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Abstract

We study the entropy of entanglement of the ground state in a wide family of one-
dimensional quantum spin chains whose interaction is of finite range and translation
invariant. Such systems can be thought of as generalizations of the XY model. The
chain is divided in two parts: one containing the first consecutive L spins; the second
the remaining ones. In this setting the entropy of entanglement is the von Neumann
entropy of either part. At the core of our computation is the explicit evaluation of
the leading order term as L — oo of the determinant of a block-Toeplitz matrix with
symbol 1

_ iAo 9(2)

CD(Z) - g—l(z) i '

where g(z) is the square root of a rational function and g(1/z) = g~'(z). The
asymptotics of such determinant is computed in terms of multi-dimensional theta-
functions associated to a hyperelliptic curve £ of genus g > 1, which enter into
the solution of a Riemann-Hilbert problem. Phase transitions for these systems
are characterized by the branch points of £ approaching the unit circle. In these
circumstances the entropy diverges logarithmically. We also recover, as particular
cases, the formulae for the entropy discovered by Jin and Korepin [14] for the XX
model and Its, Jin and Korepin [12, 13] for the XY model.
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1 Introduction

One dimensional quantum spin chains were introduced by Lieb et. al. [17] in 1961 as a
model to study the magnetic properties of solids. Usually such systems depend on some
parameter, e.g. the magnetic field. One of their most important features is that at zero
temperature, when the system is in the ground state, as the number of spins tend to infinity
they undergo a phase transition for a critical value of the parameter. As a consequence,
the rate of the decay of correlation lengths changes suddenly from exponential to algebraic
at the critical point. Furthermore, many examples of such chains are exactly solvable.
Because of these reasons over the years the statistical mechanical properties of quantum
spin chains have been investigated in great detail.

More recently, Osterloh et al. [20], and Osborne and Nielsen [22] realized that the
existence of non-local physical correlations at a phase transition is a manifestation of the
entanglement among the constituent parts of the chain. Entangled quantum states are
characterized by non-local correlations that cannot be described by classical mechanics.
Such correlations play an important role in the transmission of quantum information. It
is therefore essential to be able to quantify entanglement. In its full generality this is still
an open problem. However, when a physical system is in a pure state and is bipartite,
i.e. is made of two separate parts, say A and B, a suitable measure of the entanglement
shared between the two constituents is the von Neumann entropy of either part [2]. In this
situation the Hilbert space of the whole system is H g = Ha ® Hg, Where H, and Hg are
the Hilbert spaces associated to A and B respectively. Now, if pap is the density matrix
of the composite system, then the reduced density matrices of A and B are

pa =trgpap and pp = tra pag, (1.1)



4 A. R. Its, F. Mezzadri and M. Y. Mo

where tr, and trg are partial traces over the degrees of freedom A and B respectively. The
entropy of the entanglement of formation is

S(pa) = —trpalog ps = S(pp) = —trpg log pp (1.2)

In this paper we compute the entropy of entanglement of the ground state of a vast class
of spin chains whose interaction among the constituent spins is non-local and translation
invariant. These systems can be mapped into quadratic chains of fermionic operators by
a suitable transformation and are generalizations of the XY model. We study the ground
state of such systems, divide the chain in two halves and compute the von Neumann entropy
in the thermodynamic limit of one of the two parts. If the ground state is not degenerate,
then pap = |¥,)(W,|. At the core of our derivation of the entropy of entanglement is the
computation of determinants of Toeplitz matrices for a wide class of 2 x 2 matrix symbols.
The explicit expressions for such determinants were not available in the literature. The
appearance of Toeplitz matrices and their invariants in the study of lattice models is a
simple consequence of the translation invariance of the interaction among the spins. Thus,
Toeplitz determinants appear in the computations of many other physical quantities like
spin-spin correlations or the probability of the emptiness of formation, not only the entropy
of entanglement. Therefore, our results have consequences that go beyond the application
to the study of bipartite entanglement that we discuss.

Vidal et. al. [23] were the first to investigate the entanglement of formation of the
ground state of spin chains by dividing them in two parts. The models they considered
were the XX, XY and XXZ model. They computed numerically the von Neumann entropy
of one half of the chain and discovered that at a phase transition it grows logarithmically
with its length L. Jin and Korepin [14] computed the von Neumann entropy of the ground
state of the XX model using the Fisher-Hartwig formula for Toeplitz determinants. They
showed that at the phase transition the entropy grows like %Iog L, which is in agreement
with the numerical observations of Vidal et.al. For lattice systems that have a conformal
field theory associated to it the logarithmic growth of the entropy was first discovered by
Holzhey et. al. [10] in 1994. This approach was later developed by Korepin [15], and by
Calabrese and Cardy [4]. Its, Jin and Korepin [12, 13] determined the entropy for the
XY model by computing an explicit formula for the asymptotics of the determinant of a
block-Toeplitz matrix. They expressed the entropy of entanglement in terms of an integral
of Jacobi theta functions.

Consider a p x p matrix-valued function on the unit circle =:

1
p(2) = Pz, 2] =1,

k=—o00

A block-Toeplitz matrix with symbol ¢ is defined by

Tile] = (@j-k)o<jk<L—1-
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Furthermore, we shall denote its determinant by D, = det7} [¢]. The main ingredient
of the computation of Its, Jin and Korepin was to use the Riemann-Hilbert approach to
derive an asymptotic formula for the Fredholm determinant

Dy (\) =detTi[p] =det( —K.), (1.3)

where K, is an appropriate integral operator on L?(=,C?). The symbol of the Toeplitz
matrix 7 [¢] was
L] :Ii/\ 9(0)

¥ e’ - _g—l(e) i\ ’ (14)

where » )
acosf — 1 —iyasingd

9(0) = lacosh — 1 —iyasing|

Keating and Mezzadri [18, 19] introduced families of spin chains that are characterized
by the symmetries of the spin-spin interaction. The entropy of entanglement of the ground
state of these systems, as well as other thermodynamical quantities like the spin-spin
correlation function, can be determined by computing averages over the classical compact
groups, which in turn means computing determinants of Toeplitz matrices or of sums of
Hankel matrices. These models are solvable and can be mapped into a quadratic chain of
Fermi operators via the Jordan-Wigner transformations. One of the main features of these
families is that symmetries of the interaction can be put in one to one correspondence with
the structure of the invariant measure of the group to be averaged over. If the Hamiltonian
is translation invariant and the interaction is isotropic, then the relevant group over is U(N)
equipped with Haar measure. In turn such averages are equivalent to Toeplitz determinants
with a scalar symbol. These systems are generalizations of the XX model.

In this paper we consider spin chains whose interaction is translation invariant but the
Hamiltonian is not isotropic. These are generalization of the XY model. The Fredholm
determinant that we need to compute has the same structure as (1.3), but now the 2 x 2

matrix symbol is 1
— iAo g(2)
where function g(z) is defined by
—1
— p(2)

and p(z) is a polynomial of degree 2n. We recover the XY model if we set

al—7) a(l+7)

In the above equation o = 2/h, where h magnetic field, and ~ measures the anisotropy of
the Hamiltonian in the XY plane.

p(2) =
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Re()\)>

Figure 1: The contour I'(¢) of the integral in equation (2.1). The bold lines (—oco, —1 —€)
and (1 + ¢, 00) are the cuts of the integrand e(1 + ¢, \). The zeros of D, (\) are located on
the bold line (—1,1).

2 Statement of results

Following [14] and [13], we will identify the limiting von Neumann entropy for the systems
that we study with the double limit
[ 1 ]

) . 1 d L] 2 4
S(pa) = élhrgl lim — e(1+e, A)ﬁ log DN\ —1)"= dX . (2.1)

L—oo 47TZ r(m

In the above formula I'(¢) is the contour in figure 1, D (\) is the determinant of the
block-Toeplitz matrix 7} [®] with symbol (1.5) and

N I:I+ 1 L1 [
T 1% xz 1% r —U r —UV
e(x,v) = — 5 log > - log 5 (2.2)

The explicit Hamiltonians for the family of spin systems that we consider and their con-
nection to formula (2.1) will be discussed in detail in sections 3 and 4.

One of the main objectives of this paper is to compute the double limit (2.1), which, as
we shall see, can be expressed as an integral of multi-dimensional theta functions defined
on Riemann surfaces. Thus, in order to state our main results, we need to introduce some
definitions and notation.

Let us rewrite the function (1.6) as

{ —

2 —
1

(2.3)
j=
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where the z;’s are the 2n roots of the polynomial p(z). This representation of g(z) will be
used throughout the paper. We fix the branch of ¢(z) by requiring that g(co) > 0 on the
real axis. The function g(z) have jump discontinuities on the complex z-plane. In order to
define its branch cuts we need to introduce an ordering of the roots z;. Let

A, any={21,. 2,20z ) (2.9)
where the above is merely an equality between sets, and we do not necessarily have, for
example, \j = zj. We order the )\;i’s such that

RE()\i) < Re()\j)a 1<
Im(\i) Im(A), i <j, [Nl IAl <1, Re(Ai) = Re(})) (2.5)
|m(>\|) Im()\j)a L>7, ‘)‘ilv ‘)\J’ > 17 Re(>\I) = Re()‘J)
This ordering need not coincide with the ordering z;’s. If necessary, we can always assume
that one of the zj‘l has the smallest real part and set \; = zj‘l. This choice is equivalent

to taking the transpose of 7} [®]. The branch cuts for g(z) are defined by the intervals Z;
joining Agi_; and Ag;:

<
<

2 = [Mi, A, i=1,...,2n. (2.6)
Therefore, g(z) has the following jump discontinuities:
g+(2) = —g_(Z), z € zi? (27)

where g (z) are the boundary values of g(z) on the left/right hand side of the branch cut.
Now, let £ be the hyperelliptic curve

L:w’=(z—X\). (2.8)

1=
The genus of £ is g = 2n — 1. We now choose a canonical basis for the cycles {ai, b} on £
as shown in figure 2, and defin%wi to be 1-for|2]s dual to this basis, i.e.

dwj = 5"‘, dwj = I'Iij. (29)
a; b;
Furthermore, let us define the g x g matrix 1 by setting (IM);; = ;. The theta function
0 : C9 — C associated to £ is defined by

9(?) = ein n ~HW—2in?~W.

(2.10)

T ezs

L1

— 4] Gl

€
-0 0 5T +—+MN— (2.11
€ S > 5 ( )

while the theta function with characteristics & and 7 is defined b
1 1 ] n.—= IZIZIjJil —
€ - - €

€ — — . 1,
= +-¢ .5+
0 5 (%) =exp 2irw 3 5 €

— . -
where € and ¢ are g-dimensional complex vectors.
Our main results are summarised by the following two theorems.
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Figure 2: The choice of cycles on the hyperelliptic curve £. The arrows denote the orien-
tations of the cycles and branch cuts. Note that we have \; = z; .

Theorem 1. Let Hy be the Hamiltonian of the one-dimensional quantum spin system
defined in equation (3.11). Let A be the subsystem made of the first L spins and B the one
formed by the remaining M — L. We also assume that the system is in a non-degenerate
ground state |W,) and that the thermodynamic limit, i.e. A/ — oo, has been already taken.
Then, the limiting (as L — oo) von Neumann entropy (2 1) is

1By %I()\)? rawap) -
S(pa) = > log 2 Z_d, (2.12)

1

l\DIl-I

where ¢ is a 2n — 1 vector whose last n entries are 1 and the first n — 1 entries are 0.

The parameter 7 in the argument of ¢ is introduced in section 6 and is defined in
equation (6.11), while the expression of 5()\) is

A+1

5 = 5 log S

(2.13)

Theorem 1 generalizes the result by Its et al. [12, 13] for the XY model. In that case
the genus of the of £ is one, and the theta function in the integral reduces to the Jacobi
theta function 5. However, for the XY model the integral (2.12) can be expressed in term
of the infinite series

| 5 |
S(pa) = (1 + tm) log T+ =2 el um), (2.14)
m

m=—oco m=0

where the numbers u, are the solutions of the equation
(I (I

T

b B+ =0 (2.15)
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and o is 0 or 1 depending on the strength of the magnetic field. The zeros of the one
dimensional theta function are all known, so that the numbers 1, can be described by the
explicit formula ] 1

l1—-0

Um = —itan m + T,
Moreover, as it was shown by Peschel [21] (who also suggested an alternative heuristic
derivation of equation (2.14) based on the work of Calabrese and Cardy [3]), the series
(2.14) can be summed up to an elementary function of the complete elliptic integrals
corresponding to the modular parameter .

It is an open problem whether an analogous representation of the integral (2.12) exists
for g > 1.

The next step consists of understanding what happens to formula (2.12) when we
approach a phase transition. The hyperelliptic curve £, and hence all the parameters in
the integral (2.12), are determined by the roots of the polynomial p(z) which defines the
symbol (1.5). In section 3 we discuss how the coe [ciehts of p(z) are related to the the
Hamiltonians of the spin chains. In the case of the XY model p(z) is given by equation (1.7);
since the degree of p(z) is two the roots ); can be easily determined as a function of
the parameters « and . It was shown by Calabrese and Cardy [4] that when o = 1
— or the magnetic field » = 2 — the XY model undergoes a phase transition and the
entropy diverges. Jin and Korepin [14] showed that when ~ approaches 0, i.e. the XY
model approaches the XX model, and o < 1, then the entanglement entropy diverges
logarithmically. Its et. al. [12, 13] discovered that the divergence of the entropy for the
XY and XX model corresponds to the roots (2.4) of (2.8) approaching the unit circle.

This phenomenon extends to the family of systems that we study. In other words,
a phase transition manifests itself when pairs of roots of (2.8) approach the unit circle;
one root in each pair is inside the unit circle, the other outside. As we shall see, in these
circumstances the entropy of entanglement diverges logarithmically. From (2.4) we see that
if \; is a root of (2.8) so is )\j‘l. Moreover, since (2.8) is a polynomial with real coe Lciehts,

if \j is complex then \; and X;l will be roots oféz too (see figure 3). Now, suppose that
Aj approaches the unit circle and |\j| < 1, then B "> 1land Xj_l will also be approaching
the unit circle with
)\j - X;l — 0
At a phase transition the behaviour of the entropy of entanglement is captured by

Theorem 2. Let the m pairs of roots );, X;l, j =1,...,m, approach together towards

the unit circle such that the limiting values of };j, Xj_l are distinct from those of A, X[l if
j # k, then the entanglement entropy is asymptotic to

1 'l:% _71% L
Slpa) = 5 log 3 — X, o), N—2X . j=1...m (2.16)

j=1
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1/A]

Aj

o
LN

Y

Figure 3: The location of one of the roots (2.4), say A; determines the positions of other
three: \j, 1/); and 1/);

From the integral (2.1) it is evident that in order to prove theorems 1 and 2 we need an
explicit asymptotic formula for the determinant D_()\). Indeed, the following proposition
gives us an asymptotic representation for the determinants of block-Toeplitz matrices whose
symbols belong to the family defined in equations (1.5) and (1.6).

