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[1] We describe a mathematical model of suspended sediment transport under cross-shore
tidal currents on an intertidal mudflat. We employ a Lagrangian formulation to obtain
periodic solutions for the sediment transport over idealized bathymetries and use these to
investigate the process of settling lag. In deep water away from the shoreline the
concentration of suspended sediment tends to a constant value, and we may invert the
relation between bathymetry and offshore concentration to estimate how the gradient of a
flat in a state of equilibrium varies with the sediment properties and supply. These
analytical estimates are compared successfully with the numerical experiments of previous
studies. We discuss the robustness of our modeling framework and demonstrate its
application to different descriptions of sediment transport and tidal regimes. INDEX
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1. Introduction

[2] Intertidal mudflats, extensive coastal regions domi-
nated by fine cohesive sediment, are found throughout the
world, wherever there is a sufficient supply of sediment
[Flemming, 2002]. They are characterized by extremely low
gradients, leading to a tidal incursion of as much as several
kilometers, and are often backed by low-lying saltmarsh
regions; they form an especially important environment
along the coasts of northwestern Europe, including the
British Isles, where they dominate the shores of many
estuaries.
[3] Mudflats provide a habitat for many species of

wading birds, and are economically important through
their role in coastal defense and as a substantial sink or
source of sediment during engineering works [Roberts and
Whitehouse, 1997]. However, the morphodynamics of
muddy shores have been rather less studied than those of
sandy beaches. It is only in the last decade that large
programmes of field work have started to clarify the
properties of the sediment, the mechanisms by which it
is transported, and how the flat morphology varies with
factors such as the tidal regime and the sediment properties
and supply. In particular, the work carried out under the
European Commission’s INTRMUD project has provided
for the first time a substantial set of data on European
mudflats (see the special edition of Continental Shelf

Research, 20, 10–13, 2000). A number of systematic
studies [Kirby, 1992; Dyer, 1998; Kirby, 2000] have drawn
on these and other observations to identify the environmen-
tal factors which exert most influence on the evolution of
mudflats, and to characterize the morphologies which
develop under given conditions.
[4] Kirby [2000] found that the cross-shore profiles of

mudflats can be characterized by the relative contributions
made by wind-generated waves and tidal currents to the
total sediment transport. Flats dominated by waves tend to
have a concave upward profile and to retreat over decadal
timescales, while those dominated by tidal currents are
convex upward and accrete over decadal timescales.
[5] This paper is concerned with flats which evolve under

purely tidal forcing. Most mudflats, with the possible
exception of those in extremely sheltered estuarine environ-
ments, are influenced both by tidal currents and by the
action of surface waves [Le Hir et al., 2000]. However, this
idealization allows us to make significant progress in
characterizing the transport processes, and this provides a
starting point for understanding the dynamics of flats under
more complex hydrodynamic conditions. Our approach
throughout is to consider the simplest model which yields
physical insight: hence, for example, we neglect processes
such as the diffusion of suspended sediment and the effect
of wave stresses on the properties of the bed.
[6] Previous modeling studies of tidally dominated flats

have been carried out both analytically [Friedrichs and
Aubrey, 1996] and numerically [Roberts et al., 2000;
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Pritchard et al., 2002], while reviews on the issues involved
have been provided for wave-dominated flats by Lee and
Mehta [1997] and more generally by Le Hir et al. [2000].
These studies are briefly summarized in section 2.2. The
object of the current paper is to develop an analytical
framework, building on that of Friedrichs and Aubrey
[1996], within which sediment transport may be described
and the resulting equilibrium morphology predicted. These
predictions then allow estimates of the equilibrium states to
be made without the need for extensive computations, and
so provide a bridge between existing analytical and numer-
ical results.
[7] In section 2, we describe a framework for modeling

morphodynamic processes, incorporating the cross-shore
hydrodynamics and the transport of fine sediment in sus-
pension, and briefly review previous studies. In section 3,
we consider sediment transport in a Lagrangian formulation,
using the method described in Appendix A. We construct
analytical and numerical solutions for periodic transport
over idealized bathymetries, and consider in some detail the
processes of net sediment transport which they reveal. In
particular, we discuss the roles of settling and scour lag in
this hydrodynamic setting. These results provide the basis
for section 4, in which we use them to develop estimates for
the large-scale morphology of the flat; these estimates are
compared with the numerical results of Pritchard et al.
[2002] and of Roberts et al. [2000], and we discuss their
application in the field.
[8] In two appendices, we investigate the robustness of

these results to uncertainties in the sediment transport
model. In Appendix B, we consider more general models
for the erosion and deposition of suspended sediment, and
demonstrate that the principal features of our results remain
unchanged. In Appendix C, we examine the sensitivity of
our estimates to uncertainties in the sediment properties, and
its implications both for our own and for related modeling
approaches.

2. Description of the Model

[9] We employ a depth-integrated ‘‘shallow-water’’ model
for hydrodynamics and sediment transport, of the kind
which have become an established tool in both engineering
and geophysical studies of coastal and estuarine systems
[see, e.g., Friedrichs et al., 1998; Brenon and Le Hir, 1999;
Schuttelaars and de Swart, 1999; Roberts et al., 2000;Wood
and Widdows, 2002]. These models are known to provide a
useful source of geophysical insight, although considerable
‘‘tuning’’ is often required when they are used for predictive
purposes. In order to obtain clearer insight into the dominant
physical processes, we have simplified the descriptions of
both the hydrodynamics and the sediment dynamics as far
as possible while retaining the essential physics of the
system.

2.1. Model Geometry and Governing Equations

[10] The geometry of the cross-shore model is shown in
Figure 1, which illustrates a prototypical macrotidal flat. We
consider forcing solely by cross-shore tidal currents, noting
that it is only in deeper water that longshore flows may be
expected to dominate the sediment transport [Le Hir et al.,
2000].

[11] The water depth is denoted by ĥ(x̂, t̂), bed elevation
by ẑ = �d̂(x̂, t̂) and water surface elevation by ẑ = ĥ(x̂, t̂) =
ĥ� d̂, and the instantaneous shoreline position is denoted by
x̂= x̂sh(̂t). (Throughout this paper, carets ^ denote dimensional
variables, while dimensionless variables are unadorned.)
[12] We describe the fluid velocity and the mass concen-

tration of suspended sediment (SSC) in terms of depth-
averaged quantities Û (x̂, t̂) and Ĉ(x̂, t̂). This depth-averaged
approach is appropriate when the characteristic vertical
length scale of the flow is very much smaller than the
horizontal length scale [Peregrine, 1972]. Since the typical
gradients of intertidal flats are of the order of 1/100 or
smaller [Dyer et al., 2000b], this condition is well satisfied
for the large-scale properties of the flow.
[13] It is convenient to work in terms of the nondimen-

sional variables defined by x ¼ x̂= Û0T̂
� �

, h = ĥ/ĥ0, d = d̂/ĥ0,
U = Û /Û0 and C = Ĉ/Ĉ0, where T̂ denotes the tidal period
and ĥ0 the tidal range, and Û0 and Ĉ0 are scales of
‘‘typical’’ cross-shore velocity and SSC respectively. It is
important to note that the horizontal length scale (and thus
the gradient of the flat) is not set independently of Û0T̂ , but
emerges as a consequence of morphodynamic processes.
Hence we may expect Û0, as well as Ĉ0, to be related to the
sediment properties: this is discussed further below.
[14] The nondimensionalized fluid continuity equation

has the form

@h

@t
þ @

@x
Uhð Þ ¼ 0; ð1Þ

and it is usual to complete the description of the
hydrodynamics with a horizontal momentum equation,
typically including a quadratic drag law,

@U

@t
þ U

@U

@x
¼ � 1

F2

@

@x
h� dð Þ � K

jU jU
h

; ð2Þ

[see, e.g., Friedrichs et al., 1998; Roberts et al., 2000;
Pritchard et al., 2002], where the scaled drag coefficient
K � cDÛ0T̂ /ĥ0 is typically of order 1.
[15] We will make a further slight simplification: the

global Froude number F � Û0/(gĥ0)
1/2 in equation (2) is

typically of order 1/30 for tidal flows across flats, and so we
consider the hydrodynamics in the limit F! 0. In this limit,
the momentum equation reduces to @ (h � d)/@ x = 0; the
continuity equation (1) can then be rearranged to give

