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PAIR CORRELATION DENSITIES OF
INHOMOGENEOUS QUADRATIC FORMS, II

JENS MARKLOF

Abstract

Denote byj - || the Euclidean norm ifRK. We prove that the local pair correlation
density of the sequenden — a|/X, m e ZK, is that of a Poisson process, under
Diophantine conditions on the fixed vectore RX: in dimension two, vectora of
any Diophantine type are admissible; in higher dimensions (R), Poisson statistics
are observed only for Diophantine vectors of type: (k — 1)/(k — 2). Our findings
support a conjecture of M. Berry and M. Tabor on the Poisson nature of spectr:
correlations in quantized integrable systems.

1. Introduction

1.1
Berry and Tabor I] have conjectured that the local correlations of quantum energ
levels of integrable systems are those of independent random numbers from a Pois
process. We present here a proof of this conjecture for the two-point correlations
the sequence

0<A1=<A2=<-— 00,

given by the values of
Im—efl® = (M1 — a1)? + - + (Mk — o)

at lattice pointan = (my, ..., my) € ZK, for fixeda = (a1, ..., ak) € RK. These
numbers represent the eigenvalues of the Laplacian
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on the flat toru&T® with quasi-periodicity conditions
px+ ) =eZelyx), 1 ezk,

and may therefore be viewed as energy levels of the quantized geodesic flow. Sta
tical properties of the above sequence were first studied by Z. Cheng, J. Lebowi
and P. Major 8], [4] in dimensionk = 2. We extend here our studiet]], [12] to
dimensionk > 2.

Previous results on the Berry-Tabor conjecture for flat tori includie[B], [13]
in dimensionk = 2 and L8], [17], [19] for k > 2. For more details and references,
see P], [8], [10], [14].

1.2
We are interested in the local correlations betweemthen the scale of the mean
spacing. Because the mean density is increasing-asco, that is,

1 1
X#{J Ajp <Al = {m e ZX Im—a? < A} ~ BAKZ 1,

where By is the volume of the unit ball, it is necessary to rescale the sequence |
setting
X] _ Ak/Z

Then
1 1 K.
I X = X) = S#me 29 Im— ) < X} > By

for X — o0, and hence the mean spacing is constant, as required.

1.3
The pair correlation densityof a sequence with constant mean den§itys defined
as

1 . .
Ro[a, b](X) = ﬁ#{l #]: X, Xj e[X, 2X], Xi — Xj € [a, bl}.

We recall the following classical result.

THEOREM 1.4
If the X; come from a Poisson process with mean density D, one has

XIim Ro[a, b]l(X) = D(b — a)

almost surely.



INHOMOGENEOUS QUADRATIC FORMS, Il 411

15
We prove here a similar result for théeterministic sequence in Section.1,
which holds, however, only under Diophantine conditionseorThe vectora =
(a1, ...,ax) € R¥is said to beDiophantine of typer if there exists a constar@
such that
m; C
m_a><1aj — —‘ > —
i q q*
forallmg,...,mg, q € Z, q > 0. The smallest possible value forisx = 1+ 1/k.
In this caseg is calledbadly approximable

THEOREM1.6
Suppose that is Diophantine of type < (k — 1)/(k — 2) and that the components
of the vectora, 1) € R¥*! are linearly independent ovép. Then

Xlim Ro[a, b](X) = Bk(b — a).

The condition in Theorem..6 is satisfied if, for instance, the components(ef 1)
form a basis of a real algebraic number field of dedgre€l. In this casex = 1+1/k

(see [L9)).
The conditiork < (k — 1)/(k — 2) in Theoreml.6is sharp.

THEOREM 1.7

Let k > 2. For any a> 0, there exists a set @ T of second Baire category for

which the following holds.

0] All @ € C are Diophantine of type = (k — 1)/(k — 2), and the components
of the vectore, 1) € R are linearly independent ovép.

(i) For € C, we find arbitrarily large X such that

log X
Ro[—a, a](X) > m

(i)  Fora € C, there exists an infinite sequence £ L, < - -- — oo such that

lim Rp[—a,a](Lj) = 2ra.

j—o00
In Theoreml.7(ii), logloglog X may be replaced by any slowly increasing positive
functionv(X) < logloglogX with v(X) — oo asX — oo.