Proposition 1. Let Qe the set
Q={ e R: N\ >1+¢}. (2.17)

Then the Toeplitz determinant D, (\) admits the following asymptotic representation, which
is uniform in A € Qy
] C1C )
0 BNE+L B BNE L 1, 5
0T 1+0 p , L — o0, (2.18)

2

DL\ =1 -)"

Here p is any real number satisfying the inequality
1< p<min{|)|: || > 1}

Remark 1. The first factor in the right hand side of equation (2.18) corresponds to the
“trivial” factor, G[®] of the general Widom’s formula (5.1), which we discuss in detail in
section 5, while the ratio of the theta functions provides an explicit expression of the most
interesting part of the formula — Widom’s pre-factor E[®] = det (T, [P]T,[®!]), which
is given in formula (5.2).
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Remark 2. The Asymptotic representation (2.18) is actually valid in a much wider domain
of the complex plane \. Indeed, it is true everywhere away from the zeros of the right hand
side, which, unfortunately, in the case of the genus ¢ > 1 is very di [culk to express in a
simple closed form — one faces a very transcendental object, i.e. the theta-divisor. This
constitutes an important di Lerence between the general case and that one with ¢ = 1 studied
in [12] and [13], where the zeros of equation (2.15) can be easily evaluated.

3 Quantum spin chains with anisotropic Hamiltoni-
ans

The XY model is a spin-1/2 ferromagnetic chain with an exchange coupling « in a constant
transversal magnetic field ~. The Hamiltonian is H = hHy with Hy given by

Hq = ) A +ofoiy + (L —ojoi — 75 @1
i=0 1=0

where {0*, 0¥, 0%} are the Pauli matrices. The parameter ~ lies in the interval [0, 1] and
measures the anisotropy of Hy. When v = 0 (3.1) becomes the Hamiltonian of the XX
model. In the limit M — oo the XY model undergoes a phase transition at a. = 1.

It is well known that the Hamiltonian (3.1) can be mapped into a quadratic form of
Fermi operators and then diagonalized. To this purpose, we introduce the Jordan-Wigner
transformations. Let us define

L1 1 L1 [ 1
T 1 71
Mar1 = of of and mgy = ot of. (3.2
J=0 j=0

The inverse relations are

Z .
a = Zﬂlﬁm'“’ —1

T 1
X —_ .
g = YMa2jmojr1 M2y,
- ]
y
o] = iMaojMajr1 Mo (3.3)

j=0

These operators obey the commutation relations {m;, mx} = 20jx but are not quite Fermi
operator since they are Hermitian. Thus, we define

b| = (m2|+1 — Zm2|)/2 and b;f = (m2|+1 + im2|)/2,
which are proper Fermi operator as

{bj, b} =0 and {b,bl} = djk.
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In terms of the operators b;’s the Hamiltonian (3.1) becomes®

METCT ] ] AR S

«

Ho=~  bbua +bjabi+7 bl —bibia  —2  biby. (3.4)
i=0 i=0

It turns out that the expectation values of the operators (3.2) with respect to the ground
state |W,) are

(Welmuc [Wg) = 0, (3.5)
(We| mjmuc W) = dji +i(Cm)jk, (3.6)
where the correlation matrix Cy, has the block structure

L1
Cin Cip -+ Cim
& Cn -+ Com

L1

Cm1 Cmz -+ Cuwm
with 1 L1

0 gj—k
Cii = i
Ik —gk—j O

For large M, the real numbers g, are the Fourier coe [ciehts of

acosfd —1 —iyasind
lacosf — 1 —iyasing|

g(0) =

In other words, Cy; is a block-Toeplitz matrix with symbol

_ 0 9(9)
90(9) - _g—l(e) 0 : (38)
(We outline the derivations of formulae (3.5) and (3.6) for the family of systems (3.10) that
we study in the appendices B and C.)

Equation (3.5) is a straightforward consequence of the invariance of H, under the map
bj — —bj; for the same reason the expectation value of the product of an odd number of
mj’s must be zero. Formula (3.6) was derived for the first time by Lieb et al. [17]. The
expectation values of the product of an even number of the m;’s can be computed using
Wick’s theorem:

I 1 I |
(Wy| mj,mj, - -+ mj,, |¥y) = (—1)P (contraction of the pair), (3.9)

all pairings all pairs

1This is strictly true only for open-end Hamilt
the term bl,,_lbo in (3.4) should be replaced by

If-we imposeferiodic boundary conditions, then

o 2bfbj —1 bl _;bo. However, because we are

j=0
interested in the limit M — oo, the extra factor in front of b{, ,b, can be neglected.
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where a contraction of a pair is defined by (¥,|m;j,m;,, |¥,) and p is the signature of the
permutation, for a given pairing, necessary to bring operators of the same pair next to
one other from the original order. Many important physical quantities, including the von
Neuamnn entropy and the spin-spin correlation functions, are expressed in terms of the
expectation values (3.9).

In this paper we study generalizations of the Hamiltonian (3.4) that are quadratic in
the Fermi operators and translation invariant. More explicitly, we consider the family of

systems
g I%IF_*—_I E Mlq_?l
Ajibi + . b*B,ka —bBjkbe  —2 bl (3.10)
J.k=0 j=0
with cyclic boundary conditions. In terms of Pauli operators this Hamiltonian becomes
1 1
a 1 %
Hqy = —% (Ajk + vBjk)oj ok of
0<j<k<M-1 Q T I=j+1
MET—
+(Ajk — 'yBjk)ajy oy 0,2 — 0. (3.11)
I=j+1 j=0

The translation invariance of the interaction implies that A;x = A;_« and Bjx = Bj_x,
and the cyclic boundary conditions force A and B to be circulant matrices. Furthermore,
since Hy is a Hermitian operator, the matrices A and B must be symmetric and anti-
symmetric respectively. Now, let us introduce two real functions,

a:Z/MZ—R and b:Z/MZ — R,
such that
a(j — k) = aAj_x — 20« and b(j — k) =aBjx, Jj.keZ/MZ. (3.12)
Since A is symmetric and B anti-symmetric, we must have
a(—j) = a(j) and b(—j) = —0()).

We shall consider systems with finite range interaction, which implies that there exists a
fixed n < M such that
a()) =0b() =0 for j>n. (3.13)

In the appendices B and C we derive the expectation values in the ground state of
the Jordan-Wigner operators m;’ s. They have the same structure as the expectation
values (3.5) and (3.6), but now in the limit as M — oo the symbol (3.8) of the correlation
matrix Cy is replaced by

() = _g_ol(z) g(oz) . =1, (3.14)
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where
1 1
_ q(z) _ p(2)

9(z) = A i) (3.15)
r 1 .

q(z) = (a(j) —0()) 2 (3.16)
j=-n

p(z) = 2"q(2). (3.17)

4 The von Neumann entropy and block-Toeplitz de-
terminants

We now concentrate our attention to study the entanglement of formation of the ground
state |¥,) of the family of Hamiltonians (3.10). Since the ground state is not degenerate,
the density matrix is simply the projection operator |¥,)(¥,|. We then divide the system
into two subchains: the first one A containing L spins; the second one B, made of the
remaining M — L. We shall further assume that 1 < L < M. This division creates a
bipartite system. The Hilbert space of the whole system is the direct product Hag =
Ha ® Hg, Where H, and Hg are spanned by the vectors
LEZ:;] MEE:;]
(bj)rj |\Ilvac> and (bj)rj |‘Ilvac> i = 07 17

) rj -

Jj=0 j=L
respectively. The vector |¥,.) is the vacuum state, which is defined by
bj [Wyae) =0, 7=0,...,M—1
Our goal is to determine the asymptotic behaviour for large L, with L = o(M), of the von
Neumann entropy
S(pa) = —trpalog pa, (4.1)

where py = trgpap and pap = |W,) (W,

It turns out that after computing the partial trace of p,p over the degrees of freedom of
B, the reduced density matrix p, can be expressed in terms of first . Fermi operators that
generate a basis spanning H,. As a consequence, only the submatrix C formed by the first

2L rows and columns of the correlation matrix (3.7) will be relevant in the computation of
the entropy (4.1). Now, C\ is even dimensional and skew-symmetric. Furthermore, since

1] " [
g e =g()
its Fourier coe Lciehts are real, therefore there exists an orthogonal matrix V' that block-
diagonalizes C| :
’ : P

VC._Vtz_ i1 0
j=0

(4.2)
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where the +ir;s are imaginary numbers and are the eigenvalues of the block-Toeplitz matrix
CL = Ti[p], where ¢ is the symbol (3.14).
Let us introduce the operators

Cj = (d2j+1 - Zd2_|)/27 ] = 07 SRR L— 17 (43)
where
2FT—
dj = Vikm. (4.4)
k=0

Since V' is orthogonal {d;,dx} = 24; and the c¢;s are Fermi operators. Combining equa-
tions (4.2), (4.3) and (4.4), we obtain the expectation values

(Wl cj [Wg) = (Pg|c5ex|Py) =0, (4.5)

11—
<\Ilg|cjir Ck ‘\I’g> = 5] ) ! (4-6)

The reduced density matrix p, can be computed directly from these expectation values.
We report this computation in appendix A. We have

e -
- I Sl

PA = 5 G ¢ 5 Gy 4.7)

In other words, as equations (4.5) and (4.6) already suggest, these fermionic modes are in
a product of uncorrelated states, therefore the density matrix is the direct product
LE 1 11—y 1+ y; ;
.

PA = pj Wwith p; = > GGt GG (4.8)
j=0

Since (1 + v5)/2 and (1 — v4)/2 are eigenvalues of density matrices they must lie in the
interval (0,1), therefore,

-1<yy<1, j5j=0,...,L-1

At this point the entropy of the entanglement between the two subsystems can be easily
derived from equation (4.1):

LE1

S(PA) = 6(17 Vj)? (49)

i=0
where e(x, v) is defined in equation (2.2). Using the residue theorem, formula (4.9) can be
rewritten as

— [ 1

S(pa) = lim — (—1)L 2 e(1+ e, \)dA
J=0 ]

= lim — e(l+e, )\)Md)\

4.10
=0+ 471 r(0o d\ ( )
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where I"(¢) is the contour in figure 1 and

L
DL = (=Dt (V=) (4.11)
j=0

is the determinant of the block-Toeplitz matrix 7, [®](\) with symbol (1.5).

The integral (4.10) was introduced for the first time by Jin and Korepin [14] to com-
pute the entropy of entanglement in the XX model. In this case ¢—'(#) = ¢g(#) and D ()\)
becomes the determinant of a Toeplitz matrix with a scalar symbol. Keating and Mez-
zadri [18, 19] generalized it to lattice models where D, (\) becomes an average over one
of the classical compact groups. Its et al. [12, 13] computed the same integral for the XY
model, for which Dy (1)) is the determinant of a block-Toeplitz matrix with symbol (1.4).
Following the same approach of Its et al., in this paper we express D, (\) as a Fredholm
determinant of an integrable operator on L?(=, C?) and solve the Riemann-Hilbert problem
associated to it. This will give an explicit formula for D, (1), which can then be used to
compute the integral (4.10).

5 The Asymptotics of Block Toeplitz Determinants.
Widom’s Theorem

zy

A generalization of the strong Szegd’s theorem to determinants of block-Toeplitz matrices
was first discovered by Widom [24, 25]. Consider a p x p matrix symbol ¢ and assume that

]
 — f — 2@
ol = ookl + KLl | < 0.

k:—oo k:—OO

The norm that appear in the right-hand side of this equation is the Hilbert-Schmidt norm
of the p x p matrices that occur. In addition, we shall require that

detp(2) #0 and A= argdety(z) = 0.

Widom showed that if one defines

1 - dz
Glp]l :=exp =—— logdetp(z)— (5.1)
27TZ = zZ
then
Bl = tim 2 = et T n e (5.2)

L—oo G[(,O]L'H
where T[] is a semi-infinite Toeplitz matrix acting on the Hilbert space of semi-infinite
sequence of p-vectors:

1 1
2 2
= {vihlo Br € CP, [[vi|[* < o0
k=0
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Formulae (5.1) and (5.2) reduce to Szegd’s strong limit theorem when p = 1. Although
this beautiful formula is very general, it is di [cult to extract information from the right-
hand side of equation (5.2) and determine formulae that can be used in the applications.
The advantage of our approach is precisely to derive explicit formula for the leading order
term of the asymptotics of block-Toeplitz determinants whose symbols ®(z) belong to the
one-parameter family defined in (1.5).

A starting point of our analysis is the asymptotic representation of the logarithmic
derivative (with respect to the parameter \) of the determinant D, (\) = det7,[®](\)
in terms of 2 x 2 matrix-valued functions, denoted by U..(z) and V.(z), which solve the
following Wiener-Hopf factorization problem:

®(z) = Us(U-(2) = V_(:)Vi(2), (5.3)
U(z) and V_(2) (Us(z) and V.(z)) are analytic outside (inside)
the unit circle =, (5.4)
U(x) = V. (x)=I. (5.5)
Now, let us fix ¢ > 0 and define the set
Q={ e R: A\ >1+¢}. (5.6)

In the next section we will show that for every A € Qthe solution of the above
Wiener-Hopf factorization problem exists, and the corresponding matrix functions, Uy (z)
and V.. (z) satisfy the following uniform estimate:

U+(z)l V+(z)l [U_(2)|, [V_(2)| < Cmy Vze€Dy, YAEQn (5.7)

where the notation D, (D_) is used for the interior (exterior) of the unit circle =. Moreover,
generalizing the approach of [12, 13] we will obtain the multidimensional theta function
explicit formulae for the functions U.(z) and V.(z).

The asymptotic representation of the logarithmic derivative dlog D ()\)/d\ is given by
the following theorem:

Theorem 3. Let A € Qg and fix a positive number R > 0. Then, we have the follow-
ing asymptotic representation for the logarithmic derivative of the determinant D, (\) =
det 7, [®]:

d 2\
Y log DL(N) = —@
1 IEI—I/ —1 —1 / I:Ifl -
+E :tr UL(QU () +V  (2)Vi(2) @ (2) dz
+TL()\)7 (58)
where (") means the derivative with respect to z, the error term r_(\) satisfies the estimate
< Cp Tt AeQn{A <R}, L>1, (5.9)

and p is any real number such that 1 < p < min{|);| : |Aj| > 1}.
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This theorem, without the error term estimate is a specification of one of the classical
results of H. Widom [24] for the case of the matrix generators ®(z) whose dependence on
the extra parameter X is given by the equation

D(2) = D(z; A) = iA + D(z;0).

