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1. Introduction

This paper discusses model problems that provide insight into the nature of
stress and strain fields in polycrystals made of shape-memory alloys. Our results
also have relevance to the dual problem of plastic yielding of polycrystalline
media.

Shape-memory behaviour is the ability of certain materials to recover, on
heating, apparently plastic deformations sustained below a critical temperature.
In such materials, one has multiple stress-free states or variants, and they may
co-exist in coherent fine-scale mixtures or microstructures. The origin of the
shape-memory effect lies in the fact that the material can be deformed by
coherently changing the microstructure through a rearrangement of the variants.
Thus, the amount of strain recoverable by a single crystal in the shape-memory
effect can be determined from crystallography (i.e. the number and stress-free
strains of the variants).

The situation is more complex in polycrystals. Here the material is an
assemblage of grains, each composed of the same material but with a different
orientation, that are bonded together. The deformation of a grain through
rearrangement of variants depends on its orientation and thus each grain may
seek to deform differently. But the grains are bonded together, and thus
constrain each other. Therefore an imposed strain is recoverable in a polycrystal
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if and only if the different grains can collectively and cooperatively adjust their
microstructure to accommodate it. Interestingly, the amount of recoverable
strain in a polycrystal can vary dramatically even amongst materials that have
comparable recoverable strain as single crystals. Therefore, understanding the
shape-memory effect in a polycrystal has received much attention. We refer the
reader to Bhattacharya (2003) for a comprehensive discussion and references.

In this paper, we study model problems in the two-dimensional setting of plane
infinitesimal strains corresponding to a two-variant material (square to rectangle
transformation). The recoverable strains of a single crystal are confined to one
(strain) direction, and the issue of interest is whether the polycrystal has any
recoverable strains at all. This problem is motivated by an important class of
materials that undergo the cubic to tetragonal transformation. We restrict the
deformation of each grain to only those allowed by the formation and
manipulation of microstructure (see DeSimone & James (2002) for a discussion
of this assumption). So each grain is a locking material (Prager 1957; Demengel
& Suquet 1986).

We provide an alternative proof of a result of Bhattacharya & Kohn (1997)
that polycrystals of the two-variant material that possess sufficient symmetry are
rigid, i.e. have no recoverable strains. Our main tool in obtaining this result is a
characterization of the stress and strain fields in polycrystals of such materials:
specifically we show that they satisfy hyperbolic partial differential equations.
The strain (stress) is confined to lie on a certain one-dimensional line (two-
dimensional plane) and this along with compatibility (equilibrium) gives the
hyperbolic equations. However, the set changes from grain to grain, and thus the
characteristics of the hyperbolic equations change orientation from grain to
grain.

We also use this characterization to study in detail a series of examples of
polycrystals. These examples demonstrate the result that polycrystals of the two-
variant material that possess sufficient symmetry are rigid. They also
demonstrate the hyperbolic nature of the strain and stress fields: First, the set
of recoverable strains can be very sensitive to the orientation and arrangement of
grains. Second, stress can localize along lines that propagate through the grains.
Heuristically, consider a polycrystal subjected to an increasing macroscopic
strain. Initially this strain may be accommodated uniformly by every grain, but
gradually the poorly oriented grains begin to ‘lock’, i.e. have accommodated all
the strains that they can accommodate. The imposed strain now has to be
accommodated by an inhomogeneous strain field that circumvents the locked
grains till one has a network of fully locked grains. At this point, the stress is
borne by the network of locked grains, and therefore the stress fields can become
highly localized. This idea is made precise by the hyperbolic characterization.
We note that the problem of localization of stress fields has also recently been
studied numerically by Bhattacharya & Suquet (2005) in the setting of antiplane
shear for realistic micro-geometries of grains.

The dual of the shape-memory problem discussed above concerns rigid-
perfectly plastic materials. In this setting, if the single crystal of a material has a
deficient number of slip systems, an important question is whether a
polycrystal of this material is macroscopically rigid-perfectly plastic or simply
rigid. This issue is of interest in hexagonal materials (see Kocks et al. (1998) for a
comprehensive discussion and references). It was recently formulated in a setting
Proc. R. Soc. A (2005)
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dual to ours by Kohn & Little (1998). Our ideas and results have implications for
this problem.

Problems related to both the shape-memory effect and plasticity have been
studied extensively recently using examples (Bhattacharya & Kohn 1997; Kohn
& Little 1998; Bhattacharya et al. 1999; Goldsztein 2001, 2003; Garroni & Kohn
2003). However, these have been confined to scalar problems. We find nontrivial
differences in our current setting of plane strain.

Finally, our characterization of stress and strain fields is reminiscent of the
classical theory of plastic slip-line fields (see Hill 1950). This is derived under the
assumption of plane strain, isotropy and rigid-plasticity: that the stress in
the plastic zone is confined to lie on a two-dimensional manifold (the yield-
surface) and also satisfy equilibrium implies that it satisfies a hyperbolic
equation. Similarly, our methods are reminiscent of classical plastic limit analysis
(see Drucker et al. 1952). These methods have been extensively used to study
problems in isotropic homogeneous plasticity, and occasionally in isotropic
heterogeneous media (see Drucker (1966) for an insightful discussion). However,
we are unaware of the use of these ideas in anisotropic heterogeneous media.
2. Mathematical formulation

We consider a two-dimensional material with two variants that have stress-free
strains

G
1 0

0 K1

 !
:

These strains are compatible in the sense that one can arrange them in a coherent
microstructure. By making such microstructures, a single crystal of this material
can attain average strains in the zero-set

Ŝ Z s
1 0

0 K1

 !
js2R; jsj%1

( )
:

For a grain oriented at an angle q, the corresponding zero-set is given by

Ŝq Z fsê2qjs2R; jsj%
ffiffiffi
2

p
g; ð2:1Þ

where

ê2q Z
1ffiffiffi
2

p
cos 2q sin 2q

sin 2q Kcos 2q

 !
:

The material considered here is called ‘two-dimensional diagonal trace-free
elastic material’ in Bhattacharya & Kohn (1997).

