
Torus maps, symmetries, and spectral statistics† 
 

J.P. Keating and F. Mezzadri 
 

School of Mathematics 
University of Bristol 

Bristol BS8 1TW  
UK 

 
and 

 
BRIMS 

Hewlett-Packard Laboratories 
Filton Road 

Stoke Gifford 
Bristol BS34 8QZ 

UK 
 
 
 
1. Introduction 
 
Our purpose in these lecture notes is to illustrate some topical ideas in the quantum theory of classically 
chaotic systems using torus maps as an example.  Specifically, we focus on a number of subtleties in 
the role played by quantum and classical symmetries in determining the connection between spectral 
statistics and Random Matrix Theory (RMT). 
 
We shall begin by recalling some properties of the cat maps and their quantization, before turning to 
families of nonlinear maps on the torus, constructed by perturbing the cat maps.  The aim will be to 
motivate and describe three puzzles concerning quantum spectral statistics; one relating to the cat maps 
themselves, and two to their perturbations.  The solution of these puzzles will follow from an analysis 
of the quantum and classical symmetries of these systems.   It is the discussion of these symmetries that 
represents our main goal. 
 
These notes should be viewed essentially as an informal review and distillation of results reported in 
more detail in [1] and [2], and also in [3].        
  
 
 
2. Cat maps 
 
The cat maps are linear hyperbolic automorphisms of the unit two-torus: 
 

 ,       (1) 1 mod   
2221

1211

1

1
















=









+

+

n

n

n

n

p
q

AA
AA

p
q

 
where the elements  of the matrix A are integers (so that the map is continuous), detA=1 (so that the 
map is symplectic), and TrA>2 (so that the map is hyperbolic).  We shall consider q and p to represent, 
respectively, a position coordinate and its conjugate momentum.  Hence the torus is a phase space. 

ijA

 
The cat maps are completely chaotic (ergodic, mixing, Bernoulli, Anosov etc) [4].  All orbits are 
exponentially unstable with the same Liapunov exponent, 
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equal to the KS and topological entropies.   Being Anosov systems, small enough smooth nonlinear 
perturbations of the cat maps are also completely hyperbolic.  Their orbits are topologically conjugate 
to those of the unperturbed cat map.  Thus, all orbits remain exponentially unstable, and no orbits are 
created or destroyed by bifurcations.  If the perturbation is increased beyond a certain calculable limit, 
this is no longer the case: bifurcations occur, and lead to the creation of stable islands. 
 
The periodic orbits of the cat maps constitute a dense set of measure zero.  They all lie on points whose 
coordinates are rational, and all such points lie on a periodic orbit.  Furthermore, the square lattice of 
rationals with a given denominator g is invariant under the dynamics: any point (m/g, n/g) is mapped to 
another point on the same lattice (m’/g, n’/g), where 
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This feature will play an important role in what follows. 
 
 
3. Quantum cat maps 
 
The cat maps were first quantized by Hannay and Berry in 1980 [5].  Since then, a number of other 
quantization schemes have been developed [6, 7, 8, 3].  All give essentially the same result.  The two 
key elements are the quantum kinematics and the quantum dynamics.  The first is common to all torus 
maps, and the second is specific to the particular map being quantized. 
 
Kinematics:  since the phase space is doubly periodic (i.e. a torus), wavefunctions must satisfy 
 
 ( ) ( ) ( )qiq ψθπψ 22exp1 =+         (4a) 
 
in the position representation, and 
 
 ( ) ( ) ( )pip ψθπψ 12exp1 −=+        (4b) 
 
in the momentum representation.  But ( )pψ  and ( )qψ  are related by a fourier transform, and this 
restricts the general solutions of these equations to functions of the form 
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where 
 
 ( ) mNm cic 22exp θπ=+ ,        (6a) 
 
 ( ) nNn did 12exp θπ−=+ ,        (6b) 
 
and the inverse of Planck’s constant satisfies  
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 .        (7) integer1 ==− Nh
 
Thus the wavefunctions can be represented as N-vectors, with complex elements.   
 
It follows that the Wigner function corresponding to a wavefunction ψ ,  
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must be of the form 
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and be periodic in q and p.  Thus it has support on a NN 22 ×  lattice of points, to be called the Wigner 
lattice, whose coordinates are the rationals with denominator 2N if the phases in (4a) and (4b) are both 
zero. 
 