The estimate (5.9) of the error term as well as an alternative proof of the theorem itself
in the case of curves of genus one is given in [12] and [13]. The method of [12] and [13]
is based on the Riemann-Hilbert approach to the Toeplitz determinants [5] and on the
theory of the integrable Fredholm operators [11, 9]; its extension to symbols (1.5), where
the polynomial p(z) entering in (1.6) is of arbitrary degree, is straightforward. Indeed, the
following generalization of theorem 3 follows directly from the analytic considerations of
[13].

Theorem 4. Suppose that the matrix generator ®(z) is analytic in the annulus,
Ds={1—-0 < |z| <1+4}.

Suppose also that ®(z) depends analytically on an extra parameter ;. and that it admits a
Wiener-Hopf factorisation for all ;. from a certain set M. Finally, we shall assume that
the matrix functions

o(), 07'(), 22

Ui(z), and Vi(Z)

are uniformly bounded for all x € M and all z from the respective domains, i.e. Ds in the
case of ®(z), ®1(z), and 9D(z)/0u, and D, in the case of U.(z) and Vi(z). Then, the
logarithmic derivative of the determinant D (1) = det7, [®] has the following asymptotic
representation:

d L ot 0P I:dl 1 ot 0P d
Qiogny = £ o o@D L1 w ey (Z) -
du 21 7 o z  2m = z
1 () ®

s LU O e () + v Ve 1( 75 s

+re (), (5-10)
where the error term r_(u) satisfies the uniform estimate

()| <Cp™t,  peM, L>1, (5.11)

and p is any positive number such that 1 < p <1+ 4.

This theorem, without the estimate of the error term and with much weaker assumptions
on the generator @(z), is exactly the classical result of Widom from [24].
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Remark 3. Denote
ur(2) =Vil(z), and wvi(z) = UL'(2),

so that
O1(2) = ui (2)u-(2) = v (2)vs (2).

Then, equation (5.10) can be re-written in a more compact way:

1 I%I
d 00(2)
- ':' 8<D(z) —
+g i tr (u+(z)u () — v (2)v4(2)) dz
+re (1) (512)

This form in which this result is formulated in [24].

Theorem 4 can be used to strengthen the statement of theorem 3 by removing the
dependence of the constant C' on R in the estimate (5.9). This leads to the following
extension of theorem 3:

Theorem 5. Let Qe the set defined in (5.6) and let ®(z) be the symbol defined in (1.5).
Then we have the following asymptotic representation of the logarithmic derivative of the
determinant D (\) = det T [®] for all A € Q5

d T N St SO o I
an log D (\) = —mL + o i tr U.(QU(2)+V  (2)Vi(2) & (2) dz
+rL (M), (5.13)

where (") means the derivative with respect to z, the error term r_()\) satisfies the uniform
estimate

¢ _
IrL(V)] < E’ . AeQpm L>1 (5.14)

and p is any real number such that 1 < p < min{|);| : |Aj| > 1}.

Proof. Let R > 1+ ¢ and denote (' the constant C from estimate (5.9). Take now \ € Q;

|/\| >R and set ] 1

1 1 1
=_ = R: < —=
p=LEM= pe |M|_R Toe

By trivial algebra, we arrive at

det DL(\) = (—\%)" det Dy (1),

where 5._(;0) = det T._[(TJ] and
1 . 1

6(2)E%¢(z)=[—iu¢(z;0)z wg_ll ) ‘2”19('2) . (5.15)
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From this relation it also follows that

d 2L 1d ~

an logdet DL (\) = — — N dn logdet Dy (1), (5.16)

and hence the asymptotic analysis of the logarithmic derivative dlogdet D (\)/dA for

[\l > s reduced to that ope;of the logarithmic derivative dlog det DL(M)/du for u €

M= peR: |l < g <1y o
Firstly, we notice that for all 4 € M and z € Ds the functions ®(z), ®~!(z) and

8&5(2)/8M are uniformly bounded. Secondly, we have that

B(:) = =) = SUL(IU-() = 5V (VA(),

and hence the matrix valued functions ﬁi(z) and Vi(z) defined by the relations
~ 1 ~ 1 ~ ~
Up(2) = S0+ (), Vi(x) = S Vi(2), U-(2)=U-(2), Vo(2) =Vo(2)

provide the Wiener-Hopf factorization of the generator CT)(z). Moreover, because of the
estimates (5.7), the functions U.(z) and V..(z) are uniformly bounded for all x € M and
z € Di. Hence, all the conditions of theorem 4 are met, and we can claim the uniform
asymptotic representation (5.10) of the logarithmic derivative of the determinant DL(M)
with the symbols ®, U, and V' replaced by ®, U and V respectively. We shall also use the
notation 7_(x) and C for the error term and constant C' from the corresponding estimate
(5.11) respectively. B

The specific form (5.15) of dependence of the generator ®(z) on the parameter p implies

that 5 ( ) [ [
. (2 1 — 1 —ig(2)
( ) - 1_/1/2 ,l’g—l(z) — 9 (517)
and 8(1)( y 1 1
1 z 1 —ng~ ' (2)g'(2) 0
@®e) R 0 g (2)g'(2) (5.18)
Hence
e S
~_ 4, 00(2) _ 22X\
tr o (Z)—ﬁu = T 1 e
1 1
tr (@Y (: )@q’(z) =0

and equation (5.10) for the determinant EL(M) becomes

d ~ 2\
du log D (1) = mL
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— L 1
b TR0 7T es R 6
+7L (1), (5.19)
with
FL() < Cop™t,  peM, L>1 (5.20)

Observe now that equation (5.17) can be rewritten as

1 8(D(z) 8(D(z)

2) 5
il

This relation, together with the obvious fact that

U ()U712) = U ()U7N2) and VII()V(2) = VIR)VI(2),

] 1]
O l2) = M —iNd(2) .

allows to transform (5.19) into the asymptotic formula

2\
1— )2

)\2
2
+7 (). (5.21)

The substitution of this relation into the right hand side of equation (5.16) yields the
following asymptotic formula — which is complementary to the equation (5.8) —

d -
au log D (1) =
L

(Il ] 1]
r Ujr(z)U;l(z)+VJ:1(z)Vfr(z) o 1(2) dz

(1] D ~
-+

d 2\
logD . (\) = — L
d\ 1 -2
L = =
+E Etl’ U(QU () +V  (2)Vi(2) @ (2) dz
+rL(N), (5.22)

with the error term r_()\) satisfying the estimate
C
\n@ﬂéﬁ%ﬂn AeQn{[A| >R}, L>1 (5.23)

Choosing
C' = max {OlR, CQ},
we arrive at the statement of the theorem, but with a better estimate for the error term
r_(A) than that one in (5.14). N
In order to improve the estimate (5.23), we notice that since ®(z) becomes the identity
matrix as i — 0, the Wiener-Hopf factorization of ®(z) exists for all x from the small
complex neighbourhood

1
MQE{MEC:|M’<€0§E}
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of the point = 0. In particular, this implies that the Wiener-Hopf factors, ﬁi(z) and
V. (z), admit an analytic continuation to the disc M, and that the validity of the formulae
(5.19) and (5.20) can be extended to the set

Moy U M.

Moreover, from equation (5.19) it follows that 7 (1) is analytic in the disc M, and that
7.(0) = 0. In order to see that the latter equality is true, one has to take into account that
Ui(z) Vi(z) = [ for all z and ;» = 0 and the evenness of DL([L) as a function of ;. Now,
define

AL =0,

The function 7 (1) is analytic in the disc M, and satisfies the estimate (5.20) uniformly
for p € Cn= {|pu| = €} and for any 0 < €’ < ¢,. With the help of the Cauchy formula,

1]

1 rL(u')

= _— dyt,
r(u) = 270 itz 1 — 1

we conclude that
LG < Cp~,  |pl < e/3, L>1

or
FL()] < Clulpt,  |nl < e/3, L>1.

The last inequality combined with (5.20) allows to replace it by the estimate
FL()| < Clulp, peM, L>1,

which, in turn, transforms estimate (5.23) into the estimate

C

nWIs gEet A€Qn {2 RE 121 (5.24)

and hence yields the correction term as announced in (5.14). This completes the proof of
the theorem. n

6 The Wiener-Hopf factorization of d(z)

In this section we will compute the Wiener-Hopf factorization of ®(z). We will express the
solution in terms of theta functions on a hyperelliptic curve L.
From the equality

L1 L1
AL~ )00 Qoy = 0(). o= 7 O
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we can express V' in terms of U as follows:

V() = o3U oy
Vi(z) = o3U'(2)os(1—N%), N# =+l (6.1)

Therefore, we only need to compute U(z). To do so, first note that ®(z) can be diagonalized
by the matrix

[ 1 1
0= 9 (62)

Indeed, it is straightforward to see that

O = QEAQTG). [
A+1 0

A= 0 A-—1

The function Q(z) has the following jump discontinuities on the z-plane:

Qi) = Qo e =i,
01

1 0 7

g1
where the branch cuts Z; are defined in (2.4), (2.5) and (2.6) and Q)+.(z) are the boundary

values of Q(z) to the left/right of Z;. It also has square-root singularities at each branch
point with the following behaviour:
111 1
I:i]' 0 1 -1

where Q.i(z) are functions that are holomorphic and invertible at z".
Let us define

S() = U-()QN, |2 =1,
S() = U:(x)7'Q(), [ =1 (6.3)

By direct computation we see S(z) is the unique solution of the following Riemann-Hilbert
problem:

Si(z) = S (2o, z€Z, i=1...,n

Si(2) = S_(DANNY, zeZ, i=n+1,....2n (6.4)
lim S(z) = Q(co)A™!,

where, as before, S, (z) denotes the boundary values of S(z) to the left/right of the branch
cuts. The matrix function S(z) is holomorphic and invertible everywhere, except on the
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cuts X, where it has the jJump discontinuities given in (6.4), and in proximity of the branch
points, where it behaves like

|:|1 LIT1 [ |
SO =556 -3 70 1 4. A (6.5)

where S.;(2) are holomorphic and invertible at z;*.

The Riemann-Hilbert problem (6.4) can be solved in terms of the multi-dimensional
theta functions (2.10). However, before we compute explicitly S(z), we need to introduce
further notions and properties of 6.

Throughout the rest of this section we shall use the definitions (2.8) of the hyperelliptic
curve £ and (2.10) of the theta function associated to £. Furthermore, recall that the
choice of the canonical basis for the cycles is described in figure 2 and that the normalized
1-forms dual to this basis are defined in equation (2.9). Let us introduce some basic
properties of the theta functions. The proofs of such properties can be found in many
standard textbooks in Riemann surfaces like, for example, [6].

Proposition 2. The theta function is quasi-periodic with the following properties:

0(s + M) = 0(3), e (6.6)
0(s +NM) = exp 2ri — M, — M;M 0(%), (6.7)

where (-, -) denotes the usual inner product in C9.
A divisor D of degree m on a hyperelliptic curve £ is a formal sum of m points on L,
i.e.

™ 1
D= di, di € L
i=1
Let us introduce the Abel map w : £ — C9 by setting
L] I R W
w(p) = dwq, ..., dwy
Po Po

where p, is a chosen base point on £ and w; are the normalized 1-forms given in (2.9). In
what follows we shall set p, = z; = A;. The composition of the theta function with the
Abel map has g zeros on . The following lemma tells us where the zeros are.

Lemma 1. Let D = ézl i be a divisor of degree ¢ on L, then the multivalued function
0(w(p) —w(D) — K)
has precisely g zeros located at the points dj, i = 1,...,g. The vector K = (kK4,..., Ky) is
the Riemann constant
_ 2mi + T 1 =h =

i A T A (dan(p) dwj).
2 271 A 2
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The hyperelliptic curve £ can be thought of as a branched cover of the Riemann sphere
C U {oo}. Indeed, a point p € £ can be identified by two complex variables, p = (z,w),
where w and z are related by equation (2.8). We shall denote by C; the the Riemann
sheet where g(co) > 0 on the real axis, and by C, the other Riemann sheet in £. Thus, a
function f on £ can be thought of as a function in two complex variables:

f) = f(z,w).
Consider the map
T . C/UnM s —L
() = (zw),
where the branch of w is chosen such that (z, w) is on C;. A function f on L then defines
the function foT on C/ U, Z; by
foT(2) = f(z,w).

For the sake of simplicity, and when there is no ambiguity, we shall write f(z) instead of
foT(z)and f(p) instead of f(z,w).

Abelian integrals on £ can be represented as integrals on the Riemann sheet with jump
discontinuities. To do so, let us first define a Jordan arc X as in figure 4. Let f(z,w) be a
function on £ and f(z) = f oT(z). Then an Abelian integral on L,

I(p) = A f@)dp',
defines the following integral on C:

()= foT(¥)d,

A1
where the path of the integration does not intersect >/{\;}. Such integral will in general
have jump discontinuities along Z, and its value on the left hand side of = will be denoted
by I(z)., while its value on the right hand side of Z will be denoted by 7(z)_.
Let p be the hyperelliptic involution that interchanges the two sheets of £, i.e.
p(z,w) = (Zv —’LU)
The action of p on f(z) is given by
p()(z) = f(z,—w) (6.8)

i.e it is the function evaluated on C,. Similarly, the action of p on an integral 7(z) is
defined by
]

p(I)(z) = . p(N)()d? (6.9)

From proposition 2 we see that the composition of the Abel map w with 6 has the
following jump discontinuities when considered as a function on C9:
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Figure 4: The Jordan arc = connects all the branch points and extends to infinity on the
left hand side of A\; and on the right hand side of \4,. All branch cuts belong to > and are
denoted by Z;, while the intervals between the branch cuts are denoted by ;.

Lemma 2. Let z be a point on C, and let = be a Jordan arc joining all the branch cuts as
in figure 4, then the quotient of theta functions has the following jump discontinuities on

>
N O R R O ) R

Z.
0(w(2) + B) do()+B) o
I%’w(z) ay) ':e(i'—w@) T R

0w *B) ., 0 w(x+B) PE%

where A and B are arbitrary 2n — 1 vectors and Aq = B, = 0.
Proof. The holomorphic di[erentials dw; are given by

_ R
w(z)

for some polynomial Pi(z) of degree less than 2n — 1 in z. This means that, under the
action of p, dwj becomes —dwj. In particular, we have

p(W)(2) = —w(z) (6.10)

where the action of p on w is given by (6.8) and (6.9).

We first consider the jumps across the gaps ij. Take two distinct paths from \; to a
point » € ¥;. Assume also that both curves do not intersect = and that one extends to
the left of 3, while the other to its right. The union of these paths lifts to a loop 7 on L.
Moreover, 7 is a linear combinations of a-cycles, i.e.

dwi

dz,

5 r 1
v = Niai,

i=1

where the Nj’s are non-negative integers.
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Therefore, we have

T R+ T )

Ow(z)+N+B) | I_i((rlw(z) + B)

O(w(z) + A) LS
i

O(w(z) +B) _°
L 1
N = NiEi

i=1

where Ej is the column vector with 1 in the ;" entry and zero elsewhere.