We assume that the energy density of a single crystal of this material is

Ŵ ðeÞd
0 �e2Ŝ;
N otherwise:

(

Proc. R. Soc. A (2005)



I. V. Chenchiah and K. Bhattacharya3684
Notice that we have assumed that the elastic moduli of each phase is infinite and
thus may regard it as a locking material (Prager 1957; Demengel & Suquet 1986).

Let R: U/SO(2) describe the texture of the polycrystal: R(x) gives the
orientation of a grain at x relative to the laboratory frame. We assume in what
follows that R is piecewise constant. The effective energy density of a polycrystal
with texture R is given by

�W ð�3Þd inf
u2Uad

h3ðuÞiZ�3

6
U
Ŵ ðRTðxÞ3ðuðxÞÞRðxÞÞdx;

where

Uaddfu2LNðU;R2ÞjeðuÞ2LNperðU;M 2!2
sym Þg:

It is easy to see that �W is of the form

�W ð�eÞd
0 �e2 �S;
N otherwise;

(
where �S, the zero-set of the polycrystal, is the set of recoverable strains of the
polycrystal; for a discussion see Chenchiah (2004). Chenchiah (2004), extending
methods of Demengel & Suquet (1986), has also shown that �W has the dual
variational characterization,

�W ð�eÞd sup
s2Sad

6
U
s$�eKŴ

�ðRTðxÞsðxÞRðxÞÞdx: ð2:2Þ

Here

Saddfs2M 1
perðU;M 2!2

sym ÞjdivðsÞZ 0g;

M 1
perðU;M 2!2

sym Þ, the dual of LNperðU;M 2!2
sym Þ, is the space of all periodic signed Radon

measures with finite mass; div(s)Z0 meansð
U

s$Vf dv Z 0; cf2CN0 ðU;R2Þ;

and Ŵ
�
, the conjugate energy, is the Legendre dual of Ŵ :

Ŵ
�ðsÞd max

e2M 2!2
sym

ðs$eKŴ ðeÞÞZmax
e2Ŝ

s$e:

For grain oriented at an angle q, from (2.1), we have

Ŵ
�
qðsÞZ Ŵ

�ðRTsRÞZ
ffiffiffi
2

p
js$ê2qj: ð2:3Þ

We note some properties that the set of recoverable strains of a polycrystal
inherits from the set of recoverable strains of a single crystal. Ŝ is convex,
balanced (i.e. e2Ŝ0Ke2Ŝ), square symmetric (i.e. e2Ŝ0RT

p=2eRp=22Ŝ)
and contained in the subspace of trace-free matrices. It is easy to show that
�S possesses the same properties. Further 02 �S. We shall call a polycrystal rigid if
�SZf0g and flexible otherwise. A key issue in this paper is trying to understand
whether a polycrystal of a two-variant material is rigid.
Proc. R. Soc. A (2005)
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Finally, we discuss stress-fields concentrated on lines since they will play an
important role in our examples. A divergence-free stress-field concentrated on a
line with tangent t̂ may be visualized as an element of a truss of structural
mechanics that carries a certain force f parallel to itself. Alternatively, it may be
visualized by considering a piecewise constant stress field that is zero outside a
strip of width t along the line and equal to ð f =tÞt̂5t̂ on it and then letting t/0.
The total force it contributes to a surface it intersects transversely is f sign ðn̂$t̂Þt̂
where n̂ is the outward normal to the surface. Its average over a region D is
given as

hsiD Z
length of the line in D

area of D f t̂5t̂:

We call f the force of the stress field concentrated on the line and f t̂5t̂ the value
of the stress field. The stress is tensile if fO0 and compressive otherwise. Finally,
if n lines, with force fi concentrated on the ith line, intersect at a point, then this
stress field is divergence-free precisely when

Pn
iZ1 fi t̂iZ0, where t̂i is the tangent

to the ith line directed away from the point.
3. Strain and stress fields

(a ) Single crystals

Consider any zero-energy strain field in a single crystal oriented at an angle q.
From (2.1) such a strain field is constrained to be of the form

eðx; yÞZ sðx; yÞê2q; jsðx; yÞj#
ffiffiffi
2

p
;

for some s2LNðR2;RÞ. It also satisfies the strain compatibility equation,

v2

vy2
exx K2

v2

vxvy
exy C

v2

vx2
eyy Z 0:

Together they imply that s satisfies the hyperbolic partial differential equation

,2
qsðx; yÞZ 0;

where

,2
qhcos 2q

v2

vx2
C2 sin 2q

v2

vxvy
Kcos 2q

v2

vy2
:

Since e is allowed to be discontinuous, we interpret these equations in the sense of
distributions. Notice that ,2

q is the wave operator with the ‘space-time’
coordinates oriented at an angle q to the x–y coordinates. The characteristics of
the above wave equation are inclined at angles qK(p/4) and qC(p/4),
respectively.