U x; tð Þ ¼ dh
dt

xsh � x

h x; tð Þ ð3Þ

Figure 1. Definition diagram for cross-shore model
(vertically exaggerated for clarity).
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for any given tidal elevation h(t). This simplified description
has been used previously for morphological modeling of
coastal environments, for example by Friedrichs and
Aubrey [1996] and by Schuttelaars and de Swart [1999].
It describes the flow well except in a small region close to
the shoreline where frictional effects may produce a distinct
slope in the sea surface. On a flat of constant gradient, this
region scales as xsh � x = O(F2Ku2), which is sufficiently
small to be negligible throughout most of the analysis
presented here; on the convex upper flat considered in
section 3.1.2, it may be more significant, but is neglected
for simplicity.
[16] Sufficiently fine sediment is transported principally

in suspension. The vertical concentration profile may be
characterized by a Rouse number B = ŵs/(kû*), where ŵs is
a particle settling velocity, û* is a friction velocity and k 	
0.4 is the von Kármán constant. For flows over mudflats,
typically ŵs 	 10�3 ms�1 and û* 	 2 
 10�2 ms�1, and so
B 	 0.1: we approximate further by assuming that sediment
is well mixed in the water column. The ratio of the
advective to the diffusive horizontal transport of suspended
sediment, however, scales as L̂x/L̂z and so is typically much
greater than unity; throughout this study we therefore treat
horizontal sediment transport as purely advective.
[17] Despite considerable experimental and field inves-

tigation, there are as yet no universally accepted models
for the erosion and deposition of cohesive sediment. The
most successful simple descriptions are those obtained
experimentally, for deposition by Einstein and Krone
[1962], and for erosion by Partheniades [1965]: these
are common choices in mathematical and numerical mod-
eling of estuarine sediment transport [see, e.g., Dyer,
1986; Cancino and Neves, 1999; Brenon and Le Hir,
1999]. The success of these studies, as well as the
reasonable agreement with observational data [Sanford
and Maa, 2001], suggests that these models capture the
dominant sedimentary processes.
[18] We employ Partheniades’ erosion model in its usual

form, taking the mass erosion rate Q̂e = m̂e(t̂=t̂e � 1),
where t̂ is the bed shear stress, t̂e is a critical stress which
must be exceeded in order to break up the bed and entrain
flocs, and m̂e is a dimensional parameter. However, we
employ a modified version of the Einstein-Krone deposition
model.
[19] In the usual formulation, the mass deposition rate Q̂d

is the product of the suspended sediment concentration, the
settling velocity ŵs of a mud floc, and the probability p of a
settling floc surviving the turbulence near the bed. The
latter quantity is given by p = 1 � t̂/t̂d , where t̂d is a
critical shear stress above which flocs break up and no
longer settle. An undesirable feature of this model is that it
provides no upper bound on the concentration of sus-
pended sediment: in particular, SSC typically becomes
unbounded at the shoreline, because there is no mechanism
to counter the very rapid entrainment of flocs in shallow
water.
[20] In field observations, a pronounced maximum of

suspended sediment concentration, known as the ‘‘turbid
tidal edge’’ (TTE), is often apparent at the start and end of
inundation [Christie and Dyer, 1998]. High values of Ĉ
may therefore be expected in this region, although the
unboundedness of the concentration field is unphysical. In

order to control this feature, the depositional model we
consider includes the settling of suspended matter both in
flocs and in the much smaller primary particles of which the
flocs are built. The population of primary particles near to
the bed is then given by Ĉ(1-p), and these particles settle at
a rate ŵp, which is very much smaller than the floc settling
velocity ŵs. The ratio � = ŵp/ŵs is a complicated function of
the sediment properties [Winterwerp, 2002]; we will treat it
as a heuristic parameter, and demonstrate that our results are
qualitatively unaffected by the value of the ratio �, even in
the limit � = 0, in which the Einstein-Krone formula is
recovered.
[21] The parameters involved in the sediment transport

equation provide natural scales for the cross-shore veloci-
ties and for sediment concentration. In order for both
erosional and depositional processes to be nonnegligible,
the reference cross-shore velocity Û0 must be of similar
magnitude to Û e, the threshold velocity for sediment
erosion; we shall see in section 4 how this estimate can
be refined. We define a concentration scale which reflects a
balance between erosive and depositional fluxes, Ĉ0 = m̂e/
ŵs, so the sediment transport equation is given in nondi-
mensional form by

@C

@t
þ U

@C

@x
¼ E

h
Qe Uð Þ � Qd U ;Cð Þ½ �; where ð4Þ

Qe ¼
U2

U2
e

� 1

� �
for jU j  Ue

0 for jU j < Ue

8><
>: ð5Þ

and Qd ¼
C 1� 1� �ð ÞU

2

U 2
d

� �
for jU j � Ud

�C for jU j > Ud :

8><
>: ð6Þ

The parameters Ue and Ud are the dimensionless threshold
velocities for erosion and deposition respectively, and E �
T̂ ŵs/ĥ0 is the dimensionless bed exchange rate, which is
typically of order 1. It is generally found that Ue > Ud, and
so periods of floc erosion and floc deposition are distinct:
however, this has been questioned, and determining the
critical stresses te and td remains a difficult experimental
task [Sanford and Halka, 1993; Sanford and Maa, 2001].
We return to this point in Appendix C.
[22] The numerical studies of Pritchard et al. [2002] and

Roberts et al. [2000] both impose a constant concentration,
C = Cbdy , at the seaward boundary during the flood tide.
This represents a uniformly turbid estuarine environment
some distance offshore from the flat: it is a considerable
simplification of the real system, in which the sediment
input is controlled by longshore currents and offshore
mixing processes, and is time dependent. In section 3 we
will consider a more natural boundary condition.
[23] The morphodynamical equations may be completed

by a bed evolution equation which gradually updates the
bathymetry according to the net erosion or deposition at
each point. Further details and discussion of this component
are given by Pritchard [2001]; we need note only that under
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normal circumstances, the bathymetry may be treated as
static over tidal timescales.

2.2. Equilibrium States

[24] In this paper, we are not concerned with the general
concept of equilibrium in coastal environments [Kraus,
2001]: it is sufficient to define the equilibrium state of a
mudflat as that toward which it evolves under constant
forcing conditions. The observations collated by Kirby
[2000] suggest that a typical equilibrium state may be
characterized by a constant cross-shore profile, measured
relative to high water (HW) and low water (LW), which
over decades migrates seaward or landward as sediment is
imported to or exported from the system. We aim to
characterize such an equilibrium profile.
[25] We define the net flux over a period,

Q x; d xð Þð Þ �
Z T

0

q x; t; dð Þdt; ð7Þ

where in our shallow-water model the depth-integrated
sediment flux q(x, t) may be expressed simply as q = CUh,
and where the hydrodynamic variables h(x, t) andU(x, t), and
the suspended sediment concentration C(x, t), vary with
period T. The residual fluxes associated with advance or
retreat which take place over tens of thousands of tides must
be very much smaller than the instantaneous flux of sediment
across the flat, and so an equilibrium profile d(x) = deq(x)
must approximately satisfy the condition dQ/dx = 0 at every
position x across the flat. In section 3, we will develop
periodic solutions for C(x, t), and then investigate the
quantity Q(x) which determines the morphodynamics of the
flat.
[26] In recent years, a number of comprehensive studies

[Kirby, 1992; Dyer, 1998; Kirby, 2000] have established a
basic typology of mudflat morphology. For tidally domi-
nated flats, the canonical morphology is convex: the gradi-
ent is approximately constant across the lower part of the
flat and reduces to almost zero at the high-water mark.
[27] The first explanation of this morphologywas provided

by Friedrichs and Aubrey [1996]. They assumed that the
peak shear stress (and thus the peak velocity) during a tidal
cycle was uniform across an equilibrium tidally dominated
flat. Assuming equation (3), and taking a sinusoidal tidal
elevation curve, it is straightforward to derive the profile

d̂eq x̂ð Þ ¼
� 1

2
ĥ0

x̂

L̂0
for x̂ � 0

� 1

2
ĥ0 sin

x̂

L̂0

� �
for x̂  0:

8>><
>>:

ð8Þ

Heremean sea level (MSL) occurs at x̂ = 0, andwe define L̂0 =
Û0T̂ /2p, where Û0 the maximum velocity reached during
the tidal cycle. We shall refer to this profile as an FA96 flat.
[28] Equation (8) provides a good qualitative model for

the tidally dominated flats described by Kirby [2000] and by
Friedrichs and Aubrey [1996], and we will employ it as a
prototypical description of an equilibrium, linear-convex
flat (see section 3.1.2). However, as muddy sediments are
easily transported long distances in suspension [Lee and
Mehta, 1997], the use of a local dynamical balance to
describe global equilibrium requires some justification: this
will be discussed in section 3.2.3.