Now consider the jumps on the branch cuts Z;. Let z € %;, then take a loop v on £
consisting of two distinct curves joining A\; to z, , both non-intersecting Z; one on the left
of the cut in Cy, the other on the right of the cut in C,. This closed loop ~ is homologic
to the b-cycle b;. Therefore,

L1 L1
O R R [0 B R

Ow(:)+S+B) I_i(gw(z) + B)
0(—w(z) + A)
ow@+B) .
Sk = Tli.
This proves the lemma. O

We can now solve the Riemann-Hilbert problem (6.4), (6.5). Let us define

1
= -  wEh)-K, (6.11)
i
A(z) = dA,

—+00

-
2

where dA is the normalized di Lerkntial of third type with simple poles at co* and residues
i% respectively. In addition, we write

L1 — [
hi= o dA. = dA
27TZ by 27T7/ by

Proposition 3. Let oo™ be the points on £ that projects to co on C,. The unique solution
of the Riemann-Hilbert problem (6.4), (6.5) is given by

S(2) = Qo)A 1O H(00)0(2), (6.12)
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where entries of ©(z) are given by

L ]
L1 A w(®) + BN s+

C] = Y = o
11(2) z 1€ o T |
0u) = - T ! SO PO
0 CU(Z) _% 9
—1 0 w(2)+B(\E +5 — L
Os(2) = — z—\eP® ()(9 Lﬁ((z))_gﬂ 2 (6.13)
1 2
i T
On() = 7 oned@! WG AN Ta*
0 w(z)+% ’

where and ¢ is a 2n — 1 dimensional vector whose last n en'gies are 1 and the first n — 1
entries are 0. The branch cut of \/z — A; is defined to be >/%,.

Proof. By using lemma 2, we see that ©(z) has the following jump discontinuities

©u), = ©uk)_, zcZ;, i=1...,n
©12(2)); = Ou)_, ze€Z; i=1...,n
©21(2)); = (O(2))_, z€Z; i=1...,n
02(2), = ©Ouk)_, zcZ;, i=1...,n
@u(). = ST @u() . zex. i=n+l.2n
@u(), = S 1@uE) . ey i=n+l. 2
A+1 _
(©21(2)), = m(@m(z)),, z€Zi, i=n+1....2n
(922(2))+ = H (@21(2))7 , z€2Zj, 1=n+1...,2n

This means that ©(z) has the same jump discontinuities as in (6.4).
To see that ©(z) has the singularity structure given by (6.5), note that the function

0, = 0()Q '@, <1
U. = 0@)Q ')A, |z>1

has no jump discontinuities across the branch cuts >;. It can at only have singularities

of order less than or equal to . at the points zjﬂ. This means that, if it was singular

2
at zjﬂ, then it would have jump discontinuities across Z; due to the branch point type
singularities. Therefore it is holomorphic at the points zjil. Hence, the function ©(z) must

have the same singularity structure as Q(z), which is of the form (6.5).
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To show that S(z) has the correct asymptotic behaviour at z = oo, we only need to
prove that ©(z) is invertible at z = co. The asymptotic behaviour of ©(z) is given by
1 -
O1(0) = 0 w(oo) —k+PAN)E + 5 e
- 2

On(00) = 6 wloe) =k — BT+ e
@12(00) = @21(00) =0

where A = lim,_... A(z) — £ log(z — \1).
We will now show that w(oc) = . Let i be a third type dilerential with simple poles
at the points x; € £ and 7 be a holomorphic dilerkntial. Let M' and INM' be their periods

[ [
no=n, p=n
o= M0 =0

a; bz

Now, by the Riemann bilinear relation [16] we have

] - [
MY — 9PN =270 Resq(n) 7,
i=1 X Po
where p, is an arbitrary point on £. By substituting » = dA and 7 = dwj for j =1,...,9,
we see that

— 11U + -\ =
fj =5 wj(00T) —wj(007) = wj(00),
where the last equality follows from (6.10). Therefore, we obtain
1 -
Ou(x) = 0 fA)E+5 e
] 2
On(o0) = 6 —BNT +5 o (6.14)

©12(00) = Oy (c0) =0

Therefore ©(z) is invertible at oo as long as

1 ) |- )
0 p(\)e + 5 0 —p(\)e + 5 Z0. (6.15)
Thus, S(z) is the unique solution of the Riemann-Hilbert problem (6.4). ]

Remark 4. In appendix F, we will show that the Wiener-Hopf factorization is solvable for
B(\) € iR, i.e. the Riemann-Hilbert problem (6.4) is solvable for these G(\). This in turn
implies that (6.15) is true for all 5(\) € iR. Define (cf. (5.6))

Qe {(ANER:|A > 1+
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The function A\ — B(\) maps Qonto the bounded subset N' = {« € iR : 0 < |a| <
% log(2¢~! + 1). By continuity, the inequality (6.15) is valid for all a from the closure
of N. This fact, together with the explicit formulae (6.12), (6.3) and (6.1) implies the
uniform estimates which have been stated in (5.7) and used in the proof of theorem 5.

7 The asymptotics of dlog Dy (\)/d\ and Dy (\)

We are now ready to compute the derivative of the determinant D (\). First we notice
that in virtue of (6.1), equation (5.8) can be re-written as

d 2\
ﬁlogDL()\) = _1_|7\_2|L
1 I:I/ . |:|_1 B Nl
oo W UEUNR) O - os®(2)os de
|z|=1
Fr(y). (7.1)
Define , 1 -
W(z2) = 0 '(2) — 030 ' (2)o = —— 0 —9(2)

1-X g'(x) 0
From equations (6.3) and (6.12) we have
Ur'(2) = A0(:)Q7'(2), UL(2) = Q' ()07 (:)A™ + Q)@Y (:)A™,

where we denote A = Q(c0)A~1@1(o0). Furthermore, from equation (6.2) we obtain

1 RO
1 _ qg z —1
QR (2) = 2 —g(2) —i
Therefore, formula (7.1) transforms into the relation
2
% log DL () = —1—)\/\2L
- 1 ]
7
+———— tr ' -0 d
Ta oy O R d:

We will now prove the following:

Theorem 6. Let s()\) be given by

s(\) = — a(2)dz, (7.3)
) 7T(1|:|—)\) l2]=1 ()

alz) = tr @_129(2/)03
dz
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where the entries of the 2 x 2 matrix ©(z) are given by (6.13).
Then s()\) can be written as

i d LT 1 T I | I T [I11
= @ + — _
SO = g9 ¢ AT+ 0 BV 5
Proof. To begin with, we would like to treat «(z)dz as a 1-form on the hyperelliptic curve
L. We will show that it is, in fact, the holomorphic 1-form

cpr 1 1] Y . . 7 LLL]
E dUJi

a(z)dz = dilog § ST+ 0 BT -

i=1

where dw; are the normalized holomorphic di[erentials on £ and g; is the partial derivative
with respect to the " argument.
By deforming the contour of the integral (7.3), we see that it can be written as

e arprte=h
S(A)@ - o(2)d>
k=n 8k
2rfFT qu—l ] 1T 1 - I | I - [TT11
= dilog 0 pN)E+- 0 fN)E — = dy;
ay i 2 2
k=n kEoj=1
aopr 3 11 ) |- - L]
= dijlog 6 p\)e + 5 0 B\)eE — 5
P - i 1T
—_ . — - — _
= dﬁlog 0 B(N\)e +2 0 B(\)e 5

To see that a(z)dz is given by the corresponding 1-form, let us first compute a(z)dz. We
have

1
a(z)dz = (det®(2))™ 05(2)0);(2) — ©11(2)O)y(2)
L1
—012(2)0%;(2) + 021(2)91,(2) dz, (7.4)

where the prime denotes the derivative with respect to z.
We can simplify equation (7.4) by observing that

] _
O1(2) = Mm()f w@)+BNE —r+3
O 2

On(2) = h(2)0 wz)— )T —k+ %
]

O1(z) = ha(2)0 w(z) —pA)E +K— %



32 A. R. Its, F. Mezzadri and M. Y. Mo

1] i 1
©21(2) = ha(2)8 w(z)+pBN)€ +kK— >

L1 —A(2)

h = - A
1(2) z 10 w(z)+%
1) |:I)\_ A(2)
0 w(z)—3

Therefore, we have

022(2)07,(2) — O11(2)0,(2) = (h1(2))? (626 — 6:165)
912(2’)9/21(2) - @21(2)9/12(2) (hQ(Z))2 (93921 - 9493) )

where the 6;’s are given by

L1 7_|:|
0, = 0 wR)+PN)E —Kk+ =
] 2

by, = 6 w()— BT — K+~
- 2
bs = 6 w)—BO)VE +5— -
- 2
0, = 0 w(z)+ﬁ()\)?+li—%

Now, the 6;’s are just

G S |
G:dz - (0k9i) dwk.
k=1

By substituting the right hand side of this equation into (7.4) we obtain

_12']:1:|:| o ) 1
a(z)dz = detO(z) dw (h1(2))"Gi(2) — (ha(2))"Gi(2)
k=1
G|1((Z) = 926k91—016k92
Gi(Z) = 038k94—94ak63.

We would like to show that the expression
., O] o oy
detO(2) ~ (h(2))"Gi(2) + (h2(2))"Gic(2)

is constant. First note that, by considering the jump and singularity structure of det ©(z),
we have

det ©(2) = g(z) det ©(c0)g(o0) ™!,

where ¢(z) is given by (2.3).
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Since the ©;j(2)’s have square root singularities at the »n points z = zj_l, the functions

L] L]
9(2)7" (M)’ Gi(2) — (ha(2))*Gi(2)

can have at most simple poles at the points (z;)*!, j = 1,...,2n. Near each of these points,
the functions

(h1(2))°Gi(z) — (h2(2))’Gi(2)
behave like

(1 (2))°GL(z) — (ha())?Gi(z) = A+ Az — %) +O(z — 5), 2 — z

(M(D’Gi() = (ha(2))’Ga(z) = Bz =5 ") '+ Blz -5 )2 +0@Q), 2— 4"

Since p(A)(2) = —A(2), p(w)(z) = —w(z) and p(z — A1) = z — A\, we have

p(h)(2) = h3(2),  p(0:1)(2) = 05(2),  p(02)(2) = 0a(2)

and
(h(2))*Gi(2) — (ha(2))*Gi(2) = (1 (2))*Gi(2) — p((h1)*Gi)(2)- (7.5)
Since the action of p on a Laurent series near a branch point ); is given by
L1 L1
1 . 1 .
p Xk(z—Aj)z = Xk(—=(z = A))z,
k=—o0 k=—o00

by (7.5) we obtain that A} = B! =0 for all j. Hence, the function
] 1]
detO(2) " (h(2))’Gi(2) — (h2(2))*Gi(2) (7.6)
does not have any pole on £. To see that it does not have jumps too, let us consider
(hl(z))QG}((Z) = (h1(2))? (62001 — 6,0k2) .
The periodicity of the term inside the brackets is given by proposition 2:

010k02(z + aj) = 010k0;
010k02(z + b5) 018k92@—2”i(2wj(Z)—2Kj+rj+nkk)

+

9192(477‘@)672]'['(20% (2)72Kj+rj+nkk)
02001 (2 + a5) = 010k02
020k61 (2 + bj) 028k916—2m(2wj(z)—ng+Tj+Hkk)

=+ 9261(477'7:)6727'[“200]‘(2)72Kj+.l-j+nkk)7
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where wj(z) = L)\_Tlldwj is the 7' component of the vector w(z). Hence the multiplicative
factor picked up by Gi.(z) after going around a b-cycle cancels exactly with the factor picked
up by (h1(2))?. It follows that the function (7.6) does not have jumps on £ too Hence, they
are holomorphic functions on £ without any pole and must be constants. These constants
can be computed by taking z = co. In other words, they are given by (6.14). We therefore
have

] . 1] - _am
detO(2)™" (M (2))’Gi(2) — (ha(2))’Gi(2) =dklog 0 BT + 5 0 e -5
This proves the theorem O

Theorem 6, in its turn, yields our main asymptotic result.

Theorem 7. Let Qpe the domain of solvability (5.6). Then the logarithmic derivative
of Toeplitz determinant D ()\) admits the following asymptotic representation, which is
uniform in A € Q5

d d I | - I | I - [T
TN log DL(\) = 1 Ii—l Iﬂ)‘ log 6 B(\)e + 3 0 B(A)e —3
+0 ”A—Q . L — oo 7.7)

Here p is any real number satisfying the inequality
1 < p <min{|);| : [Aj] > 1}.

The uniformity of the estimate (7.7) with respect to A € Qrallows its integration over
Qwhich yields the equation

D — TDl:l —> TD
0 p(Ne+3 8. BA)e -3
2

2

(I . ] ]
log DL(A\)(L—X2)"" — limlog Dy (s)(1—s*)"" =log
S—00

+r(L),

1,
where (L) = O p~t as L — oo. Taking into account (4.11), the second term in the left
hand side is zero. This proves Proposition 1.

8 The limiting entropy

Observe that equation (4.10) can also be rewritten as
L1

SL(pa) = lim 1 (1+ A)ilo % (A)()\Z—l)"-l:dl)\ (8.1)
LAPA) = S0 4 F(Dje Sy 09 L ' '
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The right hand side of this equation follows from

= d = 2\
li 1+¢e,\)— log\> =1 "“da =1L i 1+¢ )\ d\
lim F(D]e( &) 4 log( ) lim F(D]e( N7
1 1 1 1 o) (|
=2miL g;l reSy—; — +resh-_1 e(l+e, A)l —
1 1

—2miL lim @+ )log 2 +elogs =0
_mEl»oJr egz egz—.

