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Abstract

We study the asymptotic limit for large matrix dimension N of the partition
function of the unitary ensemble (8 = 2) with weight

22 t 22
W(I) = exXp —@—f—;—? .

We compute the leading order term of the partition function ar}d of the coe?icients
of its Taylor expansion. Our results are valid in the region cyN™2 < z < coN4. Such
partition function contains all the information on a new statistics of the eigenvalues
of matrices in the Gaussian Unitary Ensemble (GUE) that was introduced by Berry
and Shukla [2]. It can also be interpreted as the moment generating function of the

singular linear statistics
N
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1 Introduction

1.1 Background

In Random Matrix Theory partition functions of ensembles whose probability measure is
invariant under conjugation by unitary matrices (unitary or § = 2 ensembles) are integrals

of the form
1 N )
M/JNHUJ(%) I loe—al?dVs, (1.1)
/A1

1<j<k<N

where w(z) > 0 is a weight function and usually J is either an interval, or the whole
real line or the unit circle. The theory of orthogonal polynomials (see Szegé [15], pp.
23-28) implies that such integrals are determinants of Hankel or Toeplitz matrices, or a
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linear combination of the two. Computing asymptotic formulae of such determinants is a
very important task — often a very difficult one — in many branches of mathematics and
physics. The asymptotics of the integral (1.1) depends crucially on the analytic properties
of w(zx). Usually, singular weights are the most challenging.

The purpose of this article is to compute the following expectation value over the
Gaussian Unitary Ensemble (GUE):

N )

z t
E t) = —_+ — P, ay 1.2
N (z,1) /RN<|| eXP( 22 + x]>> cue(T1,. .., xN)d T, (1.2)

where

N
1 1
Poue(z1,...,xN) == ZuN] exp (—5 Zw?) H |z — 2] (1.3)

j=1 1<j<k<N

is the joint probability density function (j.p.d.f.) of the eigenvalues and

N
Zn .:m/RNexp <—§;x]> H |z, — ;)" d @

1<j<k<N

N (1.4)
= (2m)/? H 4!

is the partition function of the GUE.

Let
N
An(z) =[] (@ =2, (1.5)
j=1
be a polynomial of degree N whose roots x1,...,zy are all real and define
AR (z)

Qn(z) :

= R0~ A (Mg () o)

This function was studied by Tuck [16] in a numerical investigation of the zeros of the
Riemann zeta function ((s). In Tuck’s article Ay (z) was replaced by the Hardy function:

Z(t) =t exp (%) oy (5 + 3it) ¢ (5 +it) . (1.7)

The Hardy function is an entire function of order one; it is real for ¢ € R and its zeros
coincide with non trivial zeros of ((s). The motivation to study (1.6) was that the Riemann

hypothesis implies that
W (t) .= Z*(t) — Z(t)Z"(t) > 0. (1.8)

More generally, if Z(t) is an entire function of order less or equal to one, real on R and
whose zeros are all real then W(t) > 0.
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Suppose that the roots of Ay(x) are N random variables with j.p.d.f. p(x1,...,zN),
and denote by P(Qy) the probability density function (p.d.f.) of the random variable
Qn(x). Berry and Shukla [2] observed that Qn(z) is a sensitive indicator of the degree of
repulsion between neighbouring zeros of Ay (x). More precisely, the rate of decay of P(Qy)
as Qn — oo is related to the rigidity of the roots of Ay(x). They also studied in detail
P(Qy) in two cases: when the roots of Ay(x) are N independent identically distributed
(i.i.d.) standard normal random variables and when Ay (z) is the characteristic polynomial
of a matrix in the GUE.

Berry and Shukla showed that all the information on P(Qy) is contained in the expec-

tation value
t
/ <Hexp (——+ ))p(wl,...,xN)de, (1.9)
T

in the sense that all the moments of the distribution P(Qy) can be extracted from its
knowledge. They computed the average (1.9) and the moments of P(Q)x) when the roots of
Ay(z) are i.i.d. standard normal random variables, but not when they are the eigenvalues
of matrix in the GUE.

The integral in the right-hand side of equation (1.2) is amenable to other interpretations.

For example, if we set
s=2/2=—t, s5>0, (1.10)

al 11
:/ Hexp —S <—2+—) PGUE(I'l,...7IN)dNJZ (111)

is the moment generating function of the p.d.f. of the singular linear statistics

S (Ll 112

J=1

then

Furthermore, ZyEx(z,t) is the partition function of the unitary ensemble with weight

22 2

t x
= S o) 1.13
wl)i=exp (<4 0= ) (113)
Now, denote by 7;(x), j € Z,, the monic polynomials orthogonal with respect to w(z).
The integral En(z,t) can be rewritten as a Hankel determinant:

N-1
En(z,t) = Zyt det (j144)" e L= T s (1.14)
7=0
where -
Wi = / w(x)ride, j €7, (1.15)
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and -
/ w(x)m(z)m(x)de = hjdjy. (1.16)
If we know the behaviour of the polynomials 7wy (x) as N — oo (Plancherel-Rotach asymp-
totics), then we can extract information on the asymptotic limit of En(z,t). Our approach
consists in studying the solution of the Riemann-Hilbert (R-H) problem associated to the
polynomials 7y (x) in the limit as N — oo. The main tool is the nonlinear steepest descent
analysis developed by Deift et al [8, 9]. The average Ey(z,t) can then be computed in
terms of such a solution using a set of differential identities introduced by Bertola et al [3].
After this work was completed, we discovered that independently Chen and Its [5, 6]
studied the orthogonal polynomial problem associated with the partition function