Let H be the displacement gradient. The constraint e2Ŝq is equivalent to the
constraint

H2Ŝq4Span
0 1

K1 0

 !( )
:

Hðx; yÞZ sðx; yÞê2q C 1ffiffiffi
2

p wðx; yÞ
0 1

K1 0

 !
; jsðx; yÞj#

ffiffiffi
2

p
; ð3:1Þ
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for some s2LNðR2;RÞ and some w : R2/R. This with the compatibility
condition V!HZ0 implies the non-homogeneous transport equation,

Vwðx; yÞZ
Ksin 2q cos 2q

cos 2q sin q

 !
Vsðx; yÞ; ð3:2Þ

and thus the hyperbolic partial differential equation

,2
qwðx; yÞZ 0:

From these results, it is easy to show (see Chenchiah (2004) for details) that
the displacement gradient in a grain oriented at an angle q has the form

Hðx;yÞZp cos qC
p

4

� �
xCsin qC

p

4

� �
y

� �
n̂ qK

p

4

� �
5n̂ qC

p

4

� �
Cq cos qK

p

4

� �
xCsin qK

p

4

� �
y

� �
n̂ qC

p

4

� �
5n̂ qK

p

4

� �
Cc

0 1

K1 0

 !
:

Here p; q2LN; c2R is a constant and

n̂ð$ÞZ
cosð$Þ
sinð$Þ

 !
:

In words, the displacement gradient field in a grain oriented at q is the
superposition of displacement gradients supported on the characteristics in that
grain. Further, the characteristic oriented at qKp

4 supports a constant
displacement gradient which is parallel to n̂ðqKp

4 Þ5n̂ðqCp
4 Þ and the

characteristic oriented at qCp
4 supports a constant displacement gradient

which is parallel to n̂ðqCp
4 Þ5n̂ðqKp

4 Þ.
We now turn to the stress fields that have zero conjugate energy. From (2.3),

Ŵ
�
0ðsÞZ0 precisely when s$ê2qZ0. This occurs precisely when s is of the form

sðx; yÞZshðx; yÞI C
ffiffiffi
2

p
tðx; yÞê2qCðp=2Þ;

where

Ih
1 0

0 1

 !
:

This with the equilibrium equation div(s)Z0 implies the non-homogeneous
transport equation

Vshðx; yÞZK
Ksin 2q cos 2q

cos 2q sin 2q

 !
Vtðx; yÞ:

This implies that ,2
qtðx; yÞZ0 and ,2

qshðx; yÞZ0.
(b ) Polycrystals

The displacement gradient and stress fields must satisfy the relations above in
each grain. In addition, the displacement gradient has to be compatible across
the grain boundary and the stress equilibrated. Therefore the jump in
Proc. R. Soc. A (2005)
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displacement gradient and stress satisfy

EHFsn̂t5n̂; EsFsn̂t5n̂t; ð3:3Þ
a.e. where n̂ is normal to the grain boundary (here we have used Tr(H )Z0). We
now use these relations to obtain the following result concerning the set of
recoverable strains of a polycrystal.

Proposition 3.1. For any polycrystal, dimð�SÞ#1.

This result, along with the general properties of �S discussed earlier in §2 shows
that �S is either {0} or equal to the segment of a line centred at the origin.
Further, it implies that any polycrystal with sufficient symmetry is necessarily
rigid. Recall that �S has square symmetry (invariance under four fold rotations).
If the texture possess any additional symmetry (e.g. invariance under three fold
rotations, as we shall see in §4), then it follows from this result that the
polycrystal is necessarily rigid.

Bhattacharya & Kohn (1997, theorem 5.3, p. 163) used the translation method
to prove this result for strain fields in L2ðU;M 2!2

sym Þ. Here we use duality in the
context of LNðU;M 2!2

sym Þ.
Proof. For any polycrystal, we prove that �e, �e02 �S only if �e s �e0. The basic idea

is to take any strain field associated with the average strain �e and construct a test
stress field for the dual variational principle (2.2) for �e0 ¤ �e.

If �SZf0g, the result follows trivially. So let 0s�e2 �S. Then, there exist s,
w2LNðU;RÞ such that in a grain oriented at an angle q, the displacement
gradient H is of the form (3.1) and satisfies (3.2). Further, the jump in H satisfies
(3.3)1 a.e. along the grain boundaries. Finally,

hsðx; yÞê2qðx;yÞiZ �e: ð3:4Þ
Consider the field which in each grain is given by

sðx; yÞZ 1ffiffiffi
2

p wðx; yÞI Csðx; yÞê2qðx;yÞCðp=2Þ: ð3:5Þ
Observe that this is a test field in the dual variational principle since it is
divergence-free: in each grain (cf. equation (3.2)),

divðsðx; yÞÞZ 1ffiffiffi
2

p Vwðx; yÞK
Ksin 2q cos 2q

cos 2q sin 2q

 !
Vsðx; yÞ

 !
Z 0;

and satisfies (3.3)2 a.e. along the grain boundaries:

Esðx; yÞFZ
E

1ffiffiffi
2

p wðx; yÞI Csðx; yÞê2qðx;yÞCðp=2Þ
F

Z
E
sðx; yÞê2qðx;yÞC

1ffiffiffi
2

p wðx; yÞ
0 1

K1 0

 !
F

0 1

K1 0

 !

Z EHðx; yÞF
0 1

K1 0

 !

sðn̂tðx; yÞ5n̂ðx; yÞÞ
0 1

K1 0

 !
Z n̂tðx; yÞ5n̂tðx; yÞ;
Proc. R. Soc. A (2005)
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where we have used

ê2qðx;yÞCðp=2Þ Z ê2qðx;yÞ
0 1

K1 0

 !
;

and (3.3)1. Further, using (3.4),

hsðx; yÞiZ 1ffiffiffi
2

p hwðx; yÞiI Chsðx; yÞê2qðx;yÞCðp=2Þi

Z
1ffiffiffi
2

p hwðx; yÞiI Chsðx; yÞê2qðx;yÞi
0 1

K1 0

 !

