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1 Thermodynamics

Course information: the lecturer; outline; books; prob-
lems, classes and credit; exam details; are all on Black-
board and/or the unit description.

This file was processed March 10, 2011.

Small text is supplementary non-examinable material. It will

improve your understanding of the rest of the course material.

Production of useful work is limited by the laws of ther-
modynamics, but the production of useless work seems to
be unlimited. Donald Simanek.

1.1 Thermodynamic systems

In this first section, we will put aside the notion that mat-
ter is composed of atoms (or more exotic particles) and
consider a macroscopic description of thermodynamics,
the study of transformations of energy and other con-
served quantities. For many situations, at a sufficiently
large length scale we can forget about microscopic inter-
actions and fluctuations; the microscopic world shows up
only as relations between temperature, density, pressure,
viscosity, thermal conductivity, chemical reaction rates
etc. One very important aspect of statistical mechan-
ics is predicting these properties from microscopic laws.
Also at small scales (“nanotechnology”) and for special
systems such as Bose-Einstein condensates, the macro-
scopic description can break down. First, however, we
turn to the description of this macroscopic world.

We know from mechanics that there are fundamental
conservation laws applying to isolated systems. These
include energy, momentum and the total number of any
type of particle that cannot be created or destroyed (for
example the number of hydrogen atoms in a chemical
reaction). Most systems we consider will be (macroscop-
ically) at rest or mechanically connected to the Earth,
so let’s ignore momentum for now. This suggests the
following classification of thermodynamic systems:

Isolated Cannot exchange energy, or particles with the
environment. Both of these remain conserved quan-
tities.

Closed Can exchange energy with the environment, for
example by heat conduction, or by doing work as
in a piston. Particles still conserved, but energy
on average determined by the temperature (defined
below) of the environment if at equilibrium (defined
below).

Open Can exchange both energy and particles with the
environment, as in a container without a lid. No
conserved quantities, energy determined on average
by the temperature and particles determined on av-
erage by the chemical potential(s) (defined below)
at equilibrium.

Some further definitions we will need to describe ther-
modynamic systems:

Phase Homogeneous part of the system, for example a
bottle of water may contain two phases, liquid water
(with a little dissolved air) and a gas phase which is
a mixture of water vapour and air.

Phase boundary Surface separating phases; is the liq-
uid in one place or distributed as a fog?
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1.3 Equilibrium and the zeroth law 1 THERMODYNAMICS

State variable Macroscopic quantity, for example en-
ergy E, volume V , particle number N , entropy S,
temperature T , pressure p, chemical potential µ, and
also such quantities as viscosity, chemical composi-
tion and the size of phase boundaries. Purely micro-
scopic quantities such as the position and velocity of
individual particles are excluded.

Equation of state An equation relating state variables
to each other, for example low density gases approx-
imate the “ideal gas equation of state” pV = NkBT ,
where kB = 1.380658 × 10−23JK−1 is Boltzmann’s
constant, and all of these quantities have yet to be
precisely defined.

1.2 Additive thermodynamics

In most cases we consider, the conserved variables are all
proportional to each other as the system is made larger.
In this case the system is called extensive. Further-
more if a system is split into two, the total system has
properties given by the sums of the individual systems,
ie N = N1 +N2 and similarly for E and V . In this case
the system is called additive. Combining two systems
of identical substances shows that all additive systems
are extensive, but the converse may not be true.

Let us explore when the additive assumption fails:

• Small systems, for which the surface (and hence its
energy) is relatively large, and generally different to
the bulk. These are non-extensive.

• Quantum systems, such as Bose-Einstein condensa-
tion (at the end of the unit) in which the wave func-
tion of a single particle can fill the whole volume.

• Systems with long range forces. Assume there is
a potential energy between pairs of particles of the
form V ∼ r−α at large distances. Then the contri-
bution of this to the total energy is roughly

∑
V ∼

r2d−α where d is the number of dimensions (nor-
mally 3, but we sometimes consider 1 or 2). Com-
paring this with the number of particles N ∼ rd

we see that the system is non-extensive if α < d,
the system is borderline and probably non-additive
if α = d, and the system is additive (ie short ranged
force assumption works) if α > d.

In practice uncharged atoms have forces that behave
like r−6, so we are usually safe in considering systems
to be additive, which is also consistent with normal ex-
perience. However for new areas of study like nanotech-
nology and Bose-Einstein condensation, it will be impor-
tant to relax this assumption. The additive assumption
is made throughout most of the unit, but its use will be
highlighted to facilitate the more difficult treatment of
non-additive systems if required.

For additive (including extensive) systems we define

Additive/Extensive State variables Those state
variables (including N,V,E with the additive or
extensive property defined above.

Intensive State variables Those which remain con-
stant as the system changes size, ie ratios of exten-
sive state variables, also pressure, temperature and
others.

1.3 Equilibrium and the zeroth law

It is observed that an isolated system after sufficient time
settles into a stationary state, in which all state variables
become constant. Such a stationary state is called ther-
modynamic equilibrium. Non-isolated systems can also
settle into a stationary state, but this may be a non-
equilibrium stationary state, for example if there is a
constant flow of energy through the system. Equilib-
rium is always an approximate concept, applicable to
a particular timescale; on longer timescales the isolated
approximation will break down due to slow chemical or
nuclear reactions or imperfect thermal insulation.

Two systems are in mutual equilibrium (often just
called equilibrium) if they are each in thermodynamic
equilibrium, and the combined system remains in equi-
librium (ie there are no changes) when the systems are
put in contact. The contact can allow transfer of heat
(thermal equilibrium), volume (mechanical equilibrium),
and/or particles (chemical equilibrium). If all three, the
systems are said to be in mutual thermodynamic equi-
librium.

Recall that for a relation denoted by ∼ the require-
ments for an equivalence relation are

X ∼ X (reflexivity)

X ∼ Y ⇒ Y ∼ X (symmetry)

X ∼ Y andY ∼ Z ⇒ X ∼ Z (transitivity)

The property of being in (any type of) equilibrium is
found to be an equivalence relation. The first two prop-
erties are somewhat obvious, but the last is an important
physical law.

The zeroth law of thermodynamics: Ther-
mal equilibrium is transitive, and hence an
equivalence relation.

Note that the laws of thermodynamics are often ex-
pressed in different ways. This law was not recognised to
be an important physical law in its own right until the
twentieth century, hence the “Zeroth” designation.

An equivalence relation allows us to partition thermo-
dynamic systems into sets, in which all systems are in
mutual equilibrium, and between which no systems are
in mutual equilibrium. For thermal equilibrium, we say
that all systems in the same set have the same tempera-
ture. Similar laws (not commonly stated) for mechanical
and chemical equilibrium similarly then allow us to define
the concepts of pressure and chemical potential, respec-
tively. The equivalence relation argument does not tell
us what type of mathematical object temperature etc.
should be, but we will assume that all state variables are
real.

Page 2. c©University of Bristol 2006. This material is copyright of the University unless explicitly stated otherwise. It is
provided exclusively for educational purposes at the University and is to be downloaded or copied for your private study only.



1.6 The second law 1 THERMODYNAMICS

Notice that many state variables are only defined at
equilibrium. There exists in general no definition of tem-
perature etc. far from equilibrium, however we often
consider the case of local thermodynamic equilibrium, in
which equilibrium (and hence the definition of temper-
ature etc.) is obtained approximately over small space
and time domains.

1.4 State transformations I

Given that many state variables are only defined at equi-
librium, it makes sense to consider the class of transfor-
mations that take place very close to equilibrium; these
are called quasistatic. For example, consider expansion
of a gas in a piston. If the piston is released very slowly,
the process is quasistatic, and if there is no other source
of energy, the work done by the gas means that the final
energy is lower. If however there is a small hole leading
into an empty container, the process is still slow, but
the combined system (including both sides of the piston)
has greatly different pressures and hence is not in equilib-
rium; no work is done and the final energy is equal to the
initial energy. Thus free expansion is not a quasistatic
process, even though it may be slow.

Quasistatic processes move continuously around the
state space, which due to equations of state, is relatively
low dimensional. For example a gas of a single substance
at equilibrium can be completely characterised by two
intensive variables, say p and T , in terms of which all
other intensive quantities E/V , µ, S/V , N/V can be
expressed; extensive quantities also depend trivially on
V . If the system moves along a curve in state space
parametrised by some real variable λ, the variation of
state variables is given by the chain rule, for example

dE

dλ
=

(
∂E

∂p

)
TV

dp

dλ
+

(
∂E

∂T

)
pV

dT

dλ
+
E

V

dV

dλ

where the subscripts outside the brackets indicate what
is to be kept constant in the partial derivative. This is
important if we want to switch to a description in terms
of different variables. Such an equation is valid for all
choices of parameter, so we usually abstract this to

dE =

(
∂E

∂p

)
TV

dp+

(
∂E

∂T

)
pV

dT +
E

V
dV

1.5 The first law

The origin of thermodynamics was the discovery (eg
Joule 1843) that heat is a form of energy, for example
noting an increase in temperature when a liquid is stirred
vigorously. The first law of thermodynamics is a state-
ment of conservation of energy, thus

dE = δW + δQ

where W is work done on the system and Q is heat trans-
ferred to the system. In thermodynamics, “work” in-
cludes any macroscopic form of energy, for example me-

chanical or electrical, while “heat” is energy in the form
of random microscopic motions.

Note that W and Q are not state variables, hence the
use of δ rather than d. While the total work done on the
system is

W =

∫
δW

dλ
dλ

this integral depends on the path taken in state space
between the fixed initial and final states, and similarly
for Q. Thus it is impossible to define these as state vari-
ables. The situation is analogous to conservative and
nonconservative forces in mechanics. For a nonconserva-
tive force the work done is path-dependent, hence there
is no possibility of defining a potential energy function.

Mathematically, we say that a differential form is exact
if its integral is path-independent, or equivalently it is
the derivative of a state function. In simply connected
spaces (as here) it is also equivalent to the statement that
the form is closed, that is, an exterior (antisymmetric)
derivative of it is zero.

Example: Consider the differential form xydx+ y2dy.
This is exact if we can write it as the derivative of some
state variable f . Thus we have

xydx+ y2dy = fxdx+ fydy

which is equivalent to two equations, fx = xy and
fy = y2. The second gives us f = y3/3 +C(x) including
an arbitrary function C(x), but this is inconsistent with
the first equation. Alternatively, we can compute an an-
tisymmetric derivative fxy−fyx = (xy)y+(y2)x = x 6= 0
so the form is not closed, and no f exists.

The physical content of the first law as a restriction
on physical processes is clear. It is impossible to cre-
ate a machine which creates energy out of nowhere; such
a machine is called a perpetual motion machine (per-
petuum mobile) of the first kind. No assumptions are
made anywhere about equilibrium; it is completely gen-
eral. Despite this well founded law, such machines are
still being proposed by inventors.

1.6 The second law

The second law concerns the observed irreversibility of
the universe, and has many formulations. We will use
the Kelvin (1851) definition:

The second law: A process whose only effect is
the conversion of heat into work cannot occur

Thus converting work into heat is irreversible.
Example: If you boil water in an electric kettle, you

have converted electrical energy (work) into heat. You
may be able to convert some of this back to electricity (by
a steam turbine) but never all of it. The steam turbine
is not forbidden as it has other effects, such as warming
the environment - note the word ‘only’ in the definition
- but there is no process by which you can return to the
original state, of a cold environment, cold water, and
electrical energy.
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The existence of steam turbines shows that it is pos-
sible to generate work from a temperature difference,
at the expense of narrowing that difference. This leads
to another common formulation of the second law, that
transferring energy from a colder to a hotter body with-
out other effects is impossible. Otherwise we could use
it to convert unlimited amounts of heat into work. The
same applies to other conserved quantities, ie we can-
not increase a pressure or chemical potential difference
without other effects. All non-equilibrium processes in-
volve spontaneous decreases in differences of tempera-
ture, pressure and/or chemical potential, so any process
that is not quasistatic is irreversible.

The concept of irreversibility can be represented math-
ematically by introducing a state variable, the entropy S
which for an isolated system is constant in reversible pro-
cesses and increases in irreversible processes. Thus the
second law reads ∆S ≥ 0, and equilibrium of an isolated
system corresponds to a maximum of S (subject to the
constraints) once we have found an operational defini-
tion for S. Like the first law, the second law is general,
applying both to equilibrium and nonequilibrium states.
However like the other state variables, it will turn out to
be much easier to define the entropy for states at equi-
librium, or at least local equilibrium. There are also
frequent proposals for perpetual motion machines of the
second kind, that is, violating the second law.

1.7 State transformations II

State transformations can move through state space in
arbitrary ways, but are typically under one of the follow-
ing conditions, which simplify the chain rule:

Adiabatic No heat transfer (eg. thermal insulation).

Isentropic Constant entropy: adiabatic and reversible.

Isobaric Constant pressure (eg. frictionless piston).

Isochoric/isovolumetric Constant volume (eg. rigid
walls).

Isothermal Constant temperature (eg. in contact with
a large thermal reservoir)

Polytropic Constant pV x for some real number x. Re-
duces to x = 0 for isobaric, x = ∞ for isochoric,
and for ideal gases x = 1 for isothermal, x = γ for
adiabatic (see later).

In addition, it is very common to specify that the number
of particles is constant (as in a closed system).

1.8 Definition of state quantities

To proceed further, we need not just existence theorems,
but operational definitions of the various state quantities,
which we will derive using the laws of thermodynamics.

The easiest type of equilibrium to understand from the
mechanics we already know is mechanical equilibrium,

Unit Symbol AZ FP BP
Farenheit oF -459.67 32 212
Celsius oC -273.15 0 100
Kelvin K 0 273.15 373.15

Table 1: Common temperature units. Absolute zero
(AZ) is the temperature at which the (extrapolated)
pressure drops to zero in the ideal gas law. Freezing
and boiling points (FP, BP) are for water at standard
pressure. Note that kelvins are just like other SI units,
and have no degree symbol.

that is, the forces perpendicular to the surface separating
the systems must balance. As we change the area of
contact, this force is proportional to the area, with the
proportionality constant

p =
F⊥
A

called the pressure. The SI unit of pressure is the Pascal
(one Newton per square metre), and is also the unit of
energy density. The “standard atmosphere” has pressure
101325 Pa. A gas in a piston will do work as it expands,

δW = −Fdx = −pAdx = −pdV

where the minus sign indicates a decrease in energy in
the gas, ignoring all other work and heat processes.

The particle number density N/V can be determined
once the mass of a particle is known, and the total mass
of particles. The mass of atoms or molecules is expressed
in atomic mass units (symbol u), so that a Carbon-12
atom has mass 12u. The number of atomic mass units
in a gram is known as Avogadro’s number NA, ie

1g

1u
= NA = 6.0221367× 1023

An amount NA of particles is called one mole of particles.
We commonly encounter the combination NkB , thus it
is useful to use

R = NAkB = 8.3145112JK−1mol−1

which is also called the “gas constant”.
At this point we will take the ideal gas law (for low

density gases) pV = NkBT as an experimental observa-
tion; later we will derive it. Its physical content is that at
constant temperature (as defined using the zeroth law)
pressure is proportional to N/V . We will (for now) define
temperature to be this proportionality constant, with an
extra constant kB to allow for our choice of units. The SI
unit of temperature is the kelvin (symbol K) which has
the same spacing as Celsius, but shifted to the correct
zero of the ideal gas law, see Table 1. Standard tem-
perature is 273.15K. STP is standard temperature and
pressure as defined above.

Adding particles to a thermodynamic system at equi-
librium also increases the total energy by an amount
comparable to the average energy per particle,

δW = µdN
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which defines the chemical potential µ. If there is more
than one type of particle, there will be a chemical poten-
tial corresponding to each conserved particle number, so
in general we have

δW =
∑
i

µidNi

where Ni are the changes in the conserved particle num-
bers.