N
1 o, —x;—s/T; 2
Hy(a,s) :mé )Nije 38/ H |2y, — 25" dVx, (1.17)
)T =1

1<j<k<N

where @ > —1 and s > 0. The weight in this integral is that one of the Laguerre polynomials
perturbed by the singular factor e=*/*. In a first paper Chen and Its [5] proved that
Hy(a, s) can be expressed as the integral of the combination of particular third Painlevé
functions; in a second article [6] they derived asymptotic formulae for the orthogonal
polynomials, the corresponding recurrence coefficients and the h;’s. When the parameters
t and o in equation (1.13) and 2%e~*~%/% respectively are both set equal to zero, then the
systems of orthogonal polynomials associated with the two weights can be mapped into
each other by the change of variables x — x?/2. The Plancherel-Rotach asymptotics of the
orthogonal polynomials can be studied using the nonlinear steepest descent in both cases.
However, even when ¢ = a = 0, the partition functions (1.2) and (1.17) are not equivalent
and cannot be mapped into each other by a simple change of variables.

1.2 Statement of results

The average (1.2) is an entire function of ¢, thus its Taylor series has an infinite radius of
convergence and we can write

En(z,t) = i B ()™ (1.18)

The main goal of this paper is to compute the leading order term in the asymptotic ex-
pansion of En(z,t) and Eny,(2) as N — co. Our main result is the following:

Theorem 1.1. Let clN_% <z < cgNi, where ¢1 and co are two constants independent of
z and N. The expectation value En(z,t) is given by

2 9 t2Nl
EN(Z,t) = BNeXp (Z— -~ <N%Z% — 1) + 5_3>

4
3

423 3z
x (1+0(1)), N — oo,

(1.19)
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where By 1s the ensemble average

N 1

By ;_/ (He“> Paug(z1,...,on)dY e, (1.20)
RN

j=1
which 1s independent of t.

Berry and Shukla [2] showed that the m-th moment of P(Qy) is given by the integral

2m )
Mym =2""]] n/ 22" Eng (2)d. (1.21)
n=m 0

From Theorem 1.1 it is straightforward to compute the coefficient Eno,,(z) in the series
expansion (1.18).

Corollary 1.1. Let clN’% <z < CQNi, where ¢1 and co are two constants independent of
z and N. The leading order term of the coefficient of t*™ in equation (1.18) is

2 m
Enom(2) ~ By exp (Z— — % (N%z% — 1)) %, N — oo. (1.22)
4 2% 2% mlzs

Unfortunately, the asymptotic limit in equations (1.19) and (1.22) cannot be assumed
to be uniform in z: there may be non negligible contributions from the region z < ¢ N -2
that would affect the integral (1.21). Such contributions can be investigated by studying
the double scaling limit of the matrix ensemble with weight (1.13). This will be the subject
of a forthcoming publication.

The structure of this article is the following: in §2 we introduce the R-H problem for
the orthogonal polynomials with weight (1.13) (after appropriate rescaling of x, z and t)
and the differential identities used to compute the leading order asymptotics of En(z,t);
in §3 we find the equilibrium measure on which the R-H analysis is based; in §4 we apply
the nonlinear steepest descent to the R-H problem; §5 and §6 are devoted to complete the
proof of Theorem 1.1 combining the asymptotics of the solution of the R-H problem and
the differential identities discussed in §2.
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2 Preliminaries
Let us introduce the scaling
t 2 :
v = —— 'UQZ(—> and y;=—/—=, j=1...N. (2.1)

The weight (1.13) becomes

2
V2 Yj U1
wy(y) = exp —N(——l——)—i—— . 2.2

We also define the partition function
N
o= [ Moo v (g +5) 3] I mwien e
RN Yi ) 1<j<k<n
which is proportional to the average En(z,t), namely
En(zt) = Z3' N5 Gy (v, 02). (2.4)

For convenience, where there is no risk of confusion with the quantities introduced in §1.1,
we denote the polynomials orthogonal with respect to wy(y) by m;(y). Similarly, we write

Gn(v1,v2) = det ( My+k k 0 th, (2.5)
where oo
pi= [ unids, jez. (2.6)
and -
/ wy () () me(y)dy = hyd. (2.7)

Let us define the matrix valued function

i) ::< N (y) ar J o, Tl Z_sy dS > (2.8)

/QNflﬂ-Nfl(y) H;;il foooo = 1s Y dS

where ky_1 = —2mihy_1. Fokas et al [10, 11] showed that Y'(y) solves the following R-H
problem:
1. Y(y) is analytic in C/R,

2. Yi(y)=Y_(y) (é le(y)) ; yEeR, (2.9)

3. Y(y) = (I—I— O(y_l)) (y(f)\/ yE)N) , Yy — 00
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where Y, (y) and Y_(y) denotes the limiting values of Y (y) as it approaches the left and
right-hand side of the real axis. It turns out that the partition function G y(vi,vs2) can be
expressed in terms of Y (y).

Lemma 2.1 (Bertola, Eynard and Hanard [3]). The following differential identities hold:

dlog Gy 1 1 . /

Tou  dmifoy WY 2.1
ovy ami J—o y r ( () (y)‘73) dy, (2.10a)

810g GN . N 1 . .

R (Y )Y (y)os) dy, (2.10b)

where the contour of integration is a small loop around y = 0 oriented counter-clockwise.