Z
1ffiffiffi
2

p hwðx; yÞiI C�e
0 1

K1 0

 !
: ð3:6Þ

Finally, note that sðx; yÞ$ê2qðx;yÞZ0. Now let �e0 be such that Trð�e0ÞZ0. Using the
field s described above in the dual variational principle, (2.2), and by recalling
the dual energy (2.3), we conclude that

�W ðe0ÞP hsðx; yÞi$�e0 Khjsðx; yÞ$ê2qðx;yÞji

Z hsðx; yÞi$�e0

Z hwðx; yÞiI$�e0 C �e0
0 1

K1 0

 ! !
$�e

Z �e0
0 1

K1 0

 ! !
$�e

O 0

(by changing the sign of s if necessary) except when �e0s�e. Thus

0s�e2 �S0 �S3Spanf�eg0dimð�SÞZ 1: &

We present another proof that does not use the dual variational principle, and
is closer in spirit to Bhattacharya & Kohn (1997).

Proof. This is a proof by contradiction. Assume that dimð�SÞZ2 for some
polycrystal. Then, recalling that �S is balanced and convex, it follows that there
exists �es0 such that �e2 �S and

RT
p=4�eRp=4 Z �e

0 1

K1 0

 !
2 �S:

Since �e2 �S, we conclude by the arguments in the proof above that there exist s,
w2LNðU;RÞ such that s2LNðU;M 2!2

sym Þ given by

sðx; yÞZ 1ffiffiffi
2

p wðx; yÞI Csðx; yÞê2qðx;yÞCðp=2Þ;
Proc. R. Soc. A (2005)
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is divergence-free and satisfies

hsðx; yÞiZ 1ffiffiffi
2

p hwðx; yÞiI C�e
0 1

K1 0

 !
:

Since

�e
0 1

K1 0

 !
2 �S;

there exist s 0, w 02LNðU;RÞ such that H2LNðU;M 2!2Þ given by

Hðx; yÞZ s 0ðx; yÞê2qðx;yÞC
1ffiffiffi
2

p w 0ðx; yÞ
0 1

K1 0

 !
ð3:7Þ

is curl-free and satisfies

hHðx; yÞiZ �e
0 1

K1 0

 !
C

1ffiffiffi
2

p hw 0ðx; yÞi
0 1

K1 0

 !
: ð3:8Þ

Thus, using (3.6) and (3.8),

j�ej2 Z �e
0 1

K1 0

 ! !
$ �e

0 1

K1 0

 ! !
Z hsðx; yÞi$hHðx; yÞi:

Since s is divergence-free and H is curl free, one can integrate by parts (or use the
div-curl lemma) to show that the right-hand side above which is a product of
averages is in fact equal to the average of products. So,

j�ej2 Z hsðx; yÞ$Hðx; yÞi

Z

* 
1ffiffiffi
2

p wðx; yÞI Csðx; yÞê2qðx;yÞCðp=2Þ

!
$ s0ðx; yÞê2qðx;yÞ C

1ffiffiffi
2

p w 0ðx; yÞ
0 1

K1 0

 ! !+
Z 0;

by recalling (3.5) and (3.7). Thus �eZ0, which is a contradiction. &

4. Examples of rigid polycrystals

We describe examples of rigid polycrystals (i.e. those with �SZf0g) in this section.

Example 4.1 (hexagonal microstructures). The polycrystals shown in figures
1a,b are rigid.1 By inspection, the texture of these polycrystals is invariant under
three fold rotations. Therefore it follows from proposition 3.1 that �SZf0g.
Figure 1c shows three stress fields for the polycrystal shown in figure 1b. Any two
of these suffice to independently show that the polycrystal is rigid.

We now show that even a polycrystal with square symmetry can be rigid.

Example 4.2 (rigid checkerboard). The polycrystal shown in figure 2a is rigid.
1 A preprint with colour figures is available at http://www.mis.mpg.de/preprints/2004/
prepr2004_49.html or http://www.mechmat.caltech.edu.
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Proof. Since we already know that �S is contained in the subspace of trace-free
tensors, we only need to show that �W ð�eÞO0 for each non-zero, trace-free �e.

Consider a stress field s concentrated on the diagonal line shown in figure 3a
and taking the value

1

1

 !
5

1

1

 !
Z

1 1

1 1

 !
:

Note that this field is divergence-free, has average

1

2

1 1

1 1

 !
;

is supported in the grains oriented at 0, and has zero dual energy (cf. equation
(2.3)). Thus from (2.2), �W ðeÞPhsi$e, which—changing the sign of s if
necessary—is positive for each non-zero, trace-free �e except when

�e s
1 0

0 K1

 !
:

To dispose of this case consider a family sq of stress fields, parameterized by
q2ð0; p4Þ, concentrated on the lines shown in figure 3a and taking the value

0

1

 !
5

0

1

 !
on the vertical line;

1

2 sin q
n̂ðqÞ5n̂ðqÞ on the lines inclined at q;

1

2 sin q
n̂ðKqÞ5n̂ðKqÞ on the lines inclined at Kq:

8>>>>>>>><>>>>>>>>:
Note that the field is divergence-free and is supported within the grains oriented
at p/4. Since each vertical line segment has length 1Ktan q, and each inclined
line segment has length 1=ð2 sin qÞ, the average value of this field is

hsqiZ
1

2
ð1Ktan qÞ

0

1

 !
5

0

1

 !
C

1

4 sin2q
n̂ðqÞ5n̂ðqÞC 1

4 sin2q
n̂ðKqÞ5n̂ðKqÞ

Z
1

2
ð1Ktan qÞ

0 0

0 1

 !
C

1

4 sin2q

cos2q Kcos q sin q

Kcos q sin q sin2q

0@ 1A0@
C

cos2q cos q sin q

cos q sin q sin2q

0@ 1A1A
Z

1

2
ð1Ktan qÞ

0 0

0 1

 !
C

1

2 sin2q

cos2q 0

0 sin2q

0@ 1AZ
1

2

1

tan2q
0

0 2Ktan q

0@ 1A;
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Figure 1. (a,b) Polycrystals with 1208 symmetry. The directions of the characteristics in each grain
are shown. (c) Three independent dual fields for the polycrystal shown in (b).