Dynamics: transformations on the N-dimensional hilbert space of wavefunctions described above must 
be of the form 
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where U is an  unitary matrix.  Viewing this as dynamics, with n labelling the time, U is called a 
quantum map. 

NN ×

 
Hannay and Berry derived a general expression for the quantum map  corresponding to a given cat 
map A [5].  For example, if 

AU
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Most importantly for us, the Hannay-Berry quantization scheme corresponds to the following: if the 
wavefunction dynamics is generated by U , points on the Wigner lattice map classically – that is, 
under the action of A.   Thus for points on the Wigner lattice  

A
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where the lattice coordinates are related via (1).   
 
This beautiful quantum-classical correspondence follows from the fact that semiclassical 
approximations are exact at leading-order for the cat maps, which itself is a consequence of their 
linearity.  
 
It follows immediately that for a map A to be quantizable with phases 1θ  and 2θ , the corresponding 
Wigner lattice must be invariant under the action of A, and this can be thought of as a condition that the 
phases must satisfy.  When combined with other conditions, which follow from the fact that projections 
of the Wigner function along the lines 
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must vanish for consistency with (5a) and (5b), it can be shown that a map A which takes one of the 
checkerboard forms 
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can only be quantized if 
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that is, if 1θ  and 2θ are the coordinates of a fixed point of A [6, 7, 9].  If A is not of checkerboard form, 
a slightly different condition holds [6, 7, 9].  For definiteness, we shall concentrate on checkerboard 
maps. 
 
At this stage it is worth making the analogy with Aharonov-Bohm flux lines.  In that case, the effect of 
a flux line can be expressed in terms of a quasiperiodic boundary condition, like (4a), but there is no 
quantization of the flux analogous to (14).  The same holds for the Bloch phases associated with motion 
in a periodic potential.  Essentially, this is because (14) is intimately linked with the non-trivial 
topology of phase space in the case of the cat maps.  We shall return to this point later. 
 
Trace formula: we have already noted that semiclassical approximations are exact at leading order for 
the cat maps.  This follows from their linearity.  One example of such an identity is the trace formula  
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where j labels fixed points of  with action  and winding numbers nA jS ( )jm1  and ( )jm2  around the torus 
in the q and p directions respectively [10, 1].  The spectrum of U is thus exactly related to the periodic 
orbits, and this too will be important in what is to follow.  It is also worth noting that the phases 1θ  and 

2θ  appear in the trace formula in the same way as an Aharonov-Bohm flux [11]. 
 
 
4. Spectral statistics and random matrix theory 
 
Extensive numerical evidence and semiclassical theory supports the conjecture that local statistical 
correlations in the quantum spectra of classically chaotic systems are, in the semiclassical limit, related 
to those of the eigenvalues of large random matrices [12, 13, 14].  For quantum maps, this conjecture 
may be stated as follows: 
 
In the limit , the spectral statistics of a classically chaotic quantum map U are generically ∞→N
 
• the same as those of the ensemble of random unitary matrices (CUE) if U has no antiunitary 

symmetries; 
• the same as those of the ensemble of random symmetric unitary matrices (COE) if U has 

antiunitary symmetries; 
• an independent superposition of the appropriate random-matrix-correlated spectra if U has unitary 

symmetries.  
 
Spectral statistics are thus, generically, determined by quantum symmetries, and are otherwise 
universal.   
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Quantum symmetries: a unitary symmetry of the quantum map U may be represented by another 
 unitary matrix P which commutes with U, that is NN ×

 
 .         (16) UPUP =−1

 
Likewise, in the position representation an antiunitary symmetry of the quantum map U may be 
expressed as an  symmetric matrix T, where NN ×
 
 ,         (17) T1 UTUT =−

 
times complex conjugation. 
 
Uncovering all of the unitary and antiunitary symmetries of a given quantum map is, in general, a 
difficult algebraic problem.  Usually this can be simplified by finding the symmetries of the 
corresponding classical map, and assuming that the quantum analogues of these are the only quantum 
symmetries.  Put another way, one assumes that no new symmetries are introduced by the quantization 
procedure. 
 