[29] Numerical studies of mudflat evolution have been
carried out by Roberts et al. [2000], by Pritchard et al.
[2002], and recently also by B. Waeles et al. (Modélisation
morphodynamique cross-shore d’un estran vaseux, submit-
ted to Compte Rendus Geoscience, 2002, hereinafter referred
to as Waeles et al., submitted reference, 2002). The models
employed varied in complexity, although they shared the
main features of that described in the current study, and the
overall character of their results was very similar. Typical
equilibrium profiles were approximately linear below mean
sea level and convex above, and the peak velocity Ûmax was
approximately constant across the flat (except on the upper
part of Roberts et al.’s [2000] flats, where the model became
dynamically inconsistent). In the models of both Pritchard et
al. [2002] and Waeles et al. (submitted reference, 2002), the
equilibrium profile became established over a few decades,
and the flat then migrated seaward while maintaining a
constant profile, in agreement with Kirby’s findings. Both
Roberts et al. [2000] and Pritchard et al. [2002] found that
the mean gradient of their flats increased in proportion to the
tidal range, and decreased with greater sediment supply: we
discuss these trends in section 4.

3. Sediment Transport Under Tidal Currents

[30] We will now construct solutions for suspended sed-
iment concentration within the model outlined above. This
reduced model retains much of the dynamical complexity
which is observed in the field and in more complicated
simulations: our solutions therefore provide a ‘‘laboratory’’
in which we can investigate the processes which lead to net
sediment transport. This allows us to elucidate the classical
descriptions of settling lag [van Straaten and Kuenen, 1958;
Postma, 1961] as an agent of net sediment transport, and
provides insight into the subtleties of this mechanism.
[31] The other important result which these solutions

provide is a physical relationship between the gradient of
a flat and the offshore SSC, which represents the sediment
supply to the morphodynamical system. This result will be
used in section 4 to obtain estimates for the equilibrium
gradient of flats under given external conditions.
[32] We first consider a flat with a linear cross-shore

profile (section 3.1.1), which has the advantage that we may
construct exact analytical solutions; we then consider a
more realistic linear-convex geometry (section 3.1.2).

3.1. Constructing Solutions in a Lagrangian Frame

[33] While it is necessary to work in an Eulerian frame in
order to describe the evolution of the bed, it is more natural
to consider the short-term dynamics in a Lagrangian frame.
In such a description, we consider fluid elements with
position xL(t; x0) such that xL(0, x0) = x0, depth hL(t; x0)
and velocity UL(t; x0), and carrying sediment concentration
CL(t; x0). The sediment transport equation (4) can now be
written as a pair of ordinary differential equations,

dCL

dt
¼ E

hL
Qe UL; tð Þ � Qd UL;CL; tð Þ½ �

on trajectories
dxL

dt
¼ UL tð Þ; ð9Þ

which may be integrated analytically or numerically.
Appendix A describes how periodic solutions may be
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constructed for the Lagrangian quantity CL, and thus for the
Eulerian suspended sediment concentration: we now discuss
these solutions for two particular bathymetries.
3.1.1. Sediment Transport Across a Linear Flat
[34] On a flat of constant gradient, d(x) = �x, and under a

sinusoidal tide, we may obtain an exact analytical solution
for the SSC, following the method outlined in Appendix A.
[35] The Eulerian solutions for two values of � are

plotted, at intervals of 1/16 of a tidal period, in Figure 2.
These plots show the gradual entrainment of sediment and
the formation of the turbid tidal edge during the period
when U > Ue, as well as the very rapid collapse of the TTE
when U falls below Ud.
[36] During erosional periods, the concentration for � =

0 becomes unbounded at the shoreline. In contrast, the
particulate settling term �C imposes a finite concentration
Ceq = ��1(U2/U2

e � 1) at the shoreline during erosional
phases, and causes the concentration to drop to zero during
purely depositional phases. However, this corresponds to
only a small change in the actual quantity of sediment in
suspension, which is given by Ch, and this is reflected in
the small change which occurs in the cross-shore sediment
fluxes discussed in section 3.2.2. (The effect of further
altering the erosional and depositional fluxes is considered
in Appendix B.)
[37] Another important feature of this solution is that the

concentration of suspended sediment tends to a constant
value at large distances from the shoreline, C(x, t) ! C1 as
x ! �1, where C1 is a function of Ue, Ud and �. This
deep-water value can be obtained most easily by employing
the conservation of sediment in deep water: since the total
deposition from a fluid element over a cycle must equal the
total erosion over that cycle, we must have

lim
jx0j!1

Z T

0

Qe UL tð Þ; x0ð Þdt ¼ lim
jx0j!1

Z T

0

Qd C1;UL tð Þ; x0ð Þdt;

ð10Þ

leading to

C1 ¼ U2
d

U2
e

�
Ue

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� U2

e

p
þ 1� 2U2

e

� �
cos�1 Ue

1� �ð Þ Ud

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� U 2

d

q
þ 2U 2

d � 1
� �

sin�1 Ud

h i
þ �U2

dp

2
64

3
75:

ð11Þ

[38] The limiting offshore concentration C1 given by
equation (11) is important because it sets the scale for the
sediment dynamics of the system: if processes in the more
landward parts of the flat lead to local levels of suspended
sediment which are very much lower or higher than this,
then the resulting cross-shore gradient of SSC will mean
that advective transport imports or exports large quantities
of sediment, changing the morphology and thus the local
dynamics. As we will show in section 4, this allows us to
use equation (11) to relate the gradient of the flats to the
supply of sediment from the offshore region.
[39] In Figure 3, the residual flux Q is plotted at various

points across the flat. Particularly in the intertidal region,
there is a clear landward movement of sediment, which
decays rapidly to zero below LW (though it is not quite
symmetrical across the intertidal region, and there is some
small flux as far seaward as about x = �0.6). The effect of
this flux is to move sediment from the lower to the upper
flat: there is no import of sediment from far offshore (the
limit x ! �1). We discuss this further in section 3.2.2.
3.1.2. Sediment Transport Across a Linear-
Convex Flat
[40] We now consider the suspended sediment transport

on a flat of the type described by equation (8). An analytical
solution is not available, but given the velocity field
provided by equation (3), periodic solutions may be
obtained numerically as described in Appendix A. The flat
considered here has the critical velocity U0 = 1, and the
sediment parameters are the same as for the analytical
solution plotted in Figure 2: E = 1, Ue = 0.8 and Ud = 0.4.
[41] Figure 4 shows snapshots of the periodic concentra-

tion field at intervals of 1/16 of a tidal period. There are
some obvious similarities to the exact solution on a linear
flat (Figure 2). In particular, toward the seaward end of the
domain, the concentration field C(x, t) is very similar to that

Figure 2. Analytical solution for SSC on a linear flat, with
Ue = 0.8 and Ud = 0.4: (a) flood and (b) ebb. Plots are at
intervals of p/16. Solid lines represent � = 0; dashed lines
represent � = 0.025. The vertical axis is cut off at C = 10 for
visual convenience.