Figure 2. Three rigid polycrystals. (a) Rigid checkerboard. (b) A variant of (a). (c) A variant of (a).
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and average dual energy is

hŴ �ðRTsqRÞiZ
ffiffiffi
2

p

4 sin2q
jKcos q sin qjC

ffiffiffi
2

p

4 sin2q
jcos q sin qjZ 1ffiffiffi

2
p

tan q
:

Note that the ratio

hŴ �ðRTsqRÞi

hsqi$
1 0

0 K1

 !Z
2
ffiffiffi
2

p

tan q
1

tan2q
K2Ctan q

� �/0C as q/0:

Thus for every

0s�e s
1 0

0 K1

 !
;

with j�ej sufficiently small, there exists q such that �W ð�eÞPhsqi$�eK
hŴ �ðRTsqRÞiO0. &
Proc. R. Soc. A (2005)



Figure 3. Dual fields for the rigid checkerboard and a free body diagram showing force equilibrium.
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Remark 4.3. Variations of this example are possible. For instance, the above
proof shows that the polycrystal shown in figure 2b is rigid. Moreover, for this
polycrystal a stress field simpler than that shown in figure 3b exists, namely one
concentrated on a vertical or horizontal line contained in the grains oriented at
p/4 and passing through the corners where the grains meet. A similar
construction shows that the polycrystal in figure 2c is rigid.

5. Examples of flexible polycrystals

Example 5.1 (flexible strip). The polycrystal shown in figure 4a is flexible for
every f. For the grain oriented at p/4, the associated characteristics are
horizontal and vertical. Since a family of horizontal characteristics percolates
through this grain, it is possible to construct non-trivial piecewise constant strain
fields that are non-zero on horizontal strips in this grain and zero otherwise.

Example 5.2 (flexible checkerboard). For the polycrystal shown in figure 4b,

for f2 0; p4
� �

,

�S Z s
0 1

1 0

 !
js2R; jsj#tan f

( )
:

Proof. It suffices to consider the case f2 0; p4
� �

.

Step 1 : �SI s
0 1

1 0

 !
js2R; jsj#tan f

( )
:

Consider the piecewise constant displacement gradient field shown in figure 5b
(the corresponding deformation is shown in figure 5a). Here n̂KZ n̂ KfK p

4

� �
,

n̂t
K Z n̂ KfC p

4

� �
, n̂CZ n̂ fK p

4

� �
and n̂t

C Z n̂ fC p
4

� �
. Note that

n̂K5n̂t
K K n̂t

K5n̂KZ
0 1

K1 0

 !
; n̂C5n̂t

C K n̂t
C5n̂CZ

0 1

K1 0

 !
;

n̂K5n̂t
K C n̂t

K5n̂KZ
ffiffiffi
2

p
eK2f; n̂C5n̂t

C C n̂t
C5n̂CZ

ffiffiffi
2

p
e2f:

With this it is easy to see that all jump conditions are satisfied and that
the strain field lies within the zero-set of each grain. Indeed, from (2.1) within
Proc. R. Soc. A (2005)



f f

f–f

–f

f

4
p

4
p

4
p

(a) (b)

Figure 4. Two flexible polycrystals. For the checkerboard, f2 0; p4
� �

.

Figure 5. (a) A deformation and (b) the corresponding displacement gradient field for the flexible
checkerboard.

3693Homogenization involving degenerate energies
the inner square in each grain, the strain field lies at the boundary of the zero-set
of that grain. Let each grain of the polycrystal be a square whose side is of
length 1. The area of the inner square is sec2q=2. Thus the average strain in the
polycrystal is

sec2 q

4

ffiffiffi
2

p
e2fK

ffiffiffi
2

p
eK2f

� �
Z tan f

0 1

1 0

 !
:

This completes step 1. To complete the proof, we prove the reverse inclusion.

Step 2 : �S3 s
0 1

1 0

 !
js2R; jsj#tan f

( )
:

Consider a stress field s concentrated on the lines shown in figure 6 (the grains
oriented at Kf are shaded). On each line segment the value of the field is
proportional to t̂5t̂ where t̂ is tangent to the line; the magnitude of the value of
the field on each line segment is marked in figure 6a.
Proc. R. Soc. A (2005)
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Figure 6. (a) A dual field for the flexible checkerboard. (b) The same dual field as in (a) with more
grains shown.
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Note that

dAB Z
cos p

4 Kf
� �

Ksin p
4 Kf
� �

 !
; cBC Z

Kcos fCp
4

� �
Ksin fCp

4

� �
 !

; dCA Z
Kcos p

2 Kf
� �

sin p
2 Kf
� �

 !
;

dA0B 0 Z
Kcos fCp

4

� �
sin fCp

4

� �
 !