Classical Symmetries: the classical limit of a unitary quantum symmetry is a canonical symmetry of 
the corresponding classical dynamics; that is, a symmetry that leaves Hamilton’s equations invariant.  
In the case of a cat map A, canonical symmetries are represented by 22×  integer matrices p, with unit 
determinant, that commute with A: 
 
 .          (18) ApAp =−1

 
In the same way, the classical limit of an antiunitary quantum symmetry is an anticanonical symmetry 
of the classical dynamics; that is, a symmetry that reverses the signs in Hamilton’s equations.  The 
anticanonical symmetries of A are represented by 2 2×  integer matrices t, with dett=-1, that satisfy 
 
          (19) 11 −− = AtAt
 
and . It =2

 
Given any classical symmetry, one can generate the corresponding quantum symmetry using the 
prescription for quantization described above; that is, the quantum symmetry is given by the action of 
the classical symmetry on the Wigner lattice. 
 
Examples: all cat maps are invariant with respect to the canonical symmetry corresponding to parity, 
p=-I.  The maps 
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are also invariant under the anticanonical symmetry corresponding to time reversal, 
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and these are their only symmetries.  The quantum maps obtained by the action of  and  on the 
Wigner lattice are then invariant under the unitary symmetry corresponding to parity - generated by the 

1A 2A
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action of p on the Wigner lattice - and the antiunitary symmetry corresponing to time reversal, 
generated in the same way by t. 
 
The map 
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can similarly be shown to have no anticanonical symmetries, and to have parity as its only canonical 
symmetry. 
 
First puzzle: the eigenvalues of quantum cat maps are not random-matrix distributed [10].  
 
An example is shown in Figure 1, where the cumulative level spacing and the number variance are 
plotted for the map (20), quantized with 021 == θθ . 
 
In fact, the spectral statistics of the cat maps are far from universal: they depend erratically on number-
theoretical properties of the hilbert space dimension N [10]. 
 
Genericity: this puzzle is not in itself a contradiction of the random-matrix conjecture, because we 
included there the undefined term “generically”, and so isolated examples like the cat maps (even 
though there are infinitely many of them) count for nothing.  But then the problem remains to define 
precisely what the term means.  Without doing so, the conjecture is mathematically (but not physically) 
meaningless.  This remains an outstanding problem. 
 
 
5. Nonlinear Perturbations 
 
Since the cat maps are Anosov systems, small perturbations remain hyperbolic.  And since these can be 
made to depend smoothly on any number of parameters, one might expect them to be ‘generic’ with 
respect to their spectral statistics. 
 
We shall consider two kinds of perturbations.  The first will be the smooth nonlinear shear 
 
 ,        (24) ( ) (( qFpqpqS p += ,, ))

)

 
and the second the shear 
 
 ( ) ( )( ppGqpqS q ,, += .        (25) 
 
Here F and G are periodic, with period one.  The torus maps we shall consider are the compositions 
 
 ),(),(1 pqSpq poA=φ         (26) 
 
and 
 
 ),(),(2 pqSSpq qp ooA=φ .       (27) 
 
Maps of this kind can be quantized straightforwardly, essentially because the perturbations (24) and 
(25) are diagonal in the position and momentum representations respectively [15].  For example, the 
quantum map corresponding to (26) is the NN ×  matrix , where  is the quantum map 
corresponding to A, and  is the diagonal matrix with diagonal elements 

pAUU AU

pU [ ]( )( )NmiNs /2 1exp θπ + , 
where s(q) is the generating function of the map (24).  
 
The quantum kinematic conditions described above obviously hold as well for nonlinear maps.   The 
main difference is in the quantum dynamics: the simple connection to classical dynamics on the 
Wigner lattice no longer holds (indeed, the Wigner lattice is no longer invariant under the classical 
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map), and semiclassical approximations are no longer exact at leading order.  In particular, the 
generalization of the trace formula (15) (the stability amplitude now being orbit dependent, and with 
s(q) added to the action) is merely the first term in an asymptotic expansion in powers of 1/N [16].  
 
In our computations we chose the shears so that if A has no anticanonical symmetries then neither do 

1φ  nor 2φ ; and if A is invariant under time-reversal, then 1φ  has an exact anticanonical symmetry and 

2φ  has an approximate one (in this case the non-symmetric part is of second order in the size of the 
perturbations, and can be neglected numerically).  Furthermore, we used perturbations that are not 
invariant under parity, and so this property is inherited by 1φ  and 2φ  as well. 
 
