifi-
cation of the physics of swash zone turbulence, and
while it lies beyond the current study to examine in
detail how employing a varying friction factor in a
swash model might affect sediment transport patterns,
it is worth paying some attention to this question.

Several previous studies have suggested that the
shear stresses exerted on the bed by a given free
stream velocity might differ on the uprush and the
backwash, and that this might explain a bias towards
onshore sediment transport (Masselink and Hughes,
1998). Such a difference in friction coefficients can be
seen as a simple model of the developing boundary
layer under the flow. It is only very recently, however,
that direct measurements of this effect have become
available. The field study by Conley and Griffin
(2004) suggests that cp is a weak function of
Reynolds number and that, more significantly, the
values on the backwash may be systematically as

005 //’\J\ T T T T T T T T
0.04f

0.03F . i
0.02} .
0.01F .

-0.01

Q 2} 1

-0.02
-0.03
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-0.05 !
0020

1 1 1 1

1 1 1 1

406038 1
x

2141618 2

much as 50% lower than those on the uprush. For
simplicity, we will consider only the latter effect here.
It is simple to include a directionally dependent
friction coefficient in the model described here for
steady-state transport. Defining <1 to be the ratio of
the backwash to the uprush friction coefficient and
to(x) to be the time such that u(x, ¢9)=0, we obtain

fo(x) ) o
Ocq(x) = [() h(x, tyu(x, 1) (u® —u) d

tae ()
—|—/ h(x,t)u(x,t)(ﬁuz—ug)ndt (23)

to(x)

for an equilibrium suspended-load model, and

to(x) 4 tdc(x) 4
O (x) = / u(x, 1)de — B / u(x, i) (24)
ti"(x) l()(x)

for a Bailard-type model.

Fig. 4 shows some typical results for each case.
The effect of introducing an asymmetry in cp is felt
most close to maximum run-up, where there is a more
delicate balance between the magnitudes of transport
on the uprush and the backwash (cf. Section A.2), and
it can be shown (Section A.2.1) that for any f<I,
there must be a region of weak onshore transport in
the upper part of the swash zone. Meanwhile, a much
lower value of f§ is required to reverse transport at the
seaward end of the swash zone: for u.=0 and m=2 or
3, net transport must remain seawards here for $=0.3,
while under the Bailard model, any value of §>1/243
will lead to net offshore transport here. Fig. 4b
indicates how much stronger the bias in favour of
offshore transport is in the Bailard model: with =0.5,

L e e
0 - ‘__:::::::,
AL ]

3t /7 ]
4L |

1 1 1 1 1 1 1 1 1
0 02040608 1 12141618 2
x

Fig. 4. Non-dimensional net fluxes Q.q(x) for (a) u,=0, n=1 and =0.5; (b) Bailard model with /=0.5. Solid lines represent net flux over a
cycle; dashed lines represent net contributions from uprush and backwash separately.
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the region of net onshore transport is confined to the
uppermost part of the swash zone and is extremely
weak, whereas the same value of § causes appreciable
onshore transport and sediment divergence under an
equilibrium suspended-load model (Fig. 4a).

The overall conclusion of this brief discussion is
that for the range of values of f§ suggested by Conley
and Griffin’s measurements, we expect friction factor
asymmetry to lead to sediment divergence in the
swash zone, but not to explain net landwards transport
throughout it.

4. Non-steady-state transport

We now extend the analysis to consider situations
in which the suspended sediment load takes a finite
‘lag’ time to respond to changes in the hydro-
dynamic conditions, and in which there may be
sediment already in suspension at the start of the
swash event.

4.1. Lagrangian method of solution

We may write the Lagrangian equation for con-
centration following a fluid element as
dep E Eqe(ur(t))
— 1) =———7—. 25
@ "m0 (25)
The solution satisfying ¢y (¢o(&))=co(¢) has the form
cr(t; SFco(Oel’(t; Oter(t; ), where

A8 = Q(1,10(¢))  where

Q(t,t)) = ex —/t £ d¢' |,and
y00) — p A hL(t/) b

cn . —_ t 1 qu(t/)
(8 &) —Q(MO(@)/MO Q' 10(8)) ho(t)

dr .

(26)

With an appropriate choice of ¢y and 7, as
functions of the element labelling quantity &, we can
then use Eq. (26) to represent the concentration field
subject to an initial or boundary condition of the form
eLto(&); €)=¢o(&) on some curve Cyyy = (x0(E), 10(£)
such that C,,, is never tangent to any of the
trajectories (xp.(¢; &), f). As special cases, we may

choose either of the curves xq=0 or xo(¢o)=xya(o;
€=1)=2to—513, and impose c(x,, ¢) during the inflow
phase when u(xq, 79)>0. (We will show that the
difference between imposing a boundary condition at
x=0 and at x=x., is minimal.) Finally, the Eulerian
solution is obtained by using Eq. (18) and the
definition of 7o(&) to substitute &(x, ) into each part
of the Lagrangian solution ¢y (; ).

Splitting the solution into the components ¢” and
¢ has an immediate physical interpretation. The
quantity cf" (¢; &) represents sediment that is
entrained within the swash zone, while cf'(z; &)
represents sediment that is pre-suspended by the
bore and input to the swash event along the
boundary C,,, and which gradually deposits. It is
useful to separate these two contributions to net
transport in this way, because it provides an
immediate means of determining when swash zone
transport is dominated by sediment mobilised by the
initial bore and when it is dominated by the swash
flow itself (Jackson et al., 2004). We will denote all
quantities which refer to the pre-suspended sediment
by a superscript P and those which refer to sediment
entrained within the swash zone by a superscript .

