Arch. Rational Mech. Anal. 187 (2008) 409-479
Digital Object Identifier (DOT) 10.1007/s00205-007-0075-3

The Relaxation of Two-well Energies
with Possibly Unequal Moduli

IsAAC V. CHENCHIAH & KAUSHIK BHATTACHARYA

Communicated by R. D. JAMES

Abstract

The elastic energy of a multiphase solid is a function of its microstructure.
Determining the infimum of the energy of such a solid and characterizing the asso-
ciated optimal microstructures is an important problem that arises in the modeling
of the shape memory effect, microstructure evolution, and optimal design. Mathe-
matically, the problem is to determine the relaxation under fixed phase fraction of
a multiwell energy. This paper addresses two such problems in the geometrically
linear setting. First, in two dimensions, we compute the relaxation under fixed
phase fraction for a two-well elastic energy with arbitrary elastic moduli and trans-
formation strains, and provide a characterization of the optimal microstructures
and the associated strain. Second, in three dimensions, we compute the relaxation
under fixed phase fraction for a two-well elastic energy when either (1) both elastic
moduli are isotropic, or (2) the elastic moduli are well ordered and the smaller
elastic modulus is isotropic. In both cases we impose no restrictions on the trans-
formation strains. We provide a characterization of the optimal microstructures and
the associated strain. We also compute a lower bound that is optimal except possibly
in one regime when either (1) both elastic moduli are cubic, or (2) the elastic moduli
are well ordered and the smaller elastic modulus is cubic; for moduli with arbitrary
symmetry we obtain a lower bound that is sometimes optimal. In all these cases
we impose no restrictions on the transformation strains and whenever the bound
is optimal we provide a characterization of the optimal microstructures and the
associated strain. In both two and three dimensions the quasiconvex envelope of
the energy can be obtained by minimizing over the phase fraction. We also charac-
terize optimal microstructures under applied stress.
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1. Introduction

1.1. Relaxation

The elastic energy of a multiphase solid is a function of its microstructure.
Determining the infimum of the energy of such a solid and characterizing the asso-
ciated optimal microstructures is an important problem that arises in the modeling
of the shape memory effect, microstructure evolution, and optimal design. Mathe-
matically, the problem is to determine the relaxation under fixed phase fraction of
a multiwell energy.

We work in the framework of geometrically linear (infinitesimal) kinematics.

Let €] € Ry be the stress-free (transformation) stain of the ith phase relative to

a reference configuration, o; € £ (Rfyxn’f) be its elastic modulus, and w; € R be
its chemical energy. (We use £* (-) to denote self-adjoint linear operators, L% (-)
to denote positive-semidefinite self-adjoint linear operators and L% (-) to denote
positive-definite self-adjoint linear operators on -, respectively.) Then the energy
density W;: R — R of this phase subject to a linearized strain € € Rgt is
given by
1 T T

Wi(e) = 3 {oi(e — €. (e — &) + wi. (L1
Here, the inner product (-, -) is defined as usual by Ve, €y € ngxrg, (€1, €p) =
Tr(e1€2). We write the energy density W : Rg'yfg — R of the material with NV phases
as the minimum over N quadratic energy wells,

1

W(e) := min W;(e). (1.2)
i=1,....N

Classically one postulates that the state of the solid occupying aregion 2 C R”
is described by displacement fields u: £2 — R” that minimize the potential energy,

/ W(e(u))dx. (1.3)
2

Here e(u) = %(Vu + (Vu)T). (Henceforth we shall not write the dependence of
€ on u—and on x € §2 through u—explicitly.) Since W has a multiwell structure,
the problem of minimizing the total energy might not have any solution; instead
minimizing sequences develop oscillations and do not converge in any classical
sense [17]. In other words, we find ourselves in a situation where we can reduce the
energy with strain fields that have finer and finer oscillations but can never attain
the minimum. We interpret this as the emergence of microstructure [9, 14]. We
refer the reader to [7] for a detailed introduction.



The Relaxation of Two-well Energies with Possibly Unequal Moduli 411

Relaxation (with affine boundary conditions). Once a material forms microstruc-
ture its effective behavior is not described by W but by a relaxed energy density

W: R — R that describes its overall effective energy after the formation of
microstructure. The theory of relaxation [2, 16—18, 32] provides a characterization
of such an energy:

W) := inf ][W(e)dx. (1.4)
2

ulyo=€x
(We use f,, - dx and (-) to denote m Jo - dx.) This definition is independent
of the choice of domain, §2 (cf., for example, [17, Section 4.1.1.1, p. 101] or [47,
Section 31.2, p. 674]).
The relaxed energy density can be thought of as the average energy density of
the solid accounting for microstructure and describes the behavior of the solid on
macroscopic length scales. The theory justifies this since minimizing f_q W() dx

with specified boundary conditions is equivalent to minimizing the relaxed problem
fQ W (-) dx with the same boundary conditions:

mf ][ W(e)dx = mm][ W (e) dx,

where £ is the set of all strain fields that satisfy the specified boundary conditions.

Relaxation (with affine boundary conditions) with fixed phase fractions. Now consi-
der the problem of finding the optimal microstructure (arrangement of phases) and
the optimal strain field when the phase fractions of the phases and overall strain are
given.

A microstructure of N phases can be described by a characteristic function
x: 82 — {0, 1}V chosen such that fori =1, ..., N,

1 if the point x € §2 is occupied by the ith phase,
xi(x) = .
0 otherwise.

(Consequently lezl xi = 1.) The phase fractions A = (A1,...,An) € [0, 1V
(satisfying ZlNzl Ai = 1) are given by A = (x).

Given some microstructure x and a displacement field u, the potential energy
of the crystal is

N
/ > Xi(x)Wie) dx. (1.5)
2521

We define the relaxed energy density under fixed phase fraction, W, : R’;yfr’f — R,
through the variational problem

Wi(e) := 1nf inf ][ le(x)W,(e)dx (1.6)

=\ ulyp=€=x
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Relationship between W, and W. From (1.2) and (1.4),

W) = inf min W, (¢) dx.
ulpo=€x Joi=l,.., N

Note that the minimization over i is to be carried out pointwise. Using the charac-

teristic function x introduced earlier,

ulpo=¢€x

N
W@E) = inf / min » x; (x) Wi (€) dx
2 XD

ulpe=¢€x

N
= inf i (X)W;(e)d
inf_ ngn/ﬂl;x,m i(€) dx

N
=inf inf_ / D xi()Wile) dx
X 25
i=1

Ulgo=€x

N
= min inf inf / z Xxi(x)W;(e)dx
2

Ao AX)=h ulpp=¢€x £
i=1

= m/\in W.(6). (1.7)

Note that the evaluation of W from W), is a simple finite-dimensional minimization
problem. Therefore, for the energy density (1.2), the problem of computing W is
essentially that of computing W . Thus the problem we study is the characterization
of W; and the optimal microstructures.

Relaxation with traction boundary conditions. When the specimen is subjected to
tractions at the boundary the relevant potential energy is not (1.3) but

/W(e)dx—/ t(x)-u(x)dsS.
Q a0

If it is further supposed that the applied traction corresponds to a uniform stress,
thatis, 30 € ngxn';, Vx € 982, t(x) = o -n(x), where 7 is the unit outward normal
to 052, this reduces to

/ W(e) — (o, €)dx.

Q

Analogous to (1.4) we define the relaxed conjugate energy density, w: R;’;;g’ —
R, through the variational problem

W’(G):= inf ][W(e)—(c?,e)dx; (1.8)

€ _ 2
ulgo=€x

and analogous to (1.6) (cf., (1.5)) we define the relaxed conjugate energy density
under fixed phase fraction, W; : ngxnf — R, through the variational problem
N
W5 (&) := inf  inf (X)Wi(e) — (&, €) dx. 1.9
1(6) = inf i D xi(OWie) — (5, €) dx (1.9)

ulpg=ex * L i=1
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As before
W’ () = niinWK ).

Relationship between relaxation with affine boundary conditions and relaxation
. . .. 570 - .

with traction boundary conditions. W, is the negative of the Legendre—Fenchel

transform of W.:

W@ = inf inf D aOWi(e) - @) dy

_ 2
u|yo=¢e-x i=1

= mgin (< inf inf ][ Zx, xX)Wi(e)dx — (o, 6))

=\ ulpo=€-x
=min (W,(€) — (5,4))
= — max ((&,5) —W)\(E))~

€

W is similarly related to W.

1.2. Previous results

Two phases in two dimensions. LURIE & CHERKAEV [42] used the translation
method to find the relaxation of a two-phase material with equal isotropic elas-
tic moduli (cf. also [52]). ALLAIRE & KoOHN [3] extended this to two arbitrary
isotropic phases (cf. also [53]) and GRABOVSKY [30] to two arbitrary elastic elastic
phases. Both assume that the transformation strains are equal. However, there is no
loss of generality due to this assumption if the difference between the elastic moduli
is invertible [27]. Lu [43] found the relaxation for two arbitrary isotropic phases,
again assuming the invertibility of the difference between the elastic moduli. Our
work completes this by studying a general two-phase material with no restrictions
on the elastic moduli or transformation strains. We use the same general approach
as Lu [43] and GRABOVSKY [30].

Two phases in arbitrary dimension. PIPKIN [50] and KoHN [31] considered the
relaxation of a two-phase material with equal elastic moduli (¢; = «»). Pipkin’s
approach was to determine the rank-one lamination envelope of the energy and
then show that it coincided with the quasiconvex hull. This approach fails when the
elastic moduli are unequal since then rank-one laminates are no longer necessarily
optimal (cf., in two dimensions, [30, 43] and Section 3; and, in three dimensions,
Section 4).

Kohn’s approach was to compute a lower bound using Fourier analysis and
then show its optimality by constructing microstructures whose energies attain this
bound. Fourier analysis is not an useful approach when the elastic moduli of the two
phases are unequal. Kohn also used the translation method, and it remains viable
even for unequal elastic moduli. Our work here too uses the translation method,
though the translation we use is different from that used by Kohn.
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ALLAIRE & Lops [6] considered this and related problems for the case of well-
ordered! isotropic materials; ALLAIRE and KOHN considered well-ordered materials
[4] and non-well-ordered isotropic materials [S]. In these papers the transformation
strain of both phases was taken to be equal, though this restriction can be removed
if the difference in moduli is invertible.

More than two phases. Very little is known when one has more than two phases. In
the simple situation where the elastic moduli are equal and the transformation strains
are pairwise strain compatible, W is the convexification of the W [7, Result 12.1,
p- 215]. The problem remains open, even for equal moduli, when the transformation
strains are not strain compatible. For a discussion of difficulties see [31]; for recent
progress see [15, 21, 23, 29, 55].

2. Overview

Two dimensions. In Section 3 we compute the relaxation under fixed phase frac-
tion for a two-well elastic energy in two dimensions for arbitrary elastic moduli
and arbitrary transformation strains, and provide a characterization of the optimal
microstructures and the associated strain (Theorem 2.1).

Three dimensions. In Section 4 we attempt to compute the relaxation under fixed
phase fraction for a two-well elastic energy in three dimensions when either (1)
both elastic moduli are cubic,? or (2) the elastic moduli are well ordered and the
smaller elastic modulus is cubic. In both cases we impose no restrictions on the
transformation strains.

We succeed in doing so if either (1) both elastic moduli are isotropic, or (2) the
elastic moduli are well ordered and the smaller elastic modulus is isotropic; other-
wise we are partially successful: we obtain a lower bound that is optimal except
possibly in one regime. When the lower bound is optimal we provide a characteri-
zation of the optimal microstructures and the associated strain (Theorem 2.2).

For moduli with arbitrary symmetry (still with no restrictions on the transforma-
tion strains) we obtain a lower bound for the relaxation under fixed phase fraction.
This lower bound is sometimes optimal. For the regimes where the lower bound is
known to be optimal we provide a characterization of the optimal microstructures
and the associated strain (Theorem 2.3).

Ancillary results. In both two and three dimensions we can obtain the quasicon-
vex envelope by minimizing over the phase fraction. We discuss the problem of
relaxation under applied stress in Section 5.1. In [10] we relate these results to expe-
rimental observations on the equilibrium morphology and behavior under external
loads of precipitates in nickel superalloys.

I'Two materials are well-ordered if their elastic moduli satisfy eithera; < aporan < aj.
2¢f. Definition 4 in Section 4 for the definition of “cubic moduli”. We use the term “cubic”
to include isotropy as a special case.
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Theorem 2.1. (Two dimensions) Let W : R2*2 — R pe given by (1.1) and (1.2)

sym

for N = 2. Then, W : R?;;HZ — R, defined in (1.6), is given by
2
W, (6) = max min AiWi(e) + Briro det(er — €7).
ﬂE[O‘V(Dq,DQ)] el,ezeRg\f;”z ; P
rel+rrer=E -

The interval [0, Y, ay)] over which B ranges is defined as follows: let
T erl* (RM) be defined by,

sym

Te . =e¢—Tr(e)l,

=)
Vo 1= (Hl?lale<(a_;Ta_5) €, 6>)1 , (2.1a)

V(@r,a2) = Min(Ve;, Yar)- (2.1b)

and let

Explicitly,

2
Wi(e) = ZkiWi(Ei*(ﬁ*(E), €) + B (M1 det(e3(B*(€), €) — €] (B*(€), €)),

i=1

where,

€1 (B*(8), &) 1= (haay + Ajaz — pX(ET) !

x (a2 = B*(E)T)E — Aa(onze) — are})),
(B*(6), &) i= (aay + iz — pX(ET)

((a1 = B*(E)T)E + A (aa€) — a1€)));

0 if (&) =0 (Regime 0),

o 0 iF$0,8) >0 (Regime 1),
B = Bu if90,6) =0and ¢ (Vj,a,€) =0 (RegimeII),
V) OV e, €) <0. (Regime TII);

¢ (-, €) is the mapping
(0. Varan)] 2 B 1= = det (Goar + A0z = 1) (aales = &) —an(ef = )

and, in Regime 11, By € [0, Y(a;.ay)] is the unique root of ¢ (-, €) when ¢(0,€) < 0

and ¢(y(ot],0l2), E) z 0.
Further,

1. In Regime O every microstructure is optimal. The optimal strain and stress are
constant.
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2. In Regime 1 the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made of these
laminates. The optimal strain takes the value €7 in phase 1 and €5 in phase 2
while the optimal stress is constant.

3. In Regime Il the optimal microstructure is unique and is a rank-one laminate.
The optimal strain takes the value €} in phase 1 and €3 in phase 2.

4. In Regime 111, no rank-one laminate is optimal. The class of optimal micro-

structures is possibly large® and includes at least two rank-two laminates.
In any optimal microstructure, in phase i, i = 1,2, the strain is confined to
an dffine subspace of dimension dimker(¢t; — Y(a;.aT) = 2; the sum of the
dimension of the two affine subspaces is also at most 2. In particular, if phase
i is harder than the other phase (that is, if Yo; > V(a,,ay)) then the strain is €]
in that phase.

Theorem 2.2. (Cubic moduli in three dimensions) Let W: R33 — R be given
by (1.1) and (1.2) for N = 2. Moreover, let one of the following conditions hold:

1. Both elastic moduli are cubic (cf. Definition 4 in Section 4).

2. The elastic moduli are well ordered* and the smaller elastic modulus is cubic.
Then a lower bound for W : R3*3 — R, defined in (1.6), is given by

sym

2
Wi(€) = max max min MiWi(er) — Maaf - oR(er — ).
ﬂes(al.az) ReSO(3) 61,626R3X3 Z LT

sym i=1
A€1+rrer=¢

Here,
Sa; N Se, if oy and ap are cubic,
S(al,az) = Sal ifOl] g oy,
SOQ ifa2 é oy,
for a cubic elastic modulus o with Lamé modulus £, diagonal shear modulus (v and
off-diagonal shear modulus n,

2818283 — (€ +2min(u, n)) (BT + B3 + B)
+ 2€6(B1B2 + P23 + B3f1) .
— 4¢min(ie, n)(B1 + B2 + B3) ’
+ 12¢(min(p, 7))* + 8(min(, 7))* = 0
and ¢F: R33 — R3 is defined by

Se=1B R

Sym
#R(€) :=¢(RTeR), Re SO®), (2.2a)

€3, — €22€33
pe) = | €2, —eszenn |- (2.2b)

€}, —elen

3In a sense explained in the proof of Theorem 3.16.
4That is, a; Saporan S aj.
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To present a more-explicit expression let T € L* (ngx,,?) be defined by,

Te . =¢—Tr(e)l,
1 0 0

I=10 1 0};
0 0 1

let Vay .+ Yar s Viar,a0) De as in (2.1); let Wy (B, €): RS x R3S — R be defined by

Sym

W,.(B, €) := max min A Wi(er) + AaWa(er)
ReSOB) ¢1,epeR3%3

sym

R .
relthaa=é — AAB - d7 (€2 — €1);

let R,(B,€), €l (Ri(B,€), B,€), €5(Ru(B, €), B, €) attain the extreme above and
let Ae*(R, B, €) :=€5(R, B,€) — €] (R, B, €). We use ||| to mean parallel and not
anti-parallel. For x € R" and S C R" we say x ||| S if 3y € S, x ||| y. Then,

W) 2
W,(0,€) if Ae*(-,-,€) =0 (Regime 0),

Wi (B &) if3Bi € Siwran) N ({0} x R”ZUR x {0} x RUR? x {0}),
0 # =PI (At (Ru(Br, ©), B ) ||| {—e1. —e2, —e3)
(Regime 1),
Wi (Bu, €) otherwise. Here By is the unique solution in Sy, «,) Of
PR (Ae* (R, (-, €),-,6) =0 (Regime 11),

Wi(Bu, €) if3Pu € {ﬂ € Ri | B1 = Y(ar,a2)» B2 =Bz €10, y(al,zxz)]}
U{B € R | B2 = Viar.a0). B3 = B1 € [0, V(a.an)]}
U {,3 76 Ri | B3 = V(a1,a2)» B1 = B2 € [0, V(oq,az)]}a
0 # —¢R PO (A* (R, (Bu, ), Bu» ) ||| fer, €2, €3}

(Regime 1I11),
Wi(Bus €) if 0 # —¢pR PO (Ae*(R.(Bu, €), B, ©)) ||| Int(R3)
where By = V(ou,az)(la 1, I)T (Regime 1V).