In Figure 2 we show spectral statistics for the quantum map corresponding to 1φ , in the case when A is 
the cat map (20) and 021 == θθ .  Since A is invariant under time-reversal, one would expect to see 
COE statistics, and this is indeed what is found.  This reproduces results first reported in [15].  In 
Figure 3, we show the same for the cat map (21).  Again the statistics are COE, as expected. 
 
Finally, we repeat these computations with the map (23), now for both the perturbations 1φ  (Figure 4) 
and 2φ  (Figure 5).  Because A has no anticanonical symmetries, one would expect CUE statistics in 
both cases.  Strangely, the spectral statistics of the quantum map corresponding to 1φ  are COE, while 
those for 2φ  are CUE, even though there are no anticanonical symmetries in either case. 
 
Second puzzle: there exist families of maps, depending on any desired number of parameters 
(represented by, for example, the fourier coefficients of F(q)), which have no anticanonical 
symmetries, but which have COE spectral statistics.  Composing with a second (orthogonal) shear 
causes a transition to CUE statistics. 
 
 
6. Time reversal and quantum phases 
 
The computations reported in the previous section all involved quantum maps with 021 == θθ .  We 
have already remarked that these phases play a role analogous Aharonov-Bohm fluxes, and so one 
might expect them to break time-reversal symmetry.   We shall now consider this point in more detail. 
 
First we recall from above that checkerboard cat maps can only be quantized for phase-pairs satisfying 
(14) – i.e. where the phases are themselves the coordinates of a fixed point of the map.  This followed 
from the need for the Wigner lattice to be invariant under the action of the map.  The question now is: 
does a similar restriction hold for perturbed cat maps?  Somewhat surprisingly, the answer is ‘yes’: 
perturbed maps of the kind considered in the previous section can only be quantized for phase pairs that 
are the coordinates of a fixed point of the cat map A that is being perturbed [9].   That is, the condition 
(14) still applies, even for nonlinear pertubations of A.  (And again, a similar condition applies to non-
checkerboard maps.)  This may be viewed as a quantum analogue of the structural stability (Anosov 
topological conjugacy) of the classical maps.   
 
It is, in fact, an example of the following more general result.  To any continuous nonlinear map φ on 
the two-torus, one can associate a linear map A in the following way.  Any closed curve C on the torus 
will be mapped under the action of φ into another closed curve C’.  The map A relates the winding 
numbers of C’ to those of C.  The quantization condition is then that φ can only be quantized with 
phases that are the coordinates of a fixed point of A (in the checkerboard case) [9]. 
 
We now return to the question of when the quantum phases break time-reversal invariance, starting 
with the cat maps themselves.  Let A be a checkerboard cat map that satisfies (19) with t given by (22) 
(i.e. the classical trajectories are time-reversal invariant).  Let ( )21 ,θθAU  be the quantum map 
corresponding to A when the quasi-periodicity conditions (4a) and (4b) are imposed, with (14) assumed 
to be satisfied.   For which choice of phases is the quantum time-reversal-symmetry condition (17) 
satisfied by ?   AU
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The answer is that (17) is satisfied if and only if the phases 1θ  and 2θ  are also the coordinates of a 
fixed point of the map t acting on the torus; that is if 
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A proof of this is given in [1].  Here we restrict ourselves to an outline of the key ideas.  First, note that 
if (28) is satisfied, then the Wigner lattice is invariant under the action of t.  Hence if (19) holds in 
general, it also holds on the Wigner lattice.  Since a quantum map corresponds to the action of the 
related classical map on this lattice (when the classical map is linear), the quantum maps corresponding 
to t and A must commute up to a phase; that is, (17) holds up to a phase.  Arguments based on the 
Wigner function alone cannot determine this phase.  It requires an explicit calculation [1] to show that 
it is a multiple of 2π.  If (28) is not satisfied, then the Wigner lattice is not invariant under the action of 
t, and this line of reasoning no longer applies.  Taking the left-hand-side of (19), the action of  
(which is equal to t, because ) changes the values of 

1−t
It =2

1θ  and 2θ  and so gives a new Wigner 
lattice.  A then acts on this new lattice, generating the quantum dynamics, and finally the action of t 
again transforms the new lattice back into the old one.  But there is in general no relation between the 
action of A on different lattices, and so there is no reason for the dynamics on the transformed lattice to 
be the time-reverse of the dynamics on the original one.  Thus there is no reason for (17) to hold, and 
an explicit calculation [1] confirms that it does not, in general. 
 