Adding energy to a system increases the temperature
at a rate determined by a heat capacity C, which depends
on the process. Assuming constant N we define

Cp =

(
δQ

dT

)
p

CV =

(
δQ

dT

)
V

“Specific” heat capacity is an intensive version, per mole
or per unit mass; for water at standard pressure and
3.98oC, Cp/M = 1kcalK−1kg−1 = 4.184kJK−1kg−1.
Example: drop mass M kg of water from a height of
1 m. It will have kinetic energy K = Mgh = 9.8M J ;
if all the energy goes into heating the water, the temper-
ature will rise by K/Cp = 9.8/4184 = 0.0023 degrees.

Various other derivatives of state quantities are also
named, for example changes in volume (at constant N)
are defined by

V dV = αdT − κT dp

where α is the expansion coefficient and κT is the isother-
mal compressibility.

1.9 The ideal gas

For following calculations we need to establish the re-
lation between energy and temperature in an ideal gas;
because this is the low density limit, we can ignore any
forces between the particles. We also assume the gas is
monatomic, that is, the energy is simply translational
kinetic energy. Less us assume a cuboid container, side
lengths Lx etc. A particle with mass m, velocity vx etc.
will collide with the right x-wall with a frequency vx/2Lx
and impart a momentum 2mvx each time. Thus the to-
tal amount of momentum per unit time transferred to
the wall is mv2x/Lx for each particle. Summing over all
particles, dividing by the area of the wall and assuming
that the velocity distribution is the same in all directions
the pressure is thus 2E/3V . Thus we have E = 3NkT/2.
For a general ideal gas this is E = fNkT/2 where f is
the total number of active degrees of freedom (transla-
tion, rotation, vibration etc.). Active means that the
temperature is sufficiently high for thermal excitation to
the second quantum state; f = 5 is a good approxima-
tion for (mostly diatomic) air at normal temperatures.

We will also need to consider the adiabatic law, ie cal-
culate the polytropic constant for an ideal gas. Substitut-
ing dE = −pdV for the work done, the above expression

for E and the ideal gas law for p, we find

−NkT
V

dV =
f

2
NkdT

Integrating,
V T f/2 = const

pV γ = const; γ = 1 + 2/f

We also have enough information to compute the heat
capacities,

δQ = dE − δW = fNkdT/2 + pdV

which gives CV = fNk/2 and Cp = (f + 2)Nk/2 so that
γ = Cp/CV .

1.10 The Carnot engine

We now consider how to reversibly (ie with greatest effi-
ciency) convert a temperature difference into useful work,
the Carnot engine. We have two temperature reservoirs
Tc < Thand a piston of ideal gas, initially at tempera-
ture Th. We need to take heat from the top reservoir
reversibly, and do this by letting the gas expand from Va
to Vb, doing work and absorbing heat from the reservoir.
The amount of work done is given by

∆Wab = −
∫ Vb

Va

pdV = −
∫ Vb

Va

NkT

V
dV = −NkTh ln(Vb/Va)

Now for the ideal gas we have shown that the energy is
constant at constant temperature. Thus we find that

∆Qab = −∆W = NkTh ln(Vb/Va)

Next, we need to lower the temperature to Tc by an adia-
batic expansion so we can impart heat to the other reser-
voir reversibly. This gives a volume of

Vc = Vb(Th/Tc)
d/2

∆Wbc = ∆E = dNk(Tc − Th)/2

The third stage mirrors the first; we do isothermal com-
pression to give heat to the cooler reservoir. We have

∆Wcd = −NkTc ln(Vd/Vc)

∆Qcd = NkTc ln(Vd/Vc)

Finally we do an adiabatic compression to return to the
initial point. This gives the equations

Va = Vd(Tc/Th)d/2

∆Wda = dNk(Th − Tc)/2

Combining the volume equations leads to

Vd/Vc = Va/Vb

Thus the energy balance is as follows: Heat taken at Th is
ThC where C = Nk ln(Vb/Va) is a constant, heat added
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at Tc is TcC, remainder (Th−Tc)C is converted into work
(the area on a pV diagram). The efficiency is

η =
|∆W |
∆Q1

= 1− Tc
Th

is the maximum possible for those temperatures, since it
is reversible (leading to a refrigeration device). A greater
efficiency would allow violations of the second law by ap-
plying the super-efficient engine followed by the Carnot
refrigerator.

1.11 Entropy

It should be noted that in the reversible Carnot engine
the quantity δQ does not integrate to zero around the
closed loop, but the quantity δQ/T does. In fact, by
approximating a general loop by lots of Carnot engines
we can see that in general δQ/T is an exact differential
for reversible processes in the ideal gas. Thus we have

dS =
δQrev
T

The state variable S defined in this way is called the
entropy, and is extensive. We also observe that in an
irreversible heat engine, more heat would be transferred
for the same amount of work, leading to a positive value
of ∆S, ie

dS >
δQirrev
T

We can see this explicitly in the case of thermal equaliza-
tion. An amount Q of heat is transferred from a warmer
to a cooler body. The warm body loses entropy Q/Th
while the cool body gains a greater entropy Q/Tc, thus
the total entropy change in this irreversible process is
positive.

Let us assume that a general isolated system has
such an entropy function S(Ni, V, E) which is extensive,
smooth, and maximised at equilibrium. We consider the
isolated system to be composed of two subsystems, with
a boundary that is permeable to a specified combina-
tion of the conserved quantities. At equilibrium we have
both subsystems in equilibrium and in mutual equilib-
rium. Allowing transport of energy, we have

E = E1 + E2

0 = dS =
∂S1

∂E1
dE1 +

∂S2

∂E2
dE2

thus
∂S1

∂E1
=
∂S2

∂E2

at equilibrium, hence ∂S/∂E must be a function of tem-
perature. Our ideal gas definition of entropy and tem-
perature is consistent with the more general definition(

∂S

∂E

)
V,Ni

=
1

T

If the energy is unbounded (as in systems of gas
molecules) the temperature is always positive, but there
are some systems such as collections of quantum spins
that can have negative temperatures, if the non-spin de-
grees of freedom are ignored. We can do this trick with
the other conserved quantities, and find that the partial
derivatives with respect to V and Ni must be related to
pressure and chemical potentials respectively. The first
law can be rearranged,

dE = δQ+ δW = TdS − pdV +
∑
i

µidNi

dS =
dE

T
+
p

T
dV −

∑
i

µi
T
dNi

and thus (
∂S

∂V

)
E,Ni

=
p

T(
∂S

∂Ni

)
V,E,Nj 6=i

= −µi
T

This form of the first law no longer singles out energy
as the most important conserved quantity; however the
historical definitions of T, p, µ are constructed with the
energy representation in mind.

It might be noted that the zeroth law has now be-
come effectively redundant. If we postulate a function
S(Ni, V, E) which is differentiable, extensive and con-
cave (see problem 2.3) we can now derive the zeroth law
and the concept of temperature, as well as pressure and
chemical potential. However there are limitations to this
approach. It is useful only for equilibrium, extensive sys-
tems. The second law implies the existence of entropy
more generally, but does not give an easy method of cal-
culating the entropy of nonequilibrium and/or nonex-
tensive systems (more on this later). In addition, the
differentiability is a minor additional (but reasonable)
postulate.

The extensivity property of (S,E,Ni, V ) leads to an
important equation relating state quantities, as follows.
We can write an equation of state for the energy of a
system expanded by an arbitrary amount λ,

E(λNi, λV, λS) = λE(Ni, V, S)

Then differentiate with respect to λ

λ

(∑
i

Ni
∂E

∂Ni
+ V

∂E

∂V
+ S

∂E

∂S

)∣∣∣∣∣
λNi,λV,λS

= E(Ni, V, S)

and set λ = 1, substituting known values for the partial
derivatives, ∑

i

µiNi − pV + TS = E

Differentiating and subtracting the expression for dE
from the first law, we obtain the Gibbs-Duhem relation∑

i

Nidµi + SdT − V dp = 0
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1.12 Thermodynamic potentials

We have discovered that the function S(Ni, V, E) has a
maximum at equilibrium, and that all thermodynamic
state variables can be obtained by differentiation. For
heat capacity we have for example

CV =

(
δQ

dT

)
V

= T

(
dS

dT

)
V

Thus it has similar properties to potential energy in me-
chanics, and is called a thermodynamic potential for iso-
lated systems, ie at constant (Ni, V, E). We now wish
to find thermodynamic potentials for closed or open sys-
tems.

Consider the case of a closed system of constant vol-
ume, which will come to an equilibrium depending on
the constants Ni, V and the temperature T imposed by
the environment. We need to maximise the total en-
tropy of the system and the environment, and have as
a free parameter the energy E of the system. Adding
dE to the system will raise the entropy of the system by
∂S/∂EdE and lower the entropy of the environment by
dE/T . Thus thermal equilibrium corresponds to

0 =
∂S

∂E
− 1

T
=

∂

∂E
(S − E/T )

Conventionally this is written as minimising the
Helmholtz free energy

F (Ni, V, T ) = E − TS(Ni, V, E)

The fact that F does not depend on E can be verified by
differentiating the RHS of this equation. It is an example
of a Legendre transformation: In general the Legendre
transformation of a function f(x) is g(p) where

g(p) = px(p)− f(x(p))

where x(p) is the solution of the equation p = f ′(x).
Note: some people use a different sign convention. For
example the Legendre transformation of f(x) = x2 is
g(p) = px− x2 = p2/4. Another example is the relation-
ship between the Lagrangian and Hamiltonian functions
in mechanics. We have (from the first law)

dF = −SdT − pdV +
∑
i

µidNi

so F is a thermodynamic potential, which generates all
the state variables by differentiation.

The energy E(Ni, V, S) is a minimum at equilibrium
given its arguments. This follows from the maximum
entropy statement together with the positivity of tem-
perature, as follows: Let us fix Ni, V and consider states
with different E,S. Let us consider an equilibrium state
(E0, S0). If it does not minimise energy there is an-
other (equilibrium or nonequilibrium) state (E1, S0) with
E1 < E0. Now since temperature is positive, S(E) is
strictly increasing, so S(E1) < S(E0). But since S(E1)

is the maximum entropy possible for energy E1, the state
(E1, S0) cannot exist. Hence the energy must be min-
imised at constant entropy. We have already seen how
to calculate various quantities as derivatives using the
first law, so energy is also a thermodynamic potential.

By similar processes (ie Legendre transforms of en-
tropy or energy) we obtain two more thermodynamic
potentials. The enthalpy is

H(Ni, p, S) = E + pV

for fixed pressure and entropy (ie adiabatic). These
conditions are very common for chemical reactions and
phase changes, hence the change in enthalpy (rather than
say energy) of the reaction is typically stated. For a
phase change, the enthalpy is called the ‘latent heat of
fusion/vaporisation’, and the addition of heat causes the
phase change, not an increase in temperature (as in heat
capacity). eg for water at standard pressure, 334kJkg−1

for fusion, 2258kJkg−1 for vaporisation. We have

dH = TdS + V dp+
∑
i

µidNi

The Gibbs free energy is

G(Ni, p, T ) = E + pV − TS =
∑
i

µiNi

for fixed pressure and temperature, and is suitable for
investigating the chemical potential(s). We have

dG = −SdT + V dp+
∑
i

µidNi

Under their various conditions, equilibrium is obtained
at the minimum of all four functions (E,F,G,H).

We could do different Legendre transformations to ob-
tain functions of chemical potentials rather than parti-
cles, but in the case of a single species of particle, the four
functions (E,F,G,H) are more than sufficient to obtain
any combination of (TS, pV, µN). For each the thermo-
dynamic potential there is an equation stating that the
mixed derivatives are equal. For example

∂2E

∂S∂V
=

∂2E

∂V ∂S

−
(
∂p

∂S

)
V

=

(
∂T

∂V

)
S

These are called Maxwell relations and there are four,
corresponding to (E,F,G,H).

1.13 The third law

For completeness, we state the third law of thermody-
namics, which has had less impact than the others:

The third law: The function S(Ni, V, E) ap-
proaches a constant (often taken to be zero) in
the limit of zero temperature.
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It should be noted that near absolute zero the rate of
most processes (such as resolution of lattice defects) is
very slow, so it is difficult to measure equilibrium prop-
erties. Alternatively

The third law: It is impossible to reach absolute
zero by a finite number of steps.

Finally, it is easy to remember the following reformula-
tion of the laws of thermodynamics:

1. You can’t win

2. You can’t break even except on a very cold day

3. It never gets that cold

1.14 Applications

Example 1: Solar furnaces

Question What are these?

Answer The sunlight is focussed onto a small area, lead-
ing to very high temperatures. Useful work is ob-
tained by some kind of heat engine.

Question What are the thermodynamic limitations of
such a system?

Answer The second law implies that the temperature
cannot be hotter than the sun, since then heat would
be spontaneously flowing from a “cold” to a hot ob-
ject. The surface of the sun is at about 6000K, and
in practice the temperature of solar furnaces is up to
2000K. Above this there are also technical problems
- the heat engine would melt or vaporise!

Question What is the maximum theoretical efficiency
of such a system?

Answer Using a Carnot cycle, and assuming an ambient
temperature of 300K we obtain

W

Q
= 1− Tc

Th
=

 0.95 Th = 6000K
0.85 Th = 2000K
0.625 Th = 800K

Clearly it is advantageous using the highest feasible
temperature, but there are other considerations.

Question What is an example of how this works in prac-
tice?

Answer The Solar Two experimental power plant in
California (see http://www.energylan.sandia.gov/
sunlab/Snapshot/STFUTURE.HTM ) operated us-
ing a molten salt at about 800K to run a conven-
tional steam turbine. The advantage with this ap-
proach is that the hot salt can be stored until needed
(eg in the evening). 43MW of solar energy was con-
verted to 10MW of electrical power, thus an effi-
ciency of about 0.24. Of course the real question is
the cost per kWh which depends on the amount of
sunlight, cost of land, maintenance etc.

Question Can a solar furnace work on a smaller scale?

Answer Yes. One application is as a cheap cooker in
developing countries.

Question How does the efficiency compare with solar
cells?

Answer The best experimental solar cells have an effi-
ciency over 0.3 (also using some light concentration
features). In practice, about 0.15.

Example 2: Refrigeration

Question What is the theoretical minimum power re-
quired to maintain the contents of a fridge at say
4oC if the ambient temperature is 19oC?

Answer Zero. You only need perfect thermal insula-
tion, which does not in itself violate the laws of ther-
modynamics.

Question Apart from limitations from thermal insula-
tion, why do real fridges require power?

Answer You also need to remove heat from food at
room temperature that is placed in the fridge.

Question How could a perfectly efficient fridge do this?

Answer The optimal fridge would do a cycle of isother-
mal compression at room temperature, followed by
adiabatic expansion to fridge temperature. This is
not practical, as for example the fridge would need
to extract 4.186 × 15 = 63kJ of energy to lower
the temperature of 1kg water from 19oC to 4oC.
Water and food are not very compressible, so very
high pressures would be required to achieve this:
dW = −pdV . Somewhat more practically, it could
use some kind of heat exchanger in which food moves
along a conveyor belt, cooled by pipes just below the
current temperature of the food; the quasistatic re-
quirement is still in contrast to the need to cool the
food as quickly as possible so that it doesn’t spoil.

Question How could a perfectly efficient fridge main-
tain a fixed temperature in the presence of processes
heating the inside (such as warm food or thermal
conduction), and what would its efficiency be?

Answer A reverse Carnot cycle: Isothermal compres-
sion at the higher temperature, adiabatic expan-
sion, isothermal expansion at the lower temperature,
and then adiabatic compression to the original state
point. We have

η =
|W |
|Qh|

= 1− Tc
Th

= 1− 277

292
≈ 0.05

for the ratio of the work (electricity input) to the
heat released to the environment. Here we are at
fairly similar temperatures, so relatively little work
is required. The heat absorbed from the inside of
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the fridge is of course |Qc| = |W |− |Qh|, so in terms
of this we have

|W | =
(
Th
Tc
− 1

)
|Qc|

In general the word “efficiency” needs to be carefully
defined, as it means different things in different sit-
uations.