In Regime1l, B, is the unique solution ofq)R*("g)(Ae*(R*(-, €),-,€) =0inSw,,a)-
Assume, renumbering if necessary, that Yy, < Vao,. Also let

2 ifpr <m,
D]v =15 l:fl'l/l:nlv
3 ifur >
The lower bound is sharp except possibly in Regime IV when (11 # n1. Further,

1. In Regime O every microstructure is optimal. The optimal strain and stress are
constant.
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2. In Regime 1 the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made of these
laminates. The optimal strain is constant in each phase while the optimal stress
is (globally) constant.

3. In Regime Il the optimal microstructure is unique and is a rank-one laminate.
The optimal strain is constant in each phase.

4. In Regime 111, no rank-one laminate is optimal. The class of optimal micro-
structures is possibly large® and includes at least two rank-two laminates.

In any optimal microstructure the strain in each phase is confined to an affine

subspace of dimension at most Dy, the sum of the dimension of the two affine

subspaces is also at most Dy,.> Moreover, if one phase is harder than the other

(that is, if Yo, > Va,) then the strain in the harder phase is constant.

5. In Regime 1V the lower bound is possibly non-optimal when w1 # ni. If the
bound is optimal then:

(a) No rank-one laminate is optimal.

(b) Ifone phase is harder than the other then no rank-two laminate is optimal.

(c) If 1 = nq then there exists an optimal rank-three laminate.

(d) In any optimal microstructure the strain in each phase is confined to an
affine subspace of dimension at most D,y; the sum of the dimension of the
two affine subspaces is also at most Dy,. Moreover, if one phase is harder
than the other then the strain in the harder phase is constant.

Theorem 2.3. (Arbitrary moduli in three dimensions) Let W : Rfyx,j’ — R be given

by (1.1) and (1.2) for N = 2. Then a lower bound for W : Rfyxnf — R, defined
in (1.6), is given by

Wi(é) = max max min
BENRes0()Biay.ap)(R) RESOB) ¢, eyeRYS
A€r+rrer=¢

2
x D 1iWile) = hdaf - 9% (2 — €n).

i=1
Here, for R € SO(3)

B(a,00)(R) := By (R) N By, (R),

By(R) := [,3 eR} | Ve e R}, %(ae,e) —B-oRe) = o] :

and ¢R : R3*3 — R3 is defined in (2.2).

sym
Let B*, R, attain the maximum above. This lower bound is sharp when

1. (Regime 0) aze; — aje] = (o — ay)e.
2. (Regimel) B* € ({0} x RZ UR x {0} x RUR? x {0}) and

0 # —pR PO (Ae*(R.(B*, &), B*, ) || {—e1, —e2, —e3).

5Sharper results are presented in Theorem 4.37.
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3. (Regime 1) B* solves %+ (Ae* (R, (-, €), -, €)) = 0.

(The notation ||| is explained in Theorem 2.2.) Further the statements (1), (2),
and (3) in Theorem 2.2 hold.

Strategy. We prove Theorems 2.1, 2.2 and 2.3 by first using the translation method
to obtain a lower bound for W, in Sections 3.2.1 and 4.10, and then constructing
microstructures whose effective energy equals this bound in Sections 3.2.1 and
4.10.

(Note that the construction of a microstructure immediately leads to an upper
bound for W;.. Various such microstructures, and thus upper bounds—including
some bounds now known to be optimal—are explicit or implicit in the metallurgy
literature. ROYTBURD [51] surveys work in this direction. The challenge is to prove
a matching lower bound for W,.)

Good introductions and overviews of the translation method can be found in [12,
Chaps. 8, 15, 16] and [47, Chaps. 4, 24, 25]. For development of the method and
applications to a wide range of problems cf., for example, TARTAR [56-58]; LURIE &
CHERKAERV [38—41]; KOHN & STRANG [33-37, 54]; CHERKAEV & GIBIANSKY [11,
24, 25]; MURAT & TARTAR [48]; MURAT [49]; AVELLANEDA ET AL. [1]; MILTON
[45, 46]; and FiroozZYE [20].

Laminates. The microstructures we construct are laminates; these have been used in
avariety of problems; cf., for example, [22, 57-59], [12, Chap. 7], [47, Chap. 9], and
references therein. Good introductions and overviews can be found in [12, Chap. 7]
and [47, Chap. 9]. Rank-one laminates are alternating layers of two phases at fixed
phase fraction; rank-two laminates are rank-one laminates where at least one of the
layers is itself a rank-one laminate at a smaller scale; and so on. In order to use
laminates in our context, one has to think of them as a sequence of microstructures
with fixed geometry but smaller and smaller scales.

3. Two-phase solids in two dimensions

In this section, we consider the two-well problem in two dimensions.

3.1. A lower bound on the relaxed energy

3.1.1. A lower bound using the translation method. We use the translation
method to derive a lower bound. We state the basic principle in R” since we use it

for both two and three dimensions. Recall that f: R¢T — R is quasiconvex if

CE ]{2 f(e) dx. 3.1

for each € € R¢/. Any quasiconvex function can be used to derive a lower bound
on the relaxed energy at fixed phase fraction using the translation method:
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Proposition 3.1. (Translation lower bound) Let W: R?*" — R be as in (1.1)

sym

and (1.2) for N = 1,2. Let f: R?yfn" — R be quasiconvex and f € Ry. Then
W, Ry, — R defined in (1.6) satisfies the lower bound
2
Wié) =  max min > (Wi — B + BfE).  (3.2)
,320 61,62€Rnx"

sym l:1
W;—Bf: convex \jej+rrer=é

Proof. From (1.6),

2
W, (é) ;= inf inf_ ][ inWi(e)dx.
2

<Xi>=A; ulpo=€x

Since f is quasiconvex we have the lower bound,

2
Waoz _int it S0~ prends + pr@)
i=1

<xi>=hi ulpo=¢€x

for each B = 0. Choosing B optimally subject to the restriction that the functions
W; — Bf are convex (the reason for this will become clear in the next step), we
have

2
WiE) =  max min_inf_ ][ D xi(Wie) — Bf (€)) dx + Bf ().
2=

B=0 <xi>=hi ulpp=e=x
W;—Bf: convex

Since W; — Bf is convex, using Jensen’s inequality,

2
_ i€ dx
Wo@) >  max min_ i > A (Wi—Bf) (fﬂx—) FBf(@).
B=0 <xXi>=Ai Ulpo=€x — :F.Q xi dx
W;—Bf : convex =
Setting €; = %é' _€>> and noting that A1€1 + Axep = €, we obtain the desired result.

]

3.1.2. The determinant as translation. The lower bound presented in
Proposition 3.1 is valid for any translation f: R X" — R that is quasiconvex. The

sym
art of the translation method lies in choosing the right translation. In two dimen-
sions, we pick the translation to be the negative of the determinant: f = ¢ := —det,

that is,
2
P(€) = €15 — €11€22.

This choice of translation might appear to be arbitrary, but in fact is a posteriori
natural.
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Quadraticity of ¢. It is easy to verify that
1
€)= —(Te, ¢
¢ (€) 2( )
where T € L* (ngxn%) is defined by
Te =€ —Tr(e)l,

6 )

(that is, —T € is the adjoint of €). Alternatively,

I:

T'=—-Ap+Aa+ A, (3.3)

where Ay, Ag, Ay € E*g (Rzyxn%) are orthogonal projection operators defined by
Range(Ap) = Span {/}, (3.4a)

Range(Aq) = Span {(} %)}, (3.4b)

Range(A,) = Span {((1) (]))} . (3.4¢)

In particular T has eigenvalues —1 and 1, repeated once and twice, respectively. It
follows that 7 is invertible and is neither positive nor negative definite. Note also
that 72 = 1.

Quasiconvexity of ¢. ¢ is quasiconvex since it is quadratic and rank-one convex [17,
p. 126]: Vm,n € R?, ¢(m ®;n) = 0. Here 1it @ fi := 3 (A @i + 1 @A); m @ A
is defined by (m @ n);; = min;, i, j =1,2.

A lower bound on the relaxed energy. With this choice for the translation, and
exploiting the fact that W; and ¢ are quadratic, we may rewrite (3.2) as

W) 2 max W,.(8, €), (3.52)
B20
W;—B¢: convex
where W;: R x RZ> — R is defined by
Wi(B,€):= min_ A Wi(e1) + A Wa(er) — BAirap(e2 —€1).  (3.5b)
el,ezeRs;g
ri€l+rrea=€

3.1.3. Determining the amount of permissible translation. Our next step is to
characterize the set {8 = 0 | W; — B¢ : convex, i = 1,2}

Lemma 3.2. (Convexity of translated energies) Let o, oy, ap € L% (R2X2). Let

sym

Yas Yai,ap) > 0 be defined by

-1
Va = (max <(a_%T(x—%) €, 6>) ,
lell=1

Yiar.ap) = Min(Ve; s Yay)-
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Then,

[0, Vo] = {B 2 0| W; — Bop: convex, i = 1,2},
[0, Y1.a) = {B = 0| W; — Bop: strictly convex, i = 1,2},

Proof. Let i = 1,2. The convexity of W; — B¢ is equivalent to the positive-
semidefiniteness of o; — BT, that is, to the nonnegativity of € — ((o; — BT )¢, €).
Now,

«ai—ﬂrdee>=<a}(1-—5a;%ra;%)aﬁae>

1 1
— 122 “ip iz oz
= [l€ll _,3<05,' Ta; "¢, €>a

1 1
where é = o€ and o/ is the unique positive-definite self-adjoint square root of

o;. Thus

Ve, ((ai — BT)e, €) =20 < Ve, |le||> — ,8<(a.2Ta, ;) €, e> >0

1 1

_1 _1
’ <((xi ‘Ta, z)e,e>
2

= Ve #0, —
B llell?

where we have used the invertibility of ozi%. (Ya; 18 non-negative since 7' has a
positive eigenvalue and all eigenvalues of «; are positive.) The result follows. 0O
Note 3.3. From (3.3),
(e = yaD)I. 1) = (. 1) + yallI|* > 0.

This, with Lemma 3.2 gives,

I < dimker(x — 3 T) < dimRY: — 1 =2. (3.6)
Note 3.4. For cubic «, aligning our axis with the principal axis of «, we have,

o =2kAp +2ulAg + 2nA,,

where « (), u(a), n(a) > 0 are, respectively, the bulk, diagonal shear, and off-
diagonal shear moduli. (Henceforth we shall leave the dependence on « implicit.)
Since T = —A, +Ag + Ay,

Thus

2min(u, 1) when « is cubic,
Ya = .. .
2u when « is isotropic.



The Relaxation of Two-well Energies with Possibly Unequal Moduli 423

(An isotropic modulus is a cubic modulus for which u = 1.) Moreover, as is easy
to verify,

Span {({ %)} if o is cubic with u < 7,
ker(a — v, T) = {Span {({ )} if « is cubic with n < p,
Span {((1) 91 ), ((1) (1))} if o is isotropic.

3.1.4. Explicit expressions for the optimal strains and stresses. Let us return
to the minimization problem (3.5b) and find the minimizers €} (B, €) and €5 (B, €).
By differentiating the argument on the right-hand side of (3.5b),

ai(e] —€]) —aa(e) — &) + BT (e; —€7) =0. (3.7)
In other words,
Ac* = BT Ae*, (3.8)
where
Ae* =€) — €],
Ac* =05 — of,

ol ==ai(ef —¢), i=1,2.

Since A€} + Areox = €, (3.7) gives

(May +rjay — BT)e] = (aa — BT)E — A A(ae’)
(Mo + Aoy — BT)e) = (1 — BT)E + 11 Aae’)
(Mg + Aay — BT)Ae* = A(ae™) — (Aa)é,

where

Axe") == aze; — g€,

Ax = ar — .

If B € [0, ¥@,,az))> then from Lemma 3.2 it follows that Ara1 + Ajan — BT is
positive-definite since it is the sum of the two positive-definite linear operators
A (ap — BT) and A1 (o — BT). Consequently, we may invert the relations above
to conclude that

€1 (B, &) = (o + Ay — BT) ! ((z = BT)E — M A(ae™)), (3.9a)
(B, &) = (ot + hias — BT) 7! (a1 — BTHE + 1 A(e)),  (3.9b)
A€ (B, &) = (oot + Mz — BT) ! (Alae”) — (A)E) . (3.9¢)

If B = V(a),a0)> then Aoy + Ajap — BT might only be positive semidefinite.
However, the minimization problem (3.5b) is quadratic. So we can have one of two
situations: either (1) the minimum is finite and the solutions in (3.9) are defined up
to a constant in ker(Ara1 + Ajax — BT), or (2) Wi (Vay.a0), €) = —00, in which
case,

lim ¢(Ae*) = oo. (3.10)

,B*>)/(a1 L))



424 IsaAc V. CHENCHIAH & KAUSHIK BHATTACHARYA

For future use we observe that for 8 € [0, V(ay,a2))>
0Ae*
p

From (3.9) we also calculate, for 8 € [0, V(a1,a2))>

= (Aa) + Aoz — BT) "' T Ae*. (3.11)

~1
of (oﬁl — ,3a2_1Ta1_1) a2_1 (g — BT)E — hp A(a€")) — arr€]

- -1

o3 = (a7 = oy ' Toz ") ay! (e = BT)E + 1 Ale™) — e},
where o~ 1 := Alozl_l + )»20{2_1.
3.1.5. A lower bound on the relaxed energy. We are now in a position to derive

an explicit lower bound. Applying Lemma 3.2 to the lower bound (3.5a), we have

Wi (€)= max  Wi(B, ). (3.12)

56[0’)’(% )
Determining this maximum is easy since we have the following lemma:
Lemma 3.5. (0, Y(a;,a0)) 2 B+ Wi(B, €) is either constant or strictly concave.

Proof. From (3.5b) and (3.11),

0

ﬁWx(ﬂ,E) = —MA2p(Ae*(B, €)). (3.13)
82W €) = —AAx (T Ae* € 8A* €
@ A(B.€) = —A 2< G(ﬂyé),ﬁ € (B, )

= —Aho (TAe*(,B, &), Gy + Aas — BT) "' T Ae* (B, 5)>
<0

except when Ae* (8, €) = 0. Note, from (3.9), that Ae*(B, €) = 0 for some 8 €
(0, ¥(ay,ay)) implies that Ae*(B, €) = 0 for all B € (0, (4;,0r)). However when
Ae*(B, €) =0, from (3.13), W, (B, €) is independent of 8. O

Incidentally, we also observe that:
Lemma 3.6. € — W, (B, €) is strictly convex.

Proof. From (3.5b),

92 )
@Wx(ﬂ,é)

32 ) 92 _ 3’
= M@(Wl — BP)(e7(B.€)) + Kzﬁ(Wz — Bp)(e3(B. €)) + ﬂﬁ(ﬁ(é)
= Aoy — BT) 4+ Ap(ap — BT) + BT
= Ao+ Ao
>0
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We now obtain the desired lower bound.