Proof. Taking the logaritmic derivatives of both sides of equation (2.5) and using the
orthogonality conditions (2.7) gives

dlogGn [ [x=m )\ dwn(y) _
a—vk_/ (Z ) o Ly, k=12 (2.11)

j=0

—00

These integrals can be rewritten as

Olog Gy -1 /Oo Kn(y,y)
— = (=N ——2 772 k=12 2.12
ROy eyt [Ty s 212)

where Ky(z,y) is the kernel

Knta.y) =V yon() 3 Lo (213)
and Vi
Gn(v1,v9) = <N! H hj> det(KN(yj,yk))j.\’[k_:lo. (2.14)

In order to evaluate the integral (2.12) we use the relation

K, y) = YO 0) gy vy, o) (1>

DO

mi(r —y 0

@—y)
(2.15)

@ox®) (o 01

e Tr(n v (g 0))

r—y
which follows from the Christoffel-Darboux formula, the definition of Y (z) and the fact
that det Y (y) = 1. By using I’'Hospital’s rule we obtain

Kly.y) = 2 Tr(n—l(ym’(y) (6 é)) (210

8

S
2
s
S
2
P

271
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Combining the jump condition of the R-H problem (2.9) and equation (2.16) gives

Kn(y,y) = L(Tl” (Y- )Y (y)os)) — Tr (Yil(y)Yi(y)03)>, y €R. (2.17)

41

The asymptotic behaviour of Y (y) as y — oo implies that the functions

T (Vi ()Y (y)or) (2.18)

are analytic in the upper/lower half planes with a simple pole at infinity. Finally, the
identities (2.10) follow from the residue theorem. ]

This lemma gives an explicit link between the solution of the R-H problem and the
average (1.2). The main challenge that we are facing is to compute an asymptotic formula
for Y'(y) using the nonlinear steepest descent method. Then, we can obtain a formula for
En(z,t) using equations (2.10).

3 The equilibrium measure

The asymptotics analysis of Y (y) relies on computing the g-function and the support of
the equilibrium measure for the potential

2
(%) Y
Voly) = SERECE (3.1)

where we have neglected the term v; /y because it is asymptotically small. The equilibrium
measure is the positive normalized Borel measure p(y) that minimizes the energy function

I(u) = — / N / " loglr — yldu()du(y) + / T Voy)du(y). (3.2)

It satisfies the conditions

2 /_m10g|y—5|dﬂ<3)—vo(y):l> x € Supp (1), (3.3a)
2 /mlog|y—s|du<s>—%<y>sz, x € R/ Supp (11). (3.3b)

for some constant {. Moreover, if u(y) satisfies (3.3), then it must be equal to the equilib-
rium measure.
The g-function is defined by

o) = [ toly — 9)dn(s) (3.4
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It is analytic in C \ R and has jump discontinuities on the real axis. The conditions (3.3)
expressed in terms of g(y) become

g+() +9-(y) = Voly) =1, y € Supp (p), (3.5a)
Re(g+(y) +9-() —Voly) <1,y €R/Supp(u). (3.5b)

Furthermore, we have
g(y) =logy+O0(y™"), y— oo. (3.6)

We shall derive an expression for g(y) using the ansatz

The constants A;, Ay and A3 are determined by the asymptotic behaviour of ¢'(y), namely

1 _
g = +0 2y — oo (3.82)
g(y)=0(@), y—0. (3.8b)
These constraints give
1
A+ 3 (A +A3) =2, (3.9a)
PR S _
A2+ 3 (A2 + A7) =0, (3.9b)
)\%)\2/\3 = —Vs. (390)

Let A; = )\?. Then, we see that Ay, Az are the solutions of the quadratic equation

2
v 22— Ay + 55 =0, (3.10)
1

while A;' and A;' are solutions of

0, 2 A

=0. 3.11
Al U% ( )

From equation (3.10) it follows that A;' and Az also satisfy

2
A—ggf —2(2—-A)y+1=0. (3.12)
1

By comparing this equation with (3.11), we see that A; is a solution of the equation

AT —2A3 — 3 =0. (3.13)
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Lemma 3.1. There exists a solution to equation (3.9) such that A\ € iR and Ay, A3 € R.
Proof. The solutions of (3.11) are

y=—— 1+ 1—(%)4 (3.14)

Therefore, if a solution of (3.13) such that —,/v; < A; < 0 exists, then the two solutions
to (3.14) are real and positive and the lemma is proven. Now, if A; = 0, then the left-hand

3
side of (3.13) is —v3 < 0; if Ay = —\/vy it is 20 > 0. Hence, there is a solution to (3.13)
between —,/v5 and 0. O

Let us now choose A1, Ay and Az such that Im(A;) > 0 and 0 < Ay < A3. Furthermore,

define
g(y) - M _ /y (S — Al)\/(82 — )‘2)<S2 — )‘3) l (315)

d —
N 253 Ty

where the integration path is chosen such that it does not intersect the interval (—oo, A3)

and
ot (@ logy — /}\y (82 = A3)\/(s2 — \3)(s2 — A%)ds> ' (3.16)

y=o0 ; 27

The function g(y) is analytic in C \ (—o0, A3) and g(y) ~ logy as y — oo. Now, let
> = Y1 U2y, where
21 = [—)\3, —/\2] and 22 = [)\2,)\3] . (317)

We will dedicate the rest of this section to show that g(y) satisfies the conditions (3.5)
with
Supp () =X = X; U M. (3.18)

Lemma 3.2. The function g(y) defined in equation (3.15) satisfies the jump discontinuities

g+(y) +9-(y) —Voly) =1, yex, (3.19a)
9+(y) — g9-(y) = 2mi, y € (=00, =As), (3.19b)
9+ () — 9-(y) = 1, y € (A2, Aa). (3.19¢)

Proof. Since Vj(y)/2 has no jump discontinuities in C, we only concentrate on the integral
in the right-hand side of (3.15). Let us write

(2 = M)V (> = N)(y® — \))
23 ’

g(y) == /}\y v(s)ds. (3.20Db)

v(y) == (3.20a)
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If y € 39, then

5@ +3-0) = [ ((5) + v () s (3:21)

A3

Since v(y) changes sign across X, we have

vily)=-v-(y), yex (3.22)

Equations (3.21) and (3.22) imply that (3.19a) is satisfied for y € 3.