Eq. (26) may be evaluated exactly for some
specific choices of ¢.. In general, however, it is most
efficient to evaluate it numerically using a computer
algebra package such as MAPLE or a standard
numerical integration routine (Press et al., 1992).
Both methods were employed to generate the results
presented here.

It is also helpful to obtain approximations to Eq.
(26) in the limits of large and small £. As we have
already noted, in the limit of large E, the suspended
sediment concentration stays very close to its equili-
brium value c.q. We can then describe the suspended
sediment concentration by an asymptotic expansion
valid for large E,

c(x, 1) = ceq(u(x, 1)) + %cl(x, )+ (’)(E72)7 (27)

where it can be shown by direct substitution into the
governing transport equation that

d
ci(x,t) = —h(x,t)( aC:q + ()C;q)
deeq Du
— —. 28
du Dt (28)
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We note that this expansion reduces the order of
the problem and does not allow an initial condition on
¢ to be imposed. However, it is valid in particular in
the very small depths around the point of maximum
run-up: we make use of this fact in Section A.2 to
obtain results for the net sediment transport in the
upper part of the swash zone.

It is also useful to develop approximate solutions in
the regime of small £ (very slow sediment response):
in this regime we may expand Eq. (26) to give

0 =a(+r [ HCE -l
+O(E?) (29)
! elUL /;5
and (1 &) :E/m@%dt’ +O(B).
(30)

Consequently, in this regime, all net fluxes are
proportional to E to leading order.

4.2. Examples of solutions for sediment entrained
within the swash zone

We start by considering the solutions for sediment
which is entrained within the swash zone. Figs. 5 and
6 show how the concentration field ¢*(x, ¢) evolves
for two different values of E, while Figs. 7 and 8
illustrate the corresponding Eulerian sediment fluxes
q"(x, 1) and Q%(x). (Hereafter, unless otherwise

stated, the boundary C,,, of the region in which we
consider transport is taken to be x=0.)

We first consider the case E=0.3 (Fig. 5),
representing relatively coarse sediment or gentle
swash. On the uprush (Fig. 5a), sediment is rapidly
entrained, especially in the shallow water immediately
behind the shoreline. As the flow decelerates, material
is gradually deposited, so as flow reverses, at first at
x=0 and then further inland, the suspended sediment
concentration almost vanishes. On the backwash (Fig.
5b), concentration adjusts rapidly in the very shallow
water to its instantaneous equilibrium value, and
increases rapidly as the water drains offshore, carrying
sediment out of the swash zone.

Essentially the same pattern occurs for E=0.01
(Fig. 6), but in this case, the greater response time of
the suspended sediment load means that less material
is entrained on the uprush, and concentrations well
behind the shoreline remain generally lower even on
the backwash. Additionally, the concentration c=cq at
the shoreline decreases more rapidly as the shoreline
speed falls than does that immediately behind it,
forming the local maximum of ¢ which is particularly
evident in Fig. 6a.

Figs. 7b and 8b illustrate the net movement of
sediment which results. In each case, there is a net
landwards motion of sediment in the middle of the
swash zone and a strong offshore flux seaward of this.
(It is interesting to note that similar flux divergence
within the swash zone has been reported by Miles et
al., 2002.) The net deposit, n(x)=—dQ/dx, is positive
in the upper part of the swash zone, but the dominant
effect of the swash event is the erosional region in the

T T T 3-5 T T T
04 (a) s 3.6 (b)
- 25\ -
0.72 , —— 328
cen .
1.04 1 15y T 206 ]
i [ —— i
1.36 05 T 2p4
70, 8 -O%MZ
0.5 1 1.5 2 0 0.5 1 1.5 2
X X

Fig. 5. Non-dimensional concentration fields ¢*(x, ¢) plotted at regular intervals in : (a) 7=0.4 to 2 (shoreline advancing); (b) =2 to 3.6
(shoreline retreating). Parameters throughout are £=0.3 and g.=u?; boundary condition ¢=0 imposed at x=0. Labels indicate the value of # for
each ‘snapshot’ of the concentration field, and the fine dotted lines indicate the instantaneous shoreline position for each value of .



12 D. Pritchard, A.J. Hogg / Coastal Engineering 52 (2005) 1-23

cen 2 / b

Y —
3t ' 1
251 1
0.72
cen 2k 7
1.5- 1.04 7]
1k J
1.36
0.5r 1.68]
0 1
0 0.5 1 1520 2
xX

3.5 T T T

4 36

2.5+ E

1.5+ B

1 I / 7
2.64
0.5

— 237

1520 2

0
0 0.5 1

X

Fig. 6. Concentration fields ¢®(x, 7) plotted at regular intervals in : (a) =0.4 to 2 (shoreline advancing); (b) /=2 to 3.6 (shoreline retreating).
Parameters throughout are £=0.01 and ¢.=u>; boundary condition ¢=0 imposed at x=0. Labels indicate the value of 7 for each ‘snapshot’ of the
concentration field, and the fine dotted lines indicate the instantaneous shoreline position for each value of ¢.

lower part, as sediment is entrained and exported on
the backwash.