Without imposing any Diophantine condition, the rate of divergence may be eve
worse.
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THEOREM1.8

For any a > 0, there exists a set @ T of second Baire category for which the

following holds.

0] For & € C, the components of the veciar, 1) € R<*! are linearly indepen-
dent overQ.

(i) For @ € C, we find arbitrarily large X such that

log X _
logloglogX k=2,

X (k=2)/k
aTogkgX k > 2).

Ro[—a, a](X) =

(i)  Fora € C, there exists an infinite sequence £ L, < --- — oo such that
lim Rp[—a,a](Lj) = 2ra.
j—o00
Again, logloglogX may be replaced by any slowly increasing positive function

v(X) < logloglogX with v(X) - co asX — oo.
Theoremsl.7and1.8are proved in Sectiof.

2. Rescaling
2.1
We see in this section how Theorehs, which is the central result of this paper,

follows as a straightforward corollary from the asymptotics of the generalized pa
correlation function

Ro(, ) = WZ Z w( | ‘ 2161 - )

with ¥ € Co(RT x RT x R), that is, continuous and of compact support.

THEOREM 2.2

Lety € Co(RT x Rt x R). Suppose that the components(af 1) € R*t1 are
linearly independent ove), and assume that is Diophantine of typa < (k —
1)/(k — 2). Then

[ee) k2 )
lim Ro(y, 1) = If/ w(r,r,0rk2dr + —Bk/ f w(r,r,sr<2drds.
A—00 2 0 4 RJO
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2.3. Theoren2.2 = TheoremL.6.
Let us now show how Theoret?2 implies Theoremni..6. Foryr1, ¥ € Co(R™) with
support in the compact intervalnot containing the origin zero, ard € Co(R), we
define

Y (1.12,9) = 102 a5 H)o (p(r1, 12)9)

with
(2 _ k2 Z';/er';/z “r; ! (k even),
pry, 1) = —-+=— = k—v)/2 (v—1)/2
rh—ro m Zv 1I’( v/ r;v )/ (k Odd).

It is evident that we can find a constant 0 such that
1
6 < p(ry,r) < 3

uniformly for allrq,rp € 1.
The assumptions o in Theorem2.2 are therefore satisfied, giving

1 )»k/z )‘k/z k/2 k 2
/ /
,\LOO Bk;\k/z Z Ipl(;\k/z)’\h(Ak/z)a()‘ )

ZEU(O)/ Y12y M/Hr2 L dr
0

2 00
+kZBk/R/O Y12t (p(r, r)s)r*—2drds.

With p(r,r) = (k/2)r¥2-1 and the substitution¥X = A2, x = rk/2 ands —
s/p(r, r), we finally have

e 5o

=rf(0)f0 Y1(X)P2(X) dX + kaRo(S)dS/o Y1(X)P2(x) dx.

The first term on the right-hand side comes obviously from the diagonal térms
Xj (use the asymptotics in Sec2), so

XI@OOWZW(X')W( o (Xi = X)) = Bk/U(S)dS/ YL00Y20x) dx

which is a smoothed version of Theorent. We complete the proof by quoting a
standard density argument (ctZ proof of Th. 1.8]) in which the characteristic func-

tions of the interval$l, 2], [1, 2], and[a, b] are approximated from above and below
by smooth functiong/1, ¥», ando, respectively. O
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2.4
It is sufficient to restrict our attention to the following special case of Thedigin
Put

Ro(¥1. 2. h. ) = ﬁ > m(%)wz(i—j)ﬁ(xk/zflm Y
i,j=1

Herey1, v2 € Z(R4) are real valued, and”(R..) denotes the Schwartz class of
infinitely differentiable functions of the half-lin®&_. (including the origin) which,
as well as their derivatives, decrease rapidiy-ab; h is the Fourier transform of a
compactly supported functidme Co(R),

ﬁ(s):/Rh(u)eGus)du,

with the shorthaneé(z) := e?*12.
We prove the following in Section.

