Special Relativity Sheet 4

1. If A", and B', are both components of tensors, show that
.« Ay
o Al 4+ BY
o A4 B,

are components of tensors too.

2. Given the numbers

A =5, Al=0, A®>=-1, A®=-6,
B():O; 31:_27 32:47 B3: )
Co=1  Cn=2 Copp=2, Chz=3,
Cio=5 Cu=-2 Cp=-2 C(3=0,
Cp=4, Cun=35Cou=2 0(y=-2,
C3=-1, C31=-1, C32=-3 (C33=0

find

&

) A%By;

b) A%Cyp for all j;

c) A7C,, for all o;

d) A"Cyy for all y;

e) A“Bg for all o and .

3. If aqp are constant and symmetric show that
(0ap474%) = 200547 4% . (1)

What happens if a,g is antisymmetric instead?
4. If F,5 are the components of a tensor, so that in an inertial frame S

0 (&) €9 €3
. —eq 0 Cb3 —Cb2
Fap = —ey —cbg 0 cby @)
—€3 Cb2 —Cb1 0

e Calculate the components F},, in the frame S which is in standard configuration with

S.
e Calculate F®8,

e Calculate F*VF,,, and hence prove that le|? — 2 |b[%s a scalar.



Special Relativity Solutions 4

°« A, = gm,Ap,, and since both g,, and AH, are tensors
Ay = NGNS gaphA S AT = NG (ASAT) AJgasA].
But APA% = 62 therefore
o Ay = Oy,

Ay = A3A L goap A = NGNS Ans,

(4)

i.e. Ay transforms like a (g)—tensor, a tensor with no upper and two lower indices.

AY 4 B = AMASAS + AMASBY = AL (A + BY).

v

B e A ABAP A AT
A, B = Ny AL AL A AG B
transforms like a (g)—tensor, a tensor with two upper and two lower indices.

2. a) A°By =5-0+0-(=2) + (~1) -4+ (—6)-0=—4

b)
B=0 A%Chpo= 5-1+0+(=1)-4+(=6)-(-1)=7
B=1 A%Char= 5-24+0+(-1)-5+(-6)-(-1) =11
B=2 A%Chg= 5-2+0+(—1)-2+(—6)-(~3) =26
B=3 A%Chz= 5-3+0+(—1)-(-2)+(=6)-(0) =17
c) same as (b) with o = .
d)
p=0 A"Co,= 5-1+0+(-1)-2+(-6)-3=-15
p=1 A"Ciy= 5-5+0+(-1)-(-2)+(—6)-0=27
p=2 A'Cyy = 5-4+0+(=1)-2+ (=6)-(=2) =30
p=3 A'Cy= 5-(=1)+0+(=1)-(-3)+ (=6) -0 = -2
e)
0 —10 20 0
e _| O 0 0 0
ABs=149 9 _4 0
0 12 —24 0

where a = 0, 1, 2, 3 labels the rows and g = 0,1, 2, 3 labels the columns in order.

3. We have
(00pAA%) 1y = Gapy A®A% + 605 A% A% +agpA°AP .

(5)

(6)



Since aqg are constant a,g,, = 0. And since ang = aga,

aap A%,y AP = aga A%, AP = a,3 A% AP (8)
In the last step we have used the fact that « and § are dummy indices. Finally,
(aapA®4°) 1 = 20054% 45, 9)

If a,p is antisymmetric, the result is zero:
aapA®AP = —apA°AP = —a,5APAY = —a,5 A% AP

The first equality uses the antisymmetry, the second exchanges the dummy indices, and the
third uses the commutativity of products.

4.
[ ]
Forg = A", F A% (10)
¥y ey 00 0 e e2 e3 vy %y 00
v v
|y v 00 -er 0 cby  —chy v v 00
Farp 0 0 1 0] |—-e —cbs 0 by 0 0 10 (11)
0O 0 01 —e3 cby —cby 0 0 0 01
0 —e1 —yez +yvby  —yes — yvbs
_ el 0 yzea +ychby  —yges — ycho (12)
yeg — yvby —exyT — ycbs 0 chy
yesz + yvby  e3yY + ychy —cby 0
[ ]
FI = gh® Fopg™ (13)
-1 0 0 O (0 ey €9 es -1 0 0 O
v _ 0 1 0 O —eq 0 cbs —cbo 0 1 00 (14)
o 0O 01 0 —eg —cbs 0 cby 0 01 0
0O 0 0 1 —e3 cby —cby 0 0 0 0 1
0 —e1 —€9 —€3
_léa 0 Cb3 —Cb2
- €9 —Cbg 0 Cb1 (15)
es c¢by —ch 0

o FWE,, = Trace (F*F,g)= sum of diagonal elements. By multiplying F**F,g the
diagonal elements are
e? +e2+e3
2 _ 2012 4 2
ey — (b3 + b3)
&~ +1)) 1o
e5 — (b} + b})
It follows that

Py =2[e} + e + ¢ — (07 + 63 + )] = 2 (el - ¢2[b]?) (17)

is a scalar.