The net landwards transport in the upper part of the
swash zone occurs through settling lag (Pritchard and
Hogg, 2003a): material is entrained early in the
uprush (witness the high concentrations in Figs. Sa
and 6a) and gradually deposited as velocities fall
towards =2; on the backwash, it takes a finite time for
high concentrations to re-establish themselves, and so
on the upper part of the swash zone the seaward fluxes
cannot cancel the landward fluxes. (This delay is the
principal difference between the processes operating
in Figs. 2a and 7b: note the effect both on the position
of maximum flux during the uprush and on the
magnitude of backwash fluxes generally.) The effect
of a lower value of £ is to shift the depositional region
landwards, as it takes longer for material to be
entrained on the uprush. This is also evident in the
Eulerian fluxes plotted in Figs. 7a and 8a, where the
peak fluxes occur earlier in both uprush and backwash
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for £=0.3 than for E£=0.01. The generally lower
concentrations for £=0.01 lead to a generally smaller
net movement of sediment; the overall ratio of peak
onshore to peak offshore transport, however, remains
roughly the same.

4.3. Examples of solutions for pre-suspended sediment

We now consider the fate of sediment which is
mobilised by the initial bore and advected into the
swash zone. Figs. 9 and 10 illustrate the patterns of
suspended sediment transport for high and low values
of E.

In each case, the pattern of transport is fairly
simple: concentrations decrease shoreward at any
instant, and in a Lagrangian frame, they decrease also
with time (though this is not true in an Eulerian frame
because of the shorewards advection of high concen-
trations on the uprush: for example, an observer at
x=1.2 in Fig. 9b will see first a rapid increase in ¢

0.03 T T T T T T T T

0.028

0.01F, 1
0¥ —7_::::::_,
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Fig. 7. (a) Non-dimensional instantaneous fluxes ¢“"(x, 7) at various points across the swash zone and (b) net flux Q“"(x) over a swash event, for
ge=u?, E=0.3 and boundary condition ¢=0 at x=0. In (a), the dashed and solid lines are for visual convenience. In (b), the dashed lines represent
net fluxes on the uprush and on the backwash, while the solid line is the total flux.
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Fig. 8. (a) Non-dimensional instantaneous fluxes ¢"(x, 7) at various points across the swash zone and (b) net flux O®"(x) over a swash event, for
ge=u’ E=0.01 and boundary condition ¢=0 at x=0. In (a), the dashed and solid lines are for visual convenience. In (b), the dashed lines
represent net fluxes on the uprush and on the backwash, while the solid line is the total flux.

following inundation and then a gradual decrease).
The resulting pattern of net transport is entirely
landwards and hence depositional; lower values of £
enable sediment to be transported rather further
onshore, but because there is less chance for material
to settle out on the uprush, the net transport onshore is
rather lower than for higher values of £, and indeed
emerges only after the near cancellation of on- and
offshore fluxes (Fig. 10b).

We also note that these results were obtained
assuming that ¢ takes a constant value at the seaward
boundary during periods of inflow. This assumption is
not necessary to our solutions, and indeed any
variation of ¢ along the boundary curve C,,, may be
imposed. However, a time-varying concentration
makes little difference to the spatial pattern of
deposition, since each fluid element must contribute
a net flux of sediment which decays landwards
regardless of its initial sediment load.
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4.4. Variation of transport patterns with E and with q.

Fig. 11 illustrates how the net sediment transport
under a swash event varies with the exchange rate
parameter £ and with the form of the erosion rate. The
net fluxes at x=0 of internally mobilised and
externally supplied sediment (Fig. 11a and b) provide
a useful measure of the overall magnitude of sediment
transport in each case, although given that x=0 must
be affected by the bore collapse they are not directly
significant in themselves. The maximum landwards
flux of internally mobilised sediment (Fig. 1lc)
provides a measure of the extent to which lag effects
affect the transport processes.

Figs. 11a and b illustrate two main points. The first
is that the overall trends in sediment transport under a
swash event depend neither on the precise form of the
erosion rate nor on whether the boundary condition is
applied at x=0 or at x=x,,(?); this gives us some

Fig. 9. Non-dimensional concentration fields ¢'(x, ) plotted at regular intervals in ¢: (a) £=0.3; (b) £=0.01. Erosion rate qe:uz; boundary
condition c=1 imposed at x=0. Labels indicate the value of ¢ for each ‘snapshot’ of the concentration field, and the fine dotted lines indicate the

instantaneous shoreline position for each value of 7.
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Fig. 10. Non-dimensional net fluxes O™'(x) for (a) £=0.3 and (b) £=0.01. Erosion rate g.=u>; boundary condition ¢=1 imposed at x=0. Dashed
lines represent net fluxes on the uprush and on the backwash, while the solid line is the total flux.

confidence that the results obtained here are robust.
The second is that higher values of E make the swash
zone both more effective in trapping sediment
mobilised by the bore collapse (because it settles out
more rapidly) and more able to export sediment
(because of the greater amount of sediment entrained
on the backwash).

Fig. 11c also illustrates two important points. For
all six combinations of boundary condition and
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Fig. 11. Summary of variation of net transport with £ and with ¢.(«):

erosion rate considered, a value of £~= 0.1 maximises
the lag effect. However, this effect is always weak,
and the maximum value of Q°"(x) is no more than
10% of the value of QP'(0). Recalling that QP'(x) is
calculated assuming a dimensionless boundary con-
centration co=1, this indicates that if the suspended
sediment concentrations mobilised by the bore are
comparable to those mobilised within the swash zone,
then the principal contribution of suspended load to
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(a) net flux Q"(0) of sediment entrained in the swash zone; (b) net flux

O"(0) of sediment supplied by the bore; (¢) maximum positive value of O(x); (d) ratio |Q°"(0)/Q""(0)|. Solid lines represent results with
boundary condition at x=0; dashed lines represent results with boundary condition at x=x,4(¢). Different forms of erosion rate: (i) g.=u?; (ii)

ge=u; (i) ge=u*—1 when |u|>1.