We identify the limiting entropy S(pa) as the following double limit (cf.[13]),
]
p = R
S(pa) = lim lim — e(l+e,N)—Ilog DL(N)(A\*—1) dX. (8.2)
=0+ L—oo 47l n(m d)\
We now want to apply theorem 7 and evaluate the large L limit in the right hand side of
this equation. To this end we need first to replace the integration along the contour I'(¢)
by the integration along a subset of the set Qwhere we can use the uniform asymptotic
formula (7.7).
Let us define

50\ = d 4 log %L()\)(AZ —1)" LD
The function §()\) satisfies the foIIowmg properties.
1. 6()) is analytic outside of the interval [—1, 1].
2. 5(=)\) = —5(N).
3. 6()=0(\3), A— oo
4. 6(N) =0 (log|l—N2)), X — +1.
Consider the identity
- e(l+e, A)i log %L()\)(/\z -1+ Ed])\ = . e(1+ €, \)o(N\)d.
r(n dA r(n

Property 1 allows us to replace the contour of integration I'(¢) by the large contour I’ as
depicted in figure 1, so that
L] L]
e(L+e, N)o(N)dA = e+ ¢ N)d(\)dA.
(0 r

Simultaneously, property 3 allows to push R — oo in the right hand side of the last formula
and hence re-write it as the relation,

1 [ 1 1 [ 1 1 1 I
1+e+ )\ I1+e+ A I1+e+ )\
e(l+e, \)o(N)dA = o(\) -———— log, ——— —log. — d\
r( - 2 2 2
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1 ] 1 [C1 1 1 111
1+e— A 1+e— A 1+e— )\
+ o(\) -———— log, ————— —log. —F—— dl. (8.3)
O 2 2 2

]
Here log, 25“ and log &E{‘j denote, respectively, the upper and lower boundary

values of the functions log E‘ on the real axis. We note that

:II:I
1+e+ )\ 1+e+ )\

log., 5 — log_ — =2mi, forall M\<—-1-—¢,
and C1 1 C 1 L1
1+e— A\ l+e¢— )\ ,
log, — - log_ > = 2mi, forall X\>1+e.
Therefore, equation (8.3) becomes
- 3, |
e(l+e, N)o(N)dA = —mi A+ e+ N)o(N)dA + i (L+e—X)o(N)dX
(o I;fo 1+
= 2ni A +e—X)o(N)dA, (8.4)
140

where we have also taken into account the oddness of the function §()), i.e. property 2.
Recalling the definition of the function 5(\), we arrive at
1 1
d ] ) - _ d ] ) .
e(I+e,\)—log D (A)(A\*—1)"" dX = 27i (A+e=X)—1log D (N)(\*—1)""= dA.
(o dA e dA
(8.5)

The estimate (7.7) can be used in the right hand side of formula (8.5). This enables us
to perform an explicit evaluation of the large L limit in (8.2) so that the formula for the
entropy S(pa) becomes

1 NEN} PR - TDH]E]
S(pa) = 3 lim (uf—n mgeﬁgrwu-em»?—— d\
2 =0+ |i;L+ O 2
_ 1 em»ﬁ %ﬂ»ﬁ—g
— 2%@ HSW 92; d. (8.6)

To complete the evaluation of the entropy, we need to prove the existence of this limit.

9 Integrability at +1. The final formula for the en-
tropy

We will now proof the integrability of the function

] ]
o ! BT+ Q%ﬂﬂ 1
g 92 T

[\
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at +1.
First let us denote the real and imaginary parts of the period matrix ' by Rell and
Im . Since the Im M is non-singular, there exist a real vector =" such that

e =ImNv
We now can write
L. [
ie= NY —ReN 7.
Let @ be a large real number, and let 777 be an integer vector such that
QU =m+7, (9.1)

where the entries of 7 are between 0 and 1.
In particular, we have

m=Q(mM)'e-7.

Then, from the periodicity of the theta function (6.6), we see that
L] 1
(iQe+7Ty) = 6 (m + )" (N —RelM) + 7,
™
2 - = -1 -1 —>I:I
= exp Q7 i €,(ImM)  ReM(ml) "¢
]
+ &, (Imm~'?2
nin| . - . .
—2ir@ e,(ImM) "ReNqg + &, (ImM) <o+ N
] ] T
+im <?>n?> +2 7a?0+? M
(I T -
x0 —(m+ ) ReM+ 7o+ 7'M (9.2

for some bounded constant <.

Note that there exists an integer vector 7 and real vector 7 with entries between 0
and 1 such that

(A + ) ReN="T1 +7.

Therefore, we have

L] L]

L] —\T — —T [ — — —T
0 —(m~+7q)ReMN+7To+7q7 N =0 —T+7Co+7q N .
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If log# (:Q€ + <) is non-zero for all @, then from (9.2) we see that

- Y—> — 2 - = -1 —1—>I:I
logf (iQe +7¢y) = Q7mi e, (ImM)  Rel(ImM) "¢
1

- E‘

+ @, (Imm~'?e (g;q’) +0(QY , Q— x,
where N(Q, ¢p) is an integer that depends on the branch of the logarithm. It may depend
on Q and @,. This term arises because in the integral expression of the entropy,

12 0y g T -5
log i N e

- — 7
2 1o 02 35

(9.3)

the branch of the logarithm must be chosen so that the integrand is continuous in A. We
shall determine the asymptotic behaviour of N(Q, ¢y) as @ — oc.

Due to theorem 9, the inequality (6.15) is true when $(\) € iR. Therefore, we can
apply the above result to compute the asymptotic behaviour of the integrand in (9.3):

- O ]
0 BT +E A AT -1

2 T
0 2

2 -1 -
log 26\ e,(Imn)y "¢

I:I—> —1 -1 —
+i e, (ImM)""ReM(mM) "¢

o N 5) + N, —5)
BA)?
+O(B(N) ) (9.4)
Since Dy ()\) in (4.11) is real and positive for \ € (1, 00), and that log D, (\)(\?> — 1)~" has
to be zero at A = oo (which is needed to deform the contour to obtain (8.6)), we see that

log D () has to be real for A € (1, 00). Therefore, the imaginary part of the leading order
term in (9.4) must be zero. In particular, this means that

N(B(N), 3) + N(B(N), —3)
BA)?
Thus, the asymptotic behaviour of the integrand in (9.3) is

]
09! 0 + T ﬂjrﬁp)—— _
02 T

2

1 —1 L1 —
i e,(ImM)""ReMN(ImM~—" ¢ —2 =0(BWN)™M).

(L] N = J
—2780\)* @, (mM) e +0@B\) ") , ) — 17(9.5)

The left hand side of this equation is therefore integrable at A = 1™ and we can take the
limit ¢ — 0 in (8.6) to obtain our final result for the entropy:

I Vot Wi O Lol
S(pA)ZE 1 log 02 = 2 _d\. (9.6)

No|
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10 Critical behaviour as roots of g(z) approaches the
unit circle

The purpose of this section is to prove theorem 2. We shall study the critical behaviour of
the entropy of entanglement as some pairs of the roots (2.4) approach the unit circle. As
we discussed in section 2, in each pair one root lies inside the unit circle, while the other
outside. In this limit the entropy becomes singular. We shall study all the possible cases
of such degeneracy, namely the following three:

1. the limit of two real roots approaching 1;
2. the limit of 2r pairs of complex roots approaching the unit circle;

3. the limit of 2r pairs of complex roots approaching the unit circle together with one
pair of real roots approaching 1.

When pairs of roots in (2.4) approach the unit circle, the period matrix N in the
definition of the theta function (2.10) becomes degenerate and some of its entries tend
to zero. This will lead to a divergence in the sum (2.10) and hence a divergence in the
entropy. It is very di Ccullt to study such divergence directly from the sum (2.10). In
order to compute such limits, we need to perform modular transformations to the theta
functions. In particular, the following theorem from [7] will be used throughout the whole
section.

Theorem 8. If the canonical bases of cycles (Z E) and (A B) are related by

(I | I C1C 101 11
4 — Z A — le Z12 A
B N B Zy Zyp B 7
where the matrix Z is symplectic i.e.
1 1 1
ZT 0 _]2n_1 Z — O _IZn—l
Ion_q 0 Lon_1 0 ’
%TT _ZT
771 = 22 2C I
_ZQI le

then we have the following relations between the theta functions with di Lerknt period ma-
trices:

= . L
0 (EM=cexp mie (~ZLN+Z) " Z€ 0, (E1), (10.1)

where

= (—zLN+ZzZI)" ¢ (10.2)



40 A. R. Its, F. Mezzadri and M. Y. Mo

and ¢ is a constant. The characteristics of the theta functions are related by

L1
e = Z225+ 125 dlag I:le 0229

where diag(C'DT) is a column vector whose entries are the diagonal elements of CDT. The
new period matrix is given by

0 = (ZooN + Z0) (Z1,N + Zy) ™! (10.3)
and the normalized one forms are related by
~ L1 1
dQ = (—zLA+ZzL)T do (10.4)

dQ" = (d3,...,dDn1)", dQT = (dwy,...,dwan 1),
which is the same transformation as in (10.2).

Our aim is to find a good choice of basis (Z E) such that 0(5, ﬁ) remains finite while
some entries of I tend to infinity as certain pairs of roots \; approach the unit circle. This
would confine the divergence of the entropy within the exponential factor in (10.1), which
can be computed.

10.1 The limit of two real roots approaching 1

In this section the choice of the basis (Z f?) described in theorem 8 is the one shown in
figure 5. In the notation of theorem 8, the new basis (A B) and the old one (A B) are

Figure 5: The choice of cycles on the hyperelliptic curve £. The arrows denote the orien-
tations of the cycles and branch cuts.

related by
(I | . 11
o,
B N B
1 1 1 1
A AP AL: — 0 -Gy

Zoy Zyp —  C; 0
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AT = ('dlv s 752n—1)T7 BT = (bla s 7er'l—1)T

AT = (al, C.. ,CLanl)T, BT = (bl, ... ,bgnfl)T

C)ij = 1, j=2i (C)=0, j<u1 (10.5)
(@i = IlJ_JI l(__SQ)i,i—1 =-1, ((9);=0, j#ii-1
Cl - C{l .

The relation between the two period matrices can be found using (10.3)
O=—-cn'c;" (10.6)

To study the behaviour of the entropy as the real roots Ay, — Ao, We need to know the
behaviour of the period matrix I in this limit. Now, we have

T 1 N 1
wo = lim G- )=(¢-1) (z — \i). (10.7)

1
A2n—Ag, i=1 i#£2n,2n+1

Furthermore, as Ay, — A, the integration around @, tends the residue at z = 1; the
hyperelliptic curve £ becomes a singular hyperelliptic curve £, of genus 2n — 2; the tilded
basis of canonical cycles on this curve reduces to

T~ ~ ~ ~ T
Ao = (Cl1,-~-,an—1,an+17---aa2n—1)a

EJ = (517 e 7Zn—1,5n+17 e >E2n—1)T- (10.8)
The holomorphic 1-forms d&; tend to the following limit [1]:

by

Figure 6: As Ao, — )\2‘,]1, integration around @, becomes a residue integral around = = 1.

0 =48y,

J wo

where () are degree 2n — 2 polynomials determined by the normalization conditions
L1
a;

ZWZReSZ:1,W:WO(1)da}E = 6kn.

Therefore, the 1-forms d&?, k& # n, become the holomorphic 1-forms that are dual to the

basis A, on L,. Furthermore, d?u?, becomes a normalized meromorphic 1-form with simple
poles at the points above z = 1 on L,.
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As in [1], we see that the entries of the period matrix M tend to the following limits:

. -~ _ =0 .
lim_ My = My, &7 nn
)\Qn_’)\;n
M = 2 dion
j=1 A1

1
= E log ’)\g_nl - /\2n| +0(1), Ao — /\Q_nla

where 1Y is finite for i, j # n, n.
Let us adopt the notation of theorem 8 and denote the argument of the theta function
in the entropy (9.6) by &, that is

T
E=p\)e + 7 (10.9)
We will now compute the behaviour of the argument gin (10.1) with & given by (10.9).
We have
Lemma 3. Let £ be given by (10.9) and E be
= I:l T TN\T I:l
§= (—ZpN+2y)" &,
where Zj; are given by (10.5). Then as A\gn — A5, We have
G = Bt i=1,....2n—1, (10.10)
where n; remains finite as \op — Ay

Proof. To begin with, we will need to express 3 in terms of the Abel map.
Recall that the term 3 in (2.12) is given by

1
= - W(Zj_l) - K7
j=2

where K is the Riemann constant. As in [6] (see also appendix D), the Riemann constant
can be expressed as a sum of images of branch points under the Abel map. In particular,
we have

r—1
K=- w(A2i—1)-

Therefore we have

= wlz )+ W)
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Now by substituting (10.5) into (10.2) and make use of (10.4) and (10.6), we see that the
argument £ in 6(&, ) can be expressed as follows

- e T
& = BV + G- @Glw1) . i=1...2n-1, (10.11)

j=2 i=1

where & is the Abel map with dw replaced by d and &; is the i" component of the map.
We would like to show that the term

T 1
il ) - Gihg-1)
j=2 j=1

in (10.11) remains finite as Ay — Ay

To see this, note that the set of points {zj_l} must contain either one of the points Ao,
or A\, but not both, while {\;_;} contains A\, only. As Xy, — Ay, the terms &n(Man)
and &n(A\5n) in the sum in equation (10.11) will tend to —oo. However, since they appear
in the sum with opposite signs, these contributions cancel and the quantity

T
Oz D) = Bn(Aaj-1)

j=2 j=1

remains finite as Aon — Az,
We can therefore write £ as

& = BWintnm, i=1,....2n—-1
where 7; remains finite as Ao, — /\2‘,}. O
We are now ready to apply theorem 8 to compute the theta function as Xop — Ay

Lemma 4. In the limit )y, — A, the theta function #(¢, M) behaves like
L1 1]
6(¢, Ty = exp 109 |Aan — A |32 (V) + O(1) (10.12)
where ¢ is given by (10.9).

Proof. Firstly, let us use (10.1) and (10.6) to express A(&, M) in terms of H(E, ﬁ), we have
S e | o [
0, M) = cexp mi& M1E 6 &0 . (10.13)

Let us now use (10.10) to compute the asymptotic of the exponential term in (10.13). We
obtain

~ |~

FOINc,e = €n 5 = (10.14)

= ' &
ij .
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The behaviour of the entries in 11~ can be calculated by computing the determinant and
the minors. We have

1 ]

Nt = 0Q), Xon— Ay, i,jEn
1 4 ] ]

n- =0 log™" Xon = Anl . don— Agn, JFEN
1 ™ ] ]

n = 7ilog™ Aan — A | + O 10977 [Aan — Aon| 5 Aan — Mg

nn

Therefore, equation (10.14) becomes
- ol
milTCINCY = i O~ &
.. 1)
IVJ
= log |Aan — A |B(N) + O(1),  Aon — Aop. (10.15)

Next, we will use the definition (2.10) of the theta function to compute its limit as Ao, —
Ao We have,

- i B m— s ]
o, m = exp e Mjmjmy + 2mi 5()\)njn T mj
T ezn—1 jk#nn j#n
~ [ L] |__LT£
+27iMnn m2 + 28(N)mn % 2namn, . (10.16)

Since B
7\2n—>)\27n1
and () is purely imaginary, we see that in the limit only the terms with m, = 0 contribute
to the sum. Therefore, equation (10.16) reduces to
o Ll _ L]
lim 6, = 6 &.n° (10.17)
)\gnﬂ)\;’}

g() = (g’la"'v’gnv"-)én—l)-ra

where the En in the above equation means that the nt entry of the vector is removed. The
period matrix M° is an (2n — 2) x (2n — 2) matrix obtained by emoving-the n™ row and

nt™ column of the period matrix M. Thus, the theta function ¢ 50, [° remains finite as

Aan — Aon. This fact, together with (10.15), shows that 6(¢, M) behaves like
] ol
0(&, M) =cexp Tog|hon — A0 [B2 () +O(L) 8 1%, don — A

L1 1
Since # ¢°,MN° and ¢ remain finite as \op — Ayn, the above equation becomes (10.12).