The trace formula provides another route to understanding the role played by (28) in determining the 
spectral statistics.  All information about the spectrum of U is encoded in the traces of its powers (the 
first N/2 if N is even, and the first (N+1)/2 if N is odd, because U is unitary – this corresponds to the 
Riemann-Siegel formula for maps).  Thus the spectral statistics are completely determined by (15), at 
least for the cat maps, where the trace formula is an identity.  If A satisfies (19) then the orbits on the 
torus either come in t-symmetric pairs with the same action, or are t-invariant.  The winding numbers 
of the two orbits in a pair are related by 
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Thus when the quantum phases are non-zero, the two orbits in general contribute differently to the sum 
in (15).  However, when (28) is satisfied, a short calculation shows their contributions to be degenerate. 
 
Note that we have not used any specific properties of t in the above arguments, and so they apply to 
any anticanonical symmetry. 
 
It is also worth drawing the analogy with Aharonov-Bohm fluxes again.  In that case, time-reversal 
corresponds to reversing the direction of the magnetic field, and so changing the sign of the flux.  But 
the Aharonov-Bohm effect is periodic in the flux with period 1, in appropriate units.  So when the flux 
is 0 or ½ (the fixed points of sign-reversal modulo 1), quantum mechanics should be time-reversal 
invariant (assuming the classical mechanics is too), but not otherwise.  For zero flux, this is obvious.  
When the flux takes the value ½, it is the ‘false time-reversal symmetry’ of [11]. 
 
Now turning to the case of the perturbed maps (26) and (27), it may be seen immediately that the same 
condition on the phases, (28), determines whether the quantum map has an antiunitary symmetry or 
not, if the underlying classical map is t-symmetric.  This follows from the fact that the quantum map 
factorizes into a product of  and the perturbation matrices.  Hence if, for a particular choice of 
phases,  does not possess a particular antiunitary symmetry, this symmetry cannot be restored by 
the perturbations. 

AU

AU

 
To summarize, if A is time-reversal symmetric (e.g. one of (20) or (21)), then the quantum maps 
corresponding to the perturbations (26) and (27) might be expected to have spectral statistics that are 
COE when the quantum phases satisfy (28), and CUE otherwise.  
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In Figures 6 and 7 we plot spectral statistics for the map (21), with phases that do satisfy (28).   The 
data for both 1φ  (Figure 6) and 2φ  (Figure 7) agree with the COE forms, as expected.  In Figures 8 and 
9, we show data for the same map with phases that do not satisfy (28).  Even though the only 
anticanonical classical symmetry, time-reversal, has been broken, the data for 1φ  are actually COE, 
while those for 2φ  are CUE as expected. 
 
Third puzzle: breaking quantum time-reversal invariance using Aharonov-Bohm-type phases does not 
cause a transition from COE to CUE spectral statistics for one-shear perturbations, but does when there 
are two orthogonal shears. 
 
 
7. Quantum symmetries with no classical limit. 
 
The three puzzles discussed in the previous sections are not counter-examples to the random-matrix 
conjecture.  The symmetries that appear in the conjecture are quantum, whereas the ones that lie at the 
heart of the puzzles are classical.  Nevertheless, the results we have described do run counter to the 
usual intuition about spectral statistics and so are worth explaining.  This is now our goal. 
 
Let us start with unitary symmetries.  We begin by recalling the argument leading from a canonical 
symmetry of the classical mechanics to a unitary symmetry of the quantum mechanics.  If A and p 
satisfy the commutation relation (18), this implies a symmetry between any classical trajectory of A 
and a p-generated partner.  In particular, this applies to orbits on the Wigner lattice.  But quantum 
dynamics corresponds precisely to classical dynamics on the Wigner lattice, and so this then leads to a 
quantum symmetry.  Note that the existence of the quantum symmetry for a given value of Planck’s 
constant N relies only on the maps commuting on the Wigner lattice, and not on the whole torus, as is 
required for a full symmetry of the classical dynamics.  The possibility then arises of constructing 
quantum symmetries that have no classical counterpart (i.e. no classical limit) in the following way.   
 