D. Pritchard, A.J. Hogg / Coastal Engineering 52 (2005) 1-23 15

onshore sediment transport will almost invariably be
by importing sediment from the bore collapse region
rather than through ‘internal’ lag effects.

The existence of a value of £ which maximises the
lag effect, and thus of weak sediment sorting across
the swash zone, is a rather robust feature of our model.
At low values of E, however, the lag effect must
decline since Q(x) becomes proportional to E in this
regime (Egs. (29) and (30)). In the opposite limit
E—00, we show in Section A.2 that for sufficiently
large E, the net flux near x=2 must become negative,
implying that lag effects are unable to overcome the
tendency to export sediment. This explains why
0°"(x) no longer has a local maximum for large E
(Fig. 11c).

The ratio |Q°"(0)/Q"'(0)| (Fig. 11d), which repre-
sents the balance between the sediment imported and
that exported, is of order 1, and it varies only by about
20% over the range of E considered. This result
provides a useful guideline for future investigations of
the bore collapse process, since if the bore collapse
mobilises a suspended sediment concentration greater
than ¢5"=|Q°(0)/Q"(0)| this will result in the net
import of sediment, whereas if it mobilises less
sediment than this the swash event will export
sediment. However, even if the sediment imported
balances that exported, the different spatial patterns of
erosion and deposition (Figs. 7, 8 and 10) mean that
sediment will still be redistributed within the swash
zone, so the swash event will still have some
morphological impact. We also note that although
co™™ varies only weakly with E, it varies substantially
with the form of ¢, (in particular with the presence or
absence of a threshold shear stress for sediment
entrainment), suggesting that the sensitivity of model
predictions to this component should always be
carefully tested.

The fact that the ratio ¢;™™ varies so weakly with £
is also interesting because of its implications for the
fate of very fine material. It is tempting to suspect that
suspended transport could preferentially remove fine
material from beaches, because particles entrained on
the uprush are unable to settle out during the back-
wash and are carried seawards. However, this will
lead to a net export of fine material only if the
concentrations of fine sediment supplied by the bore
are smaller than c%™", and this condition does not
depend strongly on the size of the sediment. This

implies that, while swash may play a part in sifting
fine material out of a steep beach, it alone cannot
explain the absence of fine materials, and some
preferential export of fine material in the inner surf
zone is also required.

4.4.1. Dimensional estimates of erosion and accretion
rates

So far, we have treated the sediment transport
processes under a swash event in purely nondimen-
sional terms. This provides insight into the essential
dynamics of the suspended sediment; however, in
order to relate the results directly to the field, it is
useful to make some calculations of the magnitude of
the sediment fluxes involved.

We will take the dimensional scales specified in
Section 2.1.1, with tanf=0.1 and (¢4)"*=1 ms~'. We
will use the data of Puleo et al. (2003) as a guide to
the frequency of significant swash events and the
concentrations attained under them: Puleo et al. found
that concentrations of 100 kg m > were attained
throughout the water column approximately 10 times
in 4 min, so we will take for reference a depth-
averaged concentration of C=100 kg m . This gives
us the convenient relation that a dimensionless flux
0=1 corresponds to a dimensional flux of 10 kg m™"
per swash event. So, taking a quadratic erosion law,
we find that for very fine sand or silt (so Ww=10"> m
s~! and thus E=10"2), one swash event can export up
to 200 g of suspended sediment per metre in the long-
shore direction (Fig. 11a). Coarser sand, for which
Wwe=10"2 m s~' and thus E=0.1, may be exported
three or four times faster. On the other hand, if the
initial bore mobilises concentrations greater than
about 0.7C (i.e., 70 kg m>; see Fig. 11d), then
comparable or greater quantities are likely to be
imported (Fig. 11b). Meanwhile, Fig. 1lc suggests
that the swash event will move amounts of the order
of 10 g m ™' of fine or coarse sediment, or up to about
50 g m~" of intermediate sediment, onshore through
settling lag.

Fig. 12 shows the predicted morphological change
extrapolated over 1 h (150 swash events): it illustrates
how the morphological effect of the swash varies both
across the swash zone and with the amount of
sediment mobilised by the bore. The results for c,=0
(where the initial bore is empty of sediment) and for
co=1.25 (where the initial bore is heavily overloaded



16 D. Pritchard, A.J. Hogg / Coastal Engineering 52 (2005) 1-23

1 1

1 1.5 2

x (m)

Fig. 12. Depth of net erosion or deposition under swash flow with £=0.3, 4=0.1 m, sinf=0.1, C=100 kg m > and ¢,=1800 kg m>. The dashed
line represents 7P(X); the solid lines represent 7°"(X)+ci” (£) for ¢;=0, 0.25, 0.5, 0.75 and 1.25 (as labelled).

with sediment) provide an indication of the maximum
erosive potential. This is greatest close to the point of
bore collapse, where predicted changes are up to 15
cm per hour: we recall from Fig. 1b that shallow-water
theory may not be valid seawards of X =0.2 m. When
the bore mobilises concentrations closer to ¢ = 0.7,
the predicted morphological changes are rather lower,
of the order of a few centimetres per hour.