This proves the lemma. O
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)‘2(1'-1-1) Aon :‘\, A2nt1 >\2(2n—j)—1
>‘2j+1 Aon—1 Aony2 )\Q(Qn_j)

Figure 7: Two pairs of roots, labelled according to the ordering (2.5), approaching the unit
circle in the critical limit. We have )\2(j+1) — )\Q(Qn,j),l, Aon — )\2n+1 and )\2j+1 — )\Q(gn,j)
respectively.

Finally, by substituting (10.12) into (9.6), we have

SGw) = & 1og LINET S SN 7
2 02 3
5 Ol
= log [A2n — A3n[37(N) + O(1) dA
1

Since L1 1
ﬁ2()\)d)\ ==
1 6

we arrive at the following expression for the entropy of entanglement

1
S(pa) = 5 log | Aon — Ao | + O(L),  Aan — Ao

10.2 The limit of complex roots approaching the unit circle

We will now study the case when 2r pairs of complex roots approach each other towards
the unit circle. Let A4, be a complex root with n —r < j < n —1. As we discussed in
section 2, Agj+1, 1/A9j+1 and 1/ Xy are roots too. The ordering (2.5) implies (see figure 7)

Ao(j+1) = X2j+1 )\2(2n—j)—1:X2(2n—j)
Xoen—jy = 1/Xsi+1)  Aoen—j)—1 = 1/ Xgj41. (10.18)

The critical limit occurs as Ayj+1) — Ag@en—j)—1- From the relations (10.18) this implies
Asj+1 — Agen—j)- Thus, in what follows we shall mainly discuss the limit A\yji1) —

Ao(2n—j)—1-
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10.2.1 Case 1l: r<n

We now choose the tilded canonical basis of the cycles (A
have

a = aj, j<n-—-r, j>n+r—-1
bj = bj, j<n—r, jg>n+r-—1
ntHf=2
Zinfk = bn,k - bn+k71 + aj, 7k = 17 s
j=n—k+1
N1
Zin+k = bn+k - bn,k,1 + aj, 7k = 07 ce
Jj=n—k-1
n+f=2 e
bhok = bn_k — aj —
j=n—-k Jj=n—r
n_
~ _ ki
bnik = bnyk + (D)™ (a5 —2b5), &

B) as in figure 8. Namely, we

T (10.19)

,r—1

| .
()" T (a5 —2b), k=1,...,r

Figure 8: The choice of cycles on the hyperelliptic curve £. The arrows denote the orien-

tations of the cycles and branch cuts.

We will show in appendix E that this is indeed a canonical basis of cycles. We can

partition this basis as follows:
'di
L0 L1

EIH

(A) =
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al = aj, 1<k<n—-r-1
4" = Gnorgjo, 1<kE<2r
'dj!” = aj, n+r<k<2n-1

The relations among the b-cycles and the untilded basis are analogous.
If we write this relation in matrix form as in theorem 8, then the corresponding trans-
formation matrix is given by

11 CI1C 11 11
4 — Z A — le Zl2 A
B N B Zy oy B
where the blocks Z;; can be written as
1 —1
6ij.[n_r_1 0 0
Zij = L1 0 Cij 0 I,:I
0 0  dijln_r

where I,,_,_; is the identity matrix of dimension n —r — 1 and the Cj;’s are the following
2r x 2r matrices:

1
1 E+1<[<2r—k,

Ci)y 0 otherwise, lsksr
1 E<Il<2r—k+1,
Cu)y = 0 otherwise, rtlsk=zor

(Cra)yy = 5‘6!_;|5I,2r7k+1 1<k 1< 2r
Cank"  1<i<k-1;

(021)k| - I__O__il k§l§27‘—k, , 1§k§7’
2r—k+1<]|,
I:(I—l)k“ 1<1<2r—k
Cn)y = 0 otherwise, relsk<2r
2(-DK ! 1<i<k -1,

Cn)g =+ otherwise, lsksr
(CQZ)kI = O —2 (021)kl , r+1<kE<2r

These are matrices of the form

IFl 1 ... ... 1 1 o':I
oJo 1 ... ... 1 0 o0
= ) 1 1 0 0
Cu = o 0 0 0 0
9 0 1 1 0 0

[EEN
-
-
-
-
[EEN
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Ciy = ]lzr_——IJQr
o ... ...
o... 1
Joo = : :
1 0 ...
= 1 1
1 -1 -1
— 1 -1
-1
O = 1 -1
—4 1 O
T 0 0
0 0 0
i 0 0
— 1 0
2 =2
Cyp = _9
=2 0 0
0 0 0

L1

-1 -1 -1 -1 0
e ve. ... =1 -1 0 O
-1 ... ... -1 0 0 O
1 -1 0 ... 0
1 0 0 O
0 0
...... 0O 0 O
. ... 0 0 O

0O 0 O

0O 0 O

1 ... 0 O

0 1 0

0O 1 O

0 0 1

(10.20)

As in section 10, some holomorphic 1-forms di; will become meromorphic as the roots

approach the unit circle.

In this case, the holomorphic 1-form dj, n —r < k < n +r — 1 become meromorphic
1-form with a simple pole at \y;.1). All the other holomorphic 1-forms become normalized
holomorphic 1-forms in the resulting surface.

In particular, we have the following:

Lemma 5. The entries of the period matrix [ behave like

lim I'Iij
A2(j+1) —A2(2n—j)-1
lim |_|jj
Az(j+1)—A2(2n—j) -1
lim |_|jj
Az(j+1) = A2(2n—j)—1
i

where I:I?j are finite.

My, i#J

Y j>n+r—1,

i j<n-—r

7+ 1}

Wi’ n—r<j<n+r-1

1
— log 52(j+1) — Xa2n—j)—15

(10.21)
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Let us now consider the behaviour of the terms gin (10.2).
Lemma 6. Let ¢ be given by (10.9) and £ be
c - T TH\T Ll
§= (—ZpN+2y) ¢,

where Zj; are given by (10.20). Then in the limit Ay11) — Aa2n—j)—1 We have

gi = nii, t>n+r—1 i<n-—r

G = afMui+n, n—r<i<n+r-—l (10.22)
e = 1, i<n

& = —=1. 1>n

where nii remains finite as Ay(j11) — Aoan—j)-1-

Proof. Let
1
N 0 0 0
ZL,N—2z5, = Loy — Jy)Dr 0 AW
0 0
Dy = diag(Yn—r; Yn—r+1s - - - Yn—r+1, Yn—r)s (10.23)

where W is a matrix that remains finite as A\yj11) — Az@n—j)—1 - Then from (10.2) and
(10.4), we see that ¢ is given by

~

N1 7, ' .
& = B\ Whyyito, i>n+r—1, i<n-—r

. 2’
=1
~ 1 7,
& = &BMN)yi+ BN Whyji £ o n—r<i<n+r—1 (10.24)
i=1
where
e = 1, i<n
¢i = =1, i>n
7 r_ 1 1 1
2 = Wi(Zj ) — @i(Agj-1)-
j=1 i=1

Let Agit1), A2cen—j)—1 @and Agji1, Aoon—jy, n—1 < j < n— 1 be the pairs of points that
approach each other. From their ordering we have Xaj+1) = Ay, _jpand Agj g = A 12n _i)—

For each fixed j, the point Xy, is a pole of disn_j—1, Wh |ie Aa(2n—j)—1 IS @ pole of dw,
Therefore, the Riemann constant behaves like

1 1 |
(.Ui()\gj,l) - E’y. + O(l), )\2(j+1) — )\Q(Qn_j)_l n—r<i:<n+r— 1.
j=1
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Moreover, among these 4 points there are exactly two points of the form z ' for some k.
However, since 2 are the roots of a polynomial with real coe [Ciehts, if \; = 2, ' for some
k, then its complex conjugate J;j is also of the form z,,' for some &’. This means that either
of the following is true:

1. Both Ayj;1) and Agj; are of the form z, ',
2. Both Ayan_j) and Agan_j)—1 are of the form z, ',
Either way, we have
&‘Ji(zj_l = %%"‘O(l), n—r<i<n+r-—1
j=1

Therefore, we can rewrite (10.24) as

5 = nii, t>n+r—1, 1<n-—r
& = afWvi+nt, n—r<i<n+r-—1,
where nii remains finite as Agj11) — Aa2n—j)-1- O

We now compute the behaviour of the theta function 6(&, ) in this limit.

Lemma 7. In the limit Ay 1) — Aoen—j)—1, n —7 < j < n+r —1, the theta function
0(&, 1) behaves like

1 1
0(&, M) =exp 23°(\) u+0@Q) (10.25)

j=n-r
where £ is given by (10.9) and ~; by (10.21).

Proof. From (10.1) we see that

L1 ~ o 1
oEMm=cexp & ZLA-Z, 258 0 €1, (10.26)

where the characteristics on the right hand side are obtained by solving the linear equations
; I:IT L] T T v
i EI}I' . T T 7

The solution of this system is

g = Hodz, j=1....2n—1
;L 1 mod?2, n—r<j<n-1

i 7 0 mod2, otherwise. (10.27)
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Note that, from (2.11) and the periodicity properties of the theta function proposition 2,
characteristics that dilerd by an even integer vector give the same theta function. That is

L1 L1
U _ e+2N on_1
0 Em=0 _ o €M NMez

We will now compute the exponential term of (10.26). By performing rows and columns
operations on Z[,IN — ZJ,, we can transform its determinant into the form

111 i R —
I:I - I:I Onfrfl O O
det z,N—27z), = detlIIb sSp, o LAy
0 0 Onr
1

S 0, 1<:<nr,
Y 5u, r+1<qi<2r,
for some matrix W’ that remains finite as A1) — Ao@n—1)-1- -
This means that the leading order term of the determinant is of the order of || .
That is

1 ]
det Zszn - Z2T2 = D+ O(Vir_l), >\2(j+1) - )\2(2nfj)71>
L I
DI’ = W, ’7k7
k=n-—r

where the notation O( ') means

1 1

L1 1
o =0 A,  aw<r-1 (10.28)

Furthermore, W' is the determinant of the (2n — r — 1) x (2n — r — 1) matrix formed by
removing the (n — )™ up to the (n — 1)™ rows and columns in .
Similarly, we see that the minors of Z[,MN — Z, caapot contaiwore than r factors of

~. In particular, this means that the inverse matrix 2,1 — ZJ, is finite as Ayj41) —

A2(2n—j)—1- F
Therefore the inverse matrix 27,1 — ZI,  behaves like
L1 _
ZlT2r| B ZzTZ = X'+ X'+ O(’Yfz)a )\2(j+1) - )\2(2n—j)—1, (10.29)

where X! is a term of order —1 in ~; and X© is a finite matrix.
From (10.29) and (10.23), we see that the leading order term of
1 . ]
AN AR ZLN -7, = Ihn, (10.30)
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gives the following

L1 L1
0 0 0
X0 Lo (1, — 1o )D, 0 L=D,
0 0 0
while the leading order term of
1 (111 _ il
20N =23y Z1N = Z3 =l
gives
L1 L1
0 0 0
Lo1(r,, — J,)D, 0 LXI=0.
0 0 0

This implies that

XiOJ-IXSQn_J—_l, 1<i<2n—-1, n—-r<j<n+r-1

X =Xoh iy, n—r<i<n+r—1 1<j<2n-1 (10.31)
The leading order term of the bilinear product in (10.26) then becomes
1
1 [ 0 0 0
& ZIin-zL, ZLE = B DX Loy — Jor) 0 LDe
0 0 0
+0(1), Az — A2@n-j)-1

e = 0, i<n—r, i>n+r—-1 (10.32)

ei = 1, n—r<i<n,

€6 = T_l:|n§i<n+r—li;l

Opr-1 0 O
p, = L—b Dp o L
0 0 Onr
Let us denote P by
1 1
0 0 0
P=X"'Lod(y — Joy) 0LD]
0 0 0
Then constant term of (10.30) gives the following
1 1
0 0 0

Xt Lo, — Jy) 0 LD+ XW =1,,_,.
0 0 0



Entanglement entropy in quantum spin chains 53

By applying (10.31) to the above, we see that the entries of P are related by
Pij = Poni—1j +01j +oni—1j, n—r<I<n-1 n—-r<j<n+r-1L

By substituting this back into (10.32), we see that the the exponential factor in (10.26)
behaves like
1 (I ) S |
& ZLN+ 25, ZhE=20°() i +0(D). (10.33)
j=n—-r
We will now show that the limit of the theta function with characteristics remains finite.
By using the definition (2.10), we have

ol — i " 1= R
0 o ¢ n = exp mi Vj mj+Ej 25()\)"‘777,]
m;eZ j=n-r
L1
€j ] €on—j—1

1 1
Eoan—ij—
X —=2B(\) +man_j1+ anj =+ 0) L Asgrn = A1

As before, since 3(\) is purely imaginary, only terms such that

Eoan—j— .
i ::07 n—r SE] 5571'_ 17

contribute. Recall that from (10.27) we have ¢j = e3n_j—1 = 0, therefore
mj =mon—j—1 =0, n—r<j<n-1

Thus, as before, the theta function with characteristics reduces to a 2n —2r — 1 dimensional
theta function
Ifgl []
0

lim (€, 1) = 0(£°, N9, (10.34)

MG —Ae@n—j-1 €
where the arguments on the right hand side are obtained from removing the (n — )" up
to the (n + r — 1) entries and that 6(£°, M°) is finite in the limit.
By combining (10.33) and (10.34), we see that the theta function (¢, ) behaves like
1 . :I~
¢, M=cexp 25°() %5 +0Q) 61
j=n-r

This concludes the proof of the lemma. ]

Finally, from lemma 7 we see that the entropy (9.6) behaves like

1 n[ &
S(PA) = —§ |09 2(j+1) — )\2(2n—j)—IH|' 0(1)7 )\2(j+1) - )\2(2n—j)—1~

j=n-r
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10.2.2 Case 2: r=n

We will now consider the case when » = n. That is, all roots are complex and they all
approach each other pairwise. The canonical basis will be chosen as in (10.19) but with
r =n — 1, (not n) while the last elements in the basis are given by

Gon—1 = ban—1, bon—1 = —agn_1.
In other words, we have
n+f=2 ]
an—k = bn—k_bn+k—1+ Qj, 7k:17"'7n_1
j=n—k+1
) LA |
Unik = bnik —bn_k_1+ aj, k=0,...,n—2 (10.35)
j=n—k-1
- n+f=2 1 k1 1
bk = Dbnk — aj — (D" T (g5 —2b), k=1...,n—-1

j=n—k j=1
- s s
brik = Dok + ()" T (q; —2b), k=0,...,n—2

j=1
Gn1 = b1, b1 = —aon_1. (10.36)

As before, we can partition the basis as follows:

1
i

(A) = il
G = @, 1<k<n-r-1 (10.37)
Zii' = agn_l.