Question How do real fridges work?

Answer Typically, they have a coolant which has a boil-
ing temperature similar or just below the fridge op-
erating temperature (used to be CFCs, now am-
monia or others). Compression and condensation
at the higher temperature, expansion and evapo-
ration at the lower temperature. The latent heat
from the phase change allows more energy to be
transferred for the same temperature and pressure
changes. The work is done by a pump which drives
the fluid around the cycle. Roughly six times as
much power is used in real refrigerators than the
optimal efficiency given by the second law; the fact
that the cycle must take finite time means that the
processes are not quasistatic.

Example 3: The atmosphere.

Question Is the atmosphere in thermodynamic equilib-
rium?

Answer No, it is well known that the temperature de-
creases with height, thus it is not in thermal equi-
librium. Also, wind is an indication of mechanical
dis-equilibrium and rain is an indication of chemical
dis-equilibrium.

Question What are some thermal processes involved?

Answer Surface heated by solar light and geothermal
heat. Infrared radiation blocked by ‘greenhouse’
gases in atmosphere. Heat conduction in gases is
slow, main process is adiabatic convection. Far in-
frared radiation mostly from cool upper atmosphere.
Complications from water evaporation and conden-
sation and surface temperature differences, etc.

Question What about the decrease in pressure with
height?

Answer This is consistent with equilibrium; note that
energy is now not −pdV due to gravitational poten-
tial energy thus mechanical (“kinetic”) pressure p is
not constant at equilibrium. Balancing forces on a
fluid element we find that dp/dz = −ρg for mechan-
ical equilibrium where z is height, g is gravity and
ρ = mN/V is mass density.

Question What temperature profile is predicted for an
adiabatic atmosphere? Assume mechanical equilib-
rium and local thermodynamic equilibrium (ie the
molecular scales such as the mean free path are much
smaller than the scales of variation).

Answer Assume f = 5 ideal gas as above, pV 7/5 =
const, or ρ/ρ0 = (p/p0)5/7, where ρ0 and p0 are at
z = 0, say sea level. Substituting into p equation we
find

dp

dz
= −g(p/p0)5/7ρ0

(p/p0)2/7 = 1− 2ρ0gz

7p0

From the adiabatic equation we then find

(ρ/ρ0)2/5 = 1− 2ρ0gz

7p0

and from the ideal gas equation pV = NkT we find

T =
mp

kρ
= T0

(
1− 2mgz

7kT0

)
which is a linear decrease with height of 2mg/7k. A
typical molecule has mass 28u, so we have 2× 28×
9.81/7 × 8314. The result is 9.44 × 10−3Km−1. If
the temperature gradient is higher than this, adia-
batic convection will equalise it. The gradient can
however be lower and still stable, (eg thermal equi-
librium at zero gradient). The adiabatic atmosphere
predicts a sharp cut off at a height of about 30km,
but other processes and lack of convection lead to
discrepancies from about 20km. High humidity can
lower the temperature gradient since condensing wa-
ter deposits latent heat into the upper atmosphere.

2 Dynamics

2.1 Hamiltonian dynamics

In this section we consider the microscopic dynamical
laws, in preparation for the next section, in which dy-
namics and thermodynamics are related, which is statis-
tical mechanics proper. We begin with the Hamiltonian,
which is a dynamical potential, in the sense that the
equations of motion of the particles are given by deriva-
tives of a single function. The Hamiltonian is a function
H (not to be confused with enthalpy!) of qi and pi,
i = 1 . . . 3N , a total of 6N variables corresponding to
the positions and momenta of N particles in three di-
mensions. The qi constitute “configuration space”, the
pi “momentum space” and the full set of variables “phase
space”. It is also possible for the Hamiltonian to depend
explicitly on time t, but we will ignore this possibility.
The equations of motion are

d

dt
qi =

∂H

∂pi

d

dt
pi = −∂H

∂qi

The derivation is not required. You will find a discus-
sion, including the Lagrangian (the Legendre transform
of the Hamiltonian) in a problem set. For this unit, the
Hamiltonian will be of the form

H(q,p) =

N∑
i=1

pi · pi
2mi

+ V (q)
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2.3 Liouville’s theorem 2 DYNAMICS

where now i indicates particles, vectors with subscripts
are 3-vectors and mi is the mass of the ith particle. The
first term is the kinetic energy and the second term is
the potential energy, for example

V (q) =
∑
i<j

Uint(|qi − qj |) +
∑
i

Uext(qi)

where the first term is a two-body central force potential,
and the second term might include gravity, or repelling
walls of the container. We will often not be concerned
with the details, and ignore the external potential en-
ergy. Substituting this Hamiltonian into the Hamilto-
nian equations of motion gives

q̇i = pi/mi

ṗi = −∇iV

which is just Newton’s equations of motion for positions
qi and momenta pi = miq̇i.

The time evolution of any phase variable A(q,p) is
given by the chain rule

dA

dt
=
dq

dt
· ∂A
∂q

+
dp

dt
· ∂A
∂p

=
∂H

∂p
· ∂A
∂q
− ∂H
∂q
· ∂A
∂p
≡ {A,H}

where the Poisson bracket is defined by

{A,B} =

3N∑
i=1

∂A

∂qi

∂B

∂pi
− ∂A

∂pi

∂B

∂qi

Clearly {H,H} = 0 so

dH

dt
= 0

the Hamiltonian is conserved. This is no surprise here,
as it is just the total energy.

2.2 Time reversibility

Consider a set of autonomous first order ODEs

ẋ = v(x)

where x ∈ Γ represents phase space (ie (q,p)) and v :
Γ → Γ is a vector field giving the equations of motion.
We define a flow Φt : Γ→ Γ which give the solution after
time t ∈ IR of initial condition x ∈ Γ, ie

x(t) = Φt(x(0))

with the obvious properties

Φ0 = Id

Φs ◦ Φt = Φs+t

The theory of ODEs shows that a solution exists for some
positive and negative time under very mild conditions;
the solution may diverge at finite time if Γ is not a com-
pact space.

The flow Φt is called (time) reversible if there exists a
map M : Γ→ Γ with the property

M ◦ Φt ◦M = Φ−t

Note that putting t = 0 here shows that M is an invo-
lution (ie its square is the identity). Thus for each tra-
jectory x(t) satisfying the equations of motion, there is a
reversed trajectory y(t) = M(x(−t)) which also satisfies
the equations.

In the case of a Hamiltonian given by kinetic and po-
tential energy as above, the map

M(q,p) = (q,−p)

has the required property, and hence the system is re-
versible. This can be shown by putting p → −p and
t → −t in the equations of motion and showing that
they are still valid. The significance is that we need to
explain the second law of thermodynamics which is irre-
versible, since dynamical reversibility shows that entropy
decreasing trajectories exist. The answer lies not in the
equations of motion but in the initial (rather than final)
conditions which are low entropy. For the Universe as a
whole this means the big bang.

2.3 Liouville’s theorem

We do not know the motions of 1023 particles exactly,
the best we can hope for is some understanding of the
probability density ρ(x). A collection of copies of the sys-
tem with realisations x ∈ Γ given according to a spec-
ified probability density is called an “ensemble”. This
approach is useful also in low-dimensional chaotic sys-
tems, in which instabilities imply that infinite precision
would be required for long term precision, and in stochas-
tically perturbed systems, in which the equations of mo-
tion themselves are not deterministic. We could be more
general and talk about a (possibly singular) probability
measure, but for equilibrium systems it turns out that for
the most useful ensembles have a smooth density func-
tion with respect to Lebesgue measure.

We assume that the probability density is normalised,∫
ρ(x)d6Nx = 1

We can also calculate expectation values of phase vari-
ables

〈A〉 =

∫
ρ(x)A(x)d6Nx

so that 〈1〉 = 1 by the normalisation.
Let us consider the time evolution of a probability den-

sity under the dynamics, so now we consider ρ(x, t). The
flux (ie amount per unit surface per unit time) of prob-
ability is ρv. Thus the rate of change of the probability
of being in some domain D ⊂ Γ is

d

dt

∫
D

ρ(x, t)dx = −
∫
∂D

ρ(x, t)v(x) · dS
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where the RHS is a surface integral over the boundary
of D. Applying the divergence theorem and putting the
time derivative in the integral we have∫

D

[
∂ρ

∂t
+∇ · (ρv)

]
dx = 0

But this is true for all domains, so we have the continuity
equation

∂ρ

∂t
+∇ · (ρv) = 0

which is also used, eg for conservation of mass in fluid
dynamics.

Rather than ∂ρ/∂t which gives the change in density
at a fixed point in phase space, it is useful to know how
ρ varies along the flow. Using the chain rule and the
continuity equation

d

dt
ρ(x(t), t) =

∂ρ

∂t
+ v · ∇ρ = −ρ∇ · v

where we can identify v · ∇ρ = {ρ,H} the Poisson
bracket. In the case of a Hamiltonian system, we have

∇x · v = ∇q · ∇pH −∇p · ∇qH = 0

thus
d

dt
ρ(x(t), t) = 0

which is called Liouville’s theorem. Physically, the
Hamiltonian equations preserve volume in phase space,
so that the convected density remains constant under
the flow. An important consequence of the Liouville the-
orem is that any function ρ(E) where E is the conserved
energy, is an invariant density under the flow, ie is a
time-independent solution to the equation.

Example: Write down Liouville’s theorem for a system
with a frictional force described by

q̇ = p/m

ṗ = −∇qV (q)− αp

where m,α > 0 are constants and q,p ∈ IR3N . We
compute

∇x · v = ∇q · p/m−∇p · (∇qV + αp) = −3Nα

Thus
dρ

dt
= 3Nαρ

The fact that the right hand side is not zero means that
the system is not Hamiltonian, at least in these coor-
dinates; the volume in phase space contracts under the
dynamics. Physically, ρ increases with time since the
probability is getting concentrated on the final state, in
which the system finds minima of the potential energy
V and remains there.

2.4 Poincare recurrence

Liouville’s theorem has a strange consequence called the
Poincare recurrence theorem, which we now discuss. As-
sume that Γ has finite volume. This is certainly true if
the energy is bounded and the physical volume is finite.
Then Poincare recurrence states that the set of points
which do not return arbitrarily close to their starting
point has zero volume. For example, almost all (in the
sense of probability) states in which all the gas molecules
are in one corner of the container return to that state af-
ter sufficiently long time. Like time reversibility, this
seems to violate thermodynamics.

The proof is quite short. Consider a set A ⊂ Γ with
finite but arbitrarily small volume. Assume, in contradic-
tion with Poincare recurrence, that there is a set B0 ⊂ A
of finite volume which leaves A after some time τ and
never returns. Define Bn = ΦnτB0 for all positive in-
tegers n. From the Liouville theorem the volumes of
all these sets are equal. Suppose they are not disjoint,
and there is overlap between Bi and Bj , with i < j
say. Then there is overlap between Φ−iτBi = B0 and
Φ−iτBj = Bj−i. But this is impossible since B0 ⊂ A
and we said that the future evolution of this set never
returns to A. Thus all Bn are disjoint. However they all
have the same nonzero volume, so their union must have
infinite volume. But this is impossible since it is a subset
of Γ which by assumption has finite volume. Thus the
theorem is proved.

Poincare recurrence is not observed for any systems
with a significant number of particles in practice, since
the recurrence time is very long. For example, let us
consider a container and ask for the time until all N par-
ticles are in the right half. Assuming the configurations
change randomly every time τ , we have to wait roughly
2Nτ before we see all particles in the right half (a prob-
ability of 2−N ). If N ≈ 1023 it is not surprising that we
have not seen this phenomenon.

Poincare recurrence illustrates the importance of time
scales in statistical mechanics. There is no point proving
a theorem which involves a time beyond experimental
scales or beyond which the assumptions of the model
cease to be valid.

There remains the question of the second law of ther-
modynamics. Is it violated in small systems (in which the
Poincare recurrence time might be reasonable?). Well
to take advantage of the unusual low entropy configu-
ration of the particles we need to measure the system
2N times; this will require more energy than we can ex-
tract from the low entropy system (this can be formu-
lated precisely). Thus fluctuations on small scales are
not expected to violate thermodynamics. However the
statement that the entropy of an isolated system never
decreases must be modified; it does so, but macroscopic
decreases only happen with vanishingly small probabil-
ity. Alternatively, a microscopic formulation of entropy
that is non-decreasing must include not only the state
of the system, but also the observer’s knowledge about
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the system, for example represented in ρ(x, t). In the
case of large systems this effect is negligible - no human
or computer can know the locations or velocities of 1023

molecules!

2.5 Ergodic theory

Before considering how to define entropy microscopically,
we will consider another dynamical issue raised by the
Poincare recurrence theorem - in what sense can we ex-
pect the time evolution of a dynamical system to behave
randomly? The branch of mathematics that seeks to an-
swer this question is called ergodic theory.

We can define two types of averages over a phase quan-
tity A. We have an ensemble average

〈A〉 =

∫
A(x)ρ(x)dx

over an invariant probability measure (eg ρ(E)dx as dis-
cussed in connection with Liouville’s theorem). A is as-
sumed to be absolutely integrable with respect to this
measure, that is 〈|A|〉 <∞. We can also define the time
average

Ā = lim
T→∞

1

T

∫ T

0

A(Φt(x))dt

which might depend on x.
The Birkhoff Ergodic theorem (1931) states that the

limit in Ā exists for almost all x with respect to the
invariant measure. We have,

Ā(Φτx) = lim
T→∞

1

T

∫ T

0

A(Φt+τ (x))dt

= lim
T→∞

1

T

∫ T−τ

−τ
A(Φt(x))dt

= lim
T→∞

1

T

[∫ 0

−τ
+

∫ T

0

+

∫ T−τ

T

]
A(Φt(x))dt

= Ā(x)

since the other two integrals are finite and vanish in the
limit. Thus the time average is the same for any point
on the same trajectory. This means that if the measure
is invariant we have

〈Ā〉 = 〈A〉

For an ensemble to describe the dynamics of an indi-
vidual system we want to have

〈A〉 = Ā

in other words, time averages are in some sense indepen-
dent of the initial condition. It can be shown that it is
always possible to decompose phase space into “ergodic
components”, each with its own “ergodic” invariant mea-
sure, so that for almost all initial conditions (with respect
to the ergodic measure) the above statement is true.
Phase points with different energies (or other known con-
served quantities) are in different ergodic components,

but it is possible for the energy surface to be a single er-
godic component. This is Boltzmann’s ergodic hypothe-
sis. In practice ergodicity has been shown only for a very
small class of systems such as those with infinitely hard
collisions, and is believed to be false in typical systems
of interacting particles. Physically, it is important to un-
derstand the timescales (as for Poincare recurrence) and
also whether for example one ergodic component is so
big that the others can be ignored in practice. This non-
ergodicity and whether it has any physical implications
is an active area of research.

Let us consider approach to equilibrium. We assume
that the state is ρ(x, t) satisfying the Liouville equation,
for example ρ(x, 0) could be the characteristic function of
some small volume in phase space in which the system
is initialised. The time-dependent average of a phase
function A is given by∫

A(x)ρ(x, t)dx =

∫
A(x)ρ0(Φ−t(x))dx

This will tend to a constant given by the equilibrium
average of A if we have

〈AB ◦ Φt〉 → 〈A〉〈B〉

for all A,B. noting that This latter property is called
mixing. Note that 〈ρ0〉 = 1 by normalisation. If A and B
are the characteristic function of an ergodic component,
the equation shows that 〈A〉 = 1, in other words, mixing
implies ergodicity. Again there is a timescale issue - what
is the rate of approach to equilibrium? There are many
other ergodic properties, but these are all we will need
to understand statistical mechanics.