; dB 0C 0 Z
cos p

4 Kf
� �

sin p
4 Kf
� �

 !
; dC 0A0 Z

Kcos p
2 Kf
� �

Ksin p
2 Kf
� �

 !
:

To verify that this field is divergence-free, it is sufficient to verify equilibrium at
the points marked A/A 0, B/B 0 and C/C 0 in figure 6a (see figure 7):

Ksin f dA0C 0 Csin fC
p

4

� �dA0B 0 Csin fdAC Ccos fC
p

4

� �dAB Z 0;

Kcos fC
p

4

� � dB 0C 0 Ccos fC
p

4

� �dBAKsin fC
p

4

� � cBC Csin fC
p

4

� �dB 0A0 Z 0;

Ksin fC
p

4

� �cCB Csin fdCAKcos fC
p

4

� � dC 0B 0 Ksin f dC 0A0 Z 0;

respectively. This is easily verified.
Let L be the length of a side of the inner square (shown partially in dotted lines

in figure 6a). Then

2

L
hsiZ

ffiffiffi
2

p
sin f

cos fCp
2

� �
sin fCp

2

� �
 !

5
cos fCp

2

� �
sin fCp

2

� �
 !

K
cos p

2 Kf
� �

sin p
2 Kf
� �

 !
5

cos p
2 Kf
� �

sin p
2 Kf
� �

 ! !

Ksin fC
p

4

� � cos fCp
4

� �
sin fCp

4

� �
 !

5
cos fCp

4

� �
sin fCp

4

� �
 !

K
Kcos fCp

4

� �
sin fCp

4

� �
 !

5
Kcos fCp

4

� �
sin fCp

4

� �
 ! !
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Figure 7. Free body diagrams for dual field shown in figure 6a. (a) Equilibrium at A/A 0. (b)
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Ccos fC
p

4

� � Kcos p
4 Kf
� �

sin p
4 Kf
� � !

5
Kcos p

4 Kf
� �

sin p
4 Kf
� � !

K
cos p

4 Kf
� �

sin p
4 Kf
� � !

5
cos p

4 Kf
� �

sin p
4 Kf
� � ! !

Z
ffiffiffi
2

p
cos f

0 1

1 0

 !
:

The average dual energy hŴ �ðRTsRÞi is given by

2hŴ �ðRTsRÞiZ ð
ffiffiffi
2

p
LÞ

ffiffiffi
2

p
sin f

cos fCp
2

� �
sin fCp

2

� � !
5

cos fCp
2

� �
sin fCp

2

� � !
$ê2f

					
					

Cð
ffiffiffi
2

p
LÞ

ffiffiffi
2

p
sin f

cos p
2 Kf
� �

sin p
2 Kf
� � !

5
cos p

2 Kf
� �

sin p
2 Kf
� � !

$êK2f

					
					

Z 2
ffiffiffi
2

p
L sin f:

Thus for any

�eZ l
0 1

1 0

 !
;

changing the sign of s if necessary,

�W ð�eÞPhsi$�eKhŴ �ðRTsRÞiZ
ffiffiffi
2

p
Lðjljcos fKsin fÞ;

which is positive whenever jljOtan f. &

We now provide another, more direct, proof that shows that any non-trivial
strain-field in this checkerboard is necessarily of the type constructed in step 1.

Proof. Consider any zero-energy displacement gradient field H in the flexible
checkerboard. From §3a, on the characteristics numbered as shown in figure 8,

H Z
hCn n̂ fKp

4

� �
5n̂ fCp

4

� �
jnj : odd;

hCn n̂ fCp
4

� �
5n̂ fKp

4

� �
jnj : even;

(

Equilibrium at B/B 0. (c) Equilibrium at C/C 0.
Proc. R. Soc. A (2005)



Figure 8. A segment of an arbitrary zero-energy displacement gradient field in the flexible
checkerboard.
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in the grains oriented at f, and

H Z
hKn n̂ KfCp

4

� �
5n̂ KfKp

4

� �
jnj : odd;

hCn n̂ KfKp
4

� �
5n̂ KfCp

4

� �
jnj : even;

(

in the grains oriented at Kf. Here hCn ; h
K
n 2R. Imposing displacement

compatibility at the points where characteristics meet we obtain

hKnC1

hCnC1

hKKðnC1Þ

hCKðnC1Þ

0BBBBBB@

1CCCCCCA

Z

1

2

tan2 fCp
4

� �
K1 sec2 fCp

4

� �
0 0

sec2 fCp
4

� �
tan2 fCp

4

� �
K1 0 0

0 0 tan2 fCp
4

� �
K1 sec2 fCp

4

� �
0 0 sec2 fCp

4

� �
tan2 fCp

4

� �
K1

0BBBBBBB@

1CCCCCCCA

hKn

hCn

hKKn

hCKn

0BBBBBB@

1CCCCCCA
nO0; odd;

1

2

tan2 fCp
4

� �
K1 0 0 sec2 fCp

4

� �
0 tan2 fCp

4

� �
K1 sec2 fCp

4

� �
0

0 sec2 fCp
4

� �
tan2 fCp

4

� �
K1 0

sec2 fCp
4

� �
0 0 tan2 fCp

4

� �
K1

0BBBBBBB@

1CCCCCCCA

hKn

hCn

hKKn

hCKn

0BBBBBB@

1CCCCCCA
nO0; even:

8>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>:
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Each of the matrices above has eigenvalues K1 and tan2 fCp
4

� �
O1. The

eigenspaces corresponding to K1 are

Spanfð1;K1; 0; 0ÞT; ð0; 0; 1;K1ÞTg n : odd;

Spanfð1; 0; 0;K1ÞT; ð0; 1;K1; 0ÞTg n : even:

(
These relations are recursive, alternating between the odd and even cases.