Suppose now that y € ;. Let I'y. be a contour that consists of 3 parts: the first one
I'} goes from A3 to Ay on the positive/negative side of the real axis; the second part ' is
a semicircle from Ay to —\, in the upper/lower half plane; the last part I'Y. goes from —\,
to y on the positive/negative side of the real axis. Then, the jump on ¥ is given by

3o +3-0) = [ vpts [ viss= [ o) ve)as

r _ —A2

—l—/AQ(VJr(s) —|—V(s))ds—|—/

2
s r2

(3.23)
v(s)ds + /F2 v(s)ds.

Since v4(s) = —v_(s) on X, the first two terms in the right-hand side of equation (3.23)
are zero. Furthermore, under the map s — —s, the contour I i becomes —I'? and v(—s) =
—v(s). Hence, the sum of the last two terms are zero too. This proves (3.19a) on ¥;.

Let y € (—o0, —A3). We simply have

9+(y) = g-(y) = 2mi Res g(y). (3.24)
Then, equation (3.19b) follows from

. A4+ (N2+ )02 /2
Z}%:eogg(y):_ 1 ( 22 3)/

=1, (3.25)

where we have used (3.9a).

Let iy € (=g, A2) and consider the contours I'y := T'y UT% and T%. Now I'2 joins A,
to y and and f“:’t connects —As to —\3 respectively. As before + denotes the upper/lower
half plane respectively. We have

5 =3-) = [ s)is— [ wsyas= | P (3.26)

=0, (3.27)
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which follows from equation (3.9b). The function v(s) is odd and '} is mapped into —fng

by s — —s, therefore
/ v(s)ds :/ v(s)ds. (3.28)
rsu(-1) riu(-ry)

Finally, Cauchy’s theorem gives

/1*1 (o) v(s)ds = miRes g(y) = —im. (3.29)

Yy=0oo

This completes the proof of equation (3.19¢). O
We are now ready to prove that the definition (3.15) gives the g-function.

Proposition 3.1. Suppose that Ay, Ay and A3 satisfy the conditions of Lemma 3.1, that
Im (A1) >0 and 0 < Ay < A3. Then, the function g(y) defined in (3.15) satisfies

9+() +9-(y) = Voly) =1, y €, (3.30a)
Re(9+(y) +9-(y) —Voly) <l,  yeR\X. (3.30b)

Proof. Equation (3.30a) was proven in Lemma 3.2. We are left to prove inequality (3.30b).
From the jump discontinuities (3.19), we see that outside ¥ the real parts of g, (y) and
g_(y) are equal. In particular, the real part of g(y) is continuous outside X.
Equation (3.19a) and
_ Vo(y) l

gly) = 5 —g(y)+§ (3.31)

give the equality
Re(g4(y) +9-(y)) =0, yeX. (3.32)
Now note that

v(y) <0 ify € (=00, —A3) U (0, h). '
Thus, Re g(y) is an increasing function in (—Ag,0) U (A3, 00) and decreases in
(—00, —A3) U (0, A2). This property and (3.32) imply

Re(g+(y) +9-(y)) >0, zeR\X. (3.34)
The proposition now follows from equations (3.31) and (3.34). O

4 The Riemann-Hilbert analysis

The purpose of this section is to study the asymptotic limit of the solution Y (y) of the R-H
problem (2.9) using the nonlinear steepest descent analysis developed by Deift et al [8, 9].
One of the main ingredients is the g-function computed in §3.
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4.1 Deformation of the Riemann-Hilbert problem

Let us introduce

P =50 ([ e /k o)’ (1)

where ¢(y) and & are defined by

a) = 2~ M)~ N), (4.29)
~As
K, ::2/ s (4.2b)
Ao Q(S)
fE sqis(S) 2mi
§ N ds | Kohohs (4.2¢)
—X2 q(s)

The right-hand side of equation (4.2c) follows from the residue theorem.
The function F(y) is bounded at the points +\y, A3 and satisfies the following scalar
R-H problem:
1. F(y) is analytic in C\ [—As, A3],
U1

2. F.(y)+F_(y)=—, Yy E X,
+(y) () » (4.3)
3. Fily) — FL(y) = v, y € (=2, M),
F(y)=0(y™), y — 0o.
Let us define
T(y) == e(f%)asy(y)ef(Ng(y)fF(y))aseNl;?’7 (4.4)
where o3 = ({ % ). The matrix function T'(y) is the solution to the R-H problem
. T(y) is analytic in C\ R
2. Ti(y) =T-(y)Jr(y), y € R, (4.5)
3. T(y)=1+0(y™), y — 00,
where
N9+ W)=9-0) +P)-F-0) =N (3+(0)+5-() ) ~F4 )~ F- () +2L
Jr(y) = , yeR (4.6)

0 eV (g+ (y)—g- (y)) —Fr(y)+F-(y)

and g(y) is defined in (3.20Db).