Theorem 3.7. (Lower bound) W, > Wi, where Wi: R2X2 s R is defined by

sym
W;.(0, €) if Ae*(-,€) =0 (Regime 0),

Wlk(é) ;: W, (0, E)_ ifd)(Ae'*(O, €)) >0 (Regz:me D),
W;.(Bu, €) otherwise (Regime 1),
Wi (Vo100 €)  If P(A* (V10005 €)) < 0. (Regime 111);

(3.14)
and, in Regime 11, B, € [0, Y(a;,ay)] is the unique solution of ¢ (Ae*(B, €)) = 0.

Proof. When Ae*(8, €) = 0, from Lemma 3.5, 8 — W, (8, €) is constant and we
may set 8 = 01in (3.12).

Otherwise, from Lemma 3.5, 8 — W, (B, €) is strictly concave. Using (3.13),
the maximum occurs at

)0 when ¢ (Ae*(0, €)) = 0,
B = Y(.02) When ¢ (Ae*(V(q),a). €)) = 0.

Since B — W, (B, €) is strictly concave, from (3.13) that 8 — ¢ (Ae*(B, €)) is
strictly increasing. Thus when ¢ (Ae*(0, €)) < 0 and (if necessary, interpreting as
a limit) ¢ (A€* (V(q;.00), €)) = O there exists a unique root 8, € [0, V(4 ay)] sSuch
that ¢ (Ae*(By, €)) = 0 and the maximum of W) occurs at 8 = B;. O

Note 3.8. From (3.10), Regime III does not occur whenever ¢ (A€*(Y(a;,a2)s €))
does not exist. From Section 3.1.4 this happens when ker(ai — Y(aj,a0)7) N
ker(o2 — Y(ay,a0)T) # {0}. This includes, in particular, the cases (i) o1 = a2
(cf. Note 3.9 below) and (ii) both phases being isotopic with equal shear moduli.

Note 3.9. (Equal moduli) We remark on the special case @1 = a» =: « studied
by PrpkIN [50] and KoHN [31]. In this case, Yo, = Vay = V(a,a) SO that Aroy +
A2 = V(ay,a0)T = @ = V(a;,a») T 18 not invertible. Thus, as mentioned in Note 3.8
above, Regime III does not occur.

From (3.9), Ae*(-, -, €) = 0 implies that €] = €;. Thus Regime 0 does not
occur for distinct materials.®

Let Ae" := €; — €]. From (3.5b) and (3.14) we obtain

W' (&) = {“Wl (€(0.8) +2:W2(65(0.8)  if $(A€") > 0 (Regime D),
MWl (B, €)) + 2o Wa(e5 (B, €)) if p(Ae™) <0 (Regime II).
(3.15)
Here, from (3.9),
€i(B.&) =& —lala—BT)"'a A, (3.16a)
€5(B.&) =&+ hi(a— BT) o A€™; (3.16b)

OThat is, when either a # o) or €] # €.
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and, in Regime II, B, is the unique solution in [0, ¥(¢;,a,)) Of

¢ ((a BT AET) —0. 3.17)

Note that g, is independent of €.
From (3.16)

€1(B, &) —e] = (€ —€") —MmBla— BT) ' TAE,
(B, &) —eh = (E—€N+rBla—BT) T A,

where €™ := A1€] + As€). Substituting this in (3.15) gives

— 1 _ _
W, (&) = 5 (@@ =), € =)+ (iwy + Aown)

Oif p(A€™) > 0 (Regime I),
LanaBllla? (@ — BT) ' TAEP if $(A€") <0 (Regime ID);

where g, is the unique solution in [0, ¥(4,,«,)) Of (3.17).

3.2. Optimality of the lower bound and optimal microstructures

In this section we prove that the lower bound presented in Theorem 3.7 is
optimal, and characterize the optimal microstructures. This will complete the proof
of Theorem 2.1. Our strategy is to construct upper bounds on the relaxed energy
W), by constructing microstructures and using test strain fields whose energy is

exactly equal to the lower bound WIA In the process we will also build insight that
will allow us to identify properties of optimal microstructures that attain the relaxed
energy.

3.2.1. Optimality of the lower bound.

Theorem 3.10. (Optimality of the lower bound) W = W?

Before we present the proof of Theorem 3.10, we present the (geometric) picture
that underlies it. In the three-dimensional linear space of two-dimensional strains,
the set of {e : ¢(e — ) = 0} is the surface of the large dark cone shown in
the Fig. 1a; the set {€ : ¢ (e — €7) < 0} is inside the large dark cone and the set
{e : ¢(e — €5) > 0} is outside the large dark cone. From Lemma 3.11 it follows
that one can form rank-one laminates between €} and any point that does not lie
inside the large dark cone. In Regimes I and II €} does not lie inside the large dark
cone, and we may form optimal rank-one laminates between them. In Regime III,
€} lies inside the large dark cone and we cannot form a rank-one laminate. So we
proceed from €] along the degenerate direction (which, from Section 3.1.2, is not
hydrostatic, that is, vertical) until we hit the large dark cone at €'. Pick €" along
this line so that €] is the average of €' and €". Now construct a cone centered at
€", the small grey cone in the figure. €™ is the intersection between the line joining
€' and €3 and the ellipse defined by the intersection of the two cones. All relations
in (3.20) follow.
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(a) Three-dimensional (b) Two-dimensional section of three
geometric diagram diamentional geometric diagram

Fig. 1. An optimal rank-two laminate in Regime II. In the two-dimensional diagram solid
lines represent strain-compatible directions; dashed lines represent directions that need not
be strain compatible

Proof. From (1.6) we readily obtain the following upper bound on W;: for any
microstructure x and displacement field u#: 2 — R” such that u|;o = € - x,

Wi (€) < Wy(u) 1=]€2 (iWi(e) + x2aWa(e)) dx. (3.18)

In view of the lower bound in Theorem 3.7 and the upper bound in (3.18), it suffices
to construct (a sequence of) microstructures x and displacement fields u (satisfying

ulp = € - x) such that W, (u) = Wlm (€). In order to do so, we seek to construct
microstructures which use as closely as possible the optimal strains we computed
in Section 3.1.4. We are able to do so directly in Regimes 0, I and II, and need a
more elaborate construction in Regime III.

Regime 0: When Ae* = 0,from (3.9), €] = €5 = €. Thus for any microstructure
x and any displacement field u (satisfying ulse = € - x), Wy (u) = Wlm(é). The
result follows by combining this with Theorem 3.7 and (3.18).

Regimes 1 and 1I: Recall from (3.14) that ¢ (Ae*(B*, €)) = 0, where B* = 0 in
Regime I and 8* = B, in Regime II. Therefore, from Lemma 3.11 below we can
find 712, i € R? such that

€ —€ = A" | m Qs it (3.19)

where €] and €3 are given by (3.9) for § = B*. Now construct a rank-one laminate
x in which phases 1 and 2 have phase fractions A1 and A, respectively, and the
layers have normal 72 or 7. The condition (3.19) assures us that we can construct a
continuous displacement field u (satisfying u|y = € - x) with strain €} in phase 1
and €3 in phase 2. For this microstructure and displacement field,

Wy () = M Wi(e]) + A Wi(e)
= M Wi(e]) + 22 Wi (€3) — Brirag (€3 — €7)

=W, (.
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The second equality holds above because § = 0 in Regime 1 and ¢ = 0 in
Regime II. The result follows by combining this with Theorem 3.7 and (3.18).

Regime III: ¢ (A€*(V(a.a0)> €)) < 0, and so, from Lemma 3.11, we cannot
construct a continuous displacement field directly with the optimal strains. Howe-
ver, one of the translated energies loses strict convexity at 8 = Y(4;,¢,) (Lemma3.2);
we can use this to construct optimal rank-two laminates:

Assume, renumbering if necessary, that y(4; ) = Va;. It follows that there
exists 0 # €, € ker(o] — ¥(«y,a0)T) and that

Rz (Wi — Va0 P) (€] + z€1)

is affine. In Lemma 3.12 below, we show that there exist €', ", e* € R2x2

sym
p € (0, A1), m }f i € R? such that
(€" =€) |l en, (3.20a)
Al — A
L7P en P72 o=, (3.20b)
Al —p) A1 = p)
¢ —€)=0 (3.20¢)
(or equivalently, from Lemma 3.11, 35 € RZ, e —€ | n®n),
pe' + (1 — p)es = €”, (3.20d)
b — e =0 (3.20¢)
(or equivalently, from Lemma 3.11, 3 € R?, €* — €" || i ® 1),
Al — A
| 7Py 22 g (3.20f)

1—p 1—p

Note that p € (0, A1) implies that (A1 — p)/(1 — p) € (0, A1) so that the left-hand-
sides of (3.20b), (3.20d) and (3.20f) are convex combinations. These equations are
schematically represented in Fig. 1b.

We can now construct our rank-two laminate as follows. First construct a rank-
one laminate in which phases 1 and 2 have phase fractions p and 1 — p, respectively,
and the layers have normal 71. Next construct a rank-two laminate in which this rank-
one laminate and phasel have phase fractions (12)(1 — p) and (A1 — p)(1 — p),
respectively, and the layers have normal 7. The compatibility equations (3.20c)
and (3.20e) allows the construction of a continuous displacement field u (up to
boundary layers) such that the strains take the value €' in the interior phase 1,
€5 in the interior phase 2 and €" in the exterior phase 1. Moreover from (3.20b)
and (3.20f) u can be chosen to satisfy u|3 = € - x. For this microstructure and
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displacement field,

Wx(“)
AM—p i A2 1 *
= ﬁWde )+ —, (pW1(6 )+ (1 — p)Wa(e3r))
= Asz(Ez) + W (e €'

. PA2
= A2W2(62) + 1 — 0 (Wl - V(ot|,a2)¢)(€n) + E(W] - V(a],az)‘p)(él)

Ai—p pd—2ap)

+ 1=, Yier.an)® (") + =

y(al,az)¢(€l)'

Since Wi — ¥(a;,a,)@ 1s affine in the direction €,, from it follows that

Al —
1-—

A
SN = Feran D + 7 W1 = i e $)(E)

AL—p PA2
=MW - , )( e" 6')
v Gt aa—)

= )\l(Wl - V(al,az)ﬁb)(ff)»

where the second equality uses (3.20b). So,
Wy () = (W1 = Viay.an @) (€]) + )»2W2(6§)

Al
'H/(oz],ozz)( Py e 1 ¢( ))

Since ¢ is quadratic, it follows from (3.20) that

N =¢@),
,0¢(61) + (1 - p)¢(€2) = p(e").
Putting these together, and once again using the quadraticity of ¢,

Wy (u) = M1 (W1 = V(1,00 D) (€]) + 22(W2 = Viay.a0)®)(€3) + Viay.a)P (€)
= M Wi(e]) + 22 Wa(€3) — Viay.an) P A20 (€5 — €])

=W, ().

The result follows by combining this with Theorem 3.7 and (3.18). O

The proof above used the following Lemmas. The first is well known (see, for
example, [31]) and the proof is omitted.

Lemma 3.11. (Strain and rank-one compatibility) Let € € R{7" with eigenvalues

A S Ay S - S Ay Then, there exist m Jf n € R" such that

ellmn & A <0< i) & ¢() >0,
efln®@n < rMlr=0 < ¢(e) =0
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whenn = 2; and whenn > 2,
elm@sn & A <0=2iy,...,4-1=0< 21,
€eln®n < rAm=A=-=2_1=0 and IAr,=0.

Lemma 3.12. Leta € £ (R3x3) and 0 # &, € ker(a — yu T). Let p(Ae*) < 0.

sym
Then there exist €', €", €* € Rf;;nz, p€ O, ), mhne R2 such that (3.20) holds.

Proof. Since ¢, € ker(a — y,T) and « is positive-definite, it follows that

1 1
¢(en) = S (Ten. €n) = 5 —(a€n, €) > 0. (3:21)

Yo

Combining this with the fact that ¢ (Ae*) < 0 we conclude that the quadratic
polynomial R 3 z > ¢ (Ae* + z€,) has two real roots z; < 0 < zp since

P(A* +26,) =0 = $(A") +z(TA*, €,) +%p(en) =0.  (3.22)

Set
—2122
p = ——Al,
22 — 21
€= €] — 226y, (3.23a)
€' =€ — (pz2 + (1 = p)z1)én, (3.23b)
e = pe' + (1 — p)é. (3.23¢)

With these definitions, p € (0, A1) as required, and (3.20a), (3.20b), (3.20d), and
(3.20f) are obvious. Now observe that

€& —€ =€ — €]+ 06,

= Ac* + 20¢,. (3.24a)
" —e'=pe'+(—-pe —e + (pz2+ U —p)z1)ey

= p(e] —226,) + (1 — p)e5 — €7 + (pz2 + (1 — p)z1)éy

= (1 — p)(A€* + z1€p). (3.24b)

Since z; and z, are roots of ¢p(Ae* + ze,) = 0, (3.20c) and (3.20e) follow. It
remains to show that m Jf 7. If the contrary were true, then,

(€ = I (& =),
and thus, from (3.24),
(A€* + 22€,) || (Ae™ + z1€p),

that is, since z1 # z2, either Ae* || €, or Ae* = 0 . It follows from (3.21) that
¢ (Ae*) = 0, which, however, contradicts the assumption that ¢ (Ae*) < 0. O



The Relaxation of Two-well Energies with Possibly Unequal Moduli 431

Note 3.13. The construction of the rank-two laminate in the proof of Theorem 3.10
uses only rank-one connections, as opposed to symmetrized rank-one connections
[that is, (3.20c) and (3.20e) enforce equalities instead of the inequality permitted
by Lemma 3.11]. This note explains why.

Optimal microstructures satisfy the the Euler-Lagrange equation associated
with the variational principle, that is, the equilibrium equation. In particular, at an
interface with normal i € R? the stress difference [o'] is required to satisfy the
relation

[o]a =0. (3.25a)
From (3.8) and (3.24), using a1€, = yu, I'€,, in Regime 111, at any interface the
stress difference is related to the strain difference through

[o] 1| Te] (3.25b)
and the constant of proportionality is nonzero. The strain compatibility condition
is

[e] II it @ 7 (3.25¢)

for some /1 € R%. Lemma 3.14 below shows that (3.25) is equivalent to requiring
[€] || # ® i, which in turn necessitates ¢ ([€]) = 0.

Lemma 3.14. Let 11, i € R2. Then the following are equivalent.

€
1 (TR @ i) it = 0.
2. (TOh & i)A=0.
3. || A

Proof. The equivalence of the first two statements is trivial. The rest of the lemma
follows from the observation that

where, for every v € RZ, vl = ( 01 (1)) v. O

3.2.2. Optimal microstructures. A microstructure x for which the energy is
optimal, that is, for which

Wiy (€)= inf Wy (u)

uly=¢€x

is an optimal microstructure. Given a microstructure, any displacement field
u: 2 — R" (with u|y = € - x) whose energy is optimal, that is, for which

W, (u) = inf W, (u)

ulyp=¢€-x

is an optimal displacement field for that microstructure; the associated strain field
is an optimal strain field.
We have proved (cf. Theorems 3.7 and 3.10) the translated variational principle

2
W(é) = inf ]{2 D xi(Wi — B o)) dx + B*¢(@), (3.262)
' i=1
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where (x) = A, u|p = € - x and

0 in Regimes 0 and I,
B* =1 Bu in Regime II, (3.26b)
Y(a1,ap) 10 Regime III

Theorem 3.15. (Equivalence of optimal microstructures for original and translated
variational principles) A microstructure and strain field is optimal for the original
variational principle (1.6) if and only if it is optimal for the translated variational
principle (3.26).

Proof. The variational principles are identical when * = 0, which occurs in
Regimes 0 and I, and possibly in Regime II. We consider the case when g* # 0.

Consider a minimizing sequence (x 7, u") for the original variational statement
of W;.(€) in (1.6). We have

2
W@ = lim ]{2 > X Wi — B o) dx + (@)

i=1

—W, (@) — ﬂ*(lim][ d(eM)dx — ¢(é)).
n—0/0

Thus
@) = lim][ ¢ (") dx,
n—0/o

from which the result follows. 0O

Theorem 3.16. (Optimal microstructures)

1. In Regime 0 any microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime 1 the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made up of these
laminates. The optimal strain takes the value €} in phase 1 and € in phase 2
while the optimal stress is constant.

3. In Regime Il the optimal microstructure is unique and is a rank-one laminate.
The optimal strain takes the value €} in phase I and €} in phase 2.

4. In Regime 111, no rank-one laminate is optimal. The class of optimal micro-

structures is possibly large (in a sense explained in the proof) and includes at
least two rank-two laminates.
In any optimal microstructure, in phase i, i = 1,2, the strain is confined to
an daffine subspace of dimension dimker(¢t; — Y(a;.a)T) = 2; the sum of the
dimensions of the affine subspaces is also at most 2. In particular, if phase i is
harder than the other phase [that is, if Yo; > V(aj,ap)] then the strain is € in
that phase.
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Proof. In the proof of Theorem 3.10, we showed that in Regimes 0, I and II,
Wi (€) = AWi(e]) + (1 — M) Wa(ed).