Example: the 1D harmonic oscillator,

H =
1

2
(x2 + p2)

has trajectories given by

x =
√

2E cos θ p =
√

2E sin θ θ = θ0 − t

where E is the conserved energy and θ0 is the initial
angle in the phase plane. The average of a phase function
A(E, θ) is

Ā =
1

2π

∫ 2π

0

A(E, θ)dθ ≡ 〈A〉

which is a function of E only. Thus the ergodic compo-
nents are the constant energy curves and the system is
ergodic. The correlation function of two functions A and
B on the same energy curve is

〈AΦt(B)〉 =
1

2π

∫ 2π

0

A(E, θ)B(E, θ − t)dθ

which is periodic in t and does not generally have a limit,
thus this system is not mixing.

Showing that a given system is mixing is beyond
the scope of this unit, however an example is given at
http://www.maths.bris.ac.uk/˜macpd/gallery/diamond.gif
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3 CLASSICAL STATISTICAL MECHANICS

2.6 The virial and equipartition theo-
rems I

By definition, the time average of the time derivative of
some phase variable is just the total difference divided
by the time. If the phase variable is bounded, this then
tends to zero. For the virial theorem we consider the
quantities

Gi = qipi

for i ∈ {1, . . . , 3N} which is bounded in systems we nor-
mally consider. Thus we have

0 =
¯dGi
dt

= ¯q̇ipi + ¯qiṗi

If the Hamiltonian takes the usual kinetic plus potential
form, this becomes

¯p2i /mi = − ¯qiFi

where Fi = ṗi is the ith component of the force. Sum-
ming over i we find

T̄ = −1

2

¯∑
i

qiFi

where T is the kinetic energy and the averaged quantity
on the RHS is called the virial; this statement is called
the virial theorem. We can also take an ensemble average
of both sides using an invariant density, and so following
the discussion around the Birkhoff theorem, we have

〈T 〉 = −1

2
〈
∑
i

qiFi〉

An important case is that of an external central po-
tential of the form U(r) = Crα (for constants C,α) in
which we find

q · F = q · (q(−U ′(r))/r) = −rU ′(r) = −αU(r)

and hence
〈T 〉 =

α

2
〈V 〉

where V is the total potential energy. Thus for α = 2,
ie a harmonic oscillator, which is by Taylor’s theorem an
approximation for generic small oscillations, we have

〈T 〉 = 〈V 〉

which is called “equipartition of energy”. The term “ex-
ternal potential” can be interpreted somewhat freely; for
sufficiently dilute systems the molecules can be approxi-
mated by 2-body systems with centre of mass coordinates
moving freely and relative coordinates obeying the virial
theorem; the Hamiltonian expressed in these coordinates
takes the usual form.

Example: Show that the velocity of an orbiting satel-
lite is given by the escape velocity divided by

√
2. We

have α = −1 so 〈T 〉 = −〈V 〉/2. Now the kinetic energy
of an escaping particle is just −〈V 〉, so the ratio of the
velocities in the two cases is

√
2.

3 Classical statistical mechanics

Ludwig Boltzmann, who spent much of his life studying
statistical mechanics, died in 1906, by his own hand.
Paul Ehrenfest, carrying on the same work, died simi-
larly in 1933. Now it is our turn to study statistical me-
chanics. Perhaps it will be wise to approach the subject
cautiously. David Goodstein.

3.1 Boltzmann entropy

Summarizing the results of the classical dynamics sec-
tion, if we postulate that the microscopic equations are
Hamiltonian we have conservation of phase space vol-
ume (Liouville’s theorem). If we assume further that
this volume is finite we find that almost all trajectories
are recurrent (Poincare recurrence theorem). We can fur-
ther assume that almost all trajectories fill the constant
energy surface uniformly on average (ergodicity), or fur-
ther that initial probability densities approach (in a weak
sense) the uniform density (mixing). This justifies to a
certain degree the postulate made by Boltzmann:

Equal a priori probability In equilibrium the proba-
bility density on the constant energy surface is uni-
form.

The reason that low entropy configurations (eg involving
all the particles in one corner of the container) have low
probability is that they correspond to a small volume of
phase space (for classical systems) or number of states
(for quantum systems). In other words, each macroscopic
state corresponds to a different volume or number of mi-
croscopic states. If the system starts in a macroscopic
state of small phase space volume, it can easily move
to one with more volume, but has very low probability
of moving to one with less volume. Thus entropy of a
macrostate can be associated with an increasing func-
tion of the volume or number of microstates associated
with it. The fact that for two separate systems entropy
is additive (ie extensive) and phase space volume is mul-
tiplicative, leads to another formula of Boltzmann

S = k ln Ω

where Ω is the phase space volume and k is a constant
which we will identify with the ideal gas constant.

In calculating Ω we need a dimensionless volume, un-
like d3Nqd3Np which has units of action to the power
3N . Classically we don’t know what to put here, but a
quantum mechanical result called Weyl’s theorem makes
an equivalence between the number of quantum states
and phase space volume measured in units of h3N where
h = 6.626× 10−34Js is Planck’s constant. Also, in both
classical and quantum mechanics, there is often a sym-
metry due to interchange of identical particles. If this is
the case, the true phase space or number of states is less
by a factor N !. Thus we have

Ω =

{ ∫
d3Nqd3Np
N !h3N classical∑
states quantum
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3.3 Entropy of an ideal gas 3 CLASSICAL STATISTICAL MECHANICS

We will consider quantum systems in more detail later.
Now S is a thermodynamic potential; other quantities

can be calculated from it my differentiation. Thus we
can now (in principle) calculate all quantities from mi-
croscopic considerations. This formula also clarifies the
third law of thermodynamics, which now becomes the
statement that the degeneracy of the ground state T = 0
of a quantum system is unity (or at least smaller than
exponential in the system size).

Remark: The Boltzmann entropy suffers from a cou-
ple of philosophical problems. One is that it depends
on the definition of the macro and micro states of the
system, and is thus mathematically ambiguous. For ex-
ample what is the resolution or sensitivity of the mea-
suring apparatus? The other is that it does not take
into account the information known by the observer, so
occasionally the entropy will decrease due to rare fluc-
tuations. Thus the second law is only statistically valid
under this definition.

We now look at some examples of entropy calculations.

3.2 Volumes of hyperspheres

It is clear that the surface of constant energy corresponds
to a 3N -dimensional sphere in momentum space, so we
first need to calculate the surface and volume of high
dimensional spheres. Let the volume of a sphere of radius
r in d dimensions, ie the set defined by

d∑
i=1

x2i < r2

be
V (r) = Vdr

d

The volume between spheres of radius r and r + δr is

V (r + δr)− V (r) = Vd[(r + δr)d − rd]

For small δr this approaches δrS(r) where S(r) computes
the surface area of the same sphere,

S(r) = lim
δr→0

V (r + δr)− V (r)

δr
= V ′(r) = dVdr

d−1

We can write this as

S(r) = Sdr
d−1 Sd = dVd

Now let us compute the following integral over x ∈ IRd

in two ways:

1. Expand as a product of exponentials:∫
exp(−x2)dx =

[∫ ∞
−∞

exp(−x2)dx

]d
= (2I1)d

2. Move to hyperspherical coordinates:∫
exp(−x2)dx =

∫ ∞
0

exp(−r2)Sdr
d−1dr = SdId

Now change variable to u = r2

Id =

∫ ∞
0

exp(−r2)rd−1dr

=

∫ ∞
0

exp(−u)u(d−2)/2du/2

= Γ(d/2)/2

since this is the definition of the Gamma function. We
have Γ(1) = 1 trivially and Γ(n + 1) = nΓ(n) using
integration by parts, thus Γ(n+ 1) = n!. From above we
have

2dId1 = SdId

Sd =
2dId1
Id

=
2Γ(1/2)d

Γ(d/2)

Now we know the circumference of a circle,

2π = S2 =
2Γ(1/2)2

Γ(1)

thus
Γ(1/2) =

√
π

and hence

Sd =
2πd/2

Γ(d/2)

Vd =
2πd/2

dΓ(d/2)

We will be concerned with large dimensions, so we will
use Stirling’s formula for factorials of large argument, eg

x! ∼ xxe−x
√

(2x+ 1/3)π

Note that even though this formula is asymptotic, its
maximum relative error in x > 0 is about 2%.

3.3 Entropy of an ideal gas

We want to calculate the equilibrium entropy as a func-
tion of state variables N,V,E for an ideal gas with no
spin or other degrees of freedom. We should allow a small
uncertainty in the energy, ie consider energies from E to
E + δ. Classically this allows us to use the volume ele-
ment dx in Liouville’s theorem. Quantum mechanically
this will be necessary since the energy levels are discrete.
We have

Ω(E) = Σ(E + δ)− Σ(E) ≈ δΣ′(E)

where

Σ(E) =
1

N !h3N

∫
p2/2m<E

d3Nqd3Np

=
V N

N !h3N
2π3N/2

3NΓ(3N/2)
(2mE)3N/2

from previous calculations. Thus

S = k ln Ω

= k
[
N lnV (2πmE/h2)3/2 − ln(N !(3N/2− 1)!)

+ ln(δ/E)]
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3.5 The microcanonical (N,V,E) ensemble 3 CLASSICAL STATISTICAL MECHANICS

Ignoring the constant ln δ, assuming N � 1 and putting
in the leading part of Stirling’s formula

lnN ! = N lnN −N +O(lnN)

we find

S = Nk

[
5

2
+ ln

{
V

N

(
4πmE

3Nh2

)3/2
}]

which is called the Sackur-Tetrode equation. Note that
if we forgot the N ! we would have an extra N lnN term
which is non-extensive, but the correct equation has only
intensive quantities V/N and E/N inside the logarithm.

Differentiating we obtain other state variables. It is
easiest to solve for

E(N,V, S) =
3h2N5/3

4πmV 2/3
exp{ 2S

3Nk
− 5

3
}

then differentiate to obtain

T =
∂E

∂S
=

2E

3Nk
E =

3

2
NkT

−p =
∂E

∂V
= −2E

3V
pV = NkT

µ =
∂E

∂N
=

5E

3N
− 2ES

3N2k
= kT ln{N

V

(
h2

2πmkT

)3/2

}

Thus k is indeed the same constant as in the ther-
modynamics section. We can also of course calculate
F = E − TS and the other potentials and derivatives
such as specific heats.

If the ideal gas has spin degrees of freedom, we get an
extra term (2s + 1)Nk in the entropy. However when
we differentiate the temperature and pressure are un-
changed, so it is not classically measurable. Rotations or
vibrations will be discussed later in connection with the
equipartition theorem.

3.4 Entropy of mixing

Initially we have two different gases, at states N1, V1, E1

and N2, V2, E2. We want them to be in thermal equilib-
rium, so T1 = T2 thus E1/N1 = E2/N2. Then we allow
them to mix, filling the whole container, so the final state
has

V = V1 + V2

E = E1 + E2

N = N1 +N2

The final entropy can be calculated as above, with Σ(E)
determined by the volume of the ellipsoid

p2
1

2m1
+

p2
2

2m2
< E

Scaling the p1 coordinates by a factor
√
m1 etc this be-

comes a sphere and, we find that

Σ(E) =
V N

N1!N2!h3N
2π3N/2

3NΓ(3N/2)
(2E)3N/2m

3N1/2
1 m

3N2/2
2

leading to

S(N,E, V ) = S(N1, E1, V ) + S(N2, E2, V )

as expected (the gases don’t interact). There has been
an increase in entropy given by

∆S = S(N1, V, E1) + S(N2, V, E2)

−S(N1, V1, E1)− S(N2, V2, E2)

= N1k ln(V/V1) +N2k ln(V/V2)

This is expected: mixing of gases is an irreversible pro-
cess. However what if the two gases are the same? Then
mixing them should not increase the entropy. This is
called Gibbs’ paradox. The solution is that if the gases
are the same the factor N ! (rather than N1!N2! ) is in-
cluded in the entropy, so there is no increase (recall that
the entropy we calculated was extensive). This is often
given as the physical reason the N ! is required in the
classical case.

3.5 The microcanonical (N, V,E) ensem-
ble

We can calculate the entropy in terms of the volume of
phase space, but other phase variables must be calculated
as ensemble averages 〈f〉 previously defined, where for an
isolated system at equilibrium, the probability density is
given by the postulate of equal a priori probability that
we have already used

ρµc(x) =

{
1/Ω(N,V,E) E < H(x) < E + δ

0 otherwise

Here µc is short for microcanonical. Liouville’s theorem
shows us that it is preserved under Hamiltonian dynam-
ics. We need to be consistent with the N ! terms: since
we have included it in Ω, the space x must comprise only
a single copy of the identical microstates obtained by in-
terchanging identical particles, and phase averages are
calculated over the full space using

〈f〉µc =

∫
f(x)ρµc(x)

d3Npd3Nq

N !h3N

We can calculate phase quantities like the average en-
ergy per particle this way; it also turns out that we can
calculate thermodynamic quantities such as the entropy
and hence its derivatives. We have

S(N,V,E) = k ln Ω(N,V,E)

which is a constant (does not depend on phase point on
the energy shell ignoring the small quantity δ). Thus

S(N,V,E) = k〈ln Ω〉

= k

∫
E<H(q,p)<E+δ

ln Ω

Ω

d3Npd3Nq

N !h3N

= −k
∫
ρµc ln ρµc

d3Npd3Nq

N !h3N
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3.6 The canonical (N,V, T ) ensemble 3 CLASSICAL STATISTICAL MECHANICS

noting that the domain can be extended by defining

y ln y|y=0 = lim
y→0

y ln y = 0

Thus we can write

S(N,V,E) = 〈−k ln ρµc〉

This is the Gibbs expression for the entropy, and is the
point of connection between thermodynamic entropy and
similar expressions used in information theory.

It is very tempting to treat this dynamically, ie start
with a general ρ0(x), evolve it using the Liouville equa-
tion, and see whether the Gibbs entropy increases. We
have

dS

dt
= −k

∫
∂

∂t
(ρ ln ρ)

d3Npd3Nq

N !h3N

The integrand is

(ln ρ+ 1)
∂ρ

∂t
= −(ln ρ+ 1)∇ · (ρv)

= −(ln ρ+ 1)(v · ∇ρ+ ρ∇ · v)

= −∇ · (ρ ln ρv)− ρ∇ · v

using the continuity equation. The divergence theorem
together with the vanishing of ρ at the boundary kills
the first term and we are left with

dS

dt
= 〈k∇ · v〉 = 0

for Hamiltonian systems. Thus the Gibbs entropy is con-
stant. This can be interpreted as the statement that our
knowledge of the system remains the same during deter-
ministic time evolution and volume preserving dynam-
ics, but it does not explain the second law. In practice
the density ρ is getting mixed throughout phase space
so that on a macroscopic level there is no way of us-
ing the information about the past low entropy state of
the system. Thus we return to the issues of a nonequi-
librium entropy that is dependent on the measurement
resolution. Alternatively we note that no system is com-
pletely isolated, and that small random perturbations
could smear out the “mixed” density to a true uniform
one. In the meantime we can use the Gibbs entropy to
compute equilibrium properties of systems.

3.6 The canonical (N, V, T ) ensemble

The microcanonical ensemble is limited mathematically
in that it is often difficult to calculate the relevant phase
space volumes and ensemble averages, and physically in
that most systems are not isolated, ie they share energy
with the environment and the equilibrium state is better
written in terms of the temperature of the environment
than the energy of the system.