THEOREM2.5

Lety1, ¥o € L(R4), and let he Cp(R). Suppose that the componentg®@f1) €
RK*1 are linearly independent ove®, and assume that is Diophantine of type
k < (k—1)/(k—2). Then

JNim Re(¥r1, 2,0, 4) = gﬁ(o)/oo YO Y2()r /2 dr
— 00 0
2 00
+kZBk/ﬁ(5)d5/ Y1) P2(r)rk2dr.
0

2.6. Theoren2.5= Theoren?.2.
For any fixede > 0, we find finite linear combinations (cfL?, Sec. 8.6])

YErL 12,9 = Y vi, (r)y;, () (s)

of functions satisfying the conditions of Theoren such that

YT, 12,8 < ¥(r1,12,8) < ¥ (ry,ra,9)

and
/ (vr@,r,9) -y, r,9)rk?drds<e.

Theorem?.5tells us that

A )‘J kj2-1/, _ _ K ‘o
am, kak/Z Zw < AT )‘J)> Bk Y= r, 9k ?drds
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(Recall that the first term in Tt2.5 comes trivially from the diagonal ternmis= j.)
This implies

IlmsupB)\k/ZZw(A' A L Ak2=1, —M))

AT A
2
—Bk</f w(r,r, s)rk_zdr ds+ e)

and

lim inf k/ZZz/f(k' ] L AK271 —)»J))

4 |,|,S o

Because these inequalities hold for arbitrarily smaalt- 0, Theorem2.2 must be
true. m]

3. Outline of the proof of Theorem2.5
Using the Fourier transform, we may write

Ra(¥r1, Y2, h, 1)
()
j
x (kk—lﬂZw2<%)e<%kjkk/2—1u>>h(u)du
Bk;kl/z 1/(”/42%(%’) (" ))
x (WXj:w(%)e(;ju))h()ﬁ(k/z_l)u)du.

The sum Q A q
o0 = g v (3)e(3o)
j

is identified as a Jacobi theta sum living on a certain noncompact but finite-volun
manifold X (see Sec4). The integration in

1 -
Re(Y1, 2.0 2) = g3 A~k/2=D f 0y, (U, 1)By, (U, Mh(.~ %2 Du) du
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amounts to averaging along a unipotent orbitnwhich becomes equidistributed
asA — oo (see Secbh). Diophantine conditions o are necessary to secure the
convergence of the limit (see S&3.

The equidistribution theorem then yields

1 _
m/;ewlequdﬂ fh(u)du,

whereu is the invariant measure. The first integral can be calculated quite easily (s
Sec.7), and we see that

ﬁfz%e_wzdu /h(u)duz gBk/m(r)wz(r)rk/z—ldr fh(u)du,
which finally yields
;Bkﬁ(o) f Y1 Y2(r) r/2tdr

(cf. the first term in Th2.5).

An additional contribution comes from an arc of the orbit, which vanishes into th
cusp. Even though the length of that arc tends to zero, the average over the unbour
theta function gives a nonvanishing contribution

z 2
kEBkzh@)/wl(r)w(r)rk—zdr = szkZ/ﬁ(u)du/wl(rwg(r)rk—zdr,

which corresponds to the second term in Theofeh

4. Theta sums

4.1
Consider the semidirect product groG$ = SL(2, R) x R% with multiplication law
(M; §)(M"; &) = (MM'; & + M&),

whereM, M’ € SL(2, R) andé, &’ € R%; the action of SI2, R) on R% is defined
canonically as

_ (ax+by _(a b (X
ME_(Cde)’ M_<C d)’ g‘(v)’

wherex, y € RK. A convenient parametrization of &, R) can be obtained by means
of the lwasawa decomposition

Mo (LU w20 cosp —sing
“\0 1)\ 0 v¥2)\sing cosp )’

which is unique forr = u +iv € 9, ¢ € [0, 27), where$ denotes the upper half-
plane$ ={r € C:Imt > 0}.
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4.2
For any Schwartz functiori € .7 (R¥), we define thelacobi theta sun® ¢ by

1
O1(r.¢:8) =4 3 fy((m =y e(SIm - yjPu+m-x).
meZk
where

fo(w) =/ Gy(w, w) f(w') dw’
RK

with the integral kernel

(2/2)(J|w]|? + [w'[|?) cosp — w - w/]

Gy(w, w') = e(—%)| sin¢|_k/ze[ 0

whereo, = 2v + 1 whenvr < ¢ < (v + 1)z, v € Z. The operator&)? : f i f,
are unitary (see7], [9] for details). Note, in particulat)© = id.
The proofs of the remaining statements in this section are fouri?jrSec. 4].