Further, recall that oy and « are positive-definite by assumption, so that W; and
W, are strictly convex. It follows that in any optimal microstructure the optimal
strain field is as in the statement of the theorem.

The other statements pertaining to Regime 0 follow immediately from the proof
of Theorem 3.10 and (3.8).

In Regime I, ¢ (Ae*) < 0 so that from Lemma 3.11, we find 712 Jf i € R? such
that Ae* || m ®; n. It follows that the strain and thus the microstructure is either
a rank-one laminates (with layering direction either m or 1) or a microstructure
of these laminates. Finally since 8 = 0 in this regime, it follows from (3.8) that
Aoc* = 0; thus the stress is constant.

In Regime II, ¢ (Ae*) = 0 so that from Lemma 3.11, we find unique (up to
scaling) 7 € R? such that Ae* || 7 ® A. It follows that the strain and thus the
microstructure is a unique rank-one laminate with layering direction 7.

We now turn to Regime III. The non-existence of optimal rank-one laminates
and the existence of an optimal rank-two laminate follows from Theorem 3.10 (and
Lemma 3.12). There exists at least one other optimal rank-two laminate which
can be obtained by interchanging the roles of z; and z; in (3.23) (and (3.24)). If
dim(ker(ct; —Y(ay,a2)T)) > 1 (whichis the case, for example, when «; is isotropic),
i = 1, 2, then one can find an uncountably infinite number of directions €, which
one can use in the proof of Theorem 3.10 (and Lemma 3.12) to construct the rank-
two laminates; moreover, one can also construct optimal microstructures that are not
laminates but Hashin—Strikhman confocal ellipses or Vigdergauz microstructures.
The readerisreferred to [26-28, 30, 43, 60] for a discussion of these microstructures.

That dim ker (; — Y(¢,00)T) < 2 restates (3.6) and Z%:l dim ker (i — Y(a1.00)
T) < 2 follows from Notes 3.3 and 3.8. Finally, we turn to characterizing the
optimal strains. Since

2
inf ][ D X Wi = Vi any®)(©) dx + Viay.an @ (€)
) Q N
i=1

2
= > (Wi = V.o ®)(€) + Viar.an ().
i=1

the result about the optimal strains follows from the strict convexity of
W2 — Y(a1,a0)¢ and the non-strict convexity of Wi — ¥4y ,a0)¢. O

4. Two-phase cubic solids in three dimensions

We generalize the preceding approach to the problem in three dimensions when
the elastic moduli & and «; are either (1) both cubic (cf., Definition 4), or (2) well
ordered (that is, either a1 < ap or ap < o) and the smaller elastic modulus is
cubic.
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Our approach succeeds when the elastic moduli are (1) both isotropic, or (2)
well ordered and the smaller elastic modulus is isotropic. Otherwise we obtain a
lower bound which is optimal except possibly in one regime.

For ease of exposition we will only present results for the case of both elastic
moduli being either isotropic or cubic. The extension of the results to the other case
is immediate (cf. (4.11) below) and is thus left as an exercise to the reader.

Overview of Section 4. After introducing some preliminary definitions in Sec-
tion 4.1, we introduce the translation that we shall be using in Section 4.2 and use
it to obtain a (non-explicit) lower bound on the relaxed energy in Section 4.3. Sec-
tions 4.4, 4.5 and 4.6 are concerned with determining the amount of permissible
translation. An important intermediate result is presented in Section 4.7 and explicit
expressions for the optimal strains in Section 4.8. In Section 4.9 we are finally ready
to explicitly compute the lower bound presented in Section 4.3. In Section 4.10 we
comment on optimality and the optimal microstructures.

4.1. Preliminary definitions

R
Definition 1. Let R € SO(3). The linear operator L* (ngxnf) > L~ LR ¢
C* (R3X3) is defined by

sym

LRe := R(L(RTeR)RT, Ve e R33

sym *
It is easy to check that -® preserves the algebraic structure of £* (ngxn?)
VLi, Ly € L* (ngxnf),

(LiLy)® = LRLE.

In particular, when L € £* (]R3 X3) is invertible,

sym
Clearly,
ker(L®) = Rker(L)R”. 4.1)

Finally, we note that VR{, R» € SO(3),

(R1Ry) _ (,Rl)RZ.

Definition 2. (Orthogonal subspaces of R3X3)  Let

sym

‘H := Span {I},
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(These symbols stand for hydrostatic, diagonal, and off-diagonal, respectively.)
Note that RS =H @ D@ O.

sym
LN (A x1 00

We write Diag (Xz) tomean | 0 x 0 ).
x3 0 0 x3

Definition 3. (Orthogonal projection operators) Analogous to (3.4), the orthogo-
nal projection operators Ay, Ag, Ag, Ay € LE (R3X3) are defined by

sym

Range(Ap) = H,

Ag = Ag + Ay,
Range(Ay4) = D,
Range(A,) = O.

Note that
1
Ape = §Tr(e)1,

and
An+Ay=1¢el (R3X3) :

sym

the identity operator. Moreover, VR € SO (3), AhR = Ay and ASR = A;.

sym

Definition 4. (Cubic elastic moduli) o € L% (R3X3) iscubicif ARy () € SO(3)
and « (a), w(a), n(a) > 0 such that

afe =3k Ay +2uAg + 2nA,. (4.2)

(Henceforth we shall leave the dependence on « implicit.) Here « is the bulk
modulus, u the diagonal shear modulus, and 7 the off-diagonal shear modulus.

Definition 5. (Isotropic elastic moduli) o € L% (ngxrg’) is isotropic if

VR € SO(3), of =a. (4.3a)
Such an elastic modulus is of the form
a =3kAp +2uAg, (4.3b)

where k (o) > 0is the bulk modulus and @ (a) > 0 the shear modulus. (Henceforth
we shall leave the dependence on « implicit.) Note that isotropic moduli are cubic
moduli for which i = 7. Note also that

o=LTr(:)I +2ul, (4.3¢)

where £ = k — %u > 0 is the Lamé modulus.
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Definition 6. Fore € ngxnf we define vy (¢€) < vy(€) < vs(e) to be the eigenvalues

of €. Moreover for a permutation o on {1, 2, 3} let,

UU(])(G) 0 0
diag; (€) ::( 0 vsy(6) O ),
0 0 Vs 3)(€)

Vg (2) (€) Vg (3)(€)
Ty (€) = (%(3)(6) Ua(l)(é))

Vg (1) (€) Vg (2)(€)

4.4)

and R, (¢) € SO(3) to be a rotation that o -diagonalizes €, that is,
€ = R (e)diag, (€) R, (€).

The subscript o is dropped when o is the identity map.

4.2. Rotated diagonal subdeterminants as translations

The determinant is a useful translation in two dimensions because it captures
information on strain compatibility: €1, €2 € ngxn% are strain compatible (that is,
I, n € R%, e — €1 | m @, ) if and only if det(e; — €;) < 0; the three-
dimensional analogue is that €1, €; € ngxn? are strain compatible if and only if of
the three eigenvalues of €, — €1, one is non-negative, another is zero and the third
is non-positive (cf. Lemma 3.11).

Motivated by this we choose a translation of the form g - ¢R , where 8 € R3,

R € SO(3) and ¢®: R33 — R3 is given by

sym

o) == p(R"eR), (4.52)
€33 — €633

Pe) = | e —e3zenn | - (4.5b)

€, —€len
For convenience we also define ¢ : R;’yﬁ —R,j=1,2,3by
¢je) = (¢(€)); (4.5¢)
note that these are the diagonal subdeterminants.

Quadraticity of B - pX. Tt is easy to verify that

Pjle) = %(Tje, €), j=172,3, (4.6a)
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where T € L* (R3X3), j =1,2, 3 are defined by

sym
0 0 0
Tie := (0—633 €3 ) , (4.6b)
0 €3 —ex
— 0
Tre := ( (6)33 0 63)1 ) , (4.6¢)
€31 0 —enn
— 0
Tye = ( o Sen o) . (4.6d)
0 0 0

Itis clear that 7, j = 1, 2, 3, has eigenvalues —1, 0, and 1 repeated once, thrice,
and twice, respectively. It is easy to verify that

ker(As—T1)=Span{1,(§2§1),(§§§)}, (4.7)
—-100 00

ker(As—T2)=Span{I,(88(1)),((1)8é)}, (4.7b)

ker(As—T3)=Span{I,(é—glg),(zég)}. (4.7¢)

For 8 € Rﬁ_ and R € SOQ3),letp-TR e L* (R3X3) be defined by

sym
3
B-TRe:=>"p;Tfe. (4.8a)
j=1
Then, as is easy to verify,
R 1 R
B-97(e) = §<(ﬂ~T )€, €). (4.8b)

Lete := (1,1, DT. We digress for a useful remark on e - TR ande - ¢R which
can be easily verified from (4.6).

Note 4.1. e - TR and e - ¢ are independent of R. In particular,

e-T=1-Tr(-)I
= —2Ap + Ay, (4.92)

e-¢e) = (sz + 6%3 +E§1) — (€11€22 + €22€33 + €33€11)

% (Tr(e?) = (Tr(e))?)
= — (1 (O)12(€) + 1a()v3(e) + v3(E)v1 (€)). (4.9b)

Here v (€) < va(€) < v3(e) are the eigenvalues of .
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Quasiconvexity of B - p%. ¢®, j = 1,2, 3, is quasiconvex since it is quadratic and

rank-one convex: Vm', n’ € R3,
¢Rm' @5 n') = ¢;(RT (' @3 n)R)
=¢;(R"m') ®; (R"n))
= ¢j (m ®S n)v

where m = RTm’, n = RTn’, and, for example,
1
$1(m Qg n) = Z(m2n3 + m3n2)? — monamans

1 2
= Z(Mzm — m3ny)

0.

1\

It follows that VB € R3, B - ¢ R is quasiconvex. From [61, Theorem 1.2] it follows
that VB € R3, VR € SO(3), B - T has at least two positive eigenvalues.
B- ¢>R is not quasiconvex when 8 € R3\Ri since, fori # j =1,2,3,

B-T e ®se; = P23 16 s e,

where {e], e, e3} is the standard basis for R3.

4.3. A lower bound on the relaxed energy. [

Fora € L% (IR{3X3) let

sym

By(R) := {ﬂ eR} Ja—p TR go} (4.10a)

1
[ﬂ eRL|Ve e Ry Slac.c) —f-$(RTeR) 2 0]

1
[5 eR} | Ve e RYG, E(aReRT, ReRTY — B -¢p(e) = 0] (4.10b)

{ﬂeRimRT—ﬁ-Tgo}.
Note that
By, (R) ={pB € Ri | Wi — B - R : convex). (4.10¢)

It is easy to show, for example, using (4.10), that B, (R) is compact and convex.
Since VB € R3, VR € SO(3), B - TR has at least one (in fact, at least two)
positive eigenvalues,

a1 S ap = YR € SO3), By, (R) C By, (R). 4.11)

For oy, 02 € L% (R3X3) let

sym

2
Bay.an)(R) =) Bay (R).
i=1
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Since B - ¢ is quadratic and quasiconvex we immediately obtain the following
analogue of (3.5) (cf., Proposition 3.1 and Section 3.1.2):

WA(E) >  max max Wi (R, B, €), (4.12a)
RESOB3) BEB(u, ay (R)
where
Wi (R, B, €) == min A Wi(er) + AaWa(er) (4.12b)
€], 62€R3X3

sym

hertiaame — hiha B¢ (e — €.
This immediately implies that

Wi = max W,.(B, ©), (4.13a)
BENRes0B3) B(ay,ap) (R)

where

W,(B, €) := max min M Wi(er) + A Wa(er) (4.13b)
ReSOQB) ¢,epeR3x3

hertaame — MhaB - ¢ (e — €.

We have potentially lost some information in going from (4.12) to (4.13). We
show in Corollary 4.9 that this is not the case when the elastic moduli are isotropic,
and in Theorem 4.32 that this is sometimes not the case when the elastic moduli
are cubic. We do not know whether this is true in general.

To evaluate the lower bound (4.13) we need more information about the set
Nreso3)B,.ay)(R). Thus in the next three sections we investigate first the set
B, (R) and then the set Nreso3) B(ay,ap) (R) When elastic moduli are isotropic
(Section 4.5) and cubic (Section 4.6).

4.4. Characterizing the set of allowable translations. 1. Preliminaries

Fora € L% (R%d) let

sym
By.(R) := 0By (R) N AR,
By (R) := 3By (R)ﬂlnt(R ).

In other words By ,(R) is that part of the boundary of B, (R) that intersects the
coordinate planes and By i, (R) is that part of the boundary of B, (R) that does
not intersect the coordinate planes; d By (R) is the disjoint union of B, ,(R) and
Ba,11+(R)~

From (4.10a) and (4.10c) it is easy to see that
By . (R) = { B e Ri | Wi — - ¢ convex but not strictly convex}

={peRrlja—p-TR20 a—p-T% £ 0},

By, (R)\By,; .(R) = {,3 € Ri | W, — B ~¢R: strictly convex}

={ﬂeR3+|a,»—ﬂ-TR>o},
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Thus «; — B - TR is invertible on By, (R)\ By, u.(R) but not on By, .(R).
For oy, o0 € L% (R3X3) let

sym

Bay o)1 (R) 3= 3 Bay a) (R) NTnt(RY).
From (4.10a) and (4.10c) it is easy to see that

2
By (R) = () Bay.u(R),
i=1

[\S]

Bay.a) (R\Biay o) (R) = ) (Boy (R)\ Boy 1. (R)).
i=1

Thus, both oy — 8- TR and ap — B- TR are invertible on Bay.a0) (RO\Bq;,a),1 (R)

and at least one of them is not invertible on By, ay),u.(R).

Lemma 4.2. For o, a1, € L% (R3X3) let Vo, V(ay,a0) > 0 be defined by

sym
1 1 -1
Vo = (lmlaxl <(a_7(e : T)o:_f) e, e>) , (4.14a)
ell=
Yier,on) *= Min(Vy; > Ya,)- (4.14b)

Then,
Ya€ € 9 (Nreso3)Ba(R)), 3 (Nreso@3)Ba.u (R)),
Yirane € 0 (NReso3) B .az)(R)), 8 (Nreso @) Ban. (R)).
In particular, VR € SO(3),
Ya€ € By(R), Byu.(R),
Yir,a2)€ € B(ay,a2)(R), Bani(R).

Proof. Since, from Note 4.1, ¢ - TR is independent of R, it follows that, for suffi-
ciently small y” > 0,

VR € SOQ3), y'e- T € By(R).
Since VR € SO(3), By (R) is closed it follows that 3y, > 0 such that
VYR e SOQ), yue T € By . (R).

That y, and y(q,,«,) are given by (4.14) follows from a proof similar to the proof
of Lemma 3.2. The results follow. O

Note 4.3. From (4.9a),
(@ = yole- THII) = (al, I) + 2y | I]|* > 0.
This, with Lemma 4.2 gives,
1 < dimker(e — 3, T7) < dimR) — 1 =5. (4.15)

We end this section by observing that as a consequence of (4.1),

ker(a — B - TR) = Rker(a®' — B-T)R. (4.16)
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4.5. Characterizing the set of allowable translations. II. Isotropic elastic moduli

4.5.1. The set B, (R). In this section we first show that, for an isotropic elastic
modulus o, B, (R) is independent of R (Lemma 4.4). Then we explicitly characte-
rize By (Lemma 4.5), the normal cone to By ;. (Lemma 4.7), and ker(oe — 8 - TR)
on a subset of By ;. (Lemma 4.8).

Lemma 4.4. When « is isotropic, By (R) is independent of R.
Proof. By the definition of isotropy,
VR € SO(3), (xReR™ ReRT) = (ae,¢).

This, with (4.10b), immediately implies that, for isotropic «, By (R) is independent
of R and has the characterization

Baz{ﬁeRim—ﬁ.Tgo}
I 4.17)
=[ﬁeR1|VeeR§;§, §<ae,e>—ﬁ-¢>(e);0].