Figure 3. Residual landward sediment flux Q(x) across a
linear flat, for � = 0 (solid line); � = 0.01 (dashed line); and
� = 0.025 (dotted line). (Note MSL is at x = 0; HW and LW
are at x = ±0.5.)
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on the linear flat. In fact, the deep-water concentration C1
defined by equation (11) also provides the limiting value of
C(x, t) in this case, and the convergence of C to C1 is rather
rapid as jxj increases.
[42] The major difference between the linear and the

linear-convex flat is the behaviour of the turbid tidal edge.
On the upper flat, the decreasing gradient, and consequently
higher velocities, maintain the TTE throughout the flood,
and allow it to form again rapidly on the ebb. (The reduced
settling at high-water slack means that concentrations gen-
erally are noticeably higher than on the linear flat, although
the overall dynamics are very similar.) A peculiar feature is
that the TTE at the shoreline never collapses, since the
shoreline is accelerated instantaneously from U = 1 to U =
�1 at high-water slack. This is an artifact of the idealized
bathymetry and the inertialess hydrodynamic model, and
does not affect the sediment budget across the flat.
[43] Figure 5 shows the net cross-shore flux Q(x) over a

tidal cycle. Perhaps surprisingly, the net flux resembles the
linear case most on the upper flat, where there is a small
net landward movement of sediment. On the lower part of
the flat and in the subtidal region, though, the net flux is
seaward, and the decay of Q(x) is much more gradual than
on the linear flat. This is discussed further in section 3.2.3.

3.2. Interpretation and Discussion of Solutions

[44] The processes leading to net sediment transport may
be interpreted either in Lagrangian form, in terms of the
processes known as settling lag and scour lag, or in Eulerian
form, by considering the cross-shore fluxes of suspended
sediment q(x, t) and Q(x). The standard conceptual descrip-
tions of sediment transport [see, e.g., Nichols and Biggs,
1985] are essentially Lagrangian, whereas recent field
studies of intertidal flats [e.g., Christie et al., 1999;
Bassoullet et al., 2000] have sought to describe the
Eulerian sediment fluxes. The form of our solutions makes
it natural to compare these two interpretations, in order to
establish what are the observable ‘‘signatures’’ of lag
effects, how they operate in different parts of the system,
and when this concept may be usefully applied.

3.2.1. Settling and Scour Lag Effects
[45] The processes of settling lag and scour lag were

proposed by van Straaten and Kuenen [1958] and by
Postma [1961] to explain the accumulation of fine sediment
in the landward reaches of tidal inlets. The basic mechanism
of settling lag is that a suspended sedimentary particle takes
a finite time to settle out of suspension, and thus is carried
landward on the flood some distance after the local fluid
velocity has fallen below the threshold for deposition. It is
therefore reentrained on the ebb not into the fluid element
which deposited it, but into one located further landward.
(This process is accentuated, ‘‘scour lag’’, if the threshold
velocity for the erosion of sediment is higher than the
threshold velocity for deposition: for simplicity, we neglect
scour lag in this discussion.) Figure 6 illustrates the settling
lag process in schematic form [cf. van Straaten and Kuenen,
1958, Figure 2].
[46] When the hydrodynamics are spatially uniform

(Figure 6a), no net transport can occur. A particle is
entrained on the flood tide (A) and carried until just before
HW slack (HWS), when the current drops below the
threshold for deposition; it settles gradually, reaching the
bed (B) a distance �HW beyond the point at which it started
settling. On the ebb, the particle is reentrained by a more
landward fluid element, which carries it seaward until it
starts to sink shortly before LW slack (LWS); finally, it is
deposited again (C) a distance �LW beyond where it started
to sink. Since the trajectories of all fluid elements are
identical and the settling distances �HW and �LW are the
same, the particle is redeposited where it started off.
[47] If fluid velocities are uniform but depths are not,

the settling distance at HWS may exceed that at LWS
(Figure 6b). In this case, the particle is deposited further
landward than it started; similarly, if �HW < �LW we may
expect net seaward transport. Conversely, Figure 6c shows a
case where the settling distances are identical, but the fluid
trajectories are not. Here, the smaller excursion of the more
landward fluid element means that the particle is deposited
further landward than it started; similarly, if the tidal
excursion increased landward, the particle would be depos-
ited further seaward than it started.
[48] Although this mechanism is generally described in

terms of individual sedimentary particles, it can be applied
to a model of the type described in this paper, where a
continuous sediment concentration C(x, t) is employed to
represent the stochastic nature of sediment response. In a
continuum description, the particulate settling time is

Figure 4. Numerical results for SSC on an FA96-type flat
(MSL at x = 0), with Ue = 0.8, Ud = 0.4, � = 0.025: (a) flood
and (b) ebb. Plots are at intervals of p/16.

Figure 5. Net cross-shore flux Q(x) on an FA96-type flat,
with Ue = 0.8, Ud = 0.4, E = 1, and � = 0 (solid line); � =
0.01 (dashed line); and � = 0.025 (dotted line).
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generalized to the time taken for the concentration field to
respond to changes in the fluid velocity, which is quanti-
fied in our model by the dimensionless exchange rate E.
We will discuss the limits of this interpretation below.
[49] In tidal inlets, the maximum velocity and tidal

excursion of a fluid element increase seaward, so the
mechanism illustrated in Figure 6c may lead to net landward
transport [van Straaten and Kuenen, 1958]. Postma [1961]
proposed an alternative mechanism, which depends on
hydrodynamic asymmetries. The length of HWS typically
exceeds that of LWS, leading to greater total deposition, and
thus to lower concentrations on the ebb than on the flood:
this was later demonstrated in a mathematical model by
Groen [1967]. As Figure 6d illustrates, this is not predicted
by a particulate model of sediment dynamics, because the
settling distance of an individual particle does not depend
on the length of slack water. It is generally believed [see,
e.g., Nichols and Biggs, 1985] that in many estuarine
contexts these two mechanisms work together to promote
the landward movement of sediment.
3.2.2. Transport Patterns Across a
Linear Flat
[50] In tidal flow over a linear flat, the distance-velocity

trajectories and the durations of HWS and LWS are identical
for all fluid elements. However, the element which carries a
particle on the ebb tide is located further landward than that
which carries it on the flood tide. Hence the fluid depth hL is
smaller, the particle takes less time to settle out around
LWS, and �LW < �HW, leading to net landward transport.
[51] The instantaneous sediment fluxes q(x, t) at several

points across the flat are shown in Figure 7. We recall that in
the Lagrangian frame, concentration varies with twice the
frequency of the fluid motion, and so the lag of SSC behind
velocity must be identical on the flood and on the ebb.

However, in the Eulerian frame, because the sediment-laden
region is advected backward and forward the phase relation
is correspondingly advanced or retarded, and so the fluxes
become asymmetrical and do not cancel out when integrated
over a tidal cycle.
[52] Even at points below LW (such as x = �1) where

there is a net balance between seaward and landward fluxes,
the sediment fluxes are different on the flood and on the
ebb. The peak flux on the flood is higher, but because it
occurs when the fluid velocity is already falling and as
lower concentrations are being advected landward from the
offshore region, it is shorter lived; whereas the peak on the
ebb occurs slightly before maximum ebb velocity, and so
although it is lower, it is sustained for longer by the
entrainment of sediment and by the seaward advection of
the high concentrations associated with the turbid tidal edge.
In the intertidal region, the sediment flux lags still further

Figure 6. Schematic illustration of some mechanisms of settling lag. Solid lines indicate trajectories of
fluid elements; dashed lines indicate U = ±Ud ; and dotted lines represent particle settling and
reentrainment. (See text for discussion.)

Figure 7. Landward sediment flux q(x, t) as a function of
time, for x = �1, �0.6, �0.3, 0, and 0.3. Physical
parameters and legend are as in Figure 3. Note that q is
typically 10 times larger than the net flux Q, even over this
highly nonequilibrium bathymetry.