We now perform a standard technique in the steepest decent analysis (see [4, 8, 9]): we
open lenses around the intervals ¥;, j = 1,2. The interiors Ly ; and contours =y ; of the
lenses are defined as in figure 1.
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Figure 1: The opening of the lenses around the intervals ¥;, 7 = 1,2. Li; and =.; are
the interiors and contours of the lenses in the upper/lower half plane respectively. We also
denote =Z; =2, UE_jand E==2, Uy, j = 1,2.

Let us introduce the matrix function

(T(y), yeC\ (L ULy),
T(y) ! 0 €L
S(y) = W\ _epvawrrw- g ) VS S (A7)
1 0
T(y) 2NG(y)+2F (y) -+ ) ) y e L
\
for j = 1,2. It satisfies the R-H problem
1. S(y) is analytic in C\ R,
2. S:(y) = 5-(w)Js(y), y€R, (4.8)
3. S(y)=TI+0@™), y — oo,
where Jg(y) is the jump matrix
( 1 0 _
RITORELRE S ye=
0 1
7 e 27
~1 0 Y
Js(y) = 1 ¢ 2Naw)-2F(y)+5} (4.9)
) r €RN\ (—A3, A3),
o ) V(=)
Nriters o —N (5 W) 45- (1))~ Fi ()~ F- (y)+ 2
‘ ‘ N ;Y E (A2, M)
| 0 e~ Ti—Evy

The conditions (3.30) imply that away from some small discs Dy, of radius ¢ centered at
+);, 7 = 2,3, the off-diagonal entries of the jump matrix Js(y) are exponentially small in
N, except on the intervals »; and . This suggests the following approximation to the
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R-H problem for S(y):

1. S%(y) is analytic in C\ [— A3, As],

2. S¥T(y) = S=(y)J™(y), Yy € [=A3, N3], (4.10)
3. S®(y)=I+0@W"), y — o,
where
eNm'—i—fvl 0

0 e_Nm'—&n) Y€ (_/\2’/\2>’

J*(y) = 01
1 0)’

(4.11)
y € 2.

The approximation S*(y) is known as outer parametriz.

4.2 The outer parametrix

Here and in the rest of §4, £); will always refer to the edge points of the support X of the
equilibrium measure. Hence, 7 = 2,3 only.

The solution to the R-H problem (4.10) exists and is uniformly bounded in N outside
of small discs D, around the points £;. Such a solution can be constructed in terms of
elliptic theta functions as in Deift et al [9]. Here we follow their treatment.

Let £ be the elliptic curve

¢ =y = )" =) (4.12)

and choose a canonical basis of cycles as in figure 2. Then, the holomorphic 1-form w(y)

Figure 2: The a and b cycle of the elliptic curve (4.12).

dual to this set of cycles is given by

dy
w(y) = ) 4.13
W)= R 1)
where K, was introduced in equation (4.2b). The Abel map is defined by
Yo ds
u(y) == (4.14)

s Koa(s)
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where the contour of integration is chosen such that it does not intersect the interval
(—00, A3). Let II be the b-period of the 1-form w(y):

A2 dy
A3 Koqy (y) '

The elliptic theta function for the curve (4.12) with this choice of cycles is given by

I =2 (4.15)

O(s) =y efmiim?tamiam, (4.16)

meZ

(= A)(y + As) i
”"(@Hz)(y—xg)) ’ (4.17)

where the arguments of the individual factors in the fourth root are chosen to be between
—m and 7. Then the solution to (4.10) is given by

Consider the function

gt ()= F gl d) g1 0(—uly) - § - 5 +d)
§o° — H 2 9(u(y)+vd) —2i 0(—u(y)+d) 4.18
() 7oy (uw) = F -5 —d) -t ou)-F -2 g | (4.18a)
2i 0(u(y)—d) 2 0(u(y)+d)
0 d 0 d
H := diag (U(O?V) + v1)§ , (U(OO])V+ v)1§ . (4.18b)
9(u(oo)—5—2—m+d) 6(—u(oo)—5—2—m+d)
where d is the constant
1 I 1 I A2 (s 0 ds
di=—-——+u,(0)=—5—— —t [ —. 4.19)
2 2 +0) 2 2 s Kogi(s) o Koqy(s) (

Using the definition of b-period (4.15), of K, (4.2b) and the fact that ¢(—s) = ¢(s) give
d=—1
1

4.3 Local parametrices near +)\; and +\3

Near the edge points £\, the approximation of S(y) by S*(y) fails. Therefore, we must
solve the R-H problem (4.8) in small neighborhoods of these points and match the solutions
to the outer parametrix (4.10) up to an error term of order O(N~'). More precisely, let
0 > 0 and D.y; be a disc of radius  centered at £A;. We would like to construct local
parametrices S™*)(y) in D., such that

1. S®X)(y) is analytic in Dy, \ (D N(RUE)),
9 Siﬂj)(y) _ S(_iAj)(z)Js(y), Yy E Di)\j N (R U E) , (4-20)
3. SEM(y) = (I +O0(NT) $<(y). Y € 0D,
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These local parametrices are given by

SEN () 1= B ()W) (¢ e (VIO T 5) (421)

The matrix functions &%) are constructed using Airy functions (see, e.g., [7] pp. 213
216). The explicit expression of W(*%) is quite lengthy. Besides, it does not enter in our
calculations. Therefore, we refer the interested reader to the original literature (see [4, 7,
8, 9]). The (+y,’s are conformal maps inside the neighborhoods D, given by the analytic
continuation of the functions CI)\], to the whole D

h, = (5) @00 -30w), @) >0 (422)

The matrix ES )(y) is invertible and is the analytic continuation to the whole Dy, of
the following quantity:

X T oo - g, imy 1 —1)i+t o3
ET(L,+ )(y) = \/7_1'6 125+ (y)e( F(y)+2y) 3193 (i(_l)jJrl :F( 1) ) (j:Ci)\j) 4 (423)

Remark 1. Since BES™Y )(y) is analytic inside D.,;, we see that near the points £);, the
function S*°(y) behaves like

5% ~ YA (1 )

LT — 1
X 67%036( F(y)+2y)03 Yy — :l:)\j,

Y

(4.24)

where Séi’\j )(y) is holomorphic and invertible at ;.