It is worth commenting on the spatial pattern of
morphological change predicted. The region close to
the point of bore collapse is the most active, and also
the most sensitive to the amount of pre-suspended
sediment. Further landwards, the morphological
change is smaller but also more independent of pre-
suspension; in particular, the predicted deposition of
1-2 cm around x=1 m (half way up the swash zone) is
due largely to settling lag effects on sediment
entrained within the swash zone, and is almost
independent of ¢o. When ¢ is close to c¢g®™, the
overall pattern of erosion and deposition may be quite
complicated: for example, for ¢y=0.75, there is net
deposition close to the point of bore collapse, net
erosion further landwards, then net deposition tailing
of towards the top of the swash zone.

The morphological change predicted by naively
extrapolating the results for a single swash event in
this way is rather large. There are few direct
measurements of the morphological change resulting
from swash zone processes, but our estimate of
change in the middle of the swash zone is somewhat
higher than either the approximately 1 cm of
deposition which Hughes et al. (1997) measured over
a 4-h interval on a steep beach or the change in bed
elevation of 1 cm which Butt and Russell (1999)
recorded at their experimental rig over the 48-h

interval between their ‘calm’ and ‘storm’ time series.
(However, it is rather less than the 1 cm per swash
event estimated by Puleo et al., 2003.) This discrep-
ancy may have several causes. One is that suspended
transport is only one of a number of processes
occurring in the swash zone, and it may be counter-
balanced by, for example, a net export of sediment in
the form of bedload. A second is that changes to bed
elevation of a centimetre or more are sufficient to
affect the propagation of the flow itself, and so in this
very dynamic environment there may be morphody-
namic feedback even over a timescale of tens of
minutes which prevents large features from develop-
ing. A third is that our results are exaggerated by
assuming that bores always collapse in the same
position and have the same size: allowing for some
variation in the location and scale of swash events
would mean that the sediment involved was distrib-
uted over a wider area than our naive estimates
represent. However, while these discrepancies suggest
that actual morphological change emerges as a rather
subtle balance between different mechanisms and
morphodynamic feedbacks, their overall implication
is that suspended load contributes significantly to this
balance.

We should now comment on the effect of allowing
for the vertical distribution of sediment in the water
column. As indicated in Section 2, this should
probably be regarded as a source of uncertainty in
the model, since it arises from processes which are
hard to measure in the field or to represent accurately
in models. Increasing the effective settling velocity by
a factor of 10 would mean that the value of E for fine
to medium sand could be as high as E = 1: referring to
Fig. 11, this could increase the dimensionless net
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fluxes in and out of the swash zone by up to 50%, but
without much altering the ratio between them. The
contribution from settling lag, however, would be
almost entirely eliminated (Fig. 11c), so reducing the
amount of deposition around x=1.

Finally, we note that these estimates assume that
transport processes can be characterised by a single
representative size of swash event. In reality, the
swash will be non-uniform, and transport will be
dominated by less frequent but larger events. In this
case, whether the long-term erosion or accretion rates
are lower or higher than those estimated here will
depend on the extent to which the lower frequency of
large events is offset by the ability of the larger
collapsing bore to mobilise higher suspended sedi-
ment concentrations. This is clearly a complicated
topic requiring further detailed field and laboratory
investigation to characterise not just individual events
but a representative ensemble of swash sizes and pre-
suspended sediment concentrations.

5. Discussion: onshore or offshore transport?

The ultimate reason for studying sediment trans-
port under swash is that it may be important in
determining the morphodynamic evolution of
beaches, with implications especially for coastal
defence. In this context, the simplest question which
should be answered is whether swash flows tend to
move sediment seawards or landwards across the
swash zone.

Although the intrinsic asymmetry between uprush
and backwash velocities tends to encourage the
export of sediment, we have seen that swash events
may lead to landward transport through two
mechanisms. Firstly, they may be effective in
distributing across the swash zone all or some of
the sediment mobilised by bore collapse; secondly,
settling lag effects may promote a weak onshore
movement of sediment. For fine sediment, the
sediment load is significantly different from that
predicted by a quasi-steady ‘total load” model
because of lag effects, whereas for relatively coarse
sediment, settling lag is less effective. However,
settling lag is a weak effect compared both to the
onshore transport of pre-suspended sediment and to
the offshore transport caused by high backwash

velocities, both of which are more effective for
coarser sediment. This has implications for the
development of more sophisticated models for
engineering applications, because it implies that
these models should incorporate some description
of the pre-suspension process in order to provide
realistic results. (The recent experiments of Kobaya-
shi and Lawrence, 2004 with solitary waves have
suggested that this is a complex topic, as the amount
of presuspended sediment depends on the manner in
which the incoming wave plunges or collapses as it
approaches the shoreline.)