PRITCHARD AND HOGG: TIDAL SEDIMENT TRANSPORT ON MUDFLATS 11 - 7



behind the fluid velocity, and this is particularly noticeable
on the upper flat on the ebb (compare the times at which the
local minimum of q occurs for the values of x plotted in
Figure 7).
[53] The phase lag between velocity and sediment con-

centration is the Eulerian ‘‘signature’’ of the settling lag
process described above. It occurs essentially because the
dynamics of suspended matter are naturally Lagrangian in
character, while sediment exchanges with the bed must be
considered in an Eulerian frame. When a particle is depos-
ited and reentrained, the lag effect means that it changes its
position in the Lagrangian but not in the Eulerian frame;
correspondingly, a phase lag in the Eulerian frame corre-
sponds to the transfer of material between fluid elements in
the Lagrangian frame.
[54] Finally, we note that, as indicated in section 3.1.1,

the particulate settling term proportional to � does not alter
the qualitative character of the results. The effect of this
term is evident in the plots of q (Figure 7) near the start and
end of inundation, where it causes the flux to drop off more
rapidly, and it is also evident in figure 3 that increasing �
leads to slightly greater net sediment movement below low
water. This is discussed further in Appendix B.
3.2.3. Transport Patterns Across a Linear-Convex
Flat
[55] In tidal flow over a linear-convex flat, the transport

mechanisms become more complicated. The convexity
causes tidal excursion to increase landward, promoting the
export of sediment (Figure 6c). Fluid depths are generally
lower around HWS, and the higher velocities on the upper
flat reduce the duration of HWS, decreasing�HW relative to
�LW, which should accentuate this effect.
[56] To explain the net landward transport seen on the

upper flat (Figure 5), we require a continuum description of
the dynamics. Because of the smaller depths, much more
sediment is able to deposit at HWS than at LWS, leading to
lower concentrations during the ebb than during the flood,
and thus to a net landward flux of sediment. (A similar
process was suggested by the observations of Wang and
Eisma [1990], although in that case landward transport was
considerably enhanced by the asymmetry of the tidal curve.)
This effect is most significant in shallow water, where the
proportional difference in fluid depth is greatest. Conse-
quently, this mechanism dominates on the upper flat; further
seaward, lag effects associated with the difference in excur-
sion start to dominate, and we see a small net seaward flux.
[57] Far from the shore, the particulate interpretation

again becomes misleading, because the water is sufficiently
deep that typical settling times are comparable to the period
of the fluid motion. The seaward transport here can best be
explained by considering the behaviour of a fluid element
far from the shore. The basic variation of concentration here
has twice the frequency of the tide. However, the presence
of the convex upper flat enhances velocities while it is
inundated, thus suppressing deposition around HWS, and
enhancing erosion during the end of the flood and the start
of the ebb phases. The net result is that sediment concen-
trations are slightly higher on the ebb than on the flood,
leading to a net seaward flux of suspended sediment. This
illustrates the sensitivity of net sediment transport to the
presence of gently sloping flats close to high water
remarked on by Dronkers [1986].

3.2.4. Conclusions: Settling Lag on Intertidal Flats
[58] These results illustrate how the finite settling time of a

sedimentary particle translates into a phase lag between
velocity and suspended sediment concentration in an Eulerian
frame. Settling lag does not depend on asymmetries in the
distance-velocity curve of a fluid element, although it may
be affected by them. Unlike the spatial nonuniformities
introduced by friction and bathymetry in shallow inlets,
those introduced by the bathymetry of a convex flat may
either enhance or reduce net transport, and settling lag may
play different roles in different regions of the tidal system.
To explain these effects, a continuum rather than a partic-
ulate model of sediment dynamics is required in regions
where settling times exceed the period of the fluid motion,
or where (as on the upper part of a convex flat) a large
proportion of the sediment in suspension is able to settle out
in a short time.
[59] Without the assistance of asymmetry in the distance-

velocity curve the net landward transport induced by
settling lag may be confined to a rather small region mostly
situated above the low-water mark (Figure 3). The role of
settling lag under these circumstances is to supply the upper
flat with material drawn mainly from the lower flat, but not
to import sediment from regions further offshore. Figure 5
illustrates the more unexpected result that under some
circumstances, settling lag can lead to a net seaward
movement of sediment in the region further from the shore.
As most treatments of settling lag focus on its potential for
purely landward transport, this possibility merits further
attention. In particular, it would be interesting to determine
whether seaward transport offshore from convex flats can be
identified in the field.
[60] The different patterns of net transport on the identical

subtidal parts of the linear and linear convex flats illustrate
the nonlocal dynamics which make it hard to characterize an
equilibrium bathymetry. Despite this, the Friedrichs-Aubrey
criterion provides a reasonable approximation to equilib-
rium. This is not, as Friedrichs and Aubrey [1996] sug-
gested, because uniform peak velocities across the flat lead
to zero divergence in the net sediment transport: although
the peak velocities are dynamically the most important,
settling lag effects depend on the shape as well as the
magnitude of the fluid velocity-distance trajectories. The
criterion does impose some uniformity on these trajectories;
more importantly, it defines a bathymetry in which the lag
effects due to nonuniformities in the tidal excursion com-
pete with, and partially cancel out, those due to variations in
the fluid depth. Consequently, equation (8) provides a good
working approximation to an equilibrium flat.

4. Characterizing Equilibrium Morphologies

[61] So far, we have considered the short-term processes
of sediment transport, taking the bathymetry of the flat, and
its overall dimensions, as given. However, in a natural tidal
setting which exhibits morphodynamic equilibrium, there
must be some relationship between the large-scale morphol-
ogy and the sediment properties and supply: knowing this
relationship, we should be able to construct a priori esti-
mates for the morphology which will develop under given
conditions. We now consider this relationship in more
detail.
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[62] Motivated by the results of section 3.2.3 and by
the studies summarized in section 2.2, we will assume that
the equilibrium profile of a flat becomes linear far from the
shore. This has two consequences. First, the morphology
may be characterized by the single quantity Û0: we recall
from section 2 that the vertical length scale of the flat
is defined by the tidal range ĥ0, while the horizontal
length scale is given by L̂x = Û0T̂ ; thus the gradient scales
with L̂z/L̂x = ĥ0/(Û0T̂ ). For a given linear or linear-convex
flat, we may choose T̂ and Û0 (as in section 3) so that Û0 is
the maximum velocity Ûmax attained under a sinusoidal
tide, and ĥ0/(Û0T̂ ) defines the gradient of the flat.
[63] Second, the equation (11) describes the relationship

between the sediment properties and the offshore levels of
suspended sediment. This then provides a connection be-
tween the sediment properties and supply and the gradient of
the flats, since this gradient enters through the definition of
the dimensionless threshold velocities for erosion and depo-
sition, Ue = Û e/Û0 and Ûd = Ûd/Û0. Given the physical
parameters Û e, Ûd, m̂e, and ŵs, and an offshore concentra-
tion Ĉ1, we may then invert equation (11) to obtain Û0, and
thus the gradient of a corresponding linear flat.
[64] We may relate this process to the numerical experi-

ments of Roberts et al. [2000] and Pritchard et al. [2002] if
we identify the imposed boundary concentration Ĉbdy with
the deep-water limit Ĉ1, and nondimensionalize so that the
resulting value of Û0 represents the maximum velocity on
the linear part of the flat. We expect that a flat will adjust
from a given initial condition until this condition is satisfied,
and there is no longer a tendency to import or export
sediment from far offshore.

4.1. Equilibrium Flats Under a Sinusoidal Tide

[65] We first consider a sinusoidal tide, as in section 3. In
Figure 8, we assume that the ratio Û e/Ûd is fixed, and show
the variation of 1/Û e � Û0/Û e with C1. (We recall that the
gradient scales as Û0

�1, so higher velocities correspond to a
more gently sloping flat.) As C1 increases, so does Û0: the
physical reason for this is that higher velocities are required
to maintain the higher quantities of sediment in suspension.
The value of � slightly alters the estimate for Û0, since
higher values of � increase the net deposition rate, and so
require slightly higher velocities in order to balance this.

[66] To test our basic assumption that a flat will adjust
until Cbdy = C1, we compare our estimates for the peak
velocity and for the gradient of the flat with the results of
Roberts et al. [2000]: these were obtained using an identical
dynamical model, with � = 0. Estimates of Û0 can be
obtained from Roberts et al.’s [2000] data by measuring
the gradient of the near-linear lower part of each flat, and
using equation (3).
[67] Roberts et al. [2000] found that flats with different

tidal ranges had identical peak shear stresses on the lower
flat: this agrees with our estimates, since the horizontal
velocity Û0 is set independently of ĥ0. The variation of the
gradient with Ĉbdy is also in excellent accordance with the
estimates provided by equation (11). These estimates and
numerical results are compared in Table 1. The agreement is
within the margin of error both of the measured gradients of
Roberts et al.’s [2000] flats and of our estimates, and
suggests that in the dynamical regime of equation (3), our
estimates capture the variation of the gross morphology.
[68] We can assess the effect of including a more com-

plete hydrodynamical model by comparing our estimates
with the calculations of Pritchard et al. [2002] for the case �
= 0. Table 2 shows the peak velocities and approximate
gradients for the various cases considered by Pritchard et
al. [2002]. We show separately the numerical results for the
subtidal region in which the flat is near linear, and the
intertidal region in which the flat is convex.
[69] Our estimates describe the gross morphology of the

subtidal region reasonably well, though they are poorer for
higher boundary concentrations. The errors are generally of
the order of a few percent, and so are comparable with the
errors which we may expect to be introduced by identifying
Cbdy (which is imposed at a finite distance from the
shoreline) with C1 (which is the deep-water limit).
[70] The gross morphology of the intertidal region varies

somewhat more weakly with Ĉbdy than our estimates

Figure 8. The quantity 1/Ue, which is proportional to the
dimensional velocity Û0, plotted as a function of the
dimensionless deep-water concentration C1, for Ue =ffiffiffi
2

p
Ud , under symmetrical tides (section 3.1.1) and

asymmetrical tides (section 4.2.1): � = 0 (solid lines); � =
0.01 (dashed lines); and � = 0.025 (dotted lines).