We consider the system S1 in contact with a much
larger heat bath S2 at equilibrium and temperature T .
The combined system is isolated, so it is described by the
microcanonical ensemble. We have E = E1 + E2, E1 �

E. The probability of the system being in a state with
energy E1 is the probability of the bath having energy
E−E1, which is proportional to Ω2(E−E1). We expand
the entropy of the heat bath in the small parameter

k ln Ω2(E − E1) ≈ k ln Ω2(E)− ∂

∂E
(k ln Ω2(E))E1 + . . .

but the derivative is just ∂S/∂E = 1/T for the bath.
Thus the probability is proportional to

Ω2(E − E1) ≈ Ω2(E) exp(−E1/kT )

Normalising removes the constant and we obtain the
canonical ensemble density function

ρc(x) =
e−βH(x)

Z(N,V, T )

where the normalisation factor

Z(N,V, T ) =
1

N !h3N

∫
e−βH(x)d3Nqd3Np

is called the canonical partition function and β = 1/kT
is a common notation for the inverse temperature.

Let us now check the Gibbs expression for the entropy.

S = 〈−k ln ρc〉

= − k

N !h3N

∫
ρc(x) ln ρc(x)dx

=
k

N !h3N

∫
(βH + lnZ)

e−βH

Z
dx

= kβ〈H〉+ k lnZ

= kβE + k lnZ

since the ensemble average of the energy function is just
what we mean macroscopically by the energy. Differen-
tiating, we find

1

T
=

∂S

∂E

= kE
∂β

∂E
+ kβ + k

∂ lnZ

∂E

Now we have

∂ lnZ

∂E
=
∂ lnZ

∂β

∂β

∂E
= −E ∂β

∂E

thus
1

T
= kβ

as expected. Also

k lnZ = S − βkE

is just −F/T where F (N,V, T ) is the free energy found
to be the thermodynamic potential for this system. Thus
we have

F (N,V, T ) = −kT lnZ(N,V, T )
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3.8 1-particle distributions 3 CLASSICAL STATISTICAL MECHANICS

which is the canonical equivalent to

S(N,V,E) = k ln Ω(N,V,E)

Thus a typical approach is to compute Z(N,V, T ), take
the logarithm to get F and then derivatives to get other
thermodynamic quantities.

Another approach to the canonical (and later) ensem-
bles is a variational principle. If we define S using the
Gibbs formula and maximise the quantity S − βE over
all ensembles (ie functions ρ) we can show that the max-
imum value is reached for ρ = ρc and takes the value
lnZ.

3.7 Computations in the canonical en-
semble

We usually have

H =
∑
i

p2
i

2mi
+ V (q)

Then we can separate the configuration and momentum
parts of the integral to get

Z =
1

N !h3N

[∫
e−β

∑
i p

2
i /2mid3Np

] [∫
e−βV (q)d3Nq

]
Remark: In quantum mechanics q and p are non-
commuting operators, so the exponential cannot gener-
ally be separated in this way. Also the N ! needs to be
replaced by the relevant combinatoric factor depending
on which particles are indistinguishable. If there is an
external potential (such as gravity) but no interparticle
interactions we have

V (q) =
∑
i

U(qi)

we have∫
exp[−β

∑
i

U(qi)]d
3Nq =

[∫
e−βU(q)d3q

]N
The momentum integral separates into a product over
integrals of the form∫

e−βp
2/2mdp =

√
2mkT

∫
e−u

2

du =
√

2πmkT

see I1 in the earlier section. The result is∫
exp[−β

∑
i

p2
i /2mi]d

3Np = (2πkT )3N/2
∏
i

m
3/2
i

Thus for N identical non-interacting particles we have

Z(N,V, T ) =
1

N !

(
2πmkT

h2

)3N/2 [∫
e−βU(q)d3q

]N
=

Z(1, V, T )N

N !

Examples of the configuration integral:

1. Ideal gas in a container, volume V :

U = 0 incontainer∫
e−βUd3q = V

2. Constant gravitational field, surface area A, z > 0:

U = mgz∫
e−βUd3q =

kTA

mg

3. 3D Harmonic oscillator potential:

U =
mω2

2
(x2 + y2 + z2)

∫
e−βUd3q =

(
2πkT

mω2

)3/2

Of course, if the particles interact with each other, we
need to do a 3N dimensional integral, which is much
more involved.

Back in the thermodynamic potential section we learnt
how to calculate using the free energy F (N,V, T ):

S = −∂F
∂T

= k lnZ +
kT

Z

∂Z

∂T

p = −∂F
∂V

=
kT

Z

∂Z

∂V

µ =
∂F

∂N
= −KT

Z

∂Z

∂N

The energy itself is an ensemble average

E = 〈H〉

=
1

Z

∫
He−βH

d3Nqd3Np

N !h3N

= − ∂

∂β
lnZ

Thus for an ideal gas we find, as before

p = kT∂V lnZ = kT∂V (N lnV + . . .) =
NkT

V

E = −∂β lnZ = −∂β(−(3N/2) lnβ + . . .) = 3NkT/2

3.8 1-particle distributions

In this section we want to discuss the distribution of
positions and momenta of individual microscopic parti-
cles, which can be obtained by taking the phase density
ρc(x) and integrating out the other degrees of freedom, or
equivalently as ensemble averages of phase variables de-
pending on one particle. If the particles do not interact,
the distributions of different particles are statistically in-
dependent, and the calculation is straightforward.
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3.8 1-particle distributions 3 CLASSICAL STATISTICAL MECHANICS

If we choose a domain in 1-particle phase space D ⊂
IR6, the probability that particle 1 will be there is∫

D

ρ1(q,p)d3qd3p = 〈χD(q1,p1)〉

where χD is a characteristic function equal to 1 if particle
1 is in D and zero otherwise. This equation defines the 1-
particle density ρ1(q,p). Take a very small domain and
divide by the domain volume, ie do not integrate over
(q1,p1). This can also be written in terms of the Dirac
distribution:

ρ1(q,p) = 〈δ(q− q1)δ(p− p1)〉

We can likewise define ρ1(q) and ρ1(p). From the nor-
malisation we have∫

ρ1(q,p)d3qd3p = 1

We can ask for the probability density that any particle
is at a point in 1-particle phase space; this is

ρ(q,p) =

N∑
i=1

ρi(q,p) = Nρ1(q,p)

where the last equality holds if the particles are identical.
We can also ask for the distribution only in momentum

space:

ρ1(p) = 〈δ(p− p1)〉 =
e−p

2/2mkT

(2πmkT )3/2

This follows because eβH is a product of kinetic and po-
tential terms, and the kinetic term is a product over indi-
vidual particles. The Gaussian distribution of momenta
is general (ie independent of whether the particles are
interacting) and is called the Maxwell-Boltzmann distri-
bution. To find a typical velocity for a particle we need
to compute properties of this distribution. For example,
the mean square momentum is (using spherical coordi-
nates):∫

p2ρ1(p)d3p = 4π

∫ ∞
0

p4
e−p

2/2mkT

(2πmkT )3/2
dp

=
4mkT√

π

∫ ∞
0

u3/2e−udu

= 3mkT

which checks with the known energy 3NkT/2 in the ideal
gas case. Notice that we have a general result for the
average kinetic energy, even in systems with interactions.
Alternatively we can ask for the most likely momentum
p = |p| by integrating the distribution over the angles,

ρ1(p) = 4πp2
e−p

2/2mkT

(2πmkT )3/2

and differentiating to find the maximum,

0 = ρ′1(p) = 4π
e−p

2/2mkT

(2πmkT )3/2
(2p− p3/mkT )

p2 = 2mkT

If there are no interactions we can factorise the con-
figuration part also, giving

ρ1(q,p) =
e−β[p

2/2m+U(q)]∫
e−β(p2/2m+U(q)d3qd3p

ρ1(q) =
e−βU∫
e−βUd3q

ρ1(p) =
e−p

2/2mkT

(2πmkT )3/2

The distribution in configuration space is given using
the integrals we did above:

1. Ideal gas
ρ1(q) = 1/V

2. Gravity

ρ1(q) =
mg

kTA
e−mgz/kT

The exponential decay of density with height is as
calculated in a problem sheet; this is the isothermal
atmosphere since we are at equilibrium.

3. Harmonic oscillator

ρ1(q) =

(
mω2

2πkT

)3/2

e−mω
2q2/2kT

The e−E/kT dependence in the canonical ensemble,
even for kinetic energy of single particles, implies this
form for the low temperature limit of the rate of any
process that requires a minimum energy input (“activa-
tion energy”). Examples are

• Chemical reaction rates

• Evaporation rates

Example: The sublimation rate of ice is about
10−12ms−1 at −130oC. The enthalpy of sublimation is
about 3 × 106Jkg−1. The molecular mass is 18u. Esti-
mate the temperature at which sublimation of one metre
of ice would take 3× 109 years (ie 1017 seconds).

Solution: We have a sublimation rate R ≈ Ce−E/kT

where C is a constant, E is the activation energy, which
we will approximate by the sublimation enthalpy per par-
ticle. This is probably a lower bound on E as it may in
fact require more concentrated energy to release a par-
ticle, with the remaining energy returning to the solid.
We then estimate

E

k
=

3× 106 × 18

8314
= 6495K

Thus from the given data we calculate

C = ReE/kT = 10−12 × e6495/143 = 5.3× 107

Then the required temperature for the new rate is

T = − E/k

ln(R/C)
= − 6495

ln(10−17/5.3× 107)
= 114K

or −159oC. A better estimate would be obtained by
fitting E from further experimental data.
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3.11 The grand canonical (µ, V, T ) ensemble 3 CLASSICAL STATISTICAL MECHANICS

Molecule Translation Rotation Total CV
monatomic 3 0 3 3Nk/2

linear 3 2 5 5Nk/2
nonlinear 3 3 6 3Nk

Table 2: Specific heats of polyatomic ideal gases at low
temperature (ie ignoring vibrations).

3.9 The virial and equipartition theo-
rems II

In the previous section we found that an amount kT/2 is
present for each component of the kinetic energy of every
particle. Combining this with the equipartition theorem
for small vibrations of a diatomic molecule we conclude
that the potential energy contains also kT/2. Thus a
diatomic molecule can be expected to have total average
energy 7kT/2, of which 3kT/2 is translational kinetic
energy of the centre of mass, 2kT/2 is rotational kinetic
energy and 2kT/2 is vibrational kinetic and potential
energy. The vibrational modes are however only effective
at temperatures at which the typical energy scale kT
is comparable to the quantum energy level spacing hν
where ν = ω/2π is the frequency of oscillations. At low
temperatures (ie ignoring vibrations) we have results for
ideal gases given in Tab. 2.

A related observation is that an improved version of
the virial theorem can be proved using the canonical en-
semble. We have for i, j ∈ {1 . . . 6N}

〈xi
∂H

∂xj
〉 =

1

Z

∫
xi
∂H

∂xj
e−βH

d6Nx

h3NN !

=
1

Z

δij
β

∫
e−βH

d6Nx

h3NN !

= δijkT

integrating by parts with respect to xj and noting that
the boundary term vanishes. This reduces to the kinetic
energy and earlier virial theorem statements by substi-
tuting pi or qi (respectively) for xi. It also shows that
the average is zero for different components, ie kinetic or
virial components are mutually uncorrelated for different
particles or different spatial components.

3.10 Fluctuations and ensemble equiva-
lence

We can also use the canonical ensemble to calculate the
fluctuations in energy of the system. If these are small
we might conclude that the microcanonical and canonical
ensembles are equivalent in some sense (as we have found
for the ideal gas): it doesn’t matter much whether we fix
the energy (within a range δ) or let it fluctuate around
its mean value. However if fluctuations are large, they
might have observable consequences for the system, and
isolated/closed systems might behave very differently.

We start by noting that the partition function inte-
grand depends only on the energy. Thus we can write it

as

Z =

∫
e−βH(q,p) d

3Nqd3Np

N !h3N
=

∫
e−βEg(E)dE

where

g(E) =
∂

∂E

∫
H(q,p)<E

d3Nqd3Np

N !h3N
= Σ′(E)

is called the density of states, ie volume of phase space
corresponding to each energy. The quantum interpreta-
tion is clear - it becomes the number of states per unit
energy interval. Thus the probability density of finding
an energy E in the canonical ensemble, g(E)e−βE , has a
maximum given by the competition of the fast growing
g(E) and the fast decaying e−βE . The average energy,
as we have seen, is

〈E〉 =
1

Z

∫
Ee−βEg(E)dE = − ∂

∂β
lnZ

We can repeat this trick to get

∂2

∂β2
lnZ =

Z ′′

Z
−
(
Z ′

Z

)2

= 〈E2〉 − 〈E〉2

which is just the variance σ2 of the distribution. The
primes are β derivatives. Thus

σ2 = −∂E
∂β

= kT 2 ∂E

∂T
= kT 2CV

The width relative to the average energy is

σ

E
=

√
kT 2CV
E

= O(N−1/2)

using the fact that E and CV are extensive. Thus equiv-
alence of the microcanonical and canonical ensembles is
valid as long as the system is large (and extensive and has
finite CV ). In practice the canonical ensemble is easier
to work with.

3.11 The grand canonical (µ, V, T ) ensem-
ble

Now we consider open systems, in which particles can be
shared with the environment. For example, the fluid in a
fluid/vapour system is an open system, and has a fluctu-
ating number of particles. For fixed number of particles
we know that the probability density at equilibrium is
given by the canonical ensemble, now we need the prob-
ability that the given system will have a given number
of particles. At first we will stick to the case of a single
type of particle.

The derivation closely follows that of the canonical en-
semble. We have a system S1 in contact with a much
larger heat and particle bath S2 at equilibrium and con-
ditions (µ, T ). We have

N = N1 +N2 N1 � N

Page 19. c©University of Bristol 2006. This material is copyright of the University unless explicitly stated otherwise. It is
provided exclusively for educational purposes at the University and is to be downloaded or copied for your private study only.



3.12 The ideal gas in the GCE 3 CLASSICAL STATISTICAL MECHANICS

E = E1 + E2 E1 � E

The probability of being in a particular state with N1, E1

is proportional to Ω2(N − N1, E − E1). We expand as
before

k ln Ω2(N −N1, E − E1) ≈ k ln Ω2 −N1
∂

∂N
(k ln Ω2)

−E1
∂

∂E
(k ln Ω2)

where on the RHS the system is evaluated at (N,E).
Remark: We are treating N as a continuous variable
here. This should be a good approximation as long as
the number of particles is sufficiently high. Notice that
we assume that the heat bath S2 is large, but the system
S1 may be arbitrarily small. The derivatives are just

∂

∂N
ln Ω2 = −µ

T

∂

∂E
ln Ω2 =

1

T

Thus

Ω2(N −N1, E − E1) ∝ Ω2(N,E) exp[−β(E − µN)]

where β = 1/kT as before. The coefficient is just a
constant, so we can normalise to get the grand canonical
(also called macrocanonical) density function

ρgc(N,x) =
e−β(H(x)−µN)

Z(µ, V, T )

with normalisation

Z(µ, V, T ) =

∞∑
N=0

1

N !h3N

∫
e−β(H(x)−µN)d3Nqd3Np

Notice that the grand canonical density is now spread
over the phase spaces corresponding to all numbers of
particles. An ensemble average is now

〈f〉gc =

∞∑
N=0

∫
f(N,x)ρgc(N,x)

d3Npd3Nq

N !h3N

where as usual the N ! applies only for indistinguishable
particles. The relation between the canonical and grand
canonical partition functions is

Z(µ, V, T ) =

∞∑
N=0

zNZ(N,V, T )

where z = eβµ is called the fugacity.
As before, we check the Gibbs expression for the en-

tropy:

S = 〈−k ln ρgc〉
= k〈lnZ + βH − βµN〉
= k lnZ + kβE − kβµN

where E and N now refer to ensemble averaged values.
We can now check that the derivatives of this quantity
give the correct expressions:

1

T
=
∂S

∂E
= kβ

noting that both β and µ (and hence Z) depend on E.
Similarly for ∂S/∂N .