O

Lemma 4.5. (Characterization of the set of allowable translations. 1) Let a be
isotropic. Then,

By = S(k, )
= {8 10,208 12818381 — (8D + (B + (B)?) +1 2 0},
(4.18a)
Ba,l = S.(k, )
= {8 e 10,20 NoRY | 2818384 — (B2 + (B + (B)?) +1 2 0},
Ba,m = Su. (1, )
= {8 e ©0.2u1 12681838 — ((BD? + (B* + (B?) + 1 =0},
(4.18b)

Here, fori = 1,2, 3,
LB

= . 4.19
L4+2u 19

Bi:
Proof. From (4.17),

Ba:{ﬁeRiweeM“ <ae,e>—2ﬂ.¢(e);o}.

sym °
A calculation reveals that
(e, €) =28 - p(€) = (L +2u)(e]) + €3, + €33)
+2(£ + B3)er1€2 + 2(€ + Br)exness + 2(€ + Br)eszern
+22u — B3)er, +2Qu — B)exs + 22 — Po)ex).
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This function is non-negative precisely when Bi, B2, B3 < 2u (that is, B/ €
[.-4—, 1) and the Hessian

421>
C4+21 £4B3 L+B2
H = 2( B3 042 £+ )
L4+B2 L4+B1 €+2u

of ((+2u)(€3, + €3, +€33) +2(L+ Ba)erien +2(E+ fr)eness +2(L + Pr)esser
is positive-semidefinite. Set

H' = ;H = (ﬂlé ﬁlé g%),
206+ 2uw) B, B, 1
and verify through calculations that its invariants are
TrH =3,
(T = Trec)) =3 - (8)% + B + (8)?),
det H' = 218385 — ((BD? + (B + (B)?) + 1.

N =

The result follows. O

Note 4.6. The surface Sy (%, 3) is illustrated in Fig. 2. We highlight certain features
of § so that its geometry could be better understood.

Fig. 2. The set Sm(%, %)
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1. Sk, w), S.(k, ), and Sy (rc, W) intersect the coordinate axes at 2.

2. S.(k, n) consists of three segments of ellipses: When 83 = 0, (4.18b) reduces
0 —(€ 4+ 2w (B + B3) + 2012 — (1 + o) + 12007 + 813 = 0,
which is the equation of an ellipse. The same is true when 3 = ;1 = 0 and
B1=pB2=0. .

3. Theintersection of S(x, u) and Sy, (k, ) with the plane 3 = 2 is the straight
line segment B; = f» € [0, 2u]; similar statements are true when S, = 2u
and B3 = 2u. Thus the intersection of S(k, ) with Span {e} is {2uue}. Thus,
when « is isotropic (cf. (4.14)),

Yo = 21.

Subregions of S,, and S,.. It is useful to divide S, and Sy, (x, i) into subregions.
The definitions below are motivated partially by Note 4.6 and partially by results
to follow. Note that some of these subregions are independent of «.

Si(re, w) = S (e, )\ Srem (),

3
S () = J SO, (w); (4.20a)

i=1
S = {21, 0,0)7}, (4.20b)
Sien(w) = 1021, 0"}, (4.20¢)
S = {0.0.2.0)"): (4.20d)
S\ e ) 1= St N {B € RY | o, B3 > B, 4.21a)
S = Sule, ) N {B € BL | Bs. B > o). (4.21b)
SV = Sute N {BERL B> o) @210
Su(p) = U SW (u); (4.222)
S = {B e RY 1 B2 = 3 € (0,200), p1 =2}, (4.22b)
SP =B Ry 1 s =1 € 0,20, 2 = 2u}, (4.220)
ST = {B e RY 181 = b2 € (0.200), B = 2} (4.22d)

S[[I&IV(M) = {2/J,€} (4.23)
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Note that Sy, (k, 1) is the union of the disjoint sets S\ (x, 12), S (e, 10), S (i, ),

Su(m), and Syey (). For conciseness we shall write, for example, (Slf&lu)I U SI(HI)) (n)

1 1
to mean S\ (1) U S8 ().

The surface Sy, (k, 1)\ Sy (i) is smooth. From (4.18b), N(B), the outward
normal to S(k, ) at B € Sy, (k, )\ S (1) is given by

0
N Il =5 (2618585 = (D7 + 857 +(85) +1)
0
ap’
Bi—B285

Il | s-8381 | - (4.24)
B5—B1 8}

Il (2818585 — ((BD + (B + (85%) +1)

(We use “|||” to mean parallel and not anti-parallel.) The next Lemma fills in some
important details.

Lemma 4.7. (Outward normal cone to S;,) Let o be isotropic. Let N (B) belong
to the outward normal cone to S(k, ) at B € Sy, (k, ). Then

Ri_ on Syev (1),

sign(N) € {(g),( ),(J?g)} on Su(u),
{(i) (;) (;)} elsewhere on S, (k, ).

More precisely (4.25) and (4.26) below hold.

o+o

Proof. We prove the last case by showing that,

(— 4.7 on S, .
sign(N) = 1 (+. — )7 on S (k. w), (4.25)

(+. 4 =7 on Sk, ).

Let 8 € S\P(k, ). From (4.19),
Ba. B3 > B1 <= B5. B3 > By
Clearly,
By —BiB1 = By — B1 > 0,
By —BiBy = By — By >0;
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B3
A
Bi B2 B:<0
1
~ ﬁ/ / / /
! Bi-B:B5=0
1,=0
> B3

/ /l
Bi 1

Fig. 3. A section of the set B; ;, through the plane ﬁ{ = constant

so, from (4.24), it remains to show that 8| — 8585 < 0. It is a calculation to verify
that (4.18b), which defines S, (k, (), may be rewritten as
(B5+ BY)? L (B - B _ |
21+ 87 2(1-8)) '

Thus, the intersection of S, (k, n) with a plane of constant ﬂi is an ellipse with

minor and major axes equal to \/ 2(1 + ,B;) and \/ 2(1 — ﬂ{) and oriented in the

(1, 1) and (1, —1) directions respectively. This is shown in Fig. 3. This ellipse
intersects the hyperbola g} 85 = B at (83, B3) = (1, B}) and (85, B3) = (B}, D),
and the portion of the ellipse consistent with our assumption ] < f85, ﬂé satisfies
B — B3B; < 0. The cases 8 € Sﬁ) (k, 0) and B € SS)(K, W) are analogous.

The second case follows immediately from (4.19), (4.22) and (4.24). Indeed,

(+.0,007 on S (w),
sign(N) = 10, +,0)7 on S (), (4.26)
0,0,-H)7 on S ().

Thus,

Clim N(B) =e, i=123
S5 3 —e

The first case follows from this and the fact that the normal cone to any surface is
convex. 0O

We end this section by characterizing ker(a — 8 - TX).
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Lemma 4.8. (Kernel of the translated elastic modulus) Let « be isotropic. Then,

ker(w — B - T®) = Rker(a — B - T)RT,
[svan {(309,). (¢
son

Span { (

DO on Syev ().

E=l=}

0
(1))} on (SI(&III)I U SIEII))(M)v

0 001
_01), ((1)88)} on (SI&III ) SIEIZ))(H“)a
ker(w« — B-T) =

SO~

00 010 3) 3)
-10),(100 on (Siegm U S ,
0 0) (000)} ( 1&IIT I )(M)

Proof. The first statement follows from (4.16) and the isotropy of «.

When g € (S0 U S (), from (4.22) and (4.20), B1 = 2 and B = B3 €
[0, 2). Thus from (4.3) and (4.6),

(a—pB-T)e
=ae — 2uTy + BT + BaT3)e

= k(e + €2 +€33)
€11t€nte33

DL - — €12 €31
+2M €12 6227% e
€3] €3 533_%
0 0 0 —6330 631 —e €12 0
—2u | 0-€3 €3 ) — B — B 612 20
0 €3 —ex 6';1 0_611 oo
(k=3 1) (e11+en+e33) e g
+2u€11+Baen+hress Qu—p2)er2 (u—pr)est
2
-3 +exntess)
= Cupaz (I 0 @27
e +hre11+2nen+2pes3 ( )
(u—pr)est 0 (k=3 ) (e11+en+ess)

+Br€11+2uen +2uess

Thus (¢« — B - T)e = 0if and only if €31 = €12 = 0 and

2
(K - gu) (€11 + €22 + €33) + 2uer) + Preay + Poreszz =0,

2
(K - 5#) (11 + €22 +€33) + Brery + 2uex + 2nezz = 0.

When B, # 2u these four equations are independent: dim(ker(o — 8 - T)) = 2.
It is easy to verify that

(314)-347) e 1
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This proves the first statement; the proofs of the second and third statements are
almost identical.

The fourth statement immediately follows by setting 82 = B3 = 2u in (4.27).
Alternatively, from (4.3) and Note 4.1,

(¢ —2ue-Tye = LTr(e)] +2ue) —2u(e — Tr(e)I)
=+2n) Tr(e)l.
It follows that,
e eker(a¢ —2ue-T) <= Tr(e) =0.

This completes the proof. O
4.5.2. Theset By, «,)(R). Finally, we explicitly characterize Bq, «,)(R) (Corol-
lary 4.9) and the normal cone to B(q, «,),1. (Corollary 4.10).

Using (4.11) if necessary, we immediately have the following corollary to Lem-
mas 4.4 and 4.5:

Corollary 4.9. (Characterization of the set of allowable translations. II) Let o
and ay be isotropic. Then By, «,)(R) is independent of R. Moreover

Ba,a0) = Sy, 1) N S, (o)

and (cf., (4.14)),
Vien.ap) = 2min(ur, 12).

Lemma 4.7 can also be extended:

Corollary 4.10. Let o and oy be isotropic. Let N € Ri belong to the outward
normal cone to B, ay),u.. Then

Ri on Sygy(min(uy, u2)),

signv) € 1{(9): (2)- (2)] on Sun U s mingr, 2,

0 0

1)) 2)] e

Proof. The first two cases are easy, once it is observed that, from the geometry of
Sk, ),

(S U Singav) (min(pey, p2)) 9 S (1, 1) N Sy (2, w2).

We turn to the third case. In addition to the corners of S, (k1, 1) and Sy, (k2, ®2),
Sk, 1) N Sya(k2, 2) can have corners where Sy.(x1, 1) and Sy, (k2, 2)
intersect.

Consider the case 8 € SI(Hl)(fq, ) N Slg)(/cz, w2). From (4.25) the sign of
the normals at 8 to both S,(Hl)(/q, u1) and Sﬂ)(/cz, wa) is (—, +, )T It follows
that sign(N) = (—, +, +)7. The cases B € S\ k1, u1) N S (2, o) and B €
SI(S) k1, )N SS) (k2, (o) are analogous. [From (4.21) it is clear that there are no
other cases.] O
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4.6. Characterizing the set of allowable translations. I1l. Cubic elastic moduli

In this section we extend the results of the previous section (Section 4.5) to
cubic moduli. Since the case © = n has already been considered there we shall
prove the results in this section only for u # 7.

4.6.1. The set NReso3)By(R). After some preliminary results, in Lemma 4.13
we at least partially characterize Ngeso (3) By (R). This result derives its importance
from Lemma 4.14, which shows that VR € SO (3), al — B - T is not invertible on
a certain subset of Ngeso(3)Bo (R). We end by characterizing ker (o Re _ B.T)on
this subset (Lemma 4.16) and characterizing ker(« — yye - T) (Lemma 4.17).

Lemma 4.11. Let o be cubic. Then
Sk, min(u, 7)) € Nreso@)Ba(R) S Sk, max(u, n)).

Proof. From (4.2),

3kAp 4+ 2min(u, n)As < afe < 3cAy + 2 max(u, n)Ag
and thus, by using (4.3), VR € SO(3),

3kAp 4+ 2min(u, n) Ay < af < 3kAp + 2 max(u, n)As.
From (4.11) and Lemmas 4.4 and 4.5,

Sk, min(u, 7)) S Bo(R) S S(x, max(u, n)),
from which the result follows. O
When « is cubic, Byr, and By, ,, have simple explicit characterizations:

Lemma 4.12. When «o is cubic,

I NCD) ifnzu,
aRe = 3 . > ..
S, W) N[0, 20 if u = m;
B . = Sl ifnznp,
T S, ) N (0,201 if = .

The proof of Lemma 4.12 is almost identical to that of Lemma 4.5. Lem-
mas 4.11 and 4.12 immediately lead to the following at least partial characterization
of Nreso3)Ba(R) when « is cubic:

Lemma 4.13. Let a be cubic. Then, when n 2 u,

Nreso3)Ba(R) = S(k, w); (4.28a)
and, when . 2 1,
S(k, 1) € Nreso@3)Ba(R) S S(k, ) N[0, 2013, (4.28b)
In particular,
S(k, min(u, 7)) € Nreso3) Ba(R), (4.28¢)

(Stem U Siyp U Siygav) (min(pe, 1)) S 0 (ORESO(3)BO((R))' (4.28d)
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Proof. When n > u, (4.28a) follows immediately from the observation that

Sk, 1) € Nreso3)Ba(R) € Bu(RY) = S, ).

(The first inclusion follows from Lemma 4.11 and the last equality from
Lemma 4.12.) When u > n, again from Lemmas 4.11 and 4.12,

S(c.n) S Nreso® Ba(R) S Ba(Ry) = S(ie, w) N[0, 271
In both cases (4.28c) and (4.28d) follow immediately from (4.28a) and (4.28b). O
Thus, for cubic «, (cf. (4.14)),
Yo = 2min(u, n). (4.29)

Lemma 4.14. Let o be cubic. For any R € SO(3), a — B - TR is not invertible
when B € (Siem U Su) (min(ue, 1)).

Lemma 4.17 shows that the result is true also for 8 € Sy (min(w, n)).
Proof. We begin by observing that &« can be written as the sum of non-negative

operators as

o =

Ry _ |3k AR +2uAs +2( — Ao ifn > p,
3kAp +2nAs +2(n —n)Ag ifp > n.

Let R' € SO(3) and R := R, 'R’. Then
aR’ — oRaR
| 3kAn 2uAs + 200 — AR iy >
3kAp + 2nAg + 2(u — M AR ifpu > .

From (4.1) it suffices to show that VR’ € SO(3), af — B - T is not invertible when
B € (Siam YU Si) (min(u, n)). Consider first the case

p e (SIE&IH)I U SIEII) U Sierv) (min(e, n)).

Then from (4.22), (4.23), and (4.20), 8 = (2min(u, n), B2, B2)T and B> € [0,
2min(u, )). We consider the cases n > n and n > u separately.
w > n: Using Note 4.1,

o —B.T=af —poe- T —n—p)Ty
= Bk +2B)An + 20 — B2)(As — T1) +2(n — AR, (4.30)

Since, from (4.7),

Ker (G +22)An + (21 — B2) (A — T) = Span { (81 6 ). (



450 IsaAc V. CHENCHIAH & KAUSHIK BHATTACHARYA

— B - T is invertible only if

ker(Aq®) € (Span{( ,81)’ (§§ ) )l

00 0
01 1 }
00 0
20 0 010 01
=Span{ (0—1 0 ) (1 0), ( 00)}.
00 —I 000 00
Since dim ker (Aa®) = dimker(A4) = 4 the inclusion above is in fact an equality.
That is, «® — B - T is invertible only if Vx € R3,

T 2x1 x2 X3
Ag| R xp —x; 0 R) =0.
x3 0 —xp

(3R%1 — Dx1 +2R11R21x2 +2R11R31x3 =0,
(3R122 — Dx1 +2R12R3x2 + 2R12R3x3 = 0,
(3R%3 — Dx1 +2R13R23x2 + 2R13R33x3 = 0.

o=
—o0

That is, Vx € R3,

This implies that R = 0 (for example, pick x = ey, €3, €3), which is a contradiction.
n > w: Similar to the case u > 7,

af — BT = 3k +22)An + Qi — B2)(As — T1) + 201 — WAS (4.32)

and o R — B - T is invertible only if
ker(A R) - (S an{(g(l) 8) (88(1))})J_
o ) =P 00-1/"\010 '

00
ker (A,,R) — Rker(A,)RT = {R(g% 0 ) RT | x eR3].

Now,

Thus «® — B - T is invertible only if Vx € R?,

x1 00 T 00
R{0x0 )R, (01
0 0 x3 00
x 00 000
<R(01x2 O)RT, (001)>=0.
0 0 x3 010
That is, Vx € R3,
Ry1 R31x1 + R R30x) + Ro3R33x3 =0,
(R3, — R3)x1 + (R3, — R3)x2 + (R3; — R33)x3 = 0.
This implies that R = 0 (for example, pick x = ey, e3, €3), which is a contradiction.

Similar results hold for 8 € (SZ) U S)(min(x, n)) and B € (S$) U S&)
(min(u, n)). O
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Corollary 4.15. Let « be cubic and B € (Siem Y Sy)(min(u, n)). Then, for any
R e SO(3),

dimker(@ — f - TR) — 2 ifais i‘sotropic,
1 otherwise.