Table 1. Dependence of Critical Velocity and Flats Gradient on
Ĉbdy: Theoretical Predictions Û0 (Velocity) and S0 (Gradient)
Compared With Values Ûmax and Slin Estimated From the Data of
Roberts et al. [2000]a

Ĉbdy, kg m�3

Theoretical Numerical

Relative ErrorÛ0, ms�1 S0 Ûmax, ms�1 Slin

0.025 0.363 0.00160 0.373 0.00156 2.7%
0.1 0.422 0.00138 0.416 0.00140 1.4%
0.2 0.472 0.00123 0.489 0.00119 3.5%
0.4 0.534 0.00109 0.534 0.00109 0.0%

aRelative errors are given by (Û0– Ûmax)/Û0.

Table 2. Maximum Current Speeds Ûmax for Equilibrium Flats,
Compared With Theoretical Predictions for Û0

a

ĥ0, m
Ĉbdy,
kg m�3

Theoretical Subtidal Intertidal

Û0,
ms�1 S0

Ûmax,
ms�1 Ssub

Ûmax,
ms�1 Sint

8 0.025 0.223 0.00261 0.226 0.00257 0.226 0.00257
8 0.1 0.273 0.00213 0.262 0.00222 0.262 0.00222
8 0.2 0.305 0.00191 0.287 0.00203 0.268 0.00217
8 0.4 0.366 0.00159 0.329 0.00177 0.268 0.00217
6 0.1 0.273 0.00160 0.256 0.00170 0.238 0.00183
4 0.1 0.273 0.00107 0.256 0.00114 0.226 0.00129
aThe numerical experiments employed cD = 0.006, ŵs = 1 mm s�1, m̂e =

5 
 10�5kg m�2 s�1, Ûe = 0.183m s�1 and Ûd = 0.129m s�1.
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predict, with a maximum error of just over 25% for the
case Cbdy = 0.4 kg m�3. This is not surprising, given that
the theory is based around a deep-water approximation to the
flow field which is least applicable near the shoreline. The
discrepancy may be due to the more complicated dynamics
represented in the numerical model: in particular, the effects
of frictional drag can no longer be neglected and strongly
influence the dynamics in very shallow water. It is also
possible that, since SSC in the intertidal region varies
considerably over a cycle, the influence of the offshore
region is swamped by local processes. In this case, the
coupling between the subtidal and intertidal morphology
may be rather weak, and we might expect the numerical
experiments to have difficulty resolving equilibrium states
accurately.
[71] The overall agreement between analytical and

numerical results suggests that equation (11) captures the
essential relationship between equilibrium morphology and
sediment supply. In Appendix C we consider the implica-
tions that this has for morphological modeling of systems in
which some of the material properties, such as the erosion
threshold Û e, are not precisely known.

4.2. Extension to Other Tidal Signals

[72] While the analysis presented above is a useful start-
ing point for understanding the morphology of tidally
dominated flats, most muddy coasts experience a more
complex tidal regime. The most significant longer-term
variation in the tidal signal [see Dyer, 1986] is the spring
neap cycle with an approximate period of two weeks. In the
macrotidal environments typical of tidally dominated flats,
the neap-spring variation in tidal range may be as large as
several meters, with corresponding variations in the strength
of the cross-shore currents. In addition, the tidal curve
experienced by most mudflats is affected by the propagation
of the tidal wave in the surrounding coastal region, and is
generally not sinusoidal [Le Hir et al., 2000]. We will
therefore consider both asymmetrical tides and tides which
experience a spring-neap cycle.
[73] Under these conditions, the scaling velocity Û0

cannot necessarily be identified with the maximum current
velocity Ûmax. However, the numerical results of Pritchard
et al. [2002] suggest that both tidal regimes result in a
convex flat which becomes approximately linear at large
distances from the shoreline, and so Û0 may still be used to
characterize the gradient of this region, even if it is no
longer identical to Ûmax.
[74] For anything other than a very simple form of h(t), it

is rather laborious to construct an exact solution for the
Lagrangian concentration field CL(t; x0). However, we can
make use of the facts that, on a linear flat, U(x, t) = U(t), and
C(x, t) tends to a constant C1 far from the shore. We can
then find C1 as the solution of equation (10), so that
sediment conservation in a fluid element is satisfied in the
deep-water limit, and thus determine how the tidal asym-
metry affects the gross morphology. In general, C1(Ue, Ud)
must be determined numerically, solving (10) by bisection
or a similar method.
4.2.1. Ebb- and Flood-Dominated Tides
[75] For illustration, we consider the asymmetrical tides

h±(t) = a cos 2t � 1
4
sin 4t

� �
, where the constant a = 0.454 is

chosen to give the tide a dimensionless range of 1. These

correspond respectively to ebb- and flood-dominated
regimes: in fact both tides give the same result for C1
because only jUj, rather than U, is significant when deter-
mining the deep-water concentration.
[76] In Figure 8, the corresponding C1(Ue, Ud) is com-

pared to the result for the symmetrical tide. The most
obvious difference is that, under the asymmetrical tide,
the deep-water concentration reaches 0 only for Ue = 3a =
1.36 (corresponding to the maximum velocity reached
during the cycle). This means that a state in which no
sediment is eroded or deposited can occur only for a rather
steeper flat, on which current speeds are lower. In general,
any C1 requires a steeper flat under the asymmetrical than
the symmetrical tide: for example, C1 = 2 requires Ue =
0.67 for the symmetrical and Ue = 0.75 for the asymmetrical
tide. This is because the sediment dynamics are dominated
by the higher velocities because of the nonlinear depen-
dence of sediment transport on U.
[77] Numerical experiments carried out by Pritchard et

al. [2002] using these tidal signals produced equilibrium
flats which, under a symmetrical tide, experienced a max-
imum current speed of between 0.214 ms�1 (in the intertidal
region) and 0.244 ms�1 (in the subtidal region). This
compares well with the estimated value of 0.244 ms�1

which may be obtained from Figure 8 using Pritchard et
al.’s [2002] data Cbdy = 2 and Û e = 0.183m s�1.
4.2.2. Spring-Neap Variation in Tidal Range
[78] We can represent a spring-neap cycle in tidal range

by prescribing a free-surface elevation of the form

h tð Þ ¼ 1

2 1þ dð Þ 1þ d sin
t

14

� �h i
cos 2t; ð12Þ

where the parameter d < 1 describes the relative amplitude
of the neap spring variation, and where ĥ0 now represents
the maximum (spring) tidal range.
[79] We can obtain C1 as a function of the other

parameters by applying the condition

lim
x0!�1

Z 28p

0

Qe U tð Þ; x0ð Þ � Qd C1;U tð Þ; x0ð Þ½ �dt ¼ 0 ð13Þ

as before. (This is rather cumbersome to evaluate exactly,
but may be obtained to a reasonable degree of accuracy
using the multiple timescales approximation described by
Pritchard [2001]: the details are omitted here for brevity.)
[80] Figure 9 shows the deep-water concentration C1 as a