Furthermore, the b-cycles and the untilded basis are connected by analogous relations.
In the notation of tlheolrfem I8 we have

| - I | | -
4 = 7 A — le ZIQ A
B B~ Zy Zn B

where the transformation matrix Z can be written in block form according to the partition
(10.37):

Ci 0
. ij
Z; 0 & (10.38)

where Cj; are 2(n — 2) x 2(n — 2) matrices defined as in (10.20), and £ is given by
gij = 07 7 :j
512 = 1, 821 = -1.
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By deformation of the contours, we see that the cycles @; become close loops around Ay 1)
in the critical limit.

Let @, be the closed curve that becomes a loop around Xy as Ao — Asn_1 (See figure 9).
We have

el R |
ay = —bop_1+ aj

=1

1 Rl R |
~ _ ~ '+1~ I~
dp = —am+ (DTG + (—=1)'5;

j=1 j=n

In particular, this means that in the limit, the 1-form &; will have a simple pole at Ay 1)

Figure 9: The curve going around Xs.

with residue o= and a simple pole at A, with residue (—1)) .1 for 1 < j <n—1, (-1}

omi
forn <j<2n-—2and —ﬁ for 7 =2n — 1. Thus, we arrive at the following

Lemma 8. The entries of the period matrix behave like

lim My = 0, i#j ij#2n-1
A2(j+1) = A2(2n—j)—1
lim ﬁjj = "yj+ﬁjoj, 1<j<2n-2

A2G+1) = A2(2n—j)—1

. ~ — 0
lim Mon—12n-1 = 27%n-1+ I_|2n71,2n71
Az(j+1) —A2(2n—j) -1
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lim njlgn_l
A2(i+1) = A2(2n—5)—1

lim njlgn_l
Az(j+1)—A2(2n—5)—1

I_|2n—1,j

7

(_1)j’72n—1 + ﬁ})gn—l? 1 S ] S n—1

(1 gy + My, n<j<2n-2

I_Ij,2n—1

1
e log g2(j+1) — )\2(2n—j)—15

where I:I?j are finite in the limit A\y;1) — Aon—j)—1-

In this case, the argument E in (10.1) behaves as follows.
Lemma 9. Let ¢ be given by (10.9) and £ be

c - T TH\T Ll

§= (—ZpN+2y) ¢,

where Zj; are given by (10.38). Then in the limit \y11) — Ao2n—j)—1 We have

& = o)+,
gy = (1+(_l)i+1)7

1<i<2n-1,
1<i:<n-1

oi = —(Q+(C=1D)'"). n<i<2n—-1

where nii remains finite as Ay(j11) — Aaan—j)—1-

Proof. In this case the matrix Z],M — Z], takes the form

L1
(Lor __;]2r)Dn—1
Dn_y 2'72n—1

75,0 - 73,
Dny =

—
Dny =

diag(’yh 25
(_71’ V25

where TV is a finite matrix as Aygj11) — Aagan—j)-1-

Therefore, gbehaves like

n ~

& = BN+ B0)  Wogi£ 5,
i=1

o = A+, 1<i<n-1

oi = —(A+ (D", n<i<2n-1

7 LRSS O US—

- = Wi(z; ) —  ©ilAgj-1)

2 ]

i=1 j=1

0

;2 71)
» V25 _’71)7

L1
+ W

1<i<2n -1

(10.39)

(10.40)

As in section 10.2.1, the leading order terms of ‘5 are zero. We can therefore rewrite Eas

& = aiBO)yi+ 1,

where 7;® are finite in the limit.

1<i<2n -1,
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The behaviour of the theta function for this case is given by

Lemma 10. In the limit Ay 1) — Aon—j)—1, 1 < j < 2n — 1, the theta function (¢, M)
behaves like
1 [ 1
nfr— 1

o, M =exp 23*(\) 4 +0Q) , (10.41)

j=1
where ¢ is given by (10.9) and ~; by lemma 8.

Proof. As in section 10.2.1, from (10.1) we have,
L1 _ (I 1
oM =cexp & zZLN-25, ZLE 6, (EN), (10.42)
£

where the characteristics on the right hand side are given by the same formula as before,
with r replaced by n — 1:

g = Hodz, j=1....2n—1
;L 1 mod?2, 1<j57<n-1,
G0 0 mod 2, otherwise.

Since there is no non-zero matrix X, that is independent of ~; such that the leading order

term of
1 1

ZL,N — Z3, X
1 ]
is zero, we can write the inverse matrix Z[,MN — ZJ, as
1 ]
ZiN—Z3y =X T1+0(%), Aaga) — Aan—j)-1.

where X! is a term that is of order —1 in the ;.
Then, the leading order term of the bilinear product in (10.42) is

= = L3
g]— ZlTQI'I B Z;’Q ZIQ — ﬁ2()\)0TDnX—l ([2n—2 0 J2n—2) 2 DnU
+0(1), _>\2(j+1) — )\2(2n—j)—17
oi = A+(EDT), 1<i<n-1
o = —(L+ (-1, n<i<2m-1 (10.43)

Dy = diag(vi, 72 - -5 72, 715 272n-1)-

Let ' be the leading order term of ak
1 O
ﬁl — En—l Bn_l
Dn_1 2901
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Equation (10.43) can now be rewritten as

BN s e 0
gr Z;I—er - ZJQ ZI2 = QQ(A)ET rllX—l (I2n—2 0 Jgn_Q) (])- |_|1€
+0(1),  Agj+1) = Aoen-j)—1
a =1 lsisn-1 (10.44)
&G = _17 n < 1 < 2n —1

The constant term of
1 [ - 1

ZlTQﬁ — Z3, ZlT2|:| — Z3y = Ino
now gives

[2n72 - J2n72 0

L1 L1
Xil 0 1 I_Il = Iznfl.

By substituting this back into (10.44), we obtain

= o ey
g‘r AN EANSVARGE log Ko 11) — >\2(2n—j)—IH' O(1).

j=1
To complete the proof, note that in this case, the theta function in the right hand side
of (10.42) becomes 1:
I:I~ ~
lim 0 o & m=1.

A2(j+1) A2(2n—j)-1

Therefore, we have

L_1 L1
EC 1
0(&, 1) =qexp %+ OQ) , Agvn) = Aoen-j)-1-
j=1
This completes the proof of the lemma. ]

Finally, by substituting (10.41) into (9.6), we find that the entropy behaves like

1 2@
S(pa) = 3 log Ko 11) — )\2(2n—j)—IH' O(), Ao+1) — Ao@n—j)-1-

i=1
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10.3 Pairs of complex roots approaching the unit circle together
with one pair of real roots approaching 1

The canonical basis used in this section is shown in figure 10:

ax = —bx+be1, k<n—r, k>n+r b=0
_ 2r|—1 |n+[—1 1
by = aj — aj, k<n-—r
Ji=k Jj=n—r
ARy SEAN |
Un_k = bk — bnik_1 + aj, k=1,...,r
j=n—k+1
K1
Zin+k = bn+k_bn—k—1+ aj, k=0,....,r—1
j=n—k-1
_ 2rfT ] N2 ] n—f=T 1
bhoxk = bpk+ (_1)r—k aj — aj — (_1)n—k—j (aj —2b;), k=1,...,r
j=n+r j=n—k j=n-r
2rfT 1 "2 1
brik = bpok + (—1)"K aj + (—1)" K (g5 —2b), k=0,....r—1
j=n+r j=n—r
r
Gnyr = bnor—1 — bpyr + (_1)';]71 (an+j + anyj — 2bnfjfl + anfjfl)
j=0
~ E 1
by = aj, k>n+r.
=k
In the notation of theorem 8, the two bases are related by
LI 1 I I I 11
BOTLh T s b
0 0 O
Z&l - [ii:lCHl 0 L1
0 .73 0
L1 L1
—Chrt 0
Zlg = L1 0 012 0 L1 (1045)

V31 VSQ _C«gfrfl

1 ) L1
C’?_r_ 0 U3
Zoy = Lo Can Uss . L1
O 0 n—r—
1 |:? !
0O 0 O

222 — I_.T_ICQQ O,CI
0O 0 O
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Figure 10: The choice of cycles on the hyperelliptic curve £. The arrows denote the
orientations of the cycles and branch cuts.

where Cj; are defined in (10.20) and CK are k x k matrix with entries defined as in (10.5).
All the entries of the matrices /'3 are 1, while the entries of V3!, V3% and ¢/23 are defined
in

T = (-0, Th L =T
31

Vij ]

VI = 210

uﬁi’) — (_1)i+1‘

1<5<r,

5i15j,n—r—1

Performing the same analysis as in section 10.2.1 we arrive at

Lemma 11. The entries of the period matrix M behave like

lim My = 09, i#j
A2(j+1) —A2(2n—j)—1 ! "’

lim MNj; = I'Ij-)j7 j>n+r, j<n-—r
Az(j+1) = A2(2n—j)—1

. ""” _ i ~0 .

lim MNj; = ’yj+|'|jj, n—r<j<n+r

Az(j+1) —A2(2n—j)—1

1
N log a2(j+1) — >\2(2n—j)—1Ea| (10.46)

where I:I?j are finite.

In this case, the argument £ is given by the following
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Lemma 12. Let £ be given by (10.9) and gbe
~ [ ]
¢= (ZLN+2Z0)" ¢

where Zj; are given by (10.45). Then in the limit A\y11) — Ao2n—j)—1 We have

gi = nli’ i>n+7’, r<n—r

G = afvi+nt, n-r<i<n+r-1 (10.47)
$nir = BN ngr +77r$+r

€ = 1, 1< n, Ei:—l, Z>n_17

where nii remains finite as Ay 1) — Aoen—j)-1, n—1r < j < n+r.

The proof of this lemma follows from exactly the same type of argument as in section
10.2.1.
We will now compute the limit of the theta function.

Lemma 13. In the limit Ay 1) — Aon—j)—1, n—1 < j < n+r, the theta function (¢, M)
behaves like
—1 —1

i SN
o.M =exp 26°(\) %+ N +0Q) (10.48)
i=1

where ¢ is given by (10.9) and ~; by (10.46).

Proof. The characteristics in the theta function in (10.1) are once more given by (10.27).
The matrix Z[,MN — ZJ], can now be written as

L1 L1
On_r_l 0 0 0
Z}—Qﬁ o Z;g — (IQI' _OJQI’)DI’ 7r10+r 8 Hw
0 0 0 On.r

D, = diag(anrathr+1a---/7nfr+1>7nfr%

where W is finite in the limit and 0, is the zero matrix of dimension n —r —1.
As in section 10.2.1, by performing rows and columns operations on the matrix Z/,IM —
Z3,, We see that the determinants has the following asymptotic behaviour:

1 -
det ZLM -2, = YuDe+000), Aagsr) — Aa@nj)-1,
1
D = W Vs
k=n-—r

where the notation O(y{) was defined in equation (10.28) and W' is some constant.
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1 ([
The inverse matrix ZJ,MN — ZJ, can now be written as in (10.29):
1 _
Z1,0 — Z3, = X+ X+ 00?), Mgy — Aeen—j)-1,

where the entries of the 2r dimensional matrix X° satisfy (10.31) with (X)n rnsr = 0,
and X! is a matrix of order —1 in the »; with (X YDnirnir = Yot

Following exactly the same analysis in section 10.2, we see that the leading order term
in the exponential factor in (10.26) is

U 4 ] |
¢ ZL,N -2,  ZLE=FN) 2 %+ e +O(Q).
j=n-r
L1 [
We now look at the term ¢ &, 11 in (10.1). As in section 10.2.1, we see that the theta

function becomes 2n — 2r — 2 dimensional:
.
lim 0, (m=06",N,
Ao+ N2@2n—j)-1 €
where the arguments on the right hand side are obtained from removing the (n — )™ up
to the (n + r — 1) entries.

Therefore the theta function 4 (&, ) behaves like

L1 [ L1 L1
1 ~ ~
O M=cexp G2\ 2 % F e FOQ) 0", T).
j=n-r
This completes the proof of the lemma. ]

By substituting (10.48) into (9.6), we see that the entropy is asymptotic to

1 “F:g 1
S(pa) = 3 log Xa(j+1) — A2(2n—j>—1EL 5 log a2<n—r> - )‘2(n+r)+1E|

j=n-r

+O0(1), Az — Ao@nj)-1-

This concludes the proof of theorem 2.

Appendix A. The density matrix of a subchain

Let {|¢;)} be a basis of the Hilbert space H of a system composed of two parts, A and B,
so that H = H ® Hg. The density matrix of a statistical ensemble expressed in the basis
{|1j)} is a positive Hermitian matrix given by
1
paB = Gk |U5) (Yl

Jk
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with the condition trygpap = 1. Let us introduce the operators S(j, k) and S(j, k) defined
by the relations

B SGR) = 1
S@, k)S(k, 1) = o |[vi) (5l and  S(, k)S(k, 1) = o5 [v5) (5] -

(In this formula repeated indices are not summed over.) Clearly, we have
[ I
cjk = trag pa S(k,j) .

Let us now suppose that the Hamiltonian of our physical system is (3.10) and that
the subsystem P is composed of the first L oscillators. Then ﬁf_s_%f of operators S(j, k)
for the subchain P can be generated by products of the type ;_, Gj, where Gj can be

any of the operators {cj, cl, clc, cjcl} and the ¢;s are Fermi operators that span H.y; it is

straightforward to check that S(k,j) = Gj . We then have

j=1
) I wa =

L 1 | 5 1 = |
pa = trp Loyl G;

All the S(1,k) i=1 j=1

trp Lrk (pag) Gj L Gj
All the S(1,k)

j=1 j=1
L o 5]
L1 E | = 1
= trpQ % Gj L] Gj.
All the S(1,k) j=1 j=1

Since pap = |¥,) (¥, this expression simply reduces to

1
I 1 E Iﬁ—_l | S|
PA = <‘I’g| Gj |\I’g> Gj.
All the S(1,k) j=1 j=1

The correlation functions in the above sum can be computed using Wick’s theorem (3.9).
Finally, if the correlations of the ¢;js are given by (4.5) and (4.6), we immediately obtain
formula (4.7).