It is interesting to consider our results in the
light of recent field studies of sediment transport in
the swash zone. As noted in Section 2.2, the
intrinsic asymmetry in swash flows might be expected
to encourage the seaward movement of sediment.
However, measurements of sediment transport in the
swash zone (e.g., Masselink and Hughes, 1998; Butt
and Russell, 2000) have suggested that rather higher
concentrations are associated with the uprush than
with the backwash, so that a swash event may in fact
lead to the upshore movement of sediment. A number
of explanations for this phenomenon have been
advanced in recent years. Several recent studies
(Masselink and Hughes, 1998; Nielsen, 2002; Jackson
et al.,, 2004) have pointed to the importance of the
onshore advection of sediment mobilised by the bore
collapse, but hitherto this mechanism has proved
rather hard to investigate quantitatively. The results of
Section 4, and in particular the estimate which they
provide of the quantity of sediment which must be
presuspended in order to produce a net onshore
sediment flux, provide a basis against which future
field measurements in both the swash and surf zone
could be compared. Given the complexity of the bore
collapse process such future studies are essential if the
morphodynamic role of suspended sediment in the
swash zone is to be properly understood; however, the
dimensional estimates obtained in Section 4.4.1
suggest that the onshore advection of pre-suspended
sediment may contribute significantly to net transport
patterns.

It is worth setting this conclusion alongside two
other theories which have recently been advanced to
explain the onshore transport of sediment: a bias
introduced by directionally dependent bed shear
stresses, and a bias introduced by contributions
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made by acceleration to the effective bed shear
stress.

Masselink and Hughes (1998) found that the
observed trends in uprush and backwash transport
could be explained using the energetics-based model
of Bagnold (1966) if different coefficients of propor-
tionality were employed during the two phases of the
flow, and suggested that this might be due to the
different structure of the turbulent boundary layer or
to sediment stabilisation or destabilisation by flow
through the porous bed. This theory has recently
received support from the direct measurements of
stress carried out by Conley and Griffin (2004), and
we have examined it in Section 3.1. Our tentative
conclusion is that while this effect may contribute to
net onshore sediment transport, it cannot lead to
onshore transport everywhere in the swash zone
unless cp is taken to be rather lower on the backwash
than Conley and Griffin’s results suggest. It may,
however, complement the onshore contribution from
presuspended sediment, particularly in the upper part
of the swash zone where the flow is more nearly
symmetrical between uprush and backwash, whereas
pre-suspended material is deposited mostly in the
lower part of the swash zone. A more detailed
examination of the interaction between these pro-
cesses is beyond the scope of the current study,
though it would make an interesting topic for future
research.

Nielsen (2002) suggested that the effective shear
stress exerted on the bed includes a contribution from
the horizontal pressure gradient (equivalently, from
the local fluid acceleration). Such a mechanism was
revealed to operate in sheet flow by the particle-based
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simulations of Drake and Calantoni (2001), and
Nielsen’s (2002) analysis of Masselink and Hughes’s
(1998) data suggested that it could indeed explain the
net transport patterns which they found, although
Nielsen noted that the existing evidence is insufficient
to explain the phenomenon conclusively. Recently,
Puleo et al. (2003) have carried out a similar analysis
of another data set, again with promising results.

We could in principle incorporate an accelerative
contribution to shear stress in the analysis presented
here, and this might also make an interesting topic for
further numerical or analytical investigation. How-
ever, we note that there are differences between the
typical records of velocity and acceleration predicted
by the Shen—Meyer solution and those measured by
Masselink and Hughes (1998). In particular, Masse-
link and Hughes (1998) measured velocities in very
shallow water which increased rapidly just after
inundation and decreased rapidly just before denuda-
tion: The associated high landwards accelerations play
an important role in Nielsen’s (2002) analysis. These
accelerations, however, are absent in the Shen—-Meyer
solution (Fig. 13a) and in more complex simulations
of swash flow; Hughes and Baldock (2004) have
suggested that their appearance in some field data may
be an artefact, related to the difficulty of measuring
velocities accurately in very shallow water. In any
case, as indicated in Section 3, it is not clear that a
model in which significant transport takes place in
very shallow water is physically consistent. Brief
periods of high shorewards acceleration are predicted
by the Shen—Meyer solution on the lower part of the
swash zone as the bore collapses (Fig. 13b), but as
explained above, these correspond to the region
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Fig. 13. Important features of Shen and Meyer’s swash solution (in nondimensional variables): Eulerian measurements of: (a) velocity u(#; x)
(solid lines) together with shoreline velocity 2—¢ (dashed line); (b) convective acceleration Du/Dt(¢; x) (solid lines) plotted at x=0.1, 0.2, 0.5, 1,
1.5, together with Puleo et al.’s (2003) time series estimate u ' 9A/0t—1 (dashed line) for the point x=0.5.
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X<Xy,(?) in which the shallow-water description may
no longer be expected to be valid.

A further difficulty involved in field studies is
indicated in Fig. 13b, where we have plotted for
illustration the estimate of Du/Dt derived and used in
their time series analysis by Puleo et al. (2003). This
estimate was derived on the basis of Taylor’s
hypothesis, and is given by Du/Dt=u '0h/dt—1.
The poor correspondence between the estimate and
the analytical solution indicates the difficulties faced
in estimating essentially Lagrangian quantities from
Eulerian time series data in the swash zone, both
because the advective term »du/dx in the momentum
equation cannot be neglected and because the
substitution of u for the wave celerity ¢ = v/A breaks
down when the flow reverses.

The difficulties in identifying and describing
complex effects such as acceleration-dependent trans-
port clearly should not deter their further investiga-
tion, especially in the light of the discrepancies
between the theoretical and empirical understanding
of the flows and transport processes involved. How-
ever, our model suggests that it would be valuable to
supplement such studies with systematic measure-
ments of the amount of sediment suspended immedi-
ately offshore from the swash zone. The results
presented here then provide a basis for determining
the relative magnitudes of the contributions to net
transport from pre-suspended sediment and that
mobilised, by whatever process, within the swash
zone: They support the suggestion of recent studies
(Masselink and Hughes, 1998; Nielsen, 2002; Jackson
et al, 2004) that the latter contribution may be
significant.