Proof. When « is isotropic the result is immediate from Lemma 4.8; we turn to
the case when « is not isotropic.
From the proof of Lemma 4.14 [cf. (4.30), (4.31), and (4.32)],

1 < dimker(e — B - TR) < 2. (4.33)

Letg € (Slfg}n),US"l ))(mln(,u n)). We consider the cases i > 1 and n>u separately.
@ > n: From the proof of Lemma 4.14 (cf., (4.30) and (4.31)),

dimker(o — 8 - TR =2
— ker(Ag™) =Span{(§37
r {00
=>Vx,ye]R, Ag | R 8x
y =
(R3, — R3Dx + 2Ry Ry

& Vx,yeR, =(R%2 — R%z)x 4+ 2R R32y
=(R33 — R33)x + 2R23Rs3).

), (§$2)}

This implies

R3) — R3) = R3, — R}, = R3; — Ry =: ki (say), (4.342)
Ro1R31 = R R3p = Ry3R33. (4.34b)

(4.34a) implies
1 =R}, + R, + R3; = R}, + R, + R3; + 3ki = 1 + 3ki,

and thus k; = 0, giving, R, = R3,, R3, = R3, and R3; = R3;. This, with (4.34b),
implies
R3 = R3; = Ry = R3, = Ry = Riy = k3 (say).

Thus R € SO(3) is of the form

( i}cz i}cz i.kz )
+ky tky tko
which is a contradiction since the second row of the matrix above cannot be ortho-

gonal to the third row (for any choice of signs). Thus dimker(a — 8 - TR) # 2.
The result follows from (4.33).
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n > w: From the proof of Lemma 4.14 (cf., (4.31) and (4.32)),

dimker(a — B -TR) =2

<« ker(A,%) = Span {(§

= Vx,y eR, Ao( (

(R21 Ry — R31R32)x + (R2R31 + R21R3p)y =0,
< Vx,y eR, (R21R23 — R31R33)x + (R23R31 + R21R33)y = 0,
(R22R23 — R3aR33)x + (Ra3R32 + R R3z)y = 0.
Ro1Ryy — R31R32 =0, RpnR31 + Ry Ry =0,
= | R21Rx3 — R31R33 =0, Rp3R31 + RojR3z =0,
Ry Ry — RR33 =0, Ro3R3 + RpnR33=0.

Squaring and adding these three pairs of equations gives,

(R3, + R3D(R3, + R%) =0,
(R%, + R2)(R3; + R}3) = 0,
(R3, + RH)(R3; + R33) = 0.

That is, at least two of R%l + R31, R%z + R§2 and R§3 + R§3 must vanish. It is easy
to see that no such R € SO(3) exists. Thus dimker(a — 8 - T®) # 2. The result
follows from (4.33).

Similar results hold for 8 € (S&) U S)(min(x, n)) and B € (S$) U §&)
(min(u, n)). O

We end this section by characterizing, in Lemma 4.16, ker(aRD’ — B -T) for
B € (Siem U Syp) (min(u, n)) and characterizing, in Lemma 4.17, ker(a — 8 - TR
for B € Sy (min(u, n)):

Lemma 4.16. Let o be cubic. When n > u,

[ 00 0

Span{(g 10 )} on (S U S (),
100

span {00 6 )} on (s U sPHw,

ker(afe — B-T)=
Span {(

D on Sy (1);

oo~

00 3 3
_01 8)} on (SI(&II)I U SIEI ))(M)y
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and when u > 1,

[ Span { (
Span {(
Span {(

L @ on Sy (1).

ooo
=t}
o=

)} on (Sl(&ln)l ) SIEII))(n)a

—oo
ooo
SO~

)} on (SIE&ZII)I ) 51512))(77),
ker(aRe — . T) =

o—O
oo
[=lelw)

)] on (SSU)I ) SI(113))(’7)s

The case . = n was considered in Lemma 4.8.

Proof. We consider the cases n > w and ;o > n separately.
n > u: When 8 € (S U sy (), from (4.22) and (4.20), B; = 2u and
B> = B3 € [0,2u). From (4.2) and (4.6),

(R — B.T)e
=afve — QuT| + BoTr + BoT3)e
= k(€1 + € +€33)]

€1I76|1+622+€33 0 0
3 0 €12 €31
+ 2H/ 0 522_6”4—;22;—633 0 + 27) (612 0 623)
0 0 63’;—511+622+€33 €3] €23 0
: 3
0 0 0 —€33 0 €39 —€2 €12 0
— Z/L 0 —e33 €23 — ﬂz 0 0 0 — ﬂz €2 —€11 0
0 €3 —ex €31 0 —eyy 0 00
(K—%ﬂ)(€11+622+€33) 2
3 —Bo)e 2n—po)e
20611+ BaenrtBrcss @2n—p2)er2 (2n—p2)es
_2
= (2n—p2)e12 (e=Fpulententess) 2(n—p)es . (4.35)

+B2e11+21e0n+21es3
(k=2 p)(e11+en+tess)

(2n—PBr)esn 2(n—p)e2s
+B2e11+21en+21es3

Thus (¢« — B - T)e =0 if and only if €23 = €31 = €12 = 0 and
2
Kk (€11 + €22 +€33) + 2uerr + Prexn + Poezz =0,
2
Ko gH (e11 + €22 +€33) + Poerr + 2puexr +2uezz = 0.

When B, # 2 the last two equations are independent: dim(ker(a — 8- 7)) = 1.
It is easy to verify that
0
(o
0

0
0

o—=O

1) eker(w —p-T).
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This proves the first case; the proofs of the second and third cases are almost
identical.

The fourth case immediately follows by setting fo = f3 = 2u in (4.35).
Alternatively, from (4.2) and Note 4.1,

affe —2pe - T = G+ 4w Ay +2(n — ) A,.
It follows that,
€ eker(a® —2pe-T) < Ape = Age = 0.

> n: When 8 € (S U S, from (4.22) and (4.20), B; = 27 and
B> = B3 € [0, 2n). From (4.2) and (4.6),
(@fe — g T)e
= a®e — 2T\ + B2 T2 + B2 T3)e
= k(€11 + €0 +e€33)]

61]_611+€322+€33 0 0 0
€12 €31
+ 21 0 ézz—mﬁfﬂ 0 +2n (612 0 623)
0 0 633_611+222+533 €1 €3 0
00 0 —€330 €31 —€n €12 0
—27) 0 —e33 €3 —ﬂz 0O 0 O —,32 €l —€11 0
0 €3 —ex €31 0 —eyy 0 00
(c—F ) (en+en+en) P P
2pe11+BrentBrcas 2n—pr)e12 (2n—p2)esn
2
-2 +exn+ess)
= (2n—pr)e1n (e=3n)en 5 0 4.36
=p +h2e11+21men+2n€33 ( )
(2n—p2)es 0 (Kf%l/v)(€ll+€22+€33)

+h2e11+2nen+2ues3

Thus (¢ — B - T)e = 0if and only if €31 = €12 = 0 and

2
(K - §M) (11 + €22 + €33) + 2ueqy + Parex + Prezz =0,

2
(K - gu) (€11 + €22 +€33) + Borerr + 2uex + 2nesz =0,

2
(K - 5#) (11 + €22 + €33) + Brery + 2nexn + 2pez3 = 0.

When $;, u and n are distinct, the last three equations are independent: dim (ker (o —
B -T)) = 1. From (4.36) it is clear that

000
k —B-T).
(g01) € kerte = 1)

This proves the first case; the proofs of the second and third cases are almost
identical.
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The fourth case immediately follows by setting f, = B3 = 2n in (4.35).
Alternatively, from (4.2) and Note 4.1,

afe —2ne . T = Bk +4p)Ap +2(1 — n) Ayp.
It follows that,
e cker(@f —2ue - T) < Ape = Age = 0.
O

Lemma 4.17. Let « be cubic. For any R € SO3), a — B - TR is not invertible
when B € Sypayv(min(u, n)), that is, when = 2min(u, n)e. Moreover,

RIDRy ifn > p,
ker( —2min(u, n)e - T) =1DD O  ifu=n,
RTOR, ifu > n.
Proof. We observe first that
ker(a — B - TR) = ker (aRaR5 —B. TRRaRZ)
= R ker (af — g TRE<) Ry
where we have used (4.1). In particular, when 8 = 2 min(u, n)e, from Note 4.1,
ker(o — 2min(u, n)e - T®) = R ker(a® — 2min(u, n)e - T)Ry.
The result follows by combining this with Lemmas 4.8 and 4.16. 0O

4.6.2. The set NRes03)B(«y,a2) (R). Finally, in Corollary 4.18, we partially cha-
racterize Ngreso3)B(a;,ay)(R) and, in Corollary 4.19, the normal cone to

Nreso?3) By ,a).m-
Using (4.11) if necessary, we immediately have the following corollary to
Lemma 4.13:

Corollary 4.18. Let a1 and as be cubic. Then
NRes0B3) By,a)(R) 2 S(k1, min(uy, n1)) N S(kz, min(uz, n2)), (4.37)
3 (Nreso3) Biar,an) (R)) 2 (Sian U S U Suay) (min(per, m1, 2, 12))
and
Vi) = 2min(ur, 01, n2, n2).
Lemma 4.7 can also be extended:

Corollary 4.19. Let oy and o be cubic. Let N € Ri belong to the outward normal
cone t0 B(q, ap).us- Then

Ri on Sy (Min(ier, N1, K2, 12)),

sign(v) e 1{(8)-(2) ()} on Suaw U S minCus, i, 2, m2)),

(). (5). (1)) etsewhere
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4.7. An optimal rotation diagonalizes the optimal strain jump

Now that we have attained our goal of characterizing—to a degree sufficient
for our purposes—the set Ngeso3) B(ay,ap) (R) [cf. (4.13a)] we turn to the maxi-
mization over S O(3) in (4.13b). The main result of this section is:

Theorem 4.20. (An optimal rotation diagonalizes the optimal strain jump) There
exist R.(B,€) € SO(3) and €}(R.. B, &), €3(R..B. &) € RYD that extremize
(4.13b) such that RZAE*R* is diagonal.

(From Note 4.1 this is trivially true when 8 || e.) Our proof of Theorem 4.20
uses doubly stochastic matrices and is presented at the end of this section.

Doubly stochastic matrices. Doubly stochastic matrices are square matrices, all of
whose entries are non-negative and each of whose rows and columns add up to one.
£2,, the set of all doubly stochastic matrices in R"*", is a (n — 1)2-dimensional
convex set. The set of extreme points of §2,, is P, the set of permutation matrices in
R™*™ ([8] or, for example, [44, p. 19, 34]). In particular, the set of extreme points

Po={(419)- (860 (599)- (690 (840)- (249

Note that the first three of these belong to S O (3) and the next three to O (3)\SO(3).
The following lemma is elementary:

(=il
o=
—o0
—o0o
o=
—o0
—o0o
o=
(=il

Lemma 4.21. Let v, w € R". Then

1. 3D, € P, that maximizes 2, > D — Dv-w € R.

2. The ordering of the components of D,v is the same as the ordering of the
components of w. That is, if o is a permutation of {1,2,...,n} such that
Wo (i) < Wo(i+1) i = 1,2,...,n =1, then (Dyv)s) < (DyV)o(it1y, | =
,2,....,n— 1

3. The maximizer is unique precisely when all the components of v are distinct
and all the components of w are distinct.

We define S: SO(3) — £23 by

2 2 2
Ri1 Ri12 Ri3 S Ry Ry, Ri;
SO(3)> | Rai R Rz | > | R}, R, R3, | € 3. (4.38)
R31 Ry R 2 p2 R2
31 32 R33 R31 R32 R33

Some of the following properties of S will be used in the sequel.

Lemma 4.22.

1. VP ePs, ¢p(PTeP) = PTe(e).
2. VP € P3\SO3) there exists R(P) € SO (3) such that

d(PTeP) = ¢p(R(P)TeR(P).
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et

For R(P) defined as in (2), S(R(P)) = P. Thus Pz C Range(S).

4. The fixed points of S are precisely Pz N SO (3) [and thus Pz N SO3) C
Range(S)]; S can be extended to a map from O(3) to §23, in which case its
fixed points are precisely Ps.

5. S is not onto.

Proof. The first statement is easily verified.

(2): Each P € PP;3 is a matrix precisely three of whose components is 1. For
each P € P\SO(3) replacing one or three 1s by —1 generates a matrix R(P) €
SO(3). It is easily verified that for every such choice of R(P), ®(PTeP) =
@ (R(P)TeR(P)).

(4): This follows from the fact that the only fixed points of R 3 x > x? € R
are 0 and 1.

(5): Assume on the contrary that 3R € SO (3) such that

1 /111
sw=3(}1}) e
Then, from (4.38), for some choice of signs
1 /£141+1
=7 ER1),

However the rows and columns of this R cannot be orthogonal: R ¢ SO (3), which
is a contradiction. O
Lemma 4.23. Let € € R?;;f and R € SOQ3). There exists D € $23 such that
B-¢%(e)=-Dp-T (o).
Proof. Let R’ := R(¢)R. Then

RTeR = (R(e)R)T diag(e) R(e)R = (R")T diag(e) R'.

An easy exercise reveals that

¢" ()
(Ryy Ry — Ry, Ry3)? (Rys Ry — Ry Ry))? (Ry  Ryy — Ry Ryy)?
= — | (RyuR}; — R,RY)? (RZRY; — R;3Ry)? (R Ry — Ry Ry)* [ T(e).
(RiyR53 — Ry R3)? (R Ry — Ry3R)? (RY Ry — Ry Riy)?
(4.39)
Using the fact that the rows and columns of R’ are orthonormal,
(R1? (R})* (R}3)*
B-d"(e)=—B- | (R)? (Rhy)? (Rh)* | T(e)
(R5)? (R}3)* (R}))?
=—f-S(RNT (e)
=—SRHYIB-T() (4.40)
=—-Df-T(e),
where D := (S(R(€)R)T. O
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We are now ready to prove Theorem 4.20:

Proof of Theorem 4.20. The existence of R,(8,€) € SO(3) and ef(R*, B.€),
&5 (Ry, B, €) € R:yxnf that extremize (4.13b) follows from the continuity of SO (3) x
Ry 3 (R, €) > Wi(R, B, €), the convexity for each R € SO(3) of W; — - ¢*,
and the compactness of SO(3). It remains to show that RZAE*R* is diagonal.

From (4.13b) and (4.40),

Wi(B,€) = max min A Wi(er) + A Wa(er)
RESOB) ¢ e,eR¥

sym

ertierme +ArST (R(e2 — €)R)B - T(e2 — €1).

Thus

Wi(B,€) =  max min A Wier) + A Wa(e) (4.41)
DeRange(S) ¢ ’QERSan?
+MA2DB - T (e2 — €1),

A1€1+A2er=¢€

where the inequality arises since we are replacing S” (R (e; —e1) R) with an arbitrary
D € §23. From Lemma 4.21(1), there exists D, € IP3 that maximizes the function

23> D +— min M Wiler) + MWh(er) + AAaDB - T (€3 — €1).

€] ,EQERS;}‘

ri€lt+rrer=€

Since, from Lemma 4.22(4), P3 C Range(S), this implies the existence of R, €
SO (3) such that S(R(A€*)R,) = D,. Thus the inequality in (4.41) is actually an
equality. Further

S(R(A€*)R,) € P3 = R(A€*)R, is a signed permutation matrix
= (R(Ae*)R,)T diag(Ae*)(R(A€*)R,) is diagonal
== R*TAG*R* is diagonal,

which completes the proof. O

Note that, since RZAG*R,, is diagonal, for some permutation o [cf. (4.5)
and (4.4)],
oR(Ae*) = p(RT Ae*R,) = =T, (A€*). (4.42)

4.8. Explicit expressions for the optimal strains and stresses

We return to the minimization problem (4.12b) and find the minimizers
€1(R, B,€) and €5(R, B, €).

The expressions in this section can be obtained from those in Section 3.1.4
by the formal substitution of 8 - TR for BT, B € B(u,a:)(R)\Bq;,a),1.(R) for

B €0, V(oq,az)) and 8 € B(al,az),m(R) for B = Ve, a2)-
By differentiating the argument on the right-hand side of (4.12b),

ai(e] —€)) —aa(e) —e) + (B - TR)(6§ —€)=0. (4.43)
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In other words,
Ao* = (B-TF) A€, (4.44)
where
Ae* =€) — €],
Ao™* =0y — oy,
T

ol =ai(el —¢), i=1,2.

Since Aj€] + Aze; = €, (4.43) gives
(Aaay +Maz — B TRl = (0 — B- TH)E — M A(ae"),
(Aaay +har — B THRed = (a1 — B- TH)E+ 11 A(ae"),
(Maa1 + rar — B - TRYAe* = A(ae™) — (A)é.

where

Axe") == aze; — g€,

Ad = ar — .