Appendix B. The correlation matrix C),
The purpose of this appendix is to provide an explicit derivation of the expectation values

(W] mjmi [Fg) (B.1)

when the dynamics is determined by the Hamiltonian (3.10).
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First, we need to diagonalize H,, which is achieved by finding a linear transformation
of the operators b; of the form

M) L1
Mk = gibj + highf (B.2)
j=0

such that the Hamiltonian (3.10) becomes

ML
Ho= || e+ C, (B.3)
k=0

where the coe Lciehts g,; and hy; are real, the s are Fermi operators and C' is a constant.
The quadratic form (3.10) can be transformed into (B.3) by (B.2) if the system of equations

[k, Ha]l — ||k =0, k=0,...,M -1 (B.4)

has a solution. Substituting (3.10) and (B.2) into (B.4) we obtain the eigenvalue equations

M

. I
Nl gkj = gadij — b Bjj
1=0
METT1 _
Ak g = gaBij — hadyj (B.5)

1=0

where A = aA — 21 and B = ayB. These equations can be simplified by setting

Pkj = gkj + hkj
Ui = gkj — I, (B.6)

in terms of which the equations (B.5) become

(E"‘?)(Pk = A\ Wy (B.7)
(A=DBW = [N oy (B.8)
Combining these two expressions, we obtain
(A-B)A+B)p = N[ (B.9)
(A+B)A - B = A W (B.10)

When A¢ # 0, @, and |/A«| can be determined by solving the eigenvalue equation (B.9),
then Y, can be computed using (B.7). Alternatively, one can solve equation (B.10) and
then obtain ¢, from (B.8). When Ay =0, @, and (), diledat most by a sign and can be
deduced directly either from (B.7) and (B.8)or from (B.9) and (B.10).
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Since A and B are real, the matrices (A— B)(A+ B) and (A+ B)(A — B) are symmetric
and positive, which guarantees that all of their eigenvalues are positive. Furthermore, the
®,s and Y, s can be chosen to be real and orthonormal. As a consequence the coe Lciehts
gkj and hy; obey the constraints

MET— 1

(gjon + hjhia) = i, (B.11)
k=0
MET 1

(gkjhua + hjga) = 0, (B.12)
k=0

which are necessary and su [cieht conditions for the 7S to be Fermi operators.
The constant in equation (B.3) can be computed by taking the trace of Hy using the
two expressions (3.10) and (B.3):

MET— MET— 1
trH, = 2M-1 (OéAkk — 2) =M1 ’/\k’ + ZMC
k=0 k=0
Therefore, we have
1 ME——1
CZE (OzAkk—Z—’/\kD.
k=0

We are now in a position to compute the contraction pair (B.1). Substituting (B.6)
into (B.2) we have
1 MEC—1 _
k=5 (ke — iWigmy). (B.13)
j=0
Since the @,’s and Y, s are two sets of real and orthogonal vectors, (B.13) can be inverted
to give

MET—f 1 [

mgj = 3 wkj 77k—77|i (Bl4)
k=0
MET—§ 1 L1

Mmoji1 = Okj Tk F L (B.15)
k=0

Since the vacuum state of the operators 7 coincides with |¥,), the expectation values (B.1)
are easily computed from the expressions (B.14) and (B.15). We have

MET— 1
(Wg|mojmak [Pg) = Yk = Ojk, (B.16)
1=0
MET— 1
(Wy| majimoki1 [Wg) = Oy Pk = djk (B.17)
1=0
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and
ME 1
(Wg|mogmoki1 [Wg) = i jdi, (B.18)
1=0
MET 1
(Wg| mojrimak [Wg) = —i Y- (B.19)
1=0
Finally, by introducing the real M x M matrix
M1
(TM)Jk = @Dljﬁblka ],kf:O,,M—l (BZO)

1=0

and combining the expressions (B.16), (B.17), (B.18) and (B.19) we obtain

(W mymuc [¥g) = djic + i(Cwm)jk, (B.21)
where the matrix Cy has the block structure
1 1
Ciy Cip -+ Cim
ﬂ o« ..
cw= g 2o O (B.22)
CMl CMQ e C(MM
with )
0 Twm )ik
Cik = ! B.23
Ik —(Im)xj 0. (B.23)

We call C), the correlation matrix. It is worth noting that because of the definition (B.20),
the matrix Ty, contains all of the physical information relating to the ground state of Hy.

Appendix C. Thermodynamic limit of the correlation
matrix C),

In this appendix we prove the following

Lemma 14. Let Hy be the Hamiltonian (3.10) and consider the correlation matrix (B.22)
associated to Hy. We have

Nllim Cwm = T[P], (C.1)
where T, [®] is the semi-infinite block-Toeplitz matrix with symbol
1 0 L O]
€
¢ = _gfl %‘e L] g 0 )

where the function g(z) is defined in (3.15).
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Proof. From the definitions (3.15) and (3.16) we have that

Y R
ge® =g()=g" .

Thus, from equation (B.23) it su [ced to show that

L
. 1 .
lim (Tw)jk = — g e® e 10-Kegg, (C.2)
M —o0 27T 0

where g(z) is defined in (3.15).

The first step consists in determining the vectors @, and g, and the numbers Ay via
the eigenvalue equations (B.7), (B.8), (B.9) and (B.10). If we use the definitions (3.12),
we can write

(A+B)jk=a(j — k) ++b(j — k) and (A— B)jx =a(j — k) —vb(j — k).

Two arbitrary circulant matrices commute and a common set of normalised eigenvectors
is given b
g y oxp q}&fk ]
Uy = i
where the index j labels the component of the k-th eigenvector. As a consequence, the
are a set of common eigenvectors of both (A + B)(A — B) and (A — B). Now, combining
equations (B.8) and (B.10) we can write

g, k=0,...,M —1, (C.3)

MET 1
[a(G — 1) — b — D] ha = Netbig = [N i s (C.4)

1=0

with @, = P A/ |A«|. Because both ¢, and Y, are normalized, A,/ |Ax| must be a
complex number with modulo one and we can set A, = Ax. The eigenvalues Ay can be
computed by directly substituting the eigenvectors (C.3) into the left-hand side of (C.4)
and using the parity properties of the functions a(j) and b(j). We obtain

A= m. “n 1 (@() = Ab(5)) e if M is odd

7,:,,1,271 (a(5) — vb(5)) X + (—=1)'a(M/2) if M is even, (€5)

i=

where k does not denote an integer but the wave number
k=—, [=0,....,M—1

We now define the matrix
MET_
(Tw)jk = P (C.6)
1=0
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Note that for convenience we have used the complex eigenvectors (C.3), while the ma-
trix (B.20) is defined in terms of the real eigenvectors of (A— B)(A+B) and (A+B)(A—DB).
However, these are related by the transformations

Q= U@ and Y — U,

with the same unitary matrix U. This mapping leaves the right-hand side of equation (C.6)
unchanged. Therefore, the two matrices (B.20) and (C.6) coincide.
The matrix (C.6) now becomes

2m(1

1 ™M

(Tt = 5 - |A—t|e"k(1_')Ak. (C.7)
k=0

For M large enough there exists an integer n < M such that
a(7) =0(;) =0 for j>n.
Therefore,
i L L 1 Y 0
Jim Ay =g " = (a(y) —7b(5)) €.

j=-n

By taking the limit as M — oo of the left-hand side of equation (C.7) we obtain (C.2). [

Appendix D. The Riemann constant K

In this appendix we will show that the Riemann constant K is given by

1
K=- w(A2i-1).
j=2
As in [6], let Q4,...,Q2n_1 be the zeros of the theta function 6(w(z)). Then the function
1
Ow(z)—  w(@j)— K)
j:l

has the same zeros as 6(w(z)). Therefore, the quotient of these two functions can be written
as an Abelian integral of a holomorphic 1-form v:

1
O(w(z) — o, w(@j) — K) _ qy
0(w(2)) |

Moreover, all the a-periods of » must vanish. Thus, the right hand side of the above
equation is in fact a constant C"

L1
I() = o w@) — K) _
0

C.
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Therefore, we have

1
w(Qj) = —K.
j=1
We will now compute the values of w(}\;j) in the basis ay,...,asn_1,b1,...,bon_1 and show

that the 2n — 1 points A3, ..., \yn_q are the zeros of (w(z)). We have

1
wj(Ak+1) = FMjk, 0<j<k<2n-1

2
1 1
W) = =5+ 5Mi, O<k<j<2n-1
1
wj(Aak) = Enj,kfla O<j<k<2n
1 1
wj(Ak) = —5+ 5Nk, 1< k< j<2n.
If we write w()\;) as
1 1
w(Ai) = ENi + EnMi’

then, from the periodicity (6.6) of the theta function, we have
0(w(Ai)) = exp (—mi (Ni, M;)) 6(—w(Ai))-

Since (Ngji1, Mai,q) are odd for 1 < i < 2n — 1, we see that 6(w(\2i+1)) = 0 and hence the

g zeros of 8(w(z)) are the points A3, ..., \sn_1. Therefore, we have
1
K=- w(Aaj-1)-
j=2

Appendix E. The cycle basis (10.19)

In this appendix we will show that the basis defined in (10.19) are canonical. First note
that, by direct computation, it is easy to check that the intersections between the a-cycles
are zero

anfjfl'an+|zo, OS],ZST_].

We will now compute the other intersection numbers by induction.
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First let us compute the intersection numbers between the tilded basis and the untilded

basis. We have

an—k—1 " Gn—j-1
an—k—1 * Gn4j
Gnyk " Gn—j—1

an+k * Gn4j
n—k-1 - bn—j—l

an—k-1 " bn+j

anyk - bnfjfl

anyk - bn+j

bn+k : an—j—l
bn—k—l : an—j—l
bn+k : an-i-j
bn—k—l ’ am—j
bn+k . Zn—j—l
bn—k—l . Zn—j—l

bn—k—l : bn+j

bn+k : bn+j

where 7, k range from 0 to r — 1.
Now, we have

Then from (E.9)-(E.16), we obtain the following intersection numbers:

5k'j
_5k,j
— 0
5@
11
_1)k—1
0,
2(—1)k
0
1, 0<
0 <
— =
1, 0<
0 L <
— =
1, 0<
0 i+
—
1, 0<
0 i+
— 7
T, 0<k
0. i<k
— 7=
1,
G
0,
(_1)k_J7
0

bnir—1 = bnyr—1.

bnyr_1 - aj = 5n+r—1,ja bngr—1 - bj =0.

Next, from (10.19) we have

bnik * bnyk—1 = bnik + bnyk—1 + an_k-1 — 2bp_x—1. kK=1,...

(E.1)
(E.2)
(E.3)
(E.4)

(E.5)

(E.6)

(E.7)
(E.8)

(E.9)
(E.10)
(E.11)
(E.12)
(E.13)
(E.14)

(E.15)

(E.16)
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From this relation and equation (E.1)-(E.16), we obtain

L1 _ 1
bnik + bnyk—1 @ = —0jn+k — Ojntk—1
I 1

nik + bnak_1 -bj =0 4=1...,2n-1

Therefore, if we assume that Zn+k has the intersection numbers

bnik - @j = —djnik
by -bj = 0, j=1,....2n—1,
then 3n+k_1 will have the intersection numbers

'gn+k—1'5j = —O0jnt+k-1
bnyk—1-b5 = 0, 7=1...,2n—-1. 1<k

Therefore, by induction we see that

gn+k'aj = —Ojn+k
bnik-b; = 0, j=1,....2n—-1, k=0,...,r—1 (E.17)

We can now compute the intersection numbers of the b,_x_;. We have
bn—k—1 — bnjk = —Gnsk + anyk- kK=0,...,r =1

Therefore, by using (E.1)-(E.17) we obtain

L] _ 1
bnik — bn—k—1 @j = —0jn+k ¥ djn—k—1
1

Dok —bnkr -bj = 0, j=1...2n—-1

From (E.17), we see that the intersection numbers for the br_k_1 are indeed given by

En—k—l'aj = —0jn—k-1
bn,k,1~bj = 0, j=1,...,2n—1, k:O,...,r—l.

Appendix F. Solvability of the Wiener-Hopf factoriza-
tion problem
We now show that the Wiener-Hopf factorization problem (5.3) is solvable when G()\) is

purely imaginary.
In other words, we have
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Theorem 9. The following Riemann-Hilbert problem

1) = AT, o] =1,
_ iAo g(2)
CD(Z) - _g—l(z) i\ (Fl)
where 7', (z) is holomorphic for |z| < 1 and 7"_(z) is holomorphic for |z| > 1 with 7" (c0) =
1 is solvable when 3()) € iR.

Proof. We will use the vanishing lemma to proof this theorem. As in [8], we need to show
that a certain singular integral operator is a bijection.

The solvability of the Riemann-Hilbert problem is related to the bijectivity of a singular
integral operator. Let C' be the Cauchy operator

)

CNE) =5 14 e @)

and let C, C_ be its limit on the positive and negative side of the real axis
Ce(N)) =M CO(f)(z £ie), 2z €=
Now, define the singular integral operator C¢ as in [8].
] O
Co(f)=C fU—-07) (F.2)

Suppose that I — Cy is invertible in L2(Z), and let = (I — Cp)'C.(I — ®~1): then the
function

TG)=I+C I%'[ + ) — qu)D
is a solution to the Riemann-Hilbert problem (F.1). In fact, we have
To(z) = I+C(I—0 )+ Cop=1+p(2)
T () = To(z) =1 —p(2) + 7' ()T +pu(2)) = 0 ()T4(2), |2 =1,

where the second equation follows from the identity C', — C_ = 1.

Therefore, in order to show that (F.1) is solvable when 5(\) € i=, we need to show
that I — Cy is invertible in L%(Z).

Using standard analysis (see, e.g.,[8]), we can show that the operator Cs is Fredholm
and has index zero. Therefore we only need to show that its kernel is {0}.

Suppose that the kernel is non-trivial and let (I — Cs)uo = 0. Then the function

~ ] U
To(z) = C po(l —@7)
will solve the Riemann-Hilbert problem (F.1), but its asymptotic behaviour will be

To(z) = 0", z— .
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This means that the function R(z) = fg(z‘l)fo(z), where AT is the Hermitian conjugate of
A, is analytic outside the unit circle and behaves like O(z~2) at infinity. Thus, by Cauchy’s
theorem, we have

1
R_(2)dz =0.

By making use of the jump conditions, we obtain

R_(2)dz = Ti(z)  Ty(z) d=
= 0 T e Y s B
= Ti(z) of(z) Ty(z) dz=0 (F.3)

From (6.2), we see that the eigenvalues of ®(z) are i(A + 1) and i(A — 1). Therefore the
matrix ®f(z) Hermitian and is either pgstive gefinite or negative definite for 5()\) € iR.

This means that the boundary value of fo(z) on the unit circle is zero. In particular,

it implies that fo(z) = 0 and hence the kernel of the singular integral operator [ — C5 is
trivial. This concludes the proof of the theorem. H
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