LEMMA 4.3
Let fy = U®f with f € .#(R¥). Then, for any R> 1, there is a constantgsuch
that for all w € R, ¢ € R, we have

| f5(w)| < crRL+ lw])~R.

4.4
Let us consider the following discrete subgroup@if

k_ a b A abS . a b o )
: _{<<C d)’(cds>+m>' (C d>€SL(2,Z), meZ }CG

with s=(1/2,1/2,...,1/2) € Rk,

LEMMA 4.5
I’k is generated by the elements

(@ 0)9) (G :6):

1 0 2K
;m m e Z<°.
<<O l)’ >’ e
PROPOSITION4.6

The left action of the group® on G¥ is properly discontinuous. A fundamental do-
main of 'X in GK is given by

Frk = FsLez) X {9 €10, )} x {'g" I= [—%, %)Zk}.
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whereZs| 2,z is the fundamental domain # of the modular groufsL(2, Z), given
by{r € §:ue[-1/2,1/2), || > 1}.

PROPOSITION4.7
For f,g e Z(RX), Ot (t, ¢; §)Oqg(t, ¢; &) is invariant under the left action of ¥

PROPOSITIONA.8
Let f, g € #(RX). Forany R> 1, we have

o1 (r0:(5)) oo (- ()

= 92 37 fy((m= y*2)g,((m = y)v7?) + Or(w ™)

meZzK

uniformly for all (z, ¢; &) € GX with v > 1/2. In addition,

O (1:, o; (X)) ) (r, é; <X>)
y y
= 02£4((n — Y3 gy ((n — Y1/?) + Or(w™F)

uniformly for all (z, ¢; &) € GX withv > 1/2, y € n + [—1/2, 1/2]¥, andn e ZX.

LEMMA 4.9
The subgroup
F@ X ZZk,

where
Ty = {(‘Z‘ 3) € SL(2.Z) : ab=cd=0mod 2}

is the theta group, is of index three .

LEMMA 4.10
'K is of finite index irSL(2, Z) x ((1/2)Z)%.

411
Note: The theta sum defined in this section is related to theggya, A) in Section

3 by
- 1 0 1 0
Oy, (U, MOy, (U, L) = O (u + IX’ 0; (a>> O (u + IX’ 0; <a>>
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with
fw)=v1(lwl®,  gw) = v2(|w|?).

5. Equidistribution

THEOREMbS.1

LetI" be a subgroup 08L(2, Z) x Z of finite index, and assume that the components
of the vecton(y, 1) € R¥t1 are linearly independent oved. Let h be a continuous
functionR — R4 with compact support. Then, for any bounded continuous functiol
F onI'\GX and anyo > 0, we have

. . 0 1
Ilmv"/F(u+|v,O;<))hv“u du= —— Fd /hw dw,
2067 J y)) M= TR S o )

wherey is the Haar measure of &

Proof

Foro = 0, the above statement is proved ir2[ Th. 5.7] (see also N. Shah’s more

general L6, Th. 1.4]). The case where > 0 is easier and, in fact, follows from the

result foro = 0 since the translate of the unipotent orbit is expanding at a faster rat
As in [12, Sec. 5], we define the unipotent flow! : I'\GK — I'\GX by right

translation with
wi=((* )0
0 - 0 1 ) ’

and, furthermore, we define the flob} : '\GK — '\ GK by right translation with

—t/2 0
o = ((eo é/2> : o) :

By [12, Th. 5.7], the orbit segment

oo ) verss

is dense inI‘\Gk in the limitt — oo. Hence we find a sequendat}icr, with
u; € [—1, 1] such that