Consider first the case when 021 == θθ .  Let A and B be 22×  integer matrices that commute on the 

 Wigner lattice (m/2N, n/2N): NN 22 ×
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for all integers m and n, or, equivalently, 
 
 .        (31) N2 mod BAAB =
 
If this holds, then the quantum map corresponding to B must commute with that corresponding to A at 
least up to a phase: 
 
 ( ) ABBA UUUU αiexp= .        (32) 
 
(Recall that arguments based on the Wigner function are not enough to determine this phase.)   Given 
matrices A and B satisfying (31), α can be computed directly.  We shall give a representative result 
below.  The key point is that it often turns out to be a multiple of 2π, and so  then corresponds to a 
unitary symmetry of U .  

BU

A

 
The symmetries generated in this way have no classical limit in general: Planck’s constant appears 
explicitly in the commutation relation (31).  They are purely quantum, and algebraic rather than 
geometrical in origin.  The role they play is directly analogous to that of the Hecke operators associated 
with the laplacian on arithmetic surfaces of constant negative curvature (for a review, see [17]).  This 
connection has been explored in [3], and used there to prove a range of results relating to the ergodicity 
of quantum eigenfunctions.   
 
Just as the Hecke operators are responsible for the fact that the spectral statistics of the arithmetic 
surfaces are non-random-matrix [17], so the quantum symmetries associated with (31) are responsible 
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for our first puzzle.  As noted in the statement of the random matrix conjecture in Section 4, unitary 
symmetries give rise to a superposition of statistics, and the quantum symmetries described above are 
no exception.   Indeed, there are typically many (of the order of N) solutions of (31) and so the 
eigenvalue statistics of the cat maps are a superposition of a very large number of independently 
correlated spectral families, and this explains why the deviations from random-matrix form are so 
pronounced.   
 
Viewed in terms of the trace formula, these symmetries are related to the exponential degeneracy of 
periodic orbit contributions first noted in [10].  This again is directly analogous to the case of the 
arithmetic surfaces [17, 18].  Indeed, the symmetries can be thought of classically as being associated 
only with the periodic orbits, since all orbits on the Wigner lattice are periodic.  
 
The quantum symmetries constructed from (31) are unitary, but it is straightforward to see that 
antiunitary symmetries with no classical (anticanonical) limit can be constructed in the same way.  
These are obviously generated by matrices B which anticommute with A on the Wigner lattice: 
 
 ,        (33) N2 mod 11 −− = ABAB
 
since this implies that 
 
 .        (34) ( ) 1

A
1

BAB UUUU −− = αiexp
 
Again, α can be computed, and shown in many cases to be a multiple of 2π.  As before, there are many 
solutions of (33), giving rise to many antiunitary symmetries of this kind. 
 
So the quantum cat maps have many unitary and antiunitary symmetries that have no classical 
counterparts.  But what about the perturbed cat maps?  Since these symmetries are so closely associated 
with the linearity of the cat maps (only then is quantum mechanics equal to classical mechanics on the 
Wigner lattice), it seems natural to assume that they will all be destroyed by the perturbation.  This is, 
however, not the case. 
 
Let us consider the shear perturbation (26).  It turns out that this does destroy all of the unitary 
symmetries, but precisely one antiunitary symmetry survives.  It is not difficult to see why: the shear 
leaves position q unchanged, so if one of the quantum antiunitary symmetries also leaves q invariant, it 
can commute with the quantum perturbation map.  And this is indeed what happens.  For example, for 
the map (23), when 2N is not divisible by 7, one solution of (33) is given by  
 

 ,        (35) ( ) ( ) 







−

=
12\712

01
N

NL

 
where (7\2N) is the integer between 1 and 2N-1 satisfying 7(7\2N)=1 mod 2N.  (This illustrates the fact 
that these symmetries have no classical limit, because the (7\2N) is a highly erratic number-theoretical 
function of N.)   The associated quantum maps therefore satisfy (34).  In this respect L is one of many 
such solutions.  But it is unique in being the only one that continues to satisfy (34) when U  is 
multiplied by the quantum perturbation matrix.  Again, it can be viewed classically as a symmetry of 
the periodic orbits, since these contribute to (15) in L-symmetric pairs, or are self-symmetric.   