We also find that

−kT lnZ = E − ST − µN = −pV

a thermodynamic potential for the (µ, V, T ) system. This
is also by complete analogy with the canonical ensemble.
Thus the grand canonical ensemble is useful for calculat-
ing equations of state:

pV/kT = lnZ

. We can also calculate quantities in terms of derivatives:

d(pV ) = −dE + d(ST ) + d(µN) = pdV + SdT +Ndµ

using the first law and the Gibbs-Duhem relation. Thus
for example

N =
∂

∂µ
kT lnZ(µ, V, T )

This is also clear by writing N is an ensemble average:

〈N〉 =

∑
N Ne

µN/kTZ(N,V, T )∑
N e

µN/kTZ(N,V, T )

= kT
∂

∂µ
ln
∑
N

eµN/kTZ(N,V, T )

3.12 The ideal gas in the GCE

For systems of noninteracting particles the Hamiltonian
separates, so that the canonical partition function is

Z(N,V, T ) =
1

N !
Z(1, V, T )N

Then the grand canonical partition function is

Z(µ, V, T ) =
∑
N

zN

N !
Z(1, V, T )N = exp(zZ(1, V, T ))

where z = exp(µ/kT ). We can see already that the grand
canonical ensemble naturally includes the N ! symmetry
terms, and is in fact often easier to use than the canonical
ensemble.

For a monatomic ideal gas with no external potential,
we had

Z(1, V, T ) =
V

λ3T

where

λT =

(
h2

2πmkT

)1/2
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is the “thermal wavelength”, a function of temperature
and some constants. Thus

Z(µ, V, T ) = exp(exp(µ/kT )V/λ3T ))

and the equation of state is

pV

kT
= lnZ = exp(µ/kT )V/λ3T

We compute N(µ, V, T ) by differentiation:

N =
∂

∂µ
kT lnZ(µ, V, T ) = exp(µ/kT )V/λ3T

Thus
pV

kT
= N

as expected.
Also, this gives the previous expression for µ,

µ = kT ln(Nλ3T /V )

and hence the fugacity

z = eβµ =
Nλ3T
V

which is the number density multiplied by a function of
temperature. For solids and liquids in equilibrium with
a vapour at a (temperature-dependent) low pressure, we
know that the fugacity is just the fugacity of the vapour.

3.13 Fluctuations in the GCE

We have

Z(z, V, β) =
∑
N

zN
∫
e−βEg(N,E)dE

where

g(N,E) =
∂

∂E

∫
H(q,p)<E

d3Nqd3Np

N !h3N

as before (it depended on N but we didn’t write this
explicitly). Notice the arguments - when we do partial
derivatives, keeping z constant is different from keeping
µ constant. We can see that as before we have

〈E〉 = − ∂

∂β
lnZ

〈E2〉 − 〈E〉2 =
∂2

∂β2
lnZ

and also

〈N〉 = z
∂

∂z
lnZ

〈N2〉 − 〈N〉2 = z
∂

∂z
z
∂

∂z
lnZ

Thus we can write

σ2
E = −∂E

∂β

σ2
N = z

∂N

∂z

however it is useful to write these in more standard forms
than (z, V, β) derivatives. We have(

∂z

∂N

)
V T

= βz

(
∂µ

∂N

)
V T

= βz
V

N

(
∂p

∂N

)
V T

using the Gibbs-Duhem relation in the form

Ndµ = V dp− SdT

Now p is an intensive quantity, so it can only depend on
the ratio N/V and not on each variable independently
(T is constant here). Thus

dp =
∂p

∂N
dN +

∂p

∂V
dV = 0

if
d(N/V ) = dN/V −NdV/V 2 = 0

In other words(
∂p

∂N

)
TV

= −V
N

(
∂p

∂V

)
TN

Putting this together we find

σN
N

=
√
kTκ/V

where

κ = − 1

V

(
∂V

∂p

)
TN

is the isothermal compressibility, and is intensive. Thus
the relative fluctuations of the number of particles are
order 1/

√
N , ie small unless the compressibility diverges

(eg at phase transitions).
For the energy we have(

∂E

∂β

)
zV

=

(
∂E

∂β

)
NV

+

(
∂E

∂N

)
βV

(
∂N

∂β

)
zV

The first term is what we had in the canonical ensemble.
After some calculation (see Greiner) the result simplifies
to

σ2
E

E2
=
kT 2

E2
CV +

σ2
N

E2

[(
∂E

∂N

)
TV

]2
which we interpret as two positive contributions, from
the intrinsic fluctuations in energy, and from the fluctu-
ations in particles. As before, the relative fluctuations
are of order 1/

√
N and so are small unless the system is

small or has diverging properties.

3.14 Other ensembles

We can start to see a pattern. For systems at certain
conditions there are thermodynamic potentials and en-
sembles. We now bring all these ensembles together in
a more unified way. The thermodynamic potentials dis-
cussed previously were of two types: those obtained by
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4 QUANTUM STATISTICAL MECHANICS

Legendre transformations of S(N,V,E) and those ob-
tained by Legendre transformations of E(N,V, S). We
begin with the former:

We have αi, i = 1 . . . n, which are a complete set
of independent extensive conserved quantities (such as
(N,V,E)). Equilibrium corresponds to the maximum
of S(αi). We define intensive thermodynamic conjugate
variables by

βi =
1

k

∂S

∂αi

here, (−βµ, βp, β). Now the thermodynamic state is
given by some combination of the conserved and the con-
jugate variables, except that it cannot be all intensive
variables, say (α1, . . . , αj , βj+1, . . . , βn). The equilibrium
state now corresponds to the maximum of a thermody-
namic potential given by Legendre transformations of S:

Φ = S − k
n∑

i=j+1

αiβi

The full differential of this is

dΦ = k

j∑
i=1

βidαi − k
n∑

i=j+1

αidβi

from which all quantities can be found by differentiation.
The thermodynamic potential is given in terms of the
partition function of an ensemble obtained by appropri-
ate Laplace transforms of the microcanonical ensemble:

Φ = k ln ζ(α1, . . . , αj , βj+1, . . . , βn)

ζ =

∫
exp(−

n∑
i=j+1

αiβi)g(α)

n∏
i=j+1

dαi

g(α) is the density of states (effectively Ω(α)). In the case
of discrete variables such as the number of particles, the
integral is replaced by a sum.

Example: the (N, p, T ) ensemble, which allows volume
fluctuations determined by a fixed pressure, but without
transfer of particles. We have a potential

Φ = S − E/T − pV/T = −G/T

with differential

dΦ = −kEdβ + kβV dp− kβµdN

Ensemble averages are computed over systems with a
range of volumes:

〈f〉 =
1

ζ

∫
dV e−βpV

∫
f(V,x)e−βH(x) d

3Nqd3Np

N !h3N

where ζ(N, p, T ) is determined by the requirement that
〈1〉 = 1. Then we have

Φ = k ln ζ

leading to the Gibbs potential:

G = −kT ln ζ

The other class of ensemble have been discussed more
recently and consist of those at constant entropy, ie adi-
abatic. For example, let us consider the case of the en-
thalpy H(N, p, S) = E+ pV . There can be no heat bath
as this would allow transfer of heat, ie fluctuations in en-
tropy. Thus the system is isolated. However the enthalpy
must be fixed while energy and volume fluctuate. The
solution is to allow volume as a phase variable and apply
a constant external pressure. This fixes the enthalpy,
allowing the microcanonical ensemble (with energy re-
placed by enthalpy) to be used. We will not discuss this
in detail here.

Finally, because ensembles are equivalent (at least if
the fluctuations are not too large), it is usually sufficient
to choose the most convenient ensemble to work with.
For small systems and phase transitions the choice of
ensemble can be important.

4 Quantum statistical mechanics

4.1 Quantum mechanics, Weyl’s law

An exact treatment of molecular interactions requires
quantum mechanics, although to a lesser degree than one
might think - the “effective” classical theory is accurate
for many purposes. Here we only sketch the few formulas
that we will need. Note that, in particular, you are not
required to solve the Schrodinger equation below.

The abstract formulation of quantum mechanics is
that of a “complex inner product space” which has the
following ingredients

• Scalars α, β are complex numbers

• Vectors φ, ψ represent the state of the system at a
given time, in a possibly infinite dimensional space
V (sometimes denoted H for Hilbert space). The
operations are

– Addition φ+ ψ ∈ V
– Multiplication by a scalar αV ∈ V
– Inner (“dot”) product 〈φ|ψ〉 ∈ IC is conjugate

symmetric, linear in the second argument, pos-
itive and non-degenerate:

〈φ|ψ〉 = 〈ψ|φ〉∗

〈φ|α1ψ1 + α2ψ2〉 = α1〈φ|ψ1〉+ α2〈φ|ψ2〉
〈ψ|ψ〉 > 0 (except ψ = 0)

〈φ|ψ〉 = 0 ∀ψ ⇒ φ = 0

where the star indicates complex conjugation.
The wave function is usually normalised:

〈ψ|ψ〉 = 1

Remark:
√
〈ψ|ψ〉 is a norm, which then per-

mits notions of limits and derivatives, etc.
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4.1 Quantum mechanics, Weyl’s law 4 QUANTUM STATISTICAL MECHANICS

• Operators Â represent observables, satisfying

Â(α1ψ1 + α2ψ2) = α1Âψ1 + α2Âψ2 linear

〈Âφ|ψ〉 = 〈φ|Âψ〉 Hermitian

We can define addition and multiplication of opera-
tors by

(Â+ B̂)ψ = Âψ + B̂ψ

(ÂB̂)ψ = Â(B̂ψ)

Note that the sum and product of Hermitian oper-
ators is Hermitian, and that the product is associa-
tive but not necessarily commutative. The Hermi-
tian property also implies that an orthonormal set
of eigenvectors can be found, and that the eigenval-
ues are real. A measurement of a state gives a ran-
dom result, with expectation value 〈ψ|Âψ〉, which
is easily shown to be a real number, equal to the
eigenvalue if ψ is an eigenvector of Â.

Hamilton’s equations of motion are replaced by the
Schrodinger equation for the wave function Ψ(t) ∈ V

ĤΨ = − h

2πi

∂Ψ

∂t

i =
√
−1 and h = 2π~ is Planck’s constant. We assume

the Hamiltonian operator Ĥ is not a function of time,
and we can separate variables to get the general solution

Ψ(t) =
∑
n

ane
−2πiEnt/hψn

where an are arbitrary complex coefficients and

Ĥψn = Enψn

is called the time-independent Schrodinger equation; it
is an eigenvalue equation for the linear operator Ĥ, and
the En are the energies of the quantum states ψn. We
also assume that the energy eigenvectors ψn form a com-
plete set, ie any wave function can be written as a linear
combination of them.

Given a classical Hamiltonian function H(q,p) we can
“quantize” it, ie specify a corresponding quantum sys-
tem, in which the vector space is the set of complex val-
ued functions on the configuration space, ie Ψ(q, t) ∈ IC
with the usual inner product

〈φ|ψ〉 =

∫
φ∗(q)ψ(q)d3Nq

The Hamiltonian operator is

Ĥψ = H(q̂, p̂)ψ

where q̂ and p̂ are Hermitian linear operators defined by

q̂ψ(q) = qψ(q)

p̂ψ(q) =
h

2πi
∇qψ(q)

The operators q̂ and p̂ do not commute, but for Hamil-
tonians of the form kinetic plus potential energy there is
no ordering ambiguity. The quantum expectation of the
operator q̂ shows that the probability density for finding
the system at configuration point q is |ψ(q)|2.

Where the potential energy grows at infinity (ie the
surfaces of constant energy have finite volume) there are
a discrete set of allowed energy eigenvalues −∞ < E0 ≤
E1 ≤ . . .. Equality indicates that the eigenvalue is degen-
erate; we will count this as a separate energy level, and
not explicitly indicate the degeneracy in sums over levels.
The classical and quantum dynamics are connected by a
result called Weyl’s law, which says that the number of
states up to energy E is related to the classical phase
space volume by∑

n:En<E

1 ∼ 1

h3N

∫
H(x)<E)

dx

where ∼ means the ratio approaches 1 in the limit
E → ∞. Effectively, each quantum state corresponds
to a phase space volume of h3N . The vector space is
thus effectively finite dimensional.

Example: A free particle in one dimension. The
Hamiltonian is

Ĥ =
p̂2

2m
=

1

2m

(
h

2πi

)2
∂

∂q

The eigenvectors of this are exponentials

ψλ(q) = e2πiq/λ

which have wavelength (spatial period) λ momentum p =
h/λ, and energy E = p2/2m = h2/(2mλ2). The solution
of the original time-dependent Schrodinger equation is
then a wave

Ψk(q, t) = e2πi(q/λ−ft) = e2πi(q−wt)/λ

with frequency f = E/h and wave velocity w = fλ =
E/p.

Remark: The relation w = fλ is completely gen-
eral for waves. The relations E = hf and p = h/λ
follow from Schrodinger’s equation and the momentum
operator respectively, and so are completely general in
quantum mechanics. The classical velocity of the above
particle v = p/m is not equal to the wave velocity
w = E/p = p/2m. Actually we can add a constant
to the energy, which will change the wave frequency and
velocity but not affect the physics.

Remark: In relativity there are different relations be-
tween E, p, v,m, and there is no freedom to add a con-
stant to the energy. In particular for light we have v = c
(c = 299792458ms−1 constant speed of light), E = pc
and m = 0. Thus w = E/p = c = v.

Remark: We do not have a Weyl theorem since the
phase space volume is infinite. In particular the energy
states are continuous, and the wave function is not nor-
malisable.
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Example: A free particle in a cubic box of side length
L. The classical Hamiltonian is just

H =
p2

2m
+ V (q)

where the potential energy V (q) is zero inside the box
and infinite outside. The quantum version is thus

Ĥψ(q1, q2, q3) =

[
1

2m

h2

(2πi)2
∇2 + V (q)

]
ψ(q1, q2, q3)

The effect of the infinite potential energy is to enforce
the condition ψ = 0 at the boundary. The solution of
the eigenvalue equation is

ψ(q1, q2, q3) =

(
2

L

)3/2

sin(n1πq1/L)

× sin(n2πq2/L) sin(n3πq3/L)

E = (l21 + l22 + l23)
h2

8mL2

with li = 1, 2, 3, . . . the discrete “quantum numbers”
defining the state.

Example: N non-interacting particles, given the so-
lution to the 1-particle eigenvalue problem, φj(q) with
energies εj .

We have

Ĥ =

N∑
j=1

Ĥj

with each Ĥj identical except that it acts on a different
particle. Thus any product of 1-particle solutions is a
solution:

ψ(q) =

N∏
k=1

φjk(qk), E =

N∑
k=1

εjk

where jk is the 1-particle state j corresponding to the
particle k. It is often useful to ask how many particles
are in each 1-particle state, ie

nl =

N∑
k=1

δl,jk

N =

∞∑
j=1

nj

E =

∞∑
j=1

njεj

This is not the full story, see spin below.
We can use these examples to check Weyl’s law. Con-

sider an ideal gas of N particles of mass m confined to
a cubical box of side length L. In the classical case the
energy is a function only of momentum, so we do the
configuration integral directly (here qi, i = 1 . . . 3N are
components of position, since all components are equiv-
alent): ∫

d3Nq = L3N

and the momentum integral is the volume of a 3N -
dimensional sphere of radius

√
2mE:∫

p2/2m<E

d3Np = V3N (
√

2mE)3N

with the constant V3N as before. The quantum system
has wavefunctions of the form

ψ(x) = φl1(q1)φl2(q2) . . . φl3N (q3N )

where the φn(q) satisfy the 1D free Schrodinger equation
The total energy of the state ψ is

E =
h2

8mL2

3N∑
j=1

l2j

which are just the squares of distances to the origin of a
3N -dimensional lattice. Those with energy less than E
form the part of a sphere of radius

√
8mEL2/h2 with all

coordinates positive, thus approximating the volume

V3N
23N

(
8mEL2

h2

)3N/2

= V3N (2mE)3N/2
L3N

h3N

which gives Weyl’s law.