Therefore, unless the vector hK1 ; h
C
1 ; h

K
K1; h

C
K1

� �T
lies in the intersection of

eigenspaces corresponding to K1 of both matrices, either hGn or hGKn will grow
unbounded (as some integer power of tan2 fC p

4

� �
). Such a strain field does not

a.e. remain in the zero-set of the grains. On the other hand, if hK1 ; h
C
1 ; h

K
K1; h

C
K1

� �T
lies in the intersection of eigenspaces corresponding to K1 of both matrices,
hKn ; h

C
n ; h

K
Kn; h

C
Kn

� �T
also lies in this space for all n. This implies that the only

strain field that remains a.e. in the zero-set of the grains is one that satisfies
hKn ; h

C
n ; h

K
Kn; h

C
Kn

� �TZlðK1Þnð1;K1; 1;K1ÞT for some jlj#1. It is easy to verify
that the displacement gradient field that results from the choice
hKn ; h

C
n ; h

K
Kn; h

C
Kn

� �TZðK1Þnð1;K1; 1;K1ÞT is the field constructed in step 1 of
the earlier proof. &

Between steps 1 and 2 above we implicitly used proposition 3.1 to deduce that

�S3Span
0 1

1 0

 !( )
:

It is possible to also show this by constructing stress fields.
Consider the stress field s concentrated on the spiraling lines shown in figure 9a

(see also figure 9b). In each grain, the spiral consists of ‘arms’ of straight line
segments which are numbered as shown. The spiral converges to the square shown
in dashed lines. This is the same square as in figure 5b.

The value of the stress on the nth arm of the spiral is given by

sZ
cotn fCp

4

� �
n̂ fCp

4

� �
5n̂ fCp

4

� �
n : odd;

cotn fCp
4

� �
n̂ fKp

4

� �
5n̂ fKp

4

� �
n : even;

(
in the grains oriented at f, and by

sZ
cotn fCp

4

� �
n̂ KfCp

4

� �
5n̂ KfCp

4

� �
n : odd;

cotn fCp
4

� �
n̂ KfKp

4

� �
5n̂ KfKp

4

� �
n : even;

(
in the grains oriented at Kf. It is clear that this field is divergence-free within
each grain; it is easy to check using figure 10 that it is also divergence-free at the
grain boundaries.

The lengths of the arms satisfy the recurrence relation

L1 cos
p
4 Kf
� �

Z 1;

Ln cos fCp
4

� �
CLnC1cos

p
4 Kf
� �

Z 1;

which can be solved to give

Ln Z
sec fffiffiffi

2
p 1K Kcot fC

p

4

� �� �n� �
:
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(a) (b)

Figure 9. (a) A dual field for the flexible checkerboard. (b) The same dual field as in (a) with more
grains shown.
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Averaging over both grains, the average value of s in the n th arm is

1

2
cotn fC

p

4

� � cos2 fC
p

4

� �
0

0 sin2 fC
p

4

� �
0B@

1CA n : odd;

1

2
cotn fC

p

4

� � cos2
p

4
Kf

� �
0

0 sin2
p

4
Kf

� �
0B@

1CA n : even:

8>>>>>>>>><>>>>>>>>>:
Thus the net average value of the stress is parallel to

cos2 fCp
4

� �
0

0 sin2 fCp
4

� �
 ! X

n: odd

cotn fC
p

4

� �
1K Kcot fC

p

4

� �� �n� �� �

C
cos2 p

4 Kf
� �

0

0 sin2 p
4 Kf
� �

 ! X
n: odd

cotn fC
p

4

� �
1K Kcot fC

p

4

� �� �n� �� �
;

which is parallel to

cos fCp
4

� �
0

0 sin fCp
4

� � !
:

Thus from equation (2.2), �W ð�eÞPhsi$�e which—changing the sign of s if
necessary—is positive except when

�e s
0 1

1 0

 !
:
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Figure 10. A free body diagram showing force equilibrium at the point where arms n and nC1 meet
for the stress field shown in figure 9a.
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Finally, note that by superposing the stress field considered in the preceding
proof with a diagonally translated copy of itself we obtain another stress field
which is shown in figures 11a,b. This resulting stress field is more (globally)
symmetric than the preceeding stress field. Other variations are also possible.

Remark 5.3. The flexible checkerboard shows that the zero-set of a polycrystal
can depend discontinuously on microstructure. As f/0, �S/f0g. However,
when fZ0, the checkerboard reduces to a single crystal and

�S Z s
1 0

0 K1

 !
s2R; jsj#1

					
)
!

(

Scalar examples presented in Bhattacharya & Kohn (1997, sect. 4) lead to the
conjecture that a polycrystal is flexible only when strips supporting gradients
traverse or ‘percolate’ through it. The flexible checkerboard shows that the
situation is more complex in the context of strain and that percolation can be
through isolated points.

Variations of the flexible checkerboard are possible; for example, the
polycrystal shown in figure 12a.

Example 5.4. Consider a displacement gradient field consisting of three square
regions of constant displacement gradient arranged around a triangle (rather
than four around a rhombus as in the flexible checkerboard). This pattern can be
periodically extended; see figure 12b. If one picks a periodic texture with three
fold symmetry that is consistent with this displacement gradient, then the
polycrystal with that texture is rigid by proposition 3.1. Yet it can support strain
fields that are not identically zero.