4.4 The final transformation of the Riemann-Hilbert problem

We now show that the parametrices we constructed in §4.2 and §4.3 are indeed good
approximations to the solution S(y) of the R-H problem (4.8).

Let us define (
_ S (SEW) T, y € Day,
o {S(y) (S®()™",  ye&Diy, (4.25)

Then the function R(y) has jump discontinuities on the contour I'g shown in figure 3. In
particular, R(y) satisfies the R-H problem

R(y) is analytic in C \ I'g,

2. Ry(y) = R_(y)Jr(y), y € L', (4.26)
3. R(y)=1I+0(y™), y — 00.
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T TN
- Q O— Q O—
S <

Figure 3: The contour I'g.

From the definition of R(y) it follows that the jump matrix Jg(y) has the following order
of magnitude as N — oo:

I+O(N™Y, € 0Dy,
Tr(y) = ( _N) Y= T (4.27)
I+0 (e7""), for some fixed n > 0 for y € T\ Dyy,.
Then, using well established techniques (see,e.g [8] §7) we obtain
R(y) 1+0< = ) (4.28)
y) = ~ T | :
N (lyl+1)

uniformly in C. Therefore, the solution S(y) of the R-H problem (4.8) can be approximated
by S*(y) and S (y):

S) = {<I+0<N1>>s<ﬂﬂ<y>, y € D, (.29)

T +O0(NY)S®(y), yeC\Dyy,.

Combining these expressions with equations (4.7) and (4.4) we obtain an asymptotic for-
mula for the solution of the original R-H problem (2.9), which can be inserted in the
differential identities (2.10).

5 Asymptotics of the differential identities (2.10)

In this section we will compute an asymptotic formula for the partition function Gy (vy, vs)
defined in (2.3). The analysis is similar to those ones carried out in [12, 13, 14].

5.1 The finite v, regime

Consider the trace in the integrals (2.10):

aly) :==Tr (Y (y)Y'(y)os) . (5.1)

Since «(y) is analytic in a neighbourhood of the origin, in order to compute the inte-
grals (2.10) we only need the first two terms in its Taylor expansion at y = 0. We have

a(y) =Tr (S (y)S'(y)o3) + 2Ng'(y) — 2F'(y). (5.2)
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By using S(y) = R(y)S*(y) and the expression (4.18) for S>(y) we obtain

aly) = T+ (6716 4)ow) + 235/ )~ 2 )+ O (1 ). (5.3

where
O(y) = H'5%(y). (5.4)

It is convenient to split the computation of the right-hand side of this equation in two
parts. We first determine

ao(y) = Tr (07 (y)O'(y)os) , (5.5)
then we evaluate
2Ng'(y) — 2F"(y). (5.6)
Lemma 5.1. We have Y,
ap(y) = 2 (5.7)

where q(y) is defined in (4.12) and M is a constant.

Proof. We first show that ag(y) is analytic in C \ ¥ and that

ao+(y) = —ao-(y), y€EX. (5.8)

By differentiating the jump conditions in (4.11), we see that ©'(y) has the same jumps
as O(y). Therefore, the quantity ©~!(y)©'(y) has the discontinuity

O WO W), = (J*W) (O WO W) _J¥), € (~As ) (5.9)

and is analytic elsewhere. The jump discontinuities of J>(y) in (4.11) imply equation (5.8)
and that

ap+() = ao—(y), Y€ (A2, A) (5.10)

Therefore, a(y) must be equal to ¢(y) multiplied by a rational function r(y). Since ag(x)
is of order O (y~2) as y — oo and is analytic away from the points ==\, and £\3, 7(y) can
only have poles at the edge points £);, j = 2,3. From the behaviour of S*°(y) near +\;
(see equation (4.24)), we see that ay(y) can at worst have a singularity of order 1 at ).
This implies that r(y) is analytic at the points ;. Hence, it must be a constant M. This
proves the lemma. O]

The constant M in (5.7) can be found from the asymptotic expansion of O(y) as y — 0.
Lemma 5.2. The function oy(y) in (5.7) is given by
2mi 0

ap(y) = _q(y)—Koﬁﬁ_vllog@(u(oo) +¢— %)Q(U(OO) -G+ %)) (5.11)
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Proof. From equations (4.10) and (5.4) the asymptotic expansion O(y) at y = oo has the

form o
O(y)=H '+ j +0(y?), y— oo, (5.12)

where H is the constant in (4.18). Hence,

ap(y) = —Tr (h;(;)103> +0(y?), y— oo (5.13)

The diagonal entries of ©; are

Hy' (0(ulo0) =5 — 55 —5)  0'(u(c0) — ) _1
(©1), = — K, (Q(u(oo) ~ % _ 12%5 — %) - Q(U(OO) — 711) +mH, (5.14a)
Hy' (0'(u(o0) + 5 + 55 —3)  ¢'(ulo) =) _1

where 7, is the coefficient of y~! in the expansion of (y +~~1) /2. Finally, equation (5.11)
follows by substituting (5.14) into (5.13). O

We can now compute the logarithmic derivatives (2.10).