4.2 Spin and statistics

Quantum systems can also have effects that do not show
up in the classical dynamics, ie are not the quantizations
of a classical system. The most important of these is
“spin” which mathematically comes from possible trans-
formation laws (“irreducible representations”) under the
rotation group. The spin J of a particle can take half-
integer non-negative values 0, 1/2, 1, . . .. It has two ef-
fects - expanding the single particle configuration space
to (q, s) where s = {−J,−J + 1, . . . , J} and (in the ab-
sence of other quantum effects) much extra degeneracy
in the energy spectrum; and defining the symmetry of a
many-particle wavefunction.

Classically, a system containing identical particles is
symmetric with respect to interchange of particles:

H(. . . ,qj , . . . ,qk, . . . ,pj , . . . ,pk, . . .)

= H(. . . ,qk, . . . ,qj , . . . ,pk, . . . ,pj , . . .)

Since phase space points obtained by exchanging iden-
tical particles are physically equivalent, the probability
density ρ(x) can be assumed to be symmetric with re-
spect to particle exchange

ρ(. . . ,qj , . . . ,qk, . . . ,pj , . . . ,pk, . . .)

= ρ(. . . ,qk, . . . ,qj , . . . ,pk, . . . ,pj , . . .)

The reduced phase space has total volume smaller by
a factor N !. This symmetry also implies that given a
solution of the Schrodinger equation

Ψ(. . . ,qj , . . . ,qk, . . . , t)
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then
εΨ(. . . ,qk, . . . ,qj , . . . , t)

for any constant ε is also a solution. Quantum mechanics
insists on only a single solution, however, by enforcing
the condition that these are equal (for interchange of any
two particles), where ε = 1 corresponds to particles with
integer spin J (called bosons) and ε = −1 corresponds to
particles with half-integer spin (called fermions). Other
values of ε would produce a factor after two exchanges,
which is inconsistent (in three dimensions). Electrons,
protons and neutrons all have spin 1/2, atoms are bosons
(fermions) if they have an even (odd) number of these
constituents, respectively. Photons (particles of light)
have zero mass and spin 1; they satisfy a different wave
equation and have 2 (rather than 2J+1 = 3) spin states,
which are called polarizations.

Example: The Schrodinger equation for three identical
particles has a solution of the form

ψ(q1, s1,q2, s2,q3, s3)

Write down the relevant wave function, taking account
of the (anti)-symmetry. The solution is a sum over per-
mutations with a minus sign for odd permutations in the
case of fermions:

1

C
{[ψ(1, 2, 3) + ψ(2, 3, 1) + ψ(3, 1, 2)]

+ε [ψ(3, 2, 1) + ψ(2, 1, 3) + ψ(1, 3, 2)]}

The normalisation C cannot be evaluated explicitly,
since we have no knowledge of the relevant inner prod-
ucts.

If, however, the particles are non-interacting, we have

ψ =
∏
k

φjk(qk, sk)

If the particles are fermions then they must all be in dif-
ferent states, otherwise the antisymmetry would lead to
complete cancellation. Since the states are orthonormal,
we conclude the the normalisation factor is C =

√
6.

If the particles are bosons we have a few cases to con-
sider. All particles could be in the same state j, ie nj = 3.
The state is thus

6

C
φj(1)φj(2)φj(3)

and the normalisation is C = 6. We could have two
particles in state j and one in state l, ie nj = 2, nl = 1.
The state is thus

2

C
[φj(1)φj(2)φl(3) + φj(2)φj(3)φl(1) + φj(3)φj(1)φl(2)]

and the normalisation is C = 2
√

3. If all particles are in
different states, the normalisation is C =

√
6 as in the

fermion case.
In general we have the (anti)-symmetrised state

ψA/S = (N !
∏

nj !)
−1/2

∑
P

εP
∏
k

φjk(qPk, sPk)

Statistics nj
Bose-Einstein Unbounded
Fermi-Dirac 0 or 1

Maxwell-Boltzmann Average � 1

Table 3: The occupation number (particles per state)
is limited to 1 for fermions by the antisymmetry of the
wave function. Classical (MB) statistics are valid only in
the limit of occupation number much less than 1.

where the normalisation factor generalises this example,
P stands for permutations, and εP is −1 for fermions and
odd permutations, +1 otherwise. In the case of fermions,
we must have nj ∈ {0, 1}.

Example: Write down a fully (anti-)symmetrised state
for a system of five non-interacting particles in which
three particles in a single-particle state j = 1 and two
particles in a state j = 2.

Note that because there is more than one particle per
state, the particles must be bosons, hence all the wave-
functions are included with a positive sign. We have
N = 5, n1 = 3, n2 = 2 so the normalisation prefactor in
this case is

(N !
∏

nj !)
−1/2 =

1√
5!3!2!

=

√
10

120

If we write φj(1) for φj(q1, s1) for brevity, and note that
the 5! = 120 permutations group into 10 terms, we have

ψA/S =
1√
10
×

[φ1(1)φ1(2)φ1(3)φ2(4)φ2(5) + φ1(1)φ1(2)φ1(4)φ2(3)φ2(5)

+φ1(1)φ1(2)φ1(5)φ2(3)φ2(4) + φ1(1)φ1(3)φ1(4)φ2(2)φ2(5)

+φ1(1)φ1(3)φ1(5)φ2(2)φ2(4) + φ1(1)φ1(4)φ1(5)φ2(2)φ2(3)

+φ1(2)φ1(3)φ1(4)φ2(1)φ2(5) + φ1(2)φ1(3)φ1(5)φ2(1)φ2(4)

+φ1(2)φ1(4)φ1(5)φ2(1)φ2(3) + φ1(3)φ1(4)φ1(5)φ2(1)φ2(2)]

We can now adjust Weyl’s law to account for quantum
statistics. The spin degrees of freedom give an extra
factor (2J+1)N to the classical phase space density. For
fermions and in the “classical” regime, ie phase space
per particle much larger than h3N , nj = 0, 1, so the
classical N ! is reproduced. Note that Weyl’s formula
for the full system only applies at high energy (classical
regime) anyway. However we can use Weyl’s formula
for 1-particle states, together with correct fermionic or
bosonic statistics to treat ideal systems in the quantum
regime.

In the classical limit, we can ignore the (anti)-
symmetrisation and use the product state, with a factor
N ! put in by hand. This turns out to be simpler, and
a good approximation since the particles are well sep-
arated in phase space and quantum interference effects
(see below) are rare.

All this is summarized in table 3.
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4.3 Quantum ensembles

There are two distinct notions of probability in quantum
statistical mechanics. A quantum state has intrinsic un-
certainty, for example we saw that the probability den-
sity of finding a system at a given point in configuration
space above is |ψ(q)|2. Thus the outcome of a measure-
ment may not be known even if we know the state with
certainty. An exception to this is that for an eigenstate
(eg of energy) the relevant observable is fixed exactly.
Also, interference experiments add two states together,
but this probability density is not additive - such inter-
ference can be constructive (greater than the sum of the
individual probabilities) or destructive (less).

We are concerned with the situation in which we do
not even know what state the system is in; all we have is a
set of probabilities that the system will be in a particular
state. The latter obeys the classical rules of probability,
and is superimposed on any intrinsic quantum uncer-
tainty. We say that the state of the system is “mixed”, a
combination of exactly specified “pure” states. Thus we
write for some observable f̂

〈f̂〉 =
∑
k

ρk〈ψk|f̂ψk〉

where ψk is an arbitrary set of (pure) states, and∑
k

ρk = 1

Now we expand in an orthonormal basis (typically the
energy eigenstates) φj ,

ψk =
∑
j

akjφj akj = 〈φj |ψk〉

and find

〈f̂〉 =
∑
jkl

ρk〈φj |ψk〉∗〈φl|ψk〉〈φj |f̂φl〉

=
∑
jkl

ρk〈φl|ψk〉〈ψk|φj〉〈φj |f̂φl〉

=
∑
jl

ρ̂lj f̂jl

= tr(ρ̂f̂)

where the matrix elements of an operator Â are

Âjl = 〈φj |Âφl〉

the density operator ρ̂ is the weighted sum of projection
operators

ρ̂ =
∑
k

ρk|ψk〉〈ψk|

and tr denotes trace, ie a sum of the diagonal matrix
elements.

The weighting in quantum statistical mechanics is the
same as classically, so we have for the microcanonical
ensemble

ρk =

{
1/Ω Ek ∈ [E,E + δ]

0 otherwise

ρ̂ =
δ(Ĥ − E1̂)

tr[δ(Ĥ − E1̂)]

the latter is rather pathological. For the canonical en-
semble

ρk =
e−βEk∑
k e
−βEk

ρ̂ =
e−βĤ

tre−βĤ

where exp is defined using the Taylor series, and the trace
in the denominator is the partition function:

Z(N,V, T ) =
∑
k

e−βEk = tr(eβĤ)

Expectation values are:

〈f̂〉 =
tr(e−βĤ f̂)

tr(e−βĤ)

and the entropy is

S = 〈−k ln ρ̂〉 = −ktr(ρ̂ ln ρ̂)

where the logarithm is the inverse of the exponential op-
eration. All the equations we used in the classical case,
eg

E = − ∂

∂β
lnZ(N,V, T )

remain true. For the grand canonical ensemble we have

ρk =
e−β(Ek−µN)∑
k,N e

−β(Ek−µN)

ρ̂ =
e−β(Ĥ−µN̂)

tr[e−β(Ĥ−µN̂)]

Z =
∑
k,N

e−β(Ek−µN) = tr(e−β(Ĥ−µN̂))

where N̂ is the operator for which the eigenvalue is the
number of particles where this is definite; our space is
now the direct sum of the spaces for fixed particle num-
ber.

Example: Show that 〈1̂〉 = 1 for the density matrix
expectations, where 1̂ is the identity operator.

Solution:

〈1̂〉 = tr(ρ̂1̂)

= tr(ρ̂)

=
∑
j

〈φj |ρ̂|φj〉

=
∑
jk

ρk〈φj |ψk〉〈ψk|φj〉

=
∑
jk

ρk〈ψk|akjφj〉

=
∑
k

ρk〈ψk|ψk〉

=
∑
k

ρk

= 1
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4.4 GCE for ideal quantum systems

Just as in the classical case, it turns out that the grand
canonical ensemble is the easiest for calculations in the
quantum case. As above, we represent the states in terms
of occupation numbers {nj}, ie there are nj particles in
1-particle state j. Then we have

N =
∑
j

nj

E =
∑
j

njεj

In the grand canonical ensemble we need to sum both
over N and j; this is achieved by summing over {nj}
without having to fix either of the above equations as a
constraint. Thus

Z(µ, V, β) =
∑
{nj}

e−β
∑

j nj(εj−µ)

is valid for both Bose-Einstein (BE) and Fermi-Dirac
(FD) statistics, if in the latter we sum only over nj = 0, 1.
In the case of classical Maxwell-Boltzmann (MB) statis-
tics we do not (anti-)symmetrise, so each set of occupa-
tion numbers corresponds to N !/

∏
j nj ! states; we in-

clude the N ! Gibbs factor by hand, and obtain a formula
for all three cases

Z(µ, V, β) =
∑
{nj}

g{nj}e−β
∑

j nj(εj−µ)

where the “statistical weight” g{nj} is given by

g{nj} =


1 BE
1 FD with all nj=0,1; zero otherwise∏

j nj !
−1 MB

Now the exponential of a sum is a product of exponen-
tials. We find

ZBE =

∞∑
n1,n2,...=0

∏
j

e−βnj(εj−µ)

=
∏
j

∞∑
n=0

e−βn(εj−µ)

=
∏
j

1

1− e−β(εj−µ)

summing the geometric series. Similarly

ZFD =

1∑
n1,n2,...=0

∏
j

e−βnj(εj−µ)

=
∏
j

1∑
n=0

e−βn(εj−µ)

=
∏
j

[1 + e−β(εj−µ)]

We can also do the Maxwell-Boltzmann case:

ZMB =

∞∑
n1,n2,...=0

1

n1!n2! . . .

∏
j

e−βnj(εj−µ)

=
∏
j

∞∑
n=0

1

n!
e−βn(εj−µ)

=
∏
j

exp(exp(−β(εj − µ)))

To compute thermodynamic state variables we use the
classical formulas, including

pV

kT
= lnZ =

1

a

∑
j

ln(1 + ae−β(εj−µ))

where

a =

 −1 BE
0 MB
1 FD

where a = 0 is understood as the limit. Then we have
for example

N(µ, V, β) = kT
∂

∂µ
lnZ

∣∣∣∣
T,V

=
∑
j

1

eβ(εj−µ) + a

E(µ, V, β) = −kT ∂

∂β
lnZ

∣∣∣∣
z,V

=
∑
j

εj
eβ(εj−µ) + a

Notice that for the energy, the derivative is at constant
z = eβµ. These expressions are very suggestive - it looks
like the average occupation number of a state j is given
in general by

1

eβ(εj−µ) + a

In fact this is easy to show: first observe that

〈nj〉 = − 1

β

∂

∂εj
lnZ

∣∣∣∣
z,V,εl6=j

then differentiate.
We can easily sketch 〈nj〉 as a function of β(εj − µ),

ie the difference in energies between the level and the
chemical potential, normalised by the temperature. It
decreases exponentially for positive argument in all cases.
For FD it approaches 1 at large negative argument, for
MB it increases exponentially and for BE it diverges at
zero. This means that the chemical potential of a Bose
system is always less than the lowest energy level.

4.5 Bose and Fermi integrals

We will apply the preceding theory to a number of ex-
amples. However converting the above sums to integrals
using Weyl’s law we obtain some special functions that
need to be discussed first. These integrals are of the form

gn(z) =
1

Γ(n)

∫ ∞
0

xn−1dx

z−1ex − 1
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fn(z) =
1

Γ(n)

∫ ∞
0

xn−1dx

z−1ex + 1

where clearly x is βε, z is fugacity, gn(z) with 0 ≤ z ≤ 1
is for the Bose case and fn(z) with z ≥ 0 is for the Fermi
case. They are really two sides of the same function,
fn(z) = −gn(−z), so we can treat them both together.

Expanding the first integrand as a geometric series we
find

gn(z) =
1

Γ(n)

∞∑
k=1

zk
∫ ∞
0

xn−1e−kxdx

=
1

Γ(n)

∞∑
k=1

zk

kn

∫ ∞
0

yn−1e−ydy

=

∞∑
k=1

zk

kn

Similarly

fn(z) =

∞∑
k=1

(−1)k−1
zk

kn

The g function is clearly increasing in z and decreasing
in n. The series converges for z < 1, diverges for z > 1,
and at z = 1 it is

gn(1) = ζ(n)

the Riemann zeta function, convergent for n > 1. Ex-
act values are ζ(1) = ∞, ζ(2) = π2/6 ≈ 1.645, ζ(4) =
π4/90 ≈ 1.082. We can also express fn(1) in terms of
the ζ function. We split it into odd and even terms

fn(1) =

∞∑
k=1

(−1)k+1

kn
= ζo(n)− ζe(n)

while
ζ(n) = ζo(n) + ζe(n)

However the even integers are just twice all the integers,
so

ζe(n) =
ζ(n)

2n

so substituting and solving for ζo we find

ζo(n) = (1− 2−n)ζ(n)

fn(1) = (1− 21−n)ζ(n)

From the sum we can recognise particular values of n
(although for n = 0 the integral diverges):

g0(z) =
z

1− z
f0(z) =

z

1 + z

g1(z) = − ln(1− z) f1(z) = ln(1 + z)

so gn(z) is often denoted Lin(z) and called a polyloga-
rithm. Finally, the derivatives can be expressed in terms
of the same functions. Differentiating the series yields

∂

∂z
gn(z) =

1

z
gn−1(z)

∂

∂z
fn(z) =

1

z
fn−1(z)

The integral expression shows immediately that fn(z) is
positive, and this shows that its derivative is also posi-
tive.