A

 
In this case, if  
 
 ,        (36) ( ) ( ) MALAL NNN 2+=
 
where M is an integer matrix, and 
 
         (37) ( )MALID NN2+=
 
then a short calculation gives 
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 ( ) ( 



 −








= 1

4
exp

/
exp 11

11

12 Di
D

ND
i πα )       (38) 

 

where  is the Jacobi symbol [5].   (38) represents an explicit formula for computing the phase 

α and can be used to demonstrate when it is a multiple of 2π, and when not. 









b
a

 
The existence of this one antiunitary symmetry that survives the perturbation (26) explains our second 
puzzle.  Even though the map (23) has no anticanonical symmetries, its quantum analogue has many 
antiunitary symmetries; one of these remains under the perturbation (26), and this is responsible for the 
spectral statistics being COE in that case, as observed. In (27), the shear in the second perturbation is 
orthogonal to the first, so q is no longer invariant and this last antiunitary symmetry is destroyed.   This 
then explains the transition in the spectral statistics to CUE.   
 
Thus far our discussion has concentrated on quantizations with 021 == θθ , but it is straightforward to 
generalize the arguments to the Wigner lattice for any values of 1θ  and 2θ .  Again, there exist many 
quantum symmetries associated with matrices that commute on this lattice, all but one of these are 
destroyed by the perturbation (26), and this last one is itself destroyed in (27).  So in the same way, this 
explains our third and final puzzle. 
 
 
8. Outlook 
 
The existence of the quantum symmetries discussed in the previous section would appear to sound a 
grave warning for attempts to develop a semiclassical theory of spectral statistics, and at the same time 
to open up the possibility of several new lines of research. 
 
The philosophy underlying semiclassical theories is to structure the small-  asymptotics of quantum 
quantities in terms of corresponding classical objects.  Thus in a semiclassical theory, quantum spectral 
statistics should ideally be related to classical statistical measures, for example ergodicity, mixing , and 
the decay of correlations etc.  But the symmetries discussed here have a significant effect on the 
spectral statistics and yet have no classical explanation.  It is true that they show up as degeneracies 
amongst the periodic orbit contributions to the trace formula, but this is better be viewed as a 
consequence rather than an explanation.  Indeed, knowing all of the periodic orbits corresponds (via the 
trace formula) to knowing the spectrum, and the goal of semiclassical theories has been to understand 
eigenvalue correlations without necessarily knowing the eigenvalues themselves.  So it is a challenge to 
construct a fully semiclassical approach which includes these symmetries in natural way. 

h

 
It has, of course, been recognized for some time that maximally chaotic systems exist which do not fall 
into the universality classes embodied in the random-matrix conjecture; examples include the cat maps, 
and geodesic motion on arithmetic surfaces of constant negative curvature.  To some extent, these 
examples have been swept under the carpet with the broom of ‘genericity’.  From the mathematical 
point of view it is hard to argue that this is satisfactory without first defining the term, but physically it 
seems defensible, given that they appear to be isolated.   However, the perturbations discussed here are 
not isolated: families can be constructed which depend on any given number of parameters.   We 
emphasize again that they are not counter-examples to the random matrix conjecture - the quantum 
symmetries we have constructed explain their eigenvalue statistics - but they do represent families of 
systems whose spectral fluctuations cannot be understood in terms of classical symmetries, and as such 
they add significantly to the difficulty of constructing a general semiclassical theory. 
 
It would be interesting to know whether the arithmetic surfaces could be perturbed in the same way as 
the cat maps, to construct families of flows which also possess hidden quantum (Hecke) symmetries.  
 
The symmetries described here should, however, not only be viewed in terms of the problems they 
pose: they also represent very useful tools for understanding the quantum properties of torus maps in 
more detail.  For example, they played a central role in Kurlberg and Rudnick’s work on the quantum 
ergodicity of the cat maps [3].   It also seems likely that they might form the basis of a much deeper, 
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rigorous understanding of at least the long-range spectral statistics of the cat maps, in the same way as 
for arithmetic surfaces [19].  
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	Trace formula: we have already noted that semiclassical approximations are exact at leading order for the cat maps.  This follows from their linearity.  One example of such an identity is the trace formula