Mg :=T (ut +ie ', 0; (0)) =T (1; (0)> Wl !
y y

converges in the limit — oo to a generic point i\ GX. Theorem 2 in§] implies
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then that for any constarg # 0,

1 Bet - 0 1 Bel+olt .
@/(; F(Ut+u+|e ,0,(y>>duzw/o F(gtqj )du

1
TGk
w(T\GX) Jr\Gk
ast — oo. Becausd- is bounded and; is contained in a compact interval, note that

0 0
N F A=t 0: d
s, " (nrurieto ()
1 Be"‘+ut O
= — F ie !, 0; d
e, Floree ()

1 Bet ; 0 ¢
= — F e, 0 du+ O(e™?").
Beﬂt,/o (u+|e (y)) u+ O(e )

Therefore, for any constantsco < A < B < oo,

1 [Be" B—A
im —t/ F(u—i—ie_t,o; (0)> du= BB [ pyg
t=00 €1 Jpent y w(C\G®) Jr\ak

The theorem now follows from a standard approximation argument. (Approximate
from above and below by step functions.) O

Fdu

6. Diophantine conditions

6.1

In order to extend the equidistribution results to unbounded test functions such
©+1 0Oy, let us study the following model functions, whose asymptotics in the cus
is similar to that of©{Bg. Let G = GK, and letl' = SL(2, Z) x Z%. Define,
furthermore, the subgroup

1 m
FO":{(O 1) .meZ}CSL(Z,Z),

put

vy = Im(y7) = _v fory = a b ,
|cT 4+ d|2 c d
and puty, := cx +dy. Let xr be the characteristic function of the intery&, oo),

1 t=R),

t =
D) {O (t < R).
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For any f € C(R¥) of rapid decay (i.e.f (w) decays rapidly fofjw| — o), the
function
FR:E = Y Y f((y, +mu/?) ol xrvy), R>1,
¥ €loo\ SL(2,Z) meZk
is invariant under the action df. If 7 lies in the fundamental domain of &, 7),
given by s 2z) = {t € 9 : u € [-1/2,1/2), |t| > 1}, thenFRg(r; &) has the
representation
Fr(t: &) = Y _ {f((y+mu'?) + f((—y+ mu'?) o xr@).
meZk

The remaining sum oven is rapidly converging sincé is of rapid decay.

6.2
The L1-norm of Fr over'\G is, for f > 0,

w(FR) =/ Fr(t; &) du(z, ¢; &)
G

with Haar measure

dudvdgpdxd
dua(r, g ) = SL A0 AX DY,
We therefore have
o0 R—(k/2+1-p)
_ B—k/2-2 4. _
,LL(FR)_ZJTA;(f(w)dw/R v dv_znk/Z—l—l—,B ka(w)dw

for B < k/2+ 1, andu(FRr) = oo otherwise. In the following we are especially
interested i = k/2, for which

w(FR) =27rR_1/ f (w) dw.
]Rk

6.3
Asin [12, Sec. 6.4], we may write the sum Fr(t; &) explicitly as

Fr(z; §)
= > {H((y+mu'?) + f((—y+ mp'?)}f xr)

meZzk
1/2 1/2 B
+ %ij [f(oc+ m)—) + ((x+ m)UITI)}I:WXR(#>
p1/2 vP

v
+ f ( cX+dy+m ) ( )
Z Z ( y )|Ct+d| |C‘E+d|2'BXR lct +d|2
(c,d)ez?2 mezk
gcdc,d)=1
c,d£0
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In what follows we restrict our attention to the case whgre k/2 andé = (3)

PROPOSITIONG.4
Let y be Diophantine of type. Then, for any, ¢’ with0 < ¢ < 1and0 < ¢ <
1/(K - 1)1

lim supvk/2_1/ Fr (u +iv; (0)> h(wX/2~1u) du
v—0 Ju|>vi—e y

& REWG=Dk2)/2 4 p=€/2,

Note that the above expression vanishes,Ror> oo, whenk < (k — 1)/(k — 2).
The second term is obviously relevant only in dimendiog 2 since fork > 2 we
may choose’ in such away thatA(x — 1) <€ +k — 2.