function of Ue, for Ue =
ffiffiffi
2

p
Ud and d = 0.25. This is

compared with the corresponding curves for a sinusoidal
tidal signal of fixed range, both for h(t) = cos2t (a spring
tide) and for h(t) = (1 + d)�1cos2t (the median tidal range).
Under the spring-neap cycle, a given offshore concentration
requires a higher value of Ue, and thus a lower value of Û0,
than under the median tide, but it requires a lower value of
Ue than under the spring tide. For example, C1 = 2 requires
Ue = 0.543 under the spring-neap cycle, Ue = 0.67 under the
spring tide, and Ue = 0.536 under the median tide. This
implies that the equilibrium flat which develops under a
spring-neap cycle will be steeper than that associated with
the median tidal range, although not as steep as that
associated with the full spring tidal range. This occurs
because the faster currents associated with the spring tides
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play a proportionately greater role in the sediment transport
than the lower currents associated with ebb tides. However,
as Ue decreases (equivalently, as C1 increases), the offshore
concentration under the spring neap cycle approaches that
under the median sinusoidal tide, because the nonlinearities
in the cross-shore fluxes become relatively smaller and so
the greater spring erosion and greater neap deposition tend
to cancel each other out.
[81] For the parameter values considered here, we esti-

mate a maximum current velocity of 0.337 ms�1 during a
spring tide. In the numerical experiments of Pritchard et al.
[2002], this is attained, although only in comparatively deep
water (12 m below HW, for a spring tidal range of 7.5 m).
However, this correspondence is again good enough to
suggest that we have captured the essential scales of the
dynamical processes when the flat is in a state of morpho-
dynamic equilibrium.

4.3. Applications of Morphological Estimates

[82] One immediate practical application of the morpho-
logical estimates obtained here is as a baseline result when
developing numerical simulations of muddy coastal sys-
tems: they can both act as a simplest scenario test case and
inform the physical interpretation of numerical results.
[83] In principle, these estimates could also be tested

directly by comparison with field observations. However,
both empirical evidence and the results of simulations
suggest that muddy shores respond to changes over a period
of decades, so to compare predicted with actual change
would require an observational programme on this time-
scale, including concurrent records of the bathymetry of a
flat, the surface properties of the sediment and the offshore
levels of suspended sediment, and records of extreme events
such as large storms which might exert a lasting effect on
the local morphology. (We note in passing the additional
difficulty of judging whether estuarine environments are in
an equilibrium state [O’Connor, 1987].)
[84] To the best of our knowledge, no data sets currently

exist which satisfy these criteria. This does not mean,
however, that the results described above are essentially
untestable. In recent years, considerable progress has been

made in developing methods to measure sediment proper-
ties in situ [see Widdows et al., 1998, and references
therein]; at the same time, a greater awareness of the
sensitivity of coastal environments to climate change and
to development has increased the incentive to carry out
detailed monitoring programmes. We therefore expect that
suitable observations will become available as our knowl-
edge of these environments increases. A particularly valu-
able opportunity may be provided by programmes to
monitor the effects of harbor engineering works that sub-
stantially change the suspended sediment regime, or affect
the local tidal curve, within an estuary: an assessment of the
predicted versus actual morphological change would be a
useful component of such a programme, and would supply a
‘‘natural experiment’’ within which the ideas presented here
could be thoroughly examined.

5. Summary and Conclusions

[85] We have employed a generic mathematical model to
investigate the cross-shore sediment dynamics of a tidally
dominated intertidal mudflat. We have obtained exact and
numerical solutions for the sediment transport within our
model, over two idealized bathymetries: these solutions
agree in many respects with the results of more detailed
numerical simulations and with field observations.
[86] The main features of these results are robust to the

descriptions of sediment erosion and deposition employed.
In particular, the pattern of net sediment transport is
qualitatively unaffected either by introducing a secondary
deposition term which represents the settling of primary
particles rather than large flocs, or by modifying the
dependence of the erosion rate on the excess shear stress.
Between them these alternative formulations cover most of
the range of empirical formulae employed to model estua-
rine sediment transport, and suggest that our results provide
useful generic insight into the mechanisms of sediment
transport over intertidal flats.
[87] In particular, our solutions provide a clear illustration

of the role of settling lag in redistributing sediment across
the flat. We have demonstrated several ways in which
asymmetries in fluid trajectories and changes in fluid depth
can contribute, through settling lag, to net transport, and
indicated what signature these lag effects have in the
Eulerian flux data which are directly observable in the field.
Our results suggest that settling lag generally transports
sediment landward; however, they raise the interesting
possibility that offshore from a convex flat, settling lag
may lead to the net seaward movement of sediment, rather
than the net landward movement which is believed to occur
in other estuarine situations. They also clarify why the
criterion of uniform peak velocity across a flat, originally
postulated by Friedrichs and Aubrey [1996], provides a
good approximation to an equilibrium condition for the
cross-shore profile of the flat.
[88] The other principal result of our analysis is the

expression (11) which describes the suspended sediment
concentration in deep water offshore from a flat, and
provides a link between the short-term sediment dynamics
and the large-scale morphology of the flat. This method
may be used to obtain estimates for the equilibrium mor-
phology of flats under various combinations of forcing

Figure 9. The quantity 1/Ue, which is proportional to the
dimensional velocity Û0, plotted as a function of the
dimensionless deep-water concentration C1 under a spring-
neap cycle (see text for further details): � = 0 (solid lines);
� = 0.01 (dashed lines); and � = 0.025 (dotted lines). The
fine dotted lines represent the solution for � = 0 under
sinusoidal tides with the median and spring ranges.
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conditions, and allows the work of Friedrichs and Aubrey
[1996] to be extended to provide a quantitative as well as a
qualitative description of an equilibrium flat. The essential
physical mechanism is that higher SSCs require generally
higher velocities to sustain them, and these in turn require
more gently sloping flats: this explains the strong depen-
dence of equilibrium gradient on sediment supply found by
previous numerical studies.
[89] Taken in conjunction with these numerical results,

the current study provides strong evidence that the gross
morphology of intertidal mudflats, and not merely their
long-term erosional or accretionary behaviour, depends
strongly on the external supply of sediment to the system.
This is important for the design of flat regeneration schemes
[Kirby, 2000], because it suggests that the overall scale of a
rebuilt flat, as well as its bathymetry, is crucial to determin-
ing whether or not it is in an equilibrium state.
[90] Finally, while the results presented here have been

obtained from a theoretical analysis of the systems in
question, they raise some interesting possibilities for exper-
imental and field investigation. In particular, they provide a
testable theory for the changes in morphology which may
result when the sediment supply to a muddy coast is altered
(for example by engineering works), and they suggest some
refinements to the theory of settling lag which is frequently
invoked to explain patterns of nearshore sediment transport.
Both these aspects of the work should be tested in the field
in order to increase further our understanding of muddy
intertidal systems.

Appendix A: Periodic Solutions for
Sediment Transport

[91] We may write the Lagrangian sediment transport
equation (9) as

dCL

dt
¼ a tð Þ � b tð ÞCL; where a tð Þ ¼ EQe uL; tð Þ

hL tð Þ ;

b tð ÞCL tð Þ ¼ EQd uL; tð Þ
hL tð Þ :

ðA1Þ

The only restrictions this places on the erosion and
deposition fluxes are that Qe is independent of CL and Qd

is proportional to CL: these conditions are satisfied by most
empirically determined transport models, and we discuss
some of these in Appendix B.
[92] When the quantities a(t) and b(t) are periodic with

period T1, equation (A1) has similarly periodic solutions
CL(t; x0) given by

CL tð Þ ¼ � t þ T1; tð Þ
1� � t þ T1; tð Þ ; where � t; t0ð Þ ¼ exp �

Z t

t0

b t0ð Þdt0
� �

ðA2Þ

and

� t; t0ð Þ ¼ exp �
Z t

t0

b t0ð Þdt0
� �Z t

t0

exp

Z t

t0

b t0ð Þdt0
� �

a tð Þdt:

ðA3Þ

[93] For the flows under a sinusoidal tide on a linear flat
(section 3.1.1), d(x) = �x and h(t) = 1

2
sin 2t: we immediately

obtain xsh(t) =
1
2
sin 2t, and equation (3) then yields U(x, t) =

cos 2t. The depth of fluid for a given fluid element is given
by hL(t; x0) = h(t) + d(xL) =

1
2
sin 2t � 1

2
sin 2t þ x0

� �
= jx0j,

so the depth of fluid hL is constant for any given fluid
element. The period of the Lagrangian solution is then T1 =

p
2
,

half that of the Eulerian fluid motion.
[94] We construct our solutions by dividing the period of

the motion into erosive, depositional and floc depositional
phases. During the floc depositional phase when jUj < Ud,
�(t, t0) has the form