Proposition 5.1. Let vy be of order O(1) as N — oo and define

201 Ao A3 /—M ds
C = . 5.15
Ky Ao SZQ(S) ( )

Then,

dlogGy  miA] 0 v1€ vié
o, ngofa_vl 10g<8(u(oo) e %)Q(U(OO) et %)>

o ¢ -1 -
gy, O N (o160

1 0logGn 1 v 1 1\2 8 |
N oon MliTm\lw ) Ta N, Nooo (51
N v, (4 32 ((Ag Ag) +A‘%>) +O(NT), 0. (5.16D)

Proof. We are only left to determine the term (5.6). First note that the derivative of F(y)
satisfies

1. F'(y) is analytic in C\ X,

v
2. Fi(y)+F.(y) = —y—; yes, (5.17)

3. F'(y)=0(y™), y — oo.
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Moreover, since F'(y) is bounded at £);, j = 2,3, F'(y) cannot have a singularity of order
higher than 1 at these points. A function with these properties must be of the form

U1 Ul)\g)\g — éyQ

Flly) = —— — , (5.18)
29 202/ (12 — A3)(y2 — A3)
for some constant C'. This means that
Aods — Cy?
Q) = 22—V, (5.19)

T2 - ) - N

is a meromorphic 1-form with a singularity at the origin such that Q(y) ~ vidy/2y* as
y — 0 and is holomorphic elsewhere. To determine the constant C, note that the jump
conditions (4.3) implies that the a-period of Q(y) must vanish. This gives C' = C, where
C'is defined in equation (5.15).

Therefore near y = 0 the function a(y) behaves as

v (1 1Y\ 8 v C
_n(1=2((=-21) +2 LI
) ( g ((Ag )\§> +/\%>>y+)\%+)\2/\3

21iA2 O (5.20)
- —1 (9 — u&) g vé )
U2K0§ 81}1 ©8 (U(OO) T< 2m) (U(OO) +<+ 2m)
+O0(y*) + O(N7).
Finally, inserting the right-hand side into equations (2.10) gives formulae (5.16). u

5.2 The small v, regime

When vy becomes small, the local parametrices constructed in §4.3 must be defined in
neighborhoods D, ), whose radii ¢ is smaller than \o. This affects the magnitude of the
error term in the asymptotic formulae (5.16). We now study its effect. We shall see that
by constructing local parametrices in shrinking neighborhoods of the points +X,, we can
extend the validity of formulae (5.16) for vy > N =3¢,

Since the error term is of order

0o (2 2IF@I+EL
[eE

on the boundary of D.,,, we need to know the order of magnitude of S*(y) and of the
conformal map (.,.

Proposition 5.2. The following asymptotic formulae as vy — 0 hold.

1. The orders of magnitude of points Ay , Ao and A3 are

M=0 (UQ) XA =0 (vg) and N3 =0 (1). (5.222)
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2. Let Dy, be small discs centered at £ o with radii 6 < \y. Then, on the boundary of
D), the conformal map (1, defined in (4.22) is of order

(er, =0 (N Sy $5> . (5.22)

3. There exists a constant k = O(1) as v — 0 such that the outer parametriz S*(y)
defined in equations (4.18) is of order

A2

TR
: e"ﬂé>. (5.22¢)

5%(y) = O(

4. The order of magnitude of the exponential in equation (5.21) is
exp (21F(y)| +2) =0 (). (5.224)

Proof. Equation (5.22a) is an immediate consequence of formulae (3.13), (3.11) and (3.14).
As v — 0 we obtain

M= (=2)7F0d + 0 (u3), (5.23a)
Mo = (—%) M40 (), (5.23b)
Na=2+0 (v2> . (5.23¢)

Next, consider the conformal maps (1,,. Inside D4y, they behave as follows:

Ctxo = N% (@i(y — X))+ 0 ((CU - >\2)2)>, (5.24)

where

wl=

(= 2)F (e (- X3))
23 \2 '

Py =k (5.25)

Hence, (1), is of order
Cer, =0 (Ngv;%) (5.26)

on the boundary of Dyj,.
Proving (5.22¢) requires more work. Firstly, consider v 4+~
of Ay . If |y — Ag| = 0 is smaller than Ay, we have

e ((3) () = () (352)) (o ()
:i(%&)i <1+0(%) +O(Az))-

Lin a small neighbourhood

(5.27)
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The case when y = —\ can be treated analogously.

Let us now consider the theta functions that enter in the definition (4.18). First note
that in the limit as Ay — 0, the holomorphic 1-form w(y) in (4.13) becomes a meromorphic
1-form with a simple pole at y = 0 with residue 1/(27i) (see [1] and [14]). More explicitly

Azdy
w(y) » ——————, Ay — 0. 5.28
RV o
Furthermore, the constant K, has the limit
2
Ko=5-+0(N). h—0, (5.29)
3
By writing the period II as
A A2
Mmool [F % / c_ds
N Kogi(s) A2 Kog+(s)
(5.30)

1
AF ds A2 ds

———(1+0(N\)) + [,
A3 K()S\/SQ—)%( ( 2)) 22 Koidgy/s? — A3

we can compute its limit:

1 1
1= (E log |\g| — —log |16)\§|) (1+0 (X)), X—0. (5.31)

The Abel map u(y) becomes

mwa[%@+xx@=%+ly@. (5.32)

3 2

Using this expression we obtain

u(y) 1; + (2%2)% ﬁ (1 +0 (%) + O()\Q))

I 1/6)\: 5
5+ (o) (1ro(n)om). x-o

We can now substitute equations (5.31) and (5.33) into the theta functions in (4.18) to
obtain their orders of magnitude as vy — 0. Let A be a constant vector that is independent
of y and vy. We have

(5.33)

0(s) =0 (u(y) + A) = Y emim*H2imul)tAm, (5.34)

meZ
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The arguments of the exponentials become

N

m*I + 2 (u(z) + A)m = m(m + DI+ 2 (i (i>

e 2)\2
5
o ((r)

The asymptotic behaviour of the period II in (5.31) gives

+ A) m
(5.35)

> + O()\Q), )\2 — 0.