The key ingredient in the proof is the following lemma.

LEMMA 6.5
Leta be Diophantine of type, and let f € C(RK) of rapid decay. Then, for any fixed
A> lande > Owithe < 1/(k — 1),

D T_A (D < TE)’
Z Z f(T(d“ + m)) <11 (T€ < D < TY&-D)y
d=1mezk DT V&= (D > T]_/(K,l))’

uniformly forall D, T > 1.

Proof
Let us divide the sum ovet into blocks of the form

> 2 H(T+da+m).

0<d<TV k-1 mezk

The number of such blocks ik DT~Y® =D 4 1. Sincew is of type«, there is a
constantC such that for all 0< |q| < TY®~D we have

C C m;
- < <m o — ——
T ~ lal* ~ 134 g

max|gaj — m;j| >
i

9’

and thus

ke
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Forb fixed, the minimal distance between the poifits-d)ee+m (0 < d < TV &1,
m € ZX) is bounded from below by

=0

min lgee + mj| > min max|qaj — m;j| >
0<|q|<TY&=1 mezk 0<|q|<TV&=D mezk |

Hence any rectangular box with sides1/ T contains at most a bounded number of
points. Becausé is rapidly decreasing, we therefore find

oY T+ de+m) <1,

1 k
0<d<T«-1 meZ

independently ob. This explains the second and third bound. The first bound is ob
tained from

[dee + m| > max|d m;i| > > —C
o (T ’
O o] = d«—-1 — p«x-1
which holds foralld =1, ..., D. Sincef is rapidly decreasing, we have
D<—1.B
ZZ f(T(da +m)) < D( )
d=1mezk
foranyB > 1. O

6.6. Proof of Propositiors.4
Let us assume, without loss of generality, tHats positive and even, that is, that
f >0, f(—w) = f(w).

It follows from the expansion in Sectigh3that forv < 1 the first term involving
xr(v) vanishes, and hence we are left with

" (“( >> =2 Z (= >l|)rk|/:X (7p)

1/2 Uk/Z v
2 ). ) ((dy+m)|c +d|>|C‘C+d|kX (|cr+d|2)'

(c,d)eZ? meZk
gcd(c,d)=1
¢>0,d#0
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6.6.1
With regard to the first term in the above expansion, a change of vatiabievt
yields

vk/z—1/|u>v1 2 3 ( = ) k|/|fXR(| 2 )h(vk/z 1yy du

meZk

m 1 1
=2 f h(v*/2
sz:k /mwg (z)l/Z(t2 + 1)1/2) (t2+ 1)k/2XR(v(t2 + 1)) W dt
€
dt

~ 2f(0)h(0 —_— 0
(0) h(0) - (t2+1)k/2 —

asv — 0.

6.6.2
An upper bound for the remaining terms is obtained by dropping the condiitjon
v1~€ in the integral. We then need to estimate

Sm= > Y Jwcdm

(c,d)ez? meZk
gcd(c,d)=1
¢>0,d£0
with
J(v,c,d, m)
1/2 k/2

ki2-1 [ ¢ v Y w hek/2-1
v /R <(dy+m)|Cr+d|>|Cr—I—dIkXR<|Cr—|—d|2) @7 wdu

Replacingu by t = v=1(u + d/c) gives

1

i/ f((d +m) ! )
ck Jr d V(2 + 1)/ (12 + DK/2

X XR(W;‘F]-)) h(vk/z_l(vt — %)) dt.

The range of integration is bounded by

1
S v+ 1)

1
that is, It] < :
cvuR
Thereforgut| <« v/2c~1R~Y2 s uniformly close to zero, and hence, because of the
compact support df, we find|d| <« cv~®/2-D S0

SORDS > > K.c.d.m

c=10<|d|«cv—K*/2=1) mezk
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with
K (v, c,d, m)
_ C_lk/R f(dy+ m)\/ﬁéﬂ) (t2+11)k/2XR(C2U(t:2L+1))dt
6.6.3

To apply Lemmas.5with D = co~®/2-D T = (cZu(t2 + 1))"1/2 >~ VR > 1, split
the range of integration into the ranges

@ : o ®2D < (Rut?+ 1)

@: (v +1) " <cv=®2D < (vt? + 1))
@: c ®ZD > (2yt? + 1)) %2,

3/2

with § = 1/(x — 1). Denote the corresponding integrals 4 (v, c,d, m),
K2(v, c,d, m), andKs(v, ¢, d, m), respectively.