6. Summary and conclusions

We have developed an analytical description of
the transport of suspended sediment by a single
swash event following the collapse of a bore on a
plane beach, modelling the swash flow by the exact
solution to the shallow-water equations obtained by
Shen and Meyer (1963). We have shown how the
sediment transport may be separated into a contri-
bution from sediment entrained within the swash
zone and one from sediment suspended by the initial
bore collapse.

Although the intrinsic asymmetry between uprush
and backwash velocities tends to encourage the export
of sediment, we find that swash events may lead to
landward transport. A weak settling lag effect provides
part of this transport, but it is likely to be dominated
by the onshore advection and settling of the sediment
‘pre-suspended’ by the bore collapse. For fine sedi-
ment, the sediment load is significantly different from
that predicted by a quasi-steady ‘total load” model
because of lag effects, whereas for relatively coarse
sediment, settling lag is less effective. Both the
onshore transport of pre-suspended sediment and the
offshore transport caused by high backwash velocities
are more effective for coarser sediment. We have
estimated the erosion and accretion rates which may
result from suspended sediment transport, and our
estimates suggest that, especially on the lower part of
the swash zone, it may be as significant a mechanism
as several other processes by which it has been
suggested that bedload transport is biased in the
landwards direction.

The calculations in this paper have been made
using relatively simple flow fields and sediment
transport formulae. We have demonstrated that our
general conclusions are robust to variations in this
formulation and we reiterate that this analytical
framework may readily be employed with any flow
fields and transport laws. We believe that this method
offers considerable insight into the complex compet-
ing processes in nearshore morphodynamics.

The principal applicable outcome of this study
is to provide an estimate of how the net erosion or
deposition under a swash event is related to the
quantity of sediment mobilised by the initial bore
collapse. It thus provides a framework in which to
address the important question identified by recent
studies (Masselink and Hughes, 1998; Nielsen,
2002; Jackson et al., 2004) of how much such
pre-suspended sediment may contribute to swash
zone transport. Additionally, it emphasises the
importance of incorporating some account of the
presuspension process in future predictive models
of swash zone processes. We hope that future field
or experimental studies will be able to measure the
pre-suspended sediment directly: with such meas-
urements, it would be possible to build on the
theoretical framework developed here and improve
significantly our understanding of the important
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role which the swash zone plays in nearshore
morphodynamics.
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Appendix A. Some asymptotic results

The following calculations provide the mathemat-
ical background to some of the general conclusions
presented in the main text.

A.1. Sufficient conditions for the swash zone to export
sediment under a total load model

A.1.1. Concentration-based model

We assume that sediment transport is described by
a total load model in which the instantaneous
concentration of suspended sediment is given by
Ceq(ut). For convenience, we define the quantities
to(x) such that u(x, to(x))=0 and wu*(x)=u(x,
tin(0))=—u(x, t4e(x)). The velocity at a point x then
varies between u* on the uprush and —u* on the
backwash.

The total flux Q(x) is given by

14e ()
0(x) = / u(x, Oh(x, Deg(u(r,0)dr. (31)
tin(X)

The flux must be zero at the top of the swash zone
where #;,=t4., so if we can show that dQ/dx=>0
throughout the swash zone, this will be sufficient to
show that Q(x)<0 throughout.

The derivative is given by

dQ dtde dtin
= e gy uhceq|,—, o

+ /tnde % (uhceq(u))dt. (32)

i

By fluid continuity, we can write

3 (heeq) N h< Ceq . Ceq >

o1 o1 ox
(33)

2 (uhewg() =

Additionally, from the definition of #;,(x) and #4c(x),
we obtain

dtin o 1 dtde N 1

= d = .
dx u(x, ti) an dx u(x, tge)

(34)

Substituting these results into the expression for dQ/
dx, we obtain

do @ deey [ du u
—= = =2 — +u— |dt 35
dx /tm(x) du \or  “ox (35)
_u* d
:/ hﬂ(l—i—ug(x,u))du, where
w* du
du/dx
g) = 5 (36)
u*d
_ /0 g;q (x, u)K (x, u)du, (37)

where K (x,u)=h(x,u)(1 + ug(x,u))

= h(x, —u)(1 —ug(x, —u)), (38)

and where in the last step we have made the additional
assumption that c.q(#) is an even function of u.

In general, we expect cqq(#) to be a monotoni-
cally increasing function of |u| (i.e., dceq/du>0 for
u>0), for any physically reasonable sediment trans-
port model. Additionally, for Shen—Meyer flow, we

have
13 13\’
t(x, u) 5 g (E_Zu> +x and
_ t(x,u)
gl u) = 2(x,u) +x’ (39)

and it is simple to establish that K(x, u)=0 for all (x,
u) within the swash zone. This is sufficient to
guarantee that dQ/dx>0 and thus Q(x)<0 across the
swash zone.
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A.1.2. Bailard-type model

We can carry out a similar analysis when the total
load is described by a Bailard-type formula, g=uf{(u),
where f'is an even function of u. The total flux then
has the form

to(x) tae (x)
O(x) = / uf (u)dt + / uf (—uydt (40)

tin (x> fo (x)

and using f(u*)=f(—u*), we may obtain

L= [ Lletiw gl —uae @)
where g(x, u) is defined as above. For any physically
reasonable model, the derivative dg/du>0 for u=>0,
and so the swash zone will export sediment if g(x,
u)tg(x, —u)=<0 for all (x, u) in the swash zone. Again,
it is simple to confirm that this is the case.