Njw

7<2—5>%727ri¢4 0
O(u(y) + A)=1+e \X 14+0 " +0(N) ), Aa—0. (5.36)
2
By substituting
. 1 . N Ulé 1
A= ~1 and A= 5 "5 T 4 (5.37)

into (5.36), we see that the matrix elements in (4.18a) are bounded by infinity and zero.
Note that, although the term v1£/(27¢) depends on vs through &, since our goal is to study
the coefficients of v;, we can always let v; be arbitrarily small so that the term v,£/(27i)
will only introduce a negligible error into (5.36). In particular, we have

0(uly) -5 -5 —-1)=0 (e’”*) , (5.38)

where k; is of order O(1) in vs.
From equation (5.28) and the fact that A3 = O(1) it follows that the term u(oco) in the
constant H in (4.18b) remains finite as v — 0. In fact, we have

. oe ds 2 _1 2
uoe) = | e (14004)) =3+009. 2—0 (639

Proceeding as in the derivation of (5.36), we see that also H remains finite and non-zero
as v9 — 0.
Arguments similar to those ones that led to equation (5.33) give

U1 U1 U1
F =0 | ka— d —=0|k3— 5.40
FwI=0 (k) ad 2 =0(wi). (5.40)
where y = £y + 6, and ky and k3 are of order O(1) in ve. Let us write
k := max {k’l, ]{52, ]{53} . (541)

Equation (5.22¢) follows by combining formulae (5.27), (5.38) and (5.39), and equation (5.22d)
is a simple consequence of (5.40). ]

We are now ready to prove
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Corollary 5.1. Let 0 < € < 3. Then, formulae (5.16) hold for vy > N3¢ with an error
terms of order

£=0 (N—%e’“%) . (5.42)

Proof. Combining equation (5.21) with the asymptotic formulae (5.22) gives

Uéek%
E=0 2N52 : (5.43)

Then, equation (5.42) follows by setting v, = O(N~3%¢) and

6= 0 (NHE) =0 (aN75). (5.44)

6 Asymptotics of the ensemble average Fy(z,t)

We are now in a position to give an asymptotic formula for the ensemble average (1.22)
and complete the proof of Theorem 1.1.

Let us translate formulae (5.16) back into the original variables z = Ny/v, and
t = v/Nv;. We obtain

dlog G 1w 1 1\> 8 e
TN=Z<§—£<<)\—%—)\—§> +)\—%>> + O(zN~179), (6.1a)
dlogGy  miA] 0 " €

o :ng()&alOg 9<u(oo)+§—2m. N)@(u(oo)+g+2m N)

t C 1 €
_ _ +O(N279), 6.1b
2NXT  20,05V/N ( ) (6.10)

where the \;’s, Ky and & are functions of z only. Proposition 5.2 and Corollary 5.1 imply
that these formulae hold only in the range ¢; N 3 <2< co N, where ¢; and ¢y are constants
independent of z and V.

Equation (5.15) implies that

'U1)\2)\3
C = Ko +0(N), A —0. (6.2)

From this expression, the definition of £ (4.2c) and the behaviour of the A;’s as v, — 0 (see
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equation (5.22a)), we obtain

dlogGy 2z 3 21 23 e

T = 5 2—%]\7 zZ3 4+ O (m) + O (ZN ) s (63&)
dlogGy 10 1€

ot a0 Og<9 (100 + 5 = 585w 0 (wlo0) + 5+ 755

(B ) o) o(rie®). o

Integrating these formulae gives

22 9 2 4 2e tQN%
Ex B S (N* - N*>
(z,t) = exp(4 . 523 3 +2§z%
3
X (9 (u(oo) +¢— 27;%) 7 <u(oo) +¢+ 27;%)) (6.4)
1, € Y1 t2
1+0 5 +O<N_5+§e A2>+O<_) ,
£ N
where B, is the constant
N 1
BJEV :/ (He AN ) PGUE(ZL‘l,...,I'N)dNZL‘, (65)
RN \ 7
J=1

which is independent of ¢.
The error term O (zg/N%> in equation (6.4) diverges unless z = O (N'/1). Therefore,

we will restrict the validity of (6.4) to (;N™2 < z < ¢, N,

We now use the expression of the period I in equation (5.31) to simplify the theta
functions in formula (6.4). Combining the definition of the theta function (4.16) and the
limit of u(co0) as Ay — 0 (5.39) gives

2
)\2 N m 2mim éll+gi27r§f/ﬁ+o()\%)

where ¢y is a constant of order O(1) in Ay. Hence, we have

9(( 00) + ¢k o f>_1+<§; CN)‘2>COS(27T< tot o f>>+0()\3) (6.7)

Substituting this formula back into (6.4) and letting N — oo followed by ¢ — 0 gives

En(z,t ) 2\ 2N 2
lim lim Mexp % <N§z% — N?> — 5—; = exp ). (6.8)
B¢ 273 3 4

e—=0 N—oo N 3 23 2

0 (u(o0)

This limit completes the proof of Theorem 1.1.
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