If B € B(ay,a0) (R)\B(ay,a),:(R), then from Section 4.4 it follows that Aaq +
Moy — B - TR = 2 (a) — B- TRy + (a2 — B - TR)is positive-definite since it is
the sum of two positive-definite linear operators. Consequently, we may invert the
relations above to conclude that

€f(R, B, &) = ()»ZOll +h—p- TR)_1 ((a2 _g.TRe— AZA(aeT)),

(4.452)

(R, B.&) = (xzal fhar—B-T ) ((al —B-TRe+ AlA(ae')),
(4.45b)
Ae*(R, B, &) = (kzal + Ao — B - TR)_l (A(e™) — (Aw)é). (4.45c¢)

If B € By, ap),1:(R), then Apay + Ao — B+ TR might only be positive semide-
finite. However, the minimization problem (4.12b) is quadratic. So we can have one
of two situations: either (1) the minimum is finite and the solutions in (4.45) make
sense up to a constant in ker(Ara; + Ao — B - TR, or (2) Wy (R, B,€) = —o0,
in which case,

lim B - ¢R(Ae*) = 0. (4.46)
i
For future use we observe that for 8 € By, ay) (R)\B(a|,a2),1:(R),

0Ae*
0Bi

= (Mo + rax — B-THTITR A, (4.47)
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From (4.45) we also calculate, for 8 € B(q;,ay) (R)\B(a,a2),1: (R),

o (DT -1 R—1\"' 1 Rz r T
o] (oe —a, B-T ) a, ((ap—B-T")e —rrA(ae’)) —aje;

_ -1
oy (oe*‘ — afl,B . TRagl) afl ((al -B- TR) €+ MA(aeT)) — ey

where o= := Alozl_l + kzaz_l.

4.9. A lower bound on the relaxed energy. Il
We are now in a position to derive an explicit lower bound. Recall (4.13a):

Wi(é) 2 max Wi(B, ),
BENRes0(3) Blay.ap) (R)

where W, (B, €) is given by (4.13b). Determining MAXBegeso() Bla .y (R) Wiy (B, €)
is easy since we have the following lemma.

Lemma 4.24. For 8 € Int (mReSO(3)B(a1 m)(R)), B +— W, (B, €) is either constant
or strictly concave.

Proof. From (4.13b),

VWi (B, €)
= —A1ro® (Ae* (R, B, 6)). (4.48)
82

—W s c

595 (B, €)

a
_ R, * — * —
= A1k2<Tj A€e™(R,, B, €), —aﬁkAe (R, B, €)

= —ai2 (T/" Ac* (Ra, B,©), Gaa + Mz = B TF) 7' T Ac (R, 8. 8))
<0

except when Ae*(R,, B, €) = 0. Note, from (4.45), that Ae*(R, B, €) = 0 for some
(R, B) € SO3) x B implies that Ae*(R, 8,€) = 0 forall (R, 8) € SO3) x B.
However when Ae*(-, -, €) = 0, from (4.48), W, (B, €) is independent of 8. O

Incidentally, we also observe that:

Lemma 4.25. € — W, (B, €) is strictly convex.
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Proof. From (4.13b),

82
ﬁwk(/& 6)
92 R.(B.c
=Mz Wi—p ¢ “BE) (X (R, B, €))
92 R8s 92 ks
+ia (W= f g “BN (&} (R., B, €)) + Szb ¢ R )
=il = B - TP ton@ — - TP 4 p. TRES
= A1) + A
>0

O

We now obtain the desired lower bound when the elastic moduli are cubic.
Recall that we use “||”” to mean “parallel” and not anti-parallel. For x € R”" and
SCR"wesayx || Sifdye S, x||y.

Theorem 4.26. (Lower bound) Let a| and ar be cubic. Then
Y
Wi(€) = W, (&),
where
— _
W, (€) =
W, (0,€) if Ae*(-,-,€) =0 (Regime 0),

Wi(Bi, €)  if 3B € (S U Syan) (1, min 1, 1))
N(S; U Sien) (2, min(u2, 12)),
0 # —¢" PO (A (Ru(B1, ©), B, O) || {—e1, —e2, —e3}
(Regime 1),
Wi (By, €) otherwise (Regime 11),

Wi(Bu € if 3B € (Sian U Sy U Seay) (min(pa, 1, p2, 72)),
0 # —¢R P& (Ae*(Ru(Bu, €), Bu €)) ||| {e1. 2. €3}
(Regime 111),
Wi(Bw, €) if 3B € Smev(min(uer, n1, m2, 12)),
0 # —¢pR PO (Ae*(R.(Bi. €), B, ©) ||| Int(RY)
(Regime 1V).
(4.49)

Here, in Regime 11, By is the unique solution 0f¢>R*("g)(A6*(R*(~, €),,€)=0in
S(k1, min(uy, 1)) N S(kz, min(wa, 72)). Note that it is possible that By € (Sigm Y
S]II U Sm&]v)(min(,ul s N1y M2, 772))
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Proof. Since o and o, are cubic, from (4.37) we obtain a lower bound for W (€) by
replacing  Ngeso(3)Baj.ap)(R) by S(ky, min(uy, 1)) N Sz, min(ua, 72))
in (4.13a).

When Ae*(B,€) = 0, from Lemma 4.24, 8 — W, (B, €) is constant and
we may set B = 0 in (4.13a); this is Regime 0. Otherwise, from Lemma 4.24,
B — W,.(B, €) is strictly concave.

Suppose there exists 8, € S(k1, min(uy, n1)) N S(k2, min(uy, n2)) such that
Vg Wi.(B, €)lp=p, = 0. Then, by the strict concavity of 8 > W (B, €), B, maxi-
mizes W, (B, €) in S(x1, min(uy, n1)) N S(kz, min(uo, n72)) and is the unique
solution of R (Ae* (R, (-, €), -, €)) = 0. This is Regime II.

Otherwise the maximum is attained on 9 (S(«x1, min(uy, 1)) N Sk, min(uo,
12))) at B* (say). Using (4.48), (4.42), and (4.4), we have

N(B*) = VgWi(B, &)|p=p*
= —h1h2¢™ (A" (R, B+, )
= MM Y5 (Ae* (R, B*, €))
Vg (2) (A€¥) Uy (3)(A€™)
= AA2 | ve3)(4€™) us(1)(Ae™) ). (4.50)
Ug (1) (A€¥) vg(2) (A€™)
In particular we observe that the components of N are the pairwise product of three
numbers. Three cases arise:
1. B* € Sk, min(uy, 1)) N S;(k2, min(uy, 12)). In this case it is immediate
that
N(B*) [l {—e1, —e2, —e3).
Note that this is true even at the edges and the corner of BRi since if one
component of N is zero then two components on N must be zero. This is
Regime I.
2. B* € Sem(min(uy, n1)) U Sen(min(uy, n2)). Since the components of N are
pairwise product of three numbers, it not possible that precisely one be (strictly)

negative and precisely two be (strictly) positive. Thus, from Corollary 4.19,
we conclude that either

N(ﬂ*) ||| {_elv —el, _63}7
which is Regime I; or, in fact 8* € Sy (min(uy, 11, u2, n2)) and

N(B") || {e1, e2, e3},
which is Regime III.

3.0 B ¢ (SUSiem) (k1 min(uer, 11)) N (S U Sigm) (2, min(uz, 72)). Again, since
the components of N are pairwise product of three numbers, it not pos-
sible that precisely one be (strictly) negative and precisely two be (strictly)
positive. Thus, from Corollary 4.19, we conclude that in fact g* € (S, U

Sev) (min(pey, n1, 12, 12)) and

N(ﬂ*) |H {el’ 627 63} if ﬂ* € SIII(min(l’Lla 771’ I’LZa 7)2))
Ri if B* € Sy (min(uy, 1, 12, 72)).

Two subcases arise:
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(a) ﬁ* € (S U Spay) (min(er, 1, (2, n2)) and N(,B*) ||| {e1, e2, e3}. This
is Regime III.

(b)  B* € Syav(min(uy, n1, w2, n2)) and N(B*) ||| Int(Ri) This is Regime
V.

O
Note 4.27. In particular the proof above shows that,
Vg (2) (A€¥) Uy (3)(A€™)
Vs (3)(A€*) vo 1y (Ae®) | ]
Ug (1) (A€¥) vg(2) (A€™)

[(—e1, —ep, —e3} in Regime I
(B* € (S U Sieu) (K1, min(1, n1))
NS U Sien) (K2, min(u2, 172))),

0 in Regime II

(B* € S(kcr, min(p1, 1)) N S(kz, min(uz, 12))),  (4.51)
{e1, e2, €3} in Regime 11

(B* € (S U S U Sugav) (min(pet, m1, 12, 12))),
Int(Ri) in Regime IV

(,3* € Spav(min(uy, N1, w2, 12))).

The following corollary follows immediately from (4.51).

Corollary 4.28. (Eigenvalues of the optimal strain jump)

In Regime 1: vr(Ae*) = 0, v (Ae*)u3(Ae*) < O.

In Regime I1: vr(Ae*) = 0, v (Ae*)u3(Ae*) = 0.

In Regime 11: vy (Ae*) = 0, v (Ae*)v3(Ae*) > 0.

In Regime IV: v (Ae*)v3(Ae*) > 0. Thus all eigenvalues of Ae* have the
same sign, that is, Ae* is either negative- or positive-definite.

v

The following corollary also follows from the proof of Theorem 4.26.

Corollary 4.29.

1. In Regime 0,

—l _ .
W, (e) = min M Wier) + AaWaler).
€1,€2€R3;:,?
A€l+Aer=¢
2. In Regime ],
B, - p™(Ae*) = 0. (4.52)

3. In Regime I,
PR (Ae*) = 0.
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4. In Regime 11],
RT Ae*R,

[ /0 0 0
0 vg(2) (A€*) 0
0 0 Vo (3) (AG*)

1 1 .
when By € (SI(&II)I U SI(II) U Spay) (min(per, 01, n2, 12)),

Ua(l)(Ae') 0 0
0 0 0
= ( 0 0 vg3)(A€*) ) 4.53)

2 2 .
when By € (SI(&II)I U SI(II) U Suay) (min(per, 1, 12, 12)),

U(y(])(AG*) 0 0
0 Ug(z) (AG*) 0

0 0
3 3 .
when By, € (SIE&II)I U SI(II) U Siay) (Min(uey, 1, n2, 12)).

5. In Regime 1l when By € Syav and in Regime 1V, from Note 4.1,

—
W)L(G) =
min A Wi(e)+riaWa(e2)—2A1A2 min(uy, 01, n2, n2)e-P(e2—e€1).

€] ,EzER};,(,i
rl€1+rrer=€

Note 4.30. From (4.46), Regimes III and IV do not occur whenever

¢J.R*(ﬂn+’g)(A6*(R*(ﬁH+s E)a ﬂII+9 g))

does not exist. From Section 4.8 this happens when
ker(ar — Bu, - T P9) Nker(z — B - T P19) 2 {0).

This includes, in particular, the cases (i) ¢; = a2 (cf. Note 4.31 below) and (ii)
both phases being cubic with the smaller shear moduli being equal.

Note 4.31. (Equal moduli) We remark on the special case o1 = a» = « studied by
PrpkiIN [50] and KoHN [31]. In this case, Aoy +Ajas — - TR =a — B- TR~ is
not invertible when 8 € Sy, («, n). Thus, as mentioned in Note 4.30 above, Regime
III does not occur.

From (4.45), Ae*(-, -, €) = 0 implies that €] = €;. Thus Regime 0 does not
occur for distinct materials.®

From (4.13b), (4.49) and (4.52) we obtain

MW (Re(Bi, €), P, €)) + Ao Wa (5 (Ru(Bi, €), Br, €))
in Regime I,

MWy (GT(R*(ﬂllv €), Bu, €)) + A2 W2(6£(R*(ﬂllv €), B, €)
in Regime II.

Wi (&)=

OThat is, when either o] # o or €] # €.
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Here, from (4.45),

€F(R, B, &) =& — (@ —B-TH o A€, (4.542)
(R, B &)=+ 1(a—B-TH a A€, (4.54b)
Ae*(R, B, &) = (@ — B-TH o A€™. (4.54c¢)

From (4.54c) Ae* is independent of €. From the proof of Theorem 4.20 it follows
that R, is also independent of €.
From (4.49) and (4.54) Regime I occurs when

3B, € SGer, min(u1, 71)) N S(2, min(u2, 72)) N AR,
0#¢"® (@—p- TR0 A€T) || fer, e2.e3): (455)

and Regime II when
! B, € S(k, min(, 1)), ¢ ((a -B- TR*w"))—la(AeT)) =0 (4.56)

(k == k1 = k2, L := 1 = up and n := n; = n). Note that g, is independent of

g.
From (4.54),

(R, B.&) —el=@E—€) —ra—p-THIp. TR A,
SR B.E—es=E—D)+r(a—B-THIg. TRA,

where €™ := A1€] + A2€5. Thus

— 1 _ _
W, (&) = 5 (@ = ). € =€) + (awy + Agwd)

Ladalla? (@ — B, - TRB) 18 . T AT|2 i (4.55) holds
(Regime 1),

%/\lxzua%(a — By - TRBDY=18 . T Ae||? otherwise, that is, if (4.56)
holds (Regime II).

4.10. Optimality of the lower bound and optimal microstructures

In this section we prove that the lower bound presented in Theorem 4.26 is
optimal in Regimes O-III when the elastic moduli are cubic, and in Regime IV
when the elastic moduli are isotropic. Further we characterize the optimal micro-
structures. This will complete the proof of Theorem 2.2. Our strategy is the same
as in Section 3.2.

The Proof of Theorem 2.3 is almost identical to that of Theorem 2.2 and is thus
omitted.
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4.10.1. Optimality of the lower bound. We have the following results:

Theorem 4.32. (Optimality of the lower bound) Let a1 and a» be cubic. Assume,

renumbering if necessary, that o, < Vy,. Then Wi (é) = Wi (€) in Regimes 0-I1I,
and in Regime IV when 11 = 1.

Proof. For Regimes O-II, the proof is almost identical to the proof of
Theorem 3.10 with the following changes: In Regime 0 we use (4.45) instead
of (3.9); in Regimes I and II we use Corollary 4.28 in addition to Lemma 3.11.

InRegimes IITand IV, from Corollary 4.28 and Lemma 3.11 we cannot construct
a continuous displacement field with the optimal strains. However one of the
translated energies loses strict convexity in these Regimes (cf. Section 4.4 and
Lemma 4.14); we can use this to construct optimal rank-two and rank-three lami-
nates. Assume, renumbering if necessary, that y,, < ¥,. Then aj — g* - TR+ is
degenerate in Regimes III and I'V.

Regime TI: Let P;: RS — R%2, j = 1,2,3, be the projections and

sym sym >
. Te2x2 3x3 . _ H
Ij: R — Ry, j = 1,2, 3, be the embeddings defined by

€11 €12 €13\ P I, {00 O

(612 €2 €3 ) — (g% & )r—) Oex e |, (4.57a)
€13 €23 €33 353 0 €23 €33
€11 €12 €13\ P I, [{€10¢€3

(élzezz 623) S (B (90 ), (4.57b)
€13 €23 €33 ” €13 0 €33
€11 €2 €3\ Py e ey I3 [€11€120
€12 €22 €3 . .

(613 s e33) B (a)d p 0 4.57¢)

Note that these mappings preserve rank-one-ness and symmetrized rank-one-ness.
Let J € {1,2, 3} such that By € (S U S5 U Suen) (min(e1, n1)). From (4.53),

Uq(z)(AS*) 0 ) _
( o taen ) i =1,

P, (RZ"AE*R*) _ (uau)(()Ae*) vg(s)(()Ae')) ifJ =2, (4.58)

and from Corollary 4.28(3),
det (P ; (R*TAe*R*)) - 0. (4.59)
From (4.58), (4.59), and the proof of Theorem 3.10, for every choice

€ €Py (RZ ker(o; — B - TR*)R*) s
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there exist two rank-two laminates (x1, x2) in R2 of the form described in the
proof of Theorem 3.10. Likewise there exists two displacement fields u in R? with
corresponding strains in Rfyxn% [schematically represented in Fig. 1b with €} and
€5 replaced by P; (R]€fR,) and P; (R]€5R,), respectively]. These rank-two
laminates, the displacement fields and the corresponding strain fields can each be
imbedded in R?, R? and ]Rfyxn? respectively, using the imbeddings

(X1, x2)(x2, x3) if J =1,

(1 x2)(xr, x2, x3) <=4 (x1, x2)(x1, x3) if J =2,

(1, x2)(x1, x2) if J =35

(D11, €12, (€D13)T - x +u(x, x3) if J =1,
u(x, X2, x3) <= 1 ((€Na1, (€D, (€N23)T - x +uxy, x2) if J =2,
(D31, (€D32, (€)33)T - x +u(xy, xp) if J = 3;

¢+ RTEIR, —I,P, (RIe;R*) +1e,

respectively. The resulting microstructure and displacement field shows that the
lower bound (4.49) is optimal in Regime III. Examples 4.33 and 4.34 below illustrate
this construction.