4.6 Blackbody radiation

Blackbody radiation is the gas of photons in equilibrium
with any object at nonzero temperature. Photons (par-
ticles of light) are massless bosons with two spin states
(polarisations) that can be created or destroyed consis-
tent with conservation of energy or momentum. Being
massless, they move at a fixed speed c = 299792458ms−1

and have energy

E = hf =
hc

λ
= |p|c

where f is the frequency, λ is wavelength and c is the
speed of light as discussed previously. Since N is not
conserved, there is no chemical potential, or in terms of
the above formalism, µ = 0, z = 1.

We use Weyl’s law to replace the sum over 1-particle
states by an integral over energy:

∑
= 2

∫
d3qd3p

h3
=

8πV

h3

∫ ∞
0

p2dp =
8πV

h3c3

∫ ∞
0

ε2dε

which corresponds to a 1-particle density of states
g(ε) = 8πV ε2/h3c3. The “2” comes from the two
spin/polarisation states of the photon. Thus we have

pV

kT
= lnZ = −8πV

h3c3

∫ ∞
0

ln(1− e−βε)ε2dε

=
8πV

h3c3
β

3

∫ ∞
0

ε3dε

eβε − 1

integrating by parts. Similarly we have

N =
8πV

h3c3

∫ ∞
0

ε2dε

eβε − 1

E =
8πV

h3c3

∫ ∞
0

ε3dε

eβε − 1

In terms of the previously calculated integrals we have

E

V
= 3p =

48π(kT )4

(hc)3
g4(1) =

48π(kT )4

(hc)3
π4

90

N

V
=

16π(kT )3

(hc)3
g3(1) =

16π(kT )3

(hc)3
ζ(3)

Now since µ = 0 we have

E = TS − pV + µN

so
S

V
=

E

V T
+
p

T
=

64π5

90h3c3
(kT )3k
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and the adiabatic law (constant entropy) is

V T 3 = const, pT−4 = const, pV 4/3 = const

We actually have information not just on the total
number N but the number in each energy interval.

dN(ε) =
8πV

h3c3
ε2dε

eβε − 1

or in terms of the frequency of the photons f = ε/h

dn(f) =
8π

c3
f2df

eβhf − 1

where n = N/V is the number density. Suppose the light
escapes through a small hole. We have from problem 6.5
that the number of particles escaping per unit area per
unit time is

R =
1

4

N

V
〈v〉

NowN/V is known for each frequency interval, and 〈v〉 =
c, so

R(f) =
2π

c2
f2

eβhf − 1

and the power flux density, ie energy per unit area, time
and frequency interval is

Qblack(f) = hfR(f) =
2πh

c2
f3

eβhf − 1

This is called Planck’s radiation formula. The maximum
power flux is obtained by differentiating this and setting
it equal to zero:

eβhf (3− βhf)− 3 = 0

which has solution approximately

hfmax ≈ 2.821kT

ie proportional to temperature. The total power flux is∫ ∞
0

hfR(f)df =
2π(kT )4

h3c2

∫ ∞
0

x3dx

ex − 1

substituting x = βhf . The integral is Γ(4)g4(1) =
6ζ(4) = π4/15. Thus the total flux is

Qtot = σT 4 σ =
2π5k4

15h3c2
= 5.67× 10−8Wm−2K−4

which is called the Stefan-Boltzmann law.
Suppose we have a surface that absorbs a fraction A

of the light hitting it. It is in equilibrium with light radi-
ation at temperature T . The surface absorbs an amount
AσT 4 per unit area, and so it must emit this much to
remain in equilibrium. We could put a barrier between
the light and the surface, which transmits radiation at a
certain frequency and reflects all other radiation. Thus
the thermal radiation is in general

Q(ω, T ) = A(ω, T )Qblack(ω, T )

Temp(K) Example EM spectrum
109 Fusion reactor Gamma radiation
6000 The sun Visible
300 Room temperature Infra-red
3 Cosmic background Microwave

Table 4: Examples of frequency-temperature relation

where for “black” objects A = 1 the power flux is as we
computed above, hence the term black body radiation.

Properties of the Planck radiation formula: As we saw
above, the frequency of maximum intensity is propor-
tional to temperature. In practice this corresponds to
the ranges shown in table 4. Also,

Qblack(f) ∼ f2 f → 0

Qblack(f) ∼ e−hf/kT f →∞

∂

∂T
Qblack(f) =

2πh2f4

kc2T 2

ehf/kT

(ehf/kT − 1)2
> 0

Example: Temperature of the Earth. The sun, ra-
dius RS and temperature TS emits blackbody radiation,
with total power 4πR2

SσT
4
S . At the Earth’s orbit (radius

DE) the power per unit area is (RS/DE)2σT 4
S and is

absorbed by the Earth of radius RE and cross-sectional
area πR2

E . Thus the total power absorbed by the Earth
is AEσT

4
Sπ(RSRE/DE)2. The Earth in turn radiates an

amount 4πAER
2
EσT

4
E . For equilibrium we need

T 4
E =

1

4

R2
S

D2
E

T 4
S

Putting the numbers in: TS = 6000K, RS = 7 × 108m,
DS = 1.5× 1011m we find

TE = 290K

which is not far wrong. In fact the absorption coefficient
does not cancel, since the Earth receives radiation mostly
in the visible region of the spectrum, but emits it in the
infrared. The greenhouse effect is due to absorption of
infrared in the atmosphere, which reduces emission from
the surface but has little effect on the incoming light.

Example: Efficiency of incandescent lights. The ele-
ment receives virtually all of the electrical energy, how-
ever it emits throughout the spectrum, not just in the
visible range. The efficiency is then

η =

∫ fmax

fmin
Qblack(f)df∫∞

0
Qblack(f)df

Now the integral is difficult analytically; we can solve it
numerically, or since the threshold of the visible range
is high compared to the temperature, ignore the 1. We
find, integrating by parts three times and using the exact
formula (with the 1) for the denominator as above,∫∞

x∫∞
0

≈ 15

π4
e−x(x3 + 3x2 + 6x+ 6)
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with

x = βhf =
hc

λkT

14390Kµm

λT

The limits of visible light are about λ = 0.7µm for red
and λ = 0.4µm for violet. Incandescent lights are limited
by the melting point of tungsten at about 3500K. If we
substitute this above we find

η(3500) = 0.15

η(2500) = 0.03

The remaining energy is emitted as invisible infrared,
which we feel as “heat”. Other effects: it is not exactly
black body radiation, the brightness perceived by the eye
is wavelength dependent. Efficiency can be improved by
increasing the temperature (up to the melting point of
tungsten) at the expense of shorter life, and by a coating
which reflects back some of the infrared.

4.7 Bose-Einstein condensation

Now we turn to the non-relativistic Bose gas, which is rel-
evant to clusters of trapped atoms, superfluid helium and
pairs of electrons in “normal” superconductors; however
the behaviour in all of these is modified by the presence
of interactions. We start from the partition function

lnZ(z, V, T ) = −
∑
j

ln(1− z exp(−βεj))

from which comes the average occupation numbers of
single-particle states

〈nj〉 =
1

eβ(εj−µ) − 1

and notice as before that this diverges for µ = εj . This
has two effects: firstly that µ ≤ 0 always, and that the
lowest state of (almost) zero energy can have such a large
occupation number that it must be treated separately, ie
this term in the sum is not properly represented by an
integral over a continuous energy variable. Thus we have
from Weyl’s law

∑
j

= {ε = 0}+

∫
d3qd3p

h3

= {ε = 0}+
4πV

h3

∫ ∞
0

p2dp

= {ε = 0}+
2πV

h3
(2m)3/2

∫ ∞
0

ε1/2dε

giving a density of states

g(ε) =
2πV

h3
(2m)3/2ε1/2

where we could multiply the whole expression by the
spin degeneracy 2j + 1 and we used the nonrelativistic

ε = p2/2m. We find

lnZ = − ln(1− z)− 2πV

h3
(2m)3/2

∫ ∞
0

ε1/2 ln(1− zeβε)dε

= − ln(1− z) +
2πV

h3
(2m)3/2

2β

3

∫ ∞
0

ε3/2dε

z−1eβε − 1

=
V

λ3T
g5/2(z)− ln(1− z)

where

λT =

√
h2

2πmkT

as before. Similarly the total number of particles is given
by the sum (turned to integral) of the occupation num-
bers

N =
z

1− z
+

2πV

h3
(2m)3/2

∫ ∞
0

ε1/2dε

z−1eβε − 1

=
z

1− z
+

V

λ3T
g3/2(z)

= N0 +Nε

where the first term gives the number of particles in the
lowest state. We now need to invert this to find z as a
function of N .

Now g3/2(z) is continuous and increasing. So it is
bounded by g3/2(0) = 0 and g3/2(1) = ζ(3/2) ≈ 2.612.
Thus at fixed V and T there is a maximum bound on Nε.
If there are any more particles they must be in N0. The
fact that there are a macroscopic fraction of particles in
the lowest state is called Bose condensation. This means
that

z =
N0

1 +N0

is very close to 1 if N0 is macroscopic. In this case we
can compute

N0 ≈ N −
V

λ3T
ζ(3/2)

and hence z. On the other hand, if there are not enough
particles to reach this bound, we have to solve

N ≈ V

λ3T
g3/2(z)

for z noting that N0 is now negligible. Writing x =
Nλ3T /V we have in the thermodynamic limit (extensive
quantities large):

z =

{
1 x ≥ ζ(3/2)

g−13/2(x) x < ζ(3/2)

For real (non-infinite) systems there is a smooth transi-
tion region between these regimes.

It is also helpful to consider a system at constant N
with varying T . The equation

N = V

(
2πmkTc
h2

)3/2

ζ(3/2)
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defines the critical temperature

Tc =

(
N

V

)2/3
h2

2πkmζ(3/2)2/3

at which the transition occurs. In terms of this temper-
ature we have

Nε
N

=

{
1 T > Tc

(T/Tc)
3/2 T < Tc

N0

N
=

{
0 T > Tc

1− (T/Tc)
3/2 T < Tc

This is an example of a phase transition, in momentum
space.

The other thermodynamic quantities can now be cal-
culated from the partition function. For example

pV

kT
= lnZ =

V

λ3T
g5/2(z)− ln(1− z)

E = − ∂

∂β
lnZ

∣∣∣∣
z,V

=
3

2
kT

V

λ3T
g5/2(z)

So we have

p =
2

3

E

V

as in the classical ideal gas, but now generally valid.
At small x we have

x = g3/2(z) = z +
z2

23/2
+ . . .

so

z ≈ x =
Nλ3T
V

which is the classical ideal gas.

pV

kT
= lnZ =

V

λ3T
g5/2(z)− ln(1− z)

Here, ln(1−z)� N can be ignored, and again g5/2(z) ≈
z so we have

pV = NkT

as expected.
At larger x but z < 1 we can substitute the expression

for N and find

pV = NkT
g5/2(z)

g3/2(z)

In the condensation regime we have

z =
N0

1 +N0

so ln(1 − z) appearing in the partition function is loga-
rithmic in N and can be neglected. Thus we find

p =
kT

λT
g5/2(z) =

kT

λT
ζ(5/2)

which depends on T but not N or V : the extra particles
in the condensate have zero energy and do not contribute

to the pressure or energy. ζ(5/2) ≈ 1.341. If we substi-
tute here the critical temperature, we find the relation
between p and V for the phase transition:

pV 5/3 =
h2N5/3

2πm

ζ(5/2)

ζ(3/2)5/3
= const

Example: Liquid Helium-4 undergoes a transition to a
state containing a “normal” component plus a zero vis-
cosity superfluid which can be modelled as ideal BEC
(albeit some differences due to interactions). The mass
of a helium atom is 4u and the density of liquid helium is
125kgm−3. Estimate the transition temperature and the
fraction of particles in the superfluid at half the transi-
tion temperature.

Solution: We have above

Tc =

(
N

V

)2/3
h2

2πkmζ(3/2)2/3

The particle density is

N

V
=

125× 6.022× 1026

4
= 1.882× 1028m−3

the mass is

m = 4u = 6.642× 10−27kg

giving

Tc = 2.84K

which is not far from the experimentally measured Tc =
2.17K. At half the transition temperature we have

N0

N
= 1−

(
T

Tc

)3/2

≈ 0.65

4.8 The ideal Fermi gas

A gas of fermions is also relevant to a number of applica-
tions, namely electrons in metals, protons and neutrons
in nuclei, and in the relativistic case, electrons in white
dwarf stars and neutrons in neutron stars. All these sit-
uations are well approximated by the low temperature
(ie quantum) limit of the theory. Fermions are different
to bosons in that only one can occupy each state, thus
even at zero temperature they are forced to occupy high
energy states and can exert sufficient pressure to hold up
a star.

There is no ground state occupation to be concerned
with, so we simply replace the sums for Z and N by
integrals

lnZ(z, V, T ) =

∫ ∞
0

g(ε) ln(1 + ze−βε)dε

N(z, V, T ) =

∫ ∞
0

g(ε)dε

z−1eβε + 1

g(ε) = g
2πV

h3
(2m)3/2ε1/2
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where g = 2j + 1 is the spin degeneracy factor, j = 1/2
for electrons, protons and neutrons. Substituting the
density of states g(ε) and in the Z case integrating by
parts, we find

lnZ =
pV

kT
=
gV

λ3T
f5/2(z)

N =
gV

λ3T
f3/2(z)

and by analogy with before we have

E = − ∂

∂β
lnZ

∣∣∣∣
z,V

=
3

2
kT

gV

λ3T
f5/2(z)

=
3

2
NkT

f5/2(z)

f3/2(z)

which clearly gives the classical limit when z � 1. We
also have as before

p =
2E

3V
so this is completely general for the non-relativistic ideal
gas.

Let us now consider the case of very low temperature
(actually a good approximation for metals at room tem-
perature), also called a degenerate Fermi gas. In the
integral above for N , we notice that the denominator
has a term z−1eβε = e(ε−µ)/kT . This will be very large if
ε > µ, corresponding to a very small number of particles
with these energies. It will be very small if ε < µ, giving
a finite contribution g(ε). In other words, the fermions,
being forced to occupy different states, fill the lowest en-
ergy states until the requisite number of particles has
been achieved. The value of µ at zero temperature for
a given particle number density N/V is called the Fermi
energy, εF . We can easily calculate this:

N =

∫ εF

0

g(ε)dε

= g
2πV

h3
(2m)3/2

∫ εF

0

ε1/2dε

=
4πgV

3

(
2mεF
h2

)3/2

Thus

εF =
h2

2m

(
3N

4πgV

)2/3

Also

E =

∫ εF

0

g(ε)εdε

=
4πgV

5

(
2m

h2

)3/2

ε
5/2
F

=
1

5

h2

2m
(4πgV )

−2/3
(3N)5/3

=
3

5
NεF

which is not zero, even though the temperature is zero.
Example: Calculate the Fermi energy for copper, and

compare it with kT at 298K. Also calculate the contri-
bution to the pressure from the free electrons. You are
given that copper has one free electron per atom, atomic
mass 63.5u and mass density 8920kgm−3. We have

N

V
=

6.02× 1026 × 8920

63.5
= 8.46× 1028m−3

and also g = 2j + 1 = 2 and m = 9.11 × 10−31kg for
electrons, giving

εF = 1.13× 10−18J

which we can compare with

kT = 4.11× 10−21J

thus zero temperature is a good approximation in this
case. The pressure is

p =
2E

3V
=

2

5

N

V
εF = 3.81× 1010Pa

which at 38GPa is much larger than the yield strength of
copper 0.2GPa. This enormous pressure is counteracted
by the attraction of the positive ions.
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