Special Relativity Sheet 5

1. Prove that the 4-velocity and 4-momentum are 4-vectors. Explain why

@Q dX' dXx? dx3
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is not a 4-vector.

2. The world-line of a particle in an inertial frame S is z(t) = at + bsin(wt);
y(t) = beos(wt); z(t) = 0. Compute the particle’s 4-velocity and 4-acceleration.

3. A and B are two particles of equal rest mass. In an inertal frame S, A is located
at the origin and is stationary, and B impacts it with velocity (u,0,0) along the z-axis.
Find another inertial frame S¢o,, in standard configuration with S, so that in S, the
velocities of A and B are (—v,0,0) and (v,0,0), respectively.

Show that

29%(v) = ~(u) + 1. (2)

By applying conservation of 4-momentum in S¢,,,, deduce that in this frame the
two particles move with equal speeds but in opposite directions after the impact. By
transforming the post-collision velocities back to .S, show that
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where 84 and Op are the angles of the velocities to the x-axis of A and B after the impact.
Show that in non-relativistic Newtonian Mechanics

tan(f4) tan(6p) =

tan(04) tan(0p) = —1. (4)

4. Show that Maxwell’s equations imply the continuity equation (conservation of
charge) using both the 3 and 4 dimensional formulations. Which is easier?

5. An observer S observes waves moving with velocity v < ¢ and satisfying
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in her inertial frame. Construct a relativistically invariant equation for these waves, using

the 4-velocity of S. Assume that ¢ is a 4-scalar. Find but do not solve, the equation relating
w and k for these waves in a general reference frame S’, and show that w = kv in S.
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Relativity solutions 5
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go _ XY oxX dx*
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therefore UY = Aoé P

That is, U* transforms like the component of a 4-vector.

Since P* = mU®, where m is a constant, P® transforms like U% and so P is also a

4-vector.

"~ 9XP dt' ~ 9XP dt af  \ P di
But dt/dt' # 1 and so dX“/dt does not transform like a 4-vector.
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2.
z(t) = at+ bsin(wt)
y(t) = bcos(wt)
z(t) = 0

(a + bw cos(wt), —bw sin(wt), 0)
= (—bw?sin(wt), —bw? cos(wt), 0)
= /(a2 + b2w? + 2abw cos(wt))

As usual, y(u) = 1/4/1 —u?/c?, so we have the 4-velocity

U= ’Y(u)(ca u)a

g p £

and the 4-acceleration

where

du  —abw?sin(wt)

dt u
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In Scom we have v/y = 0_1’% = —v, SO Veom = V-
Then vl = 1_“U_U’/’c2 = v and this implies
20
u= Tz
Thus
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7(u) = 1-uw?j2  1—v?/c?

and so

1+7(u) = 29*(v).

Still in S¢yp,, we equate the pre- and post- 4-momenta:

(27(v),0) = (v(v4) +¥(vB), v4Y(va) + vEY(vR))
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The solution of this is v/} = v}, = v and v/} = —v7,.

(18)



Now we transform back into S, and after the collision the velocities of A and B
must be

veosO +v vsinf’

va = : ;0 (22)
1+ Z—z cos @' y(v) (1 + %; cos 0’)
_ ! s !
vy = ’UC(;SH —I—’U, vsmzH 0 (23)
1—cosd ~(v) (1 - % cosH’)
Hence
sin @’
tanfy = 24
anva (14 cos8')y(v) (24)
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tan b (1 — cos6)y(v) (25)
Thus
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In the Newtonian limit ¢ — oo, v — 1 and so tanf4 tanfp — —1.

4. For the three dimensional formulation we need two Maxwell equations:

Vee=2
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V xb = p(j +GOE)

Taking the time derivative of the first and the divergence of the second, we find

Op 0 1 Oe
— +Vij=eV-e+ —V-(Vxb)—-eV:—
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The right hand side is zero, because the first and third terms cancel (the time derivative
and divergence commute), and the second is zero (the divergence of a curl is zero). Thus
we have the continuity equation.

For the four dimensional formulation, we have

B = J" [(cen)



Taking a 4-divergence, we find
J,, =ceE",, =0
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since E*¥ is antisymmetric and the derivatives are symmetric. This is surely simpler than
the three dimensional version.

5. We know that o
10%¢ oo
V=g~V
but the coefficent of the time derivatives needs to be modified. The 4-velocity of S in
reference frame S is U* = (¢, 0,0,0), so that the combination
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extracts the time derivatives. Thus we can write

11 ,
ot (- ) dwrv o

which is a tensor equation, valid in S and therefore valid in all inertial reference frames.
If we substitute ¢(t,z,y, z) = Ce**s®" where C is a constant and k* = (w/c, k), the
resulting equation is

11 )
ktk, + (’U_Z - c_2> (k,U*)* =0
which in three dimensional form reads (in a general reference frame S’)
w? 11 5 9
c_Q_k + o Yw)(w—-—k-u)*=0

where u is the velocity of S in frame S’. If S = S’ this reduces to w = tkv. We take the
positive solution as w and k are usually defined to be magnitudes, ie positive.