It would be interesting to study small perturbations of this texture, and ask
whether the polycrystal would become flexible, but unfortunately our tools are
currently inadequate to do so.
Proc. R. Soc. A (2005)



(a) (b)

Figure 11. (a) A dual field for the flexible checkerboard. (b) The same dual field as in (a) with more
grains shown.
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6. Remarks on plasticity

We briefly discuss application of these ideas to plasticity. Consider an
incompressible rigid-perfectly plastic material (in two dimensions) with two
slip systems,

1 0

0 K1

 !
with yield strength 1 and

0 1

1 0

 !
with yield strength M. If M[1, the crystal can slip easily on the

1 0

0 K1

 !
system while it is almost constrained on the

0 1

1 0

 !
system. Such a crystal is said to be deficient. An interesting and important
question is the plastic behaviour of a polycrystal made of such a material. This
has motivated recent work in the scalar setting following Kohn & Little (1998).
Proc. R. Soc. A (2005)



(a) (b)

f

f

–f

–f

Figure 12. Variants of the flexible checkerboard. (a) A variant of the flexible checkerboard that
supports the deformation gradient shown in figure 5b. The regions shown in black are inclusions of
arbitrary orientation. (b) A displacement gradient field (constant in each of the coloured squares)
that generalizes that of the flexible polycrystal. The texture of the polycrystal is not shown.
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By scaling the stress by 1/M and letting M/N, we obtain a problem very
similar to that studied above. Now the material has zero yield stress in the

1 0

0 K1

 !
system and unit yield strength in the

0 1

1 0

 !
system. We describe this by introducing a yield set,

Y Z s2M 2!2
sym s$

1 0

0 K1

 !
Z 0; s$

0 1

1 0

 !					
					%1

					
)
;

(
a stress potential

W �ðsÞZ
0 s2Y;
N otherwise;

(
and complementary strain energy,

W ðeÞZ

				 1 0

0 K1

 !
$e

				 Tr eZ 0;

N otherwise:

8>><>>:
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Note that Y is two-dimensional and unbounded in the

1 0

0 1

 !
direction. The effective behaviour of a polycrystal is again described through
variational principles

�W
�ð�sÞd inf

sðxÞ2Sp
ad

hsðxÞiZ�s

6
U
W �ðRTðxÞsðxÞRðxÞÞ dx

Z sup
u2Up

ad

6
U
�s$eKW ðRTðxÞeðuðxÞÞRðxÞÞ dx;

where

Sp
addfs2LNperðU;M 2!2

sym Þ jdivðsÞZ 0g;

Up
addfu2LNðU;R2Þ jeðuÞ2M 1

perðU;M 2!2
sym Þg:

Note that the stress-fields are bounded and the strains are measures here. It is
easy to see that �W

�
is of the form

�W
�ðsÞZ

0 s2 �Y;
N otherwise;

(
where �Y, the effective yield set, is unbounded in the

1 0

0 1

 !
direction, and is convex, balanced and contains the origin. The issue is to
understand the nature of the set �Y0d �Yhfs2M 2!2

sym jTr sZ0g. We say that the
polycrystal is degenerate or rigid depending on whether the dimension of �Y0 is 0
or 2, respectively.

It is also easy to verify that the stress field with zero stress potential and the
strain and deformation gradient fields with zero strain energy are exactly as
described in §3a.We can use this to prove the following analogue of proposition 3.1.

Proposition 6.1. For any polycrystal, ð �Y0Þ#1.

Thus, a polycrystal of this material is never rigid. Further, polycrystals with
sufficient symmetry are always degenerate.

Turning now to the examples, it is easy to show that polycrystals with
hexagonal grains (example 4.1; figures 1a,b) are degenerate as is the checker-
board we had describe earlier as rigid (example 4.2, remark 4.3; figure 2). In
contrast, the polycrystals in examples 5.1 and 5.2 (figure 4) are deficient. In
working out these examples it is useful to note that shear strain fields t̂5t̂

t
C

t̂
t
5t̂ can be supported on lines with tangent t̂.
Results for finite but large M will be considered in future work.
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Kocks, U. F., Tomé, C. N. & Wenk, H. R. 1998 Texture and anisotropy: preferred orientations in

polycrystals and their effect on material properties. Cambridge: Cambridge University Press.
Kohn, R. V. & Little, T. D. 1998 Some model problems of polycrystal plasticity with deficient basic

crystals. SIAM J. Appl. Math. 59, 172–197. (doi:10.1137/S0036139997320019.)
Prager, W. 1957 On ideal locking materials. Trans. Soc. Rheol. 1, 169–175. (doi:10.1122/1.548818.)
Proc. R. Soc. A (2005)

http://dx.doi.org/doi:10.1007/s002050050049
http://dx.doi.org/doi:10.1007/s002050050049
http://dx.doi.org/doi:10.1098/rspa.2005.1493
http://dx.doi.org/doi:10.1098/rspa.1999.0324
http://dx.doi.org/doi:10.1098/rspa.1999.0324
http://dx.doi.org/doi:10.1007/BF00046725
http://dx.doi.org/doi:10.1007/BF00046725
http://dx.doi.org/doi:10.1098/rspa.2003.1152
http://dx.doi.org/doi:10.1098/rspa.2001.0839
http://dx.doi.org/doi:10.1098/rspa.2002.1099
http://dx.doi.org/doi:10.1137/S0036139997320019
http://dx.doi.org/doi:10.1122/1.548818

	Examples of nonlinear homogenization involving degenerate energies. I. Plane strain
	Introduction
	Mathematical formulation
	Strain and stress fields
	Single crystals
	Polycrystals

	Examples of rigid polycrystals
	Examples of flexible polycrystals
	Remarks on plasticity
	This work draws on I.V.C.s doctoral thesis at the California Institute of Technology. We are grateful to Pierre Suquet and Gal deBotton for useful discussions. We acknowledge the partial financial support of US Army Research Office through the MURI gra...
	References