�d t; t0ð Þ ¼ exp � E

jx0jU2
d

U 2
d � 1� �

2

� �
t � t0ð Þ

��

� 1� �

8
sin 4t � sin 4t0ð Þ

��
; ðA4Þ

while during the erosional and intermediate phases when
|U|  Ud, it has the form

�e t; t0ð Þ ¼ exp � E

jx0j
� t � t0ð Þ

� �
: ðA5Þ

During depositional phases, �(t, t0) = 0, while during
erosional phases jUj > Ue, it has the form

�e t; t0ð Þ ¼ G tð Þ � G t0ð Þ� t; t0ð Þ; where

G tð Þ ¼
E2�2 cos 4t þ 4E�jx0j sin 4t þ E2�2 þ 16jx0j2

� �
1� 2U2

e

� �
2U2

e � E2�2 þ 16jx0j2
� � :

ðA6Þ

The Lagrangian solution CL(t; x0) is now given by equation
(A2), where �(t, t0) and �(t, t0) may be expressed in terms
of the quantities �e, �e and �d with appropriate limits of
integration. Finally, we substitute in x0 = x � 1

2
sin 2t to

obtain the Eulerian description C(x, t), which is periodic
over 0 � t � p.
[95] For flow over a linear-convex flat (section 3.1.2), the

Lagrangian hydrodynamic solution was constructed numer-
ically by integrating equation (9b) forward in time using a
fourth-order Runge-Kutta method [Press et al., 1992]. The
integrals �(t, t0) and �(t, t0) were then evaluated by the
same method. (Computationally, it is most efficient to
evaluate CL(0) using equation (A2) for each fluid element,
and then to integrate equation (9a) forward in time: the
computation took a few tens of seconds on a Unix
workstation.)

Appendix B: Alternative Erosion Formulations

[96] This paper has focused on fine cohesive sediment,
for which the canonical descriptions of erosion and depo-
sition are those due to Einstein and Krone [1962] and
Partheniades [1965]. However, the analysis described here
has a significantly wider application.
[97] For illustration, we consider a generalization of the

sediment erosion model (5), in which the erosion flux Qe

may be written in nondimensional form as

Qe ¼
t
te

� 1

� �n

for t  te

0 for t < te:

8><
>: ðB1Þ
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Many standard empirical relations for sediment erosion may
be approximated by choosing appropriate values for the
exponent n and the critical stress te. In particular, it is
typical of the models used to describe the erosion of marine
sands [Dyer and Soulsby, 1988]. Additionally, we note that
by varying the quantity � in equation (6), we may
approximate various alternative forms of deposition: for
example, � = 1 recovers the case of continuous deposition
from a well-mixed suspension, Q̂d = ŵsĈ, which is
commonly used in studies of coarse particle transport in
marine environments [see, e.g., Schuttelaars and de Swart,
1999].
[98] These more general cases are simple to address by

the method described in Appendix A. For the flow field
considered in section 3.1.1, and for integer values of n, the
integrals �(t, t0) and �(t, t0) may be expressed in terms of
elementary functions, while for noninteger n they may
readily be evaluated numerically. The periodic solutions for
C(x, t) are very similar to those described in section 3.1.1, and
so we do not present them here; however, it is instructive to
investigate the variation of the cross-shore flux Q(x) as the
parameters n and � are varied.
[99] As the exponent n is increased the erosion rate is

reduced, since when Ue is sufficiently close to the maximum
velocity U0, the quantity U2/Ue

2�1 is smaller than 1.
Consequently, both the instantaneous equilibrium concen-
tration Ceq and the deep-water concentration C1 are re-
duced. However, the main features of the concentration field
and the cross-shore fluxes q(x, t) are identical to those for
the case n = 1, and the pattern of net sediment transport
across the flat is unchanged (Figure B1a).
[100] As � increases, continual deposition comes to dom-

inate over shear-controlled deposition, and both the instan-
taneous and deep-water equilibrium concentrations are

reduced. We have found that the turbid tidal edge becomes
lower and less sharply pronounced, and can occur signifi-
cantly further from the shoreline than when e is small. (Field
measurements [Christie and Dyer, 1998; Christie et al.,
1999; Bassoullet et al., 2000; Dyer et al., 2000a] indicate
that the TTE occurs very close to the shoreline, and it is
interesting that our results suggest this requires that depo-
sition is strongly shear controlled.)
[101] A further effect is that as � increases, the conver-

gence to the offshore concentration C1 becomes less rapid,
because the greater deposition rate leads to a greater
variation in C over a tidal period. The net result of these
effects can be seen in Figure B1b: the generally lower
concentrations lead to a decrease in the peak flux, while the
less rapid convergence to C1 is associated with a less rapid
decay of Q(x) with distance seaward.
[102] Despite the quantitative differences introduced by

altering the forms of Qe and Qd, the overall behaviour of the
solutions is remarkably consistent, especially with regard to
the net cross-shore flux Q(x) which is the most significant
quantity for morphodynamical purposes. This strongly
suggests that the processes identified here are generic
features of cross-shore advective sediment transport, and
so provide useful physical insight independent of the details
of the empirical components of the model.

Appendix C: Robustness of Morphological
Estimates

[103] As noted in section 2, the bulk properties of cohe-
sive sediments are extremely difficult to determine in situ.
Especially when they are biologically influenced, these
properties may vary strongly across a flat [Wood and
Widdows, 2002], and although the effect of spatial inhomo-
geneities is beyond the scope of this paper, it is useful to
quantify the errors which may be introduced by such
variation. While the details of such sensitivity are specific
to the model we have described in this paper, they provide
an indication of the inaccuracy which may be expected in
any morphodynamic model, however complicated, which
shares the same generic features. They therefore provide
useful information about the general programme of mor-
phodynamic modeling of mudflats.
[104] We may illustrate the sensitivity of the estimates

obtained in section 4 by considering variations in Û e and
Ûd. We suppose that one of the critical velocities Û e and Ûd

is known exactly, but there is some uncertainty in the other,
and we wish to know how strongly this affects our estimates
for Û0, given a known sediment supply C1.
[105] This question could be addressed quantitatively by

plotting C1 against Ud or against Ue for various values of

the ratio Û e/Ûd, but it is more informative to consider
whether the estimate is more sensitive to an uncertainty in
Û e or in Ûd : given the difficulty of measuring sediment
properties, which is the more crucial quantity to determine
accurately?
[106] This can be answered by considering the quantity

jdUe/dUdj, when the derivatives are taken with C1 held
constant. If this quantity is less than unity for a given value
of (Ue, Ud), then a small error in Ue will have a greater
effect than an equal change in Ud, and so any estimates
which rely on specifying C1 will be more sensitive to an

Figure B1. Residual landward sediment flux Q(x) across a
linear flat, for (a) � = 0.025 and n = 1 (solid line); n = 2
(dashed line); and n = 3 (dotted line); and (b) n = 1 and � =
0, 0.01, 0.025, 0.1, 0.25, and 1. Note MSL is at x = 0; HW
and LW are at x = ±0.5.
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error in Û e than to one in Ûd. Similarly, if jdUe/dUdj >1, the
estimates will be more sensitive to errors in Ud than in Ue.
[107] Figure C1 shows the regions of (Ue, Ud) space in

which our estimates are more sensitive to errors in either
quantity, for a number of different values of the small
parameter �.
[108] For all values of �, the regime in which the estimate

is more sensitive to an error in Ûd represents only a small
part of parameter space (as Figure C1b emphasizes), and
corresponds to situations in which either Ûd is very much
smaller than Û e, or Ûd and Û e are both much smaller than
the critical velocity on the flat. The offshore concentrations
associated with this regime are therefore extremely high. It
is noteworthy that even small nonzero values of � reduce
this regime still further, as the particulate component of
deposition comes to rival the flocculated component in
magnitude, so for � > 0, there are values of Ue such that
the estimate is always more sensitive to Ue than to Ud.
[109] We conclude that for the vast majority of flats, the

value of Û e exerts more influence on the morphological
estimates provided by equation (11) than the value of Ûd.
This suggests that the development of methods to measure
in situ resistance to erosion should remain the experimental
priority which it has become in recent years.
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