A.2. Sufficient conditions for net landwards transport
at the landward end of the swash zone

It is also of interest to consider transport processes
at the landwards end of the swash zone: this will give
us some insight into the criteria for lag effects to
produce landwards sediment transport in the upper
swash zone.

We take cq(1) to be of the form c.q=|u|" where n
is a positive integer. (This can be thought of as the
leading term in a series expansion in small |u|, valid
for the low velocities around maximum run-up.) As
before, we express the ‘total load’ flux in terms of an
integral over u,

Oo(x) = /_ ulul" ’?d(:/g‘i du. (42)

We now transform to the independent variables € =
V2 — x and v=u/e, so this integral becomes

V2
Oole) = — / " f (e, v)dv, (43)
-2
where f(€, v)=h/(0u/0t) is given by

]2

Fle) 3 [—12—4ev+ 25 — 363V + evs + 8¢

€,V)=—

’ 64 12ev— 25— 36— 9€2v2 +3evs +16€2 ’
(44)

where s(e,v) = /36 — 12ev + 9212 — 16¢2.
(45)

We now carry out an expansion in powers of €,
defining f(e,v) = > 7, €'fa(v). The first non-zero
term is f4(v), but it turns out that the first term which
we require occurs somewhat further down the series.
This occurs for two reasons. Firstly, if a term f,,(v) is
even in v then the odd quantity f,,(v)v|v|" must
integrate to zero over the symmetrical range
v= —2to V2. Meanwhile, the structure of f{e, v)
means that the coefficient of any odd power of € must
be odd in v, and vice versa. Hence f;, fs and so on
cannot contribute to Oy(€), and we need only consider
s, f7 and so forth. Furthermore, we find that f5(v)=0,
and therefore the first contribution arises from f7(v):

v [3 ¢ 74 5,
L e TEa | 4
£(v) 972 {8‘} 7V oY ] (46)

and so

V2
Qo(e) - —269”/ VI R(V)dy as e — 0

0
(47)

2\° 20172y 9+n
:_(§> O+mT+mGLmBrn) "
(48)

To establish whether lag effects can overcome this
weak export of sediment from the upper swash zone,
we need to evaluate the non-equilibrium suspended
sediment concentration to some degree of accuracy.
As we aim to determine the maximum value of E for
which lag effects can overcome the intrinsic asym-
metry and lead to onshore transport, we will use the
asymptotic expansion given by Egs. (27) and (28)
which is valid for large E. Using this expansion, we
can write Q(x)~Qo(x)+E~'Q;(x)+. .., where

lae (x) Du dc
_ _ 2 Du  ACeq 4
00 =~ [ | P g (49)

in

s

=n / J(x,u)|ul"du  where
W Du

~ u/ot Dt

Jlx,u)
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In the same way as before, we transform to the
independent variables € and v, obtaining

V2
O1(€) = e+ [ CCIEEE (51)

expanding in powers of €, we find that

8 W= 80 24V — 3207 + 16
‘ 20736 ’
and since the leading term in the integrand is now
even in v, this provides the dominant contribution to
Q1(e), giving

J(ev) = (52)

_ 16 20m1/2y, 9+
Qi(e) o T+mB+mG+mT+n0O+n) "
as € — 0 (53)

The leading power of € in the expansion of O(€) is
the same as that in the expansion of Qg(e). This
allows us to obtain a simple criterion for landward
transport in the uppermost part of the swash zone:
assuming that the large-E expansion is a good
approximation, landward transport will occur if

2 5 2(n+1)/2n
B (5) O+n)(T+n)(5+n)(3+n)

116 2072y,
E7 I +mBEnGrnT+mOrn
(54)
e, if
E<Eo(n)= ——. (55)
1+n

This remarkably simple result predicts, for exam-
ple, that landwards net transport should not occur for
E>3 when n=2, or for £>9/4 when n=3. A close
inspection of Fig. 11lc indicates that these predictions
are reasonably accurate, although this is slightly
obscured by the rapid decrease of QOpnax as E
approaches Ey(n).

A.2.1. Different friction coefficients on uprush and
backwash

We can use the expansion of Qy(€) in powers of €
to understand how having a different friction coef-

ficient on the uprush and the backwash affects the
transport pattern. We can write

V2
Ou(e) = — / B (56)

where B is a rescaled friction coefficient (cf.
Section 3.1).

The simplest model is to take B=1 when v=>0 and
B=[<1 when v<0. In this case, when we carry out the
expansion we find that there is no longer perfect
cancellation for the even terms in the expansion of f{e,
v), and we obtain a leading-order term

2n/2(1 _ ﬁn/Z)

6+ n)@+n)2+n) e (57)

0o(e) =y

This means that for any <1, there will be at least a
region of (weak) shoreward transport near the top of
the swash zone, and if this value is sufficiently small
that it does not reverse transport at the seaward end,
we must have flux divergence in the swash zone.

This result may be generalised: if we take
B~Byt+Bv for |v|<1, this again disrupts the perfect
cancellation, and we find that

2(n+l)/ZBl
(n+7)(n+5)(n+3)

QO(G) — g €6+n. (58)
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