Regime IV when w1 = np: Since w1 = 11, o is isotropic. Recall that

Ug (1) (A€*)
Ae* = R(Ae*)Diag| voo(ae) | RT (A€).

Ug (3) (A€*)
Let
. . Vg (1) (A€*)+Ug (2) (A€™) +Ug 3) (A€¥)
€ := Diag 0 )
0
; . A Ug (1) (A€*)
€' 1= Diag | rueq)(Ae)+us0)(Ae)+us3) (A" |
0
MUg (1) (A€™)
€" := Diag MUg ) (A€ .
M Ug (1) (A€®)+A2Ug (2) (A€®) +U4 3) (A€™)
Note that
Vo (1) (A€”) 100 000 ~100
€', €", " € Diag| vo2)(4€*) |+ Span {(0—1 o) , (01 0 ) , ( 0 00)} , (4.60)
vy (Ae*) 000/ \00-1 001

and, from Lemma 4.8,

e [(1 00\ (000 -100 T/ R
_ C — TRy,
R {(806)- (550)- (g §9)) 7 eaeh € ertea =207
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Let
o AMUg (1) (A€¥)
P Uo (1) (A€*) + Vg (2) (A€*) + g 3) (A€*)
m._ AMUg (2) (A€¥)
P X2Uq (1) (A€*) 4+ U 2) (A€*) 4 Uy 3)(A€*)’
on MUg (3)(A€™)

T hUs (1) (A€¥) + MU 2) (A€*) + Up3) (A€*)

Clearly p', p", p™ € (0, 1). It is easy to verify that

€| el ®e, (4.61a)
€' —p'e | ea®er, (4.61b)
" — (1= p")p'e' + p"€") Il e3 @ e3. 4.61c)

Further,

Ug (1) (A€¥)
(1—p" ((1 —pMp'e + p“e“) + p"e™ = MDiag(vazz;(As*) ) (4.62)
Uy (3)(A€¥)
‘We can now construct our rank-three laminate as follows. First construct a rank-one
laminate in which phases 2 and 1 have phase fractions 1 — p' and p', respectively,
and the layers have normal R(Ae€*)e;. Next construct a rank-two laminate in which
this rank-one laminate and phase 1 have phase fractions 1 — p" and p", respectively,
and the layers have normal R(Ae€*)e,. Finally construct a rank-three laminate in
which this rank-two laminate and phase 1 have phase fractions 1 — p" and p"
respectively and the layers have normal R(Ae*)e3.

The compatibility equations (4.61) allow the construction of a continuous
displacement field # (up to boundary layers) such that the strains take the va-
lue €} — R(A€*)e'RT (Ae*) in the interior phase 1, €l — R(A€")e"RT (Ae*) in
the middle phase 1, e} — R(Ae*)e"RT (Ae*) in the exterior phase 1, and € in
phase 2. For this microstructure and displacement field, the average strain is € (cf.,
(4.62)) and Wy (u) = Wi (€) (as the reader can verify). This shows that the lower
bound (4.49) is optimal in Regime IV for isotropic «;.

[It is easy to see that similar rank-three laminates exist for five other choices of
€', e"and €™ in (4.60).] O

When «; is isotropic, the next two examples illustrate the construction of rank-
two laminates described in the proof of Theorem 4.32 (Regime III). For simplicity
the figures are drawn for a specific choice of o.

Example 4.33. When « is isotropic, from Lemma 4.8 we can pick €, = ((1) 91 )
The analogues of Fig. 1b are shown in Fig. 4 for this choice of €,. The rank-one
cone at the origin (in the space of diagonal 2 x 2 matrices) is the union of the
axes (that is, Span {Diag (} )} USpan {Diag ({)}). The shaded quadrants form the
symmetrized-rank-one cone at the origin (in the space of diagonal 2 x 2 matrices).
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‘\— S >
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4 Diag ( -1 )

Fig. 4. Two optimal rank-two laminates in Regime III (cf. Proof of Theorem 4.32 and

Example 4.33)

It is easy to verify that (3.20) is satisfied. In particular for the rank-two laminate

shown in Fig. 4a, (3.20b) is

Al —p . (vi+v2) PA2 .
D ( pUITV2 ) D vituva) D V] ,

m(d—py 8l a=pwiten toa- 0) iag (V1) = Diag (1)
which implies that p = o +
(3.20b) is

1 =P by (l—p)(v1+vz)) P2 —_—
——Dia ( ———Dia, = Dia ,
2l = p) g p(vi+v2) + Ai(l = p) g (v1+v2) ) (vz)

which implies that p = A1

v1+v2
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Fig. 5. Two optimal rank-two laminates in Regime III (cf. Proof of Theorem 4.32 and
Example 4.34)

Example 4.34. When «; is isotropic, from Lemma 4.8 we can pick ¢, = ( (1) (1))
The analogues of Fig. 1b are shown in Fig. 5 for this choice of €,. The matrices

vl Juivy V1 V12
Juivy  w»m ’ —Juivy v

are rank one. The rank-one cone at the origin in the plane of the figure, that is, in

v Juiuy v —/uin
span {(orss V) (L )]
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is the union of the axes, that is,

v Juiv v1 —Jvin2
Span {((ores Yo" ) usean {(_ s )
The shaded quadrants form the symmetrized-rank-one cone at the origin (in the

plane of the figure). It is easy to verify that (3.20) is satisfied. In particular, enfor-
cing (3.20e), we obtain p = %l

Note 4.35. Since P;, I;,i = 1,2,3 defined in (4.57) preserve rank-one-ness and
symmetrized rank-one-ness the rank-two and rank-three laminates constructed in
the proof of Theorem 4.32 (and in Examples 4.33 and 4.34) also use only rank-one
connections. As in two dimensions (cf. Note 3.13) this is in fact necessary.

To see this, first we observe that in Regimes Il and IV at any interface the strain
difference [e] is related to the stress difference o] through

[o] Il B* - T®([e]) (4.63a)

and the constant of proportionality is nonzero [cf. (4.44) and recall that o€, =
B* - TR«¢,]. As before, at any interface with normal i1 € R3 we require

([eDha =0, (4.63b)
[€] I 7t s 7, (4.63¢)

for some 71 € R3. The following lemma, which is the three-dimensional analogue
of Lemma 3.14, shows that (4.63) is equivalent to requiring that [¢] || 7 ® 7.

Lemma 4.36. Let 11, i € R3, g € RS and B - T (i ®y it) # 0. Then the following
are equivalent.

1. (ﬂ T (m ®; n)) m=
2. (,8 T (m ®; n)) n=
3. m| n.

Proof. The equivalence of the first two statements is trivial. Simple calculations
show that

(BTG @sa))m || (B-T)(h @ m)i,
ker((B - T)(m ® m)) = Span {r?z} .

It immediately follows that (8 - T (h ®, 7)) i =0 <= || . O

4.10.2. Optimal microstructures. It is clear that Theorem 3.15 holds in three
dimensions as well.

Theorem 4.37. (Optimal microstructures) Assume, renumbering if necessary, that
2min(i1, N1) = Yoy S Yay- Also let

2 ifpr <,
I if uy 1, .
Dy, = ,fM 7577 Dy =15 lf/A1=?71,
2 ifpy=n1;

3 ifur >
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1. In Regime O any microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime 1 the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made up of these
laminates. The optimal strain takes the value €} in phase 1 and € in phase 2
while the optimal stress is constant.

3. In Regime Il the optimal microstructure is unique and is a rank-one laminate.
The optimal strain takes the value €} in phase 1 and €} in phase 2.

4. In Regime 111, no rank-one laminate is optimal. The class of optimal micro-
structures is possibly large (in a sense explained in the proof) and includes at
least two rank-two laminates.

In any optimal microstructure, in phase i, i = 1, 2, the strain is confined to an
affine subspace of dimension

Dy, lf:B* < 2min(uy, n),
Dy if B* = 2min(u1, n1);

the sum of the dimensions of the affine subspaces is at most

2 if B* < 2min(uy, n1),
5 if B* < 2min(uy, n1).

In particular, if phase i is harder than the other phase (that is, if Vo; > V(ay,a2))
then the strain is € in that phase.

5. In Regime IV: If u1 = n then there exists an optimal rank-three laminate;
otherwise the lower bound is possibly non-optimal. Whenever the bound is
optimal:

dimker(ejj — Bu - TR) < {

(a) No rank-one laminate is optimal.

(b) If one phase is harder than the other (that is, if Vo, > Va,) then no
rank-two laminate is optimal.

(c) In any optimal microstructure the strain in each phase is confined to an
affine subspace of dimension at most dimker(¢; — Y(q,,00)T) < Dy; the
sum of the dimension of the two affine subspaces is at most 5. Moreover,
if one phase is harder than the other then the strain in the harder phase
is constant.

Proof. The proof for the statement pertaining to Regime 0 remains unchanged
except that (4.44) is used instead of (3.8).

In Regime I, from Corollary 4.28, vy(Ae*) = 0 and v;(Ae*)u3(Ae*) < 0.
Thus from Lemma 3.11, we find /2 Jt 7 € R? such that Ae* || i ®; n. It follows
that the strain and thus the microstructure is either of two rank-one laminates (with
layering direction m or 71) or a microstructure of these laminates. Finally from (4.52)
and (4.44), Ac* = 0: the stress is constant.

In Regime II, from Corollary 4.28, v2(A€e*) = 0 and v;(Ae*)v3(Ae*) = 0s0
that from Lemma 3.11, we find unique (upto scaling) 7 € R such that Ae* || A ®n.
It follows that the strain and thus the microstructure is a unique rank-one laminate
with layering direction 7.
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(¢) Geometric picture 2 (d) Schematic diagram 2

Fig. 6. Geometric and schematic diagrams of two rank-two laminates. In the geometric dia-
gram solid lines represent strain compatible directions; dotted lines represent strain incom-
patible directions; and dashed lines represent directions that need not be strain incompatible

The proof for the statement pertaining to Regime III remains unchanged except
that ker(o; — Y(a;,a,)T) must be replaced as indicated. The inequalities follow from
Corollary 4.15, Lemma 4.17, and Notes 4.3 and 4.30.

We turn to Regime IV. If, when one phase is harder than another, in any opti-
mal microstructure the strain is constant in the harder phase, then the non-existence
of optimal rank-two laminates follows from Lemma 4.38 below. The rest of the
statement follows by a reasoning almost identical to that for Regime III; that
Ziz:l dimker(t; — Y(a;,a0)T) £ 5 follows from Notes 4.3 and 4.30. O

Lemma 4.38. Let n > 3. Let € (viewed as a linear operator on R") be either
negative- or positive-definite. Then € and O cannot form the two rank-two laminates
schematically shown in Fig. 6. That is, neither the following

Ju e (0,1), I e"e R?yf?f, pe' + (1 — p)e" =e, (4.64a)

Im',n'eR", € =m'Q®;n', (4.64b)

dp € (0,1), Im,neR", pe'—e"=mRn (4.64c¢)
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nor the following

Ju € (0,1), 3Fe',e" e Rgvfn”, ne' + (1 — p)e" = e, (4.65a)
Im', n' e R", € =m'Q;n', (4.65b)
Im", A" e R", " =m" @ n" (4.65¢)

can hold.
Proof. Assume on the contrary that either (4.64) or (4.65) holds. Either of these,
along with Lemma 3.11 implies: 3p_, p4, o, p, 2 0,v_, vy, v", v, € R" such
that
€=—p_v_Qu_+ prvs vy —p v Qv+ pl v, @,

Let wy € Span {v_, v’_}l and w_ € Span {vg, v;}L. Then

(ew_) - w_ = —p_(v4 - w)? — p_ (W, -w_)* £0,

(ews) - wi = pr(vg - wy)® + pl (V) - wy)* 0.

This contradicts € being either negative- or positive-definite. O

5. Ancillary results

5.1. The uniform traction problem

We now turn to the uniform traction problem (1.9) for W given by (1.2).
From (1.9), in two dimensions,

2
50 - . . . - =
Wﬂ®=<$gq£%u&iﬁééﬁﬂﬂ%@&h—@fﬂx
. -

2
— inf  inf inf ][ z xi () Wi (e(x))dx — (&, &)
250

geRg;ﬁ <)Xi>=Aj ulgo=¢-x

inf max (Wi (B, &) — (0, &)
eeRy2 BE0. Ve a)]
>  max  min (Wy(B, &) — (5, €)). (5.1)
- ﬂe[O,y(al,azﬂ EEszz /3

sym

From Lemmas 3.5 and 3.6 and a saddle point theorem [19, Proposition 11.2.4,
p- 176], (5.1) is in fact an equality. The analogous expression in three dimensions is
obtained by replacing [0, ¥(«;,a,)] With Nres03) B,y (R) and Rfyxn% with Rfyxnf,

and using Lemmas 4.24 and 4.25 instead of Lemmas 3.5 and 3.6. Note that

Wi(e) — (0, ¢€) = %(Oli(é —€),(e—¢))twi —(0,€)

1 T —1=
E(aie,e) — <Oli(€i + o),e>

1 _ -
+ §<(x,-(ef ~|—ozi_la), (€] +o; 10)>

S
+w; — (el &) — (a7

Slo;'5.5).
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Thus with the substitutions
> ' +a o (5.2a)
wi > wi — (el &) — L5, 5) (5.2b)

W;.(B, €) — (&, €) can be put in the same form as W, (8, €). The lower bounds in
Sections 3.1.5 and 4.9, the proofs of optimality of the lower bound in Sections 3.2.1
and 4.10.1, and remarks on the optimal microstructures in Sections 3.2.2 and 4.10.2
remain valid with the appropriate substitutions from (5.2). In particular, this inde-
pendently shows that (5.1) is in fact an equality.

Performing the minimization in (3.5b) without the constraint Aj€; + lo€; = €,
we obtain, in two dimensions,

ar(e] —€)) + BrT (€5 —€)) =0, (5.3a)
or(e; —€3) — BT (e —€)) =0. (5.3b)
Similarly, in three dimensions, beginning with (4.12b), we obtain,
aj(ef —e) +rmp-Th(e — ) =5, (5.4a)
(€3 — e —rp-TR (& —e) =6. (5.4b)

Thus, as in (3.8) and (4.44),

Ao BT Ae* in two dimensions,
o =
B - TR Ae* in three dimensions.

Explicit expressions for the optimal strains and stresses in three dimensions can be
obtained by solving (5.4):

=o' (1-p-T% (no7" + Agal_l))_l
x ((1 —B. TR*az_l) G — M- TR*(AGT)) +e, (5.5a)
&=y (1-p-T% (nioy" + )\2051_1))71
x ((1 —B. TR*a;I) G+ hp- TR*(AET)) s (5.5b)
and

-1
of = (1= - T% (hio5" +207"))

x ((1 —8. TR*az_l) G —af - TR*(AGT)) , (5.62)
oy = (I —B- TR (Alaz_l +)»2051_1))71
x ((1 _B. TR*ozfl) G+ B - TR*(AET)) , (5.6b)

At = (1=p- 1% (hay' + Azaf]))_l BT (A@™5 + a€").
(5.6¢)
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Likewise explicit expressions for the optimal strains and stresses in two dimen-
sions can be obtained by solving (5.3). These can also be obtained by formally
substituting BT for B - TR in (5.5) and (5.6).

5.2. Applications

We discuss the applications of these results to the study of nickel superalloys
used in turbine blades and other high-temperature applications in [10]. These mate-
rials are made by quenching an off-stoichiometric alloy and spinodal decomposition
results in a two-phase solids (for example, NiAl and NizAl, which are both cubic
with different elastic moduli and whose stress-free strains differ by a dilatation)
with fixed phase fractions. The microstructure subsequently evolves (by diffusio-
nal mass transport) to minimize a combination of interfacial and elastic energies.
The late stages of this process are controlled by elastic energy. The microstructure
can further evolve during applications due to the presence of stress. There has been
considerable numerical and experimental effort to study this problem. Unfortuna-
tely the experiments are difficult and the computations expensive. In particular,
the computational expense limits the number of particles, leading to uncertainty as
to whether the system is in a metastable state. The results we prove here and the
consequent insights into optimal elastic microstructures provide a benchmark to
evaluate the computations. Our results on applied stress also provide insight into
the possible change of microstructure with stress.

Conclusion

In this paper we have studied the relaxation of a two-well energy under fixed
phase fractions. From a mathematical standpoint, the methods we use follow clo-
sely those that have been used before. However, we find a surprising extension
to three dimensions. The method also provides a lower bound when the moduli
are anisotropic; however it is not clear at this point whether this bound is optimal.
Similarly, the extension of such methods to more than two wells remains open.
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