6.6.4
BecauseR~1/2 > T—1 we find in the first rangeD < T¢, that

E E E Ki(v,c,d, m)
¢>0 d«cv—k/2-1) mezk
1
R*A/ZE : / dt
< & Jo @+ 1)'</2XR(c2v(t2 D)

<<R_A/22—k/ 2 k2dt
C>0c R (t +1)/

< R_A/Z.

6.6.5
For an upper bound, the second ranige,< D < T%, may be extended t6¢ < D,

that is,
Cl+€(t2 + 1)6/2 > vk/2—1—5/2'
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We therefore have

Z Z Z Ka(v, c,d, m)

¢>0 dcv—k/2-1) mezk

< Z cK / (t2 + 1)k/2

1 —(kj2—1—e/2) (k/2-1)2 dt
<<Zg{cl+ev (k/2-1 e/z)}(/ )/e/

c>0 th-l—l
< UAZC_B
c>0
with ‘ o ,
A=-(3-1-3)(3-1):
and

If we chooser in such away that — 2 < € < § = 1/(k — 1), we find that forkk > 2
we haveA > 0 andB > 1. Hence

Z Z Z Ko(v,c,d, m) — 0

¢>0 d«cv—*/2-1) mezk

for smallv. In the case wherk = 2, we exploit the inclusiolR®/2 < T€ < D « c,
which yields

YUY Kewcdm< Y —Z/tz R-¢/2

¢>0d<«cmez2 e RE/2

(cf. [12]).
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6.6.6
In the third range, we have farsufficiently small,

oY ) Ksw.cd.m

c>0 d«cv—®/2-D) mezk

1
<) Fo WD / /212 4 1)0 /2
c>0 ¢ (©)

_ v(a—k)/2+1z od—k+1 (2 + 1)<a—k)/2XR(
c>0 (€

XR(CZU(t2+ 1))0't

1
— ) dt
c2u(t2 4+ 1))

o
1
(6—ky/2+1 { oS—k+1 ( )} 12 4 1)6-0/2 4t
<V /R ZC:1 M) K

- v(a—k)/2+1/R{/0°° X(S_kHXR(sz(éJr1)>dx}(t2+1)(8_k)/2dt
:/R{/Oooxﬁ—kHXR(X—lz)dx}(tZJr1)—1dt

X8—k+2 R-1/2
Z/R{a—kjuz}o (*+ D7 dt

R—(6—Kk+2)/2

=TSkt 2

The proof of Propositiofs.4is complete. O

6.7
Let us define the characteristic function BRGK:

XR(r) = > XR(vy),

Y €{looU(=DT oo }\ SL(2,Z)

where xR is the characteristic function ¢§R, co). Proposition6.4 allows us now to
extend the equidistribution theorem, Theorém, to unbounded functions that are
dominated byFR; that is, for some fixed constaht> 1 we have

|F(t, ¢; §)|Xr(r) < L + Fr(z; &)

for all sufficiently largeR > 1, uniformly for all (z, ¢; &) € GX.

THEOREMG6.8

LetT be a subgroup o8L(2, Z) x Z%* of finite index. Let h be a continuous function
R — R4 with compact support. Suppose the continuous functien s dominated
by Fr. Fix somey € TK such that the components of the veatgr1) € R¥*1 are
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linearly independent ove®. Then, for any with0 < € < 1,

lim inf vk/z—lf F (u +iv,0; <0>> hwk/2~1u)du
v—0 \U\>U175 y

1
> Fd /h.
P(\GK) Jrge

Assume, furthermore, thatis Diophantine of type < (k — 1)/(k — 2). Then, for
anye > 0,

lim supvk/z‘l/ F (u +iv, 0; (O)) h@*/?~u)du
v—0 Juj>vl-e y

1
- [ Eq / h.
nM\GH Jrae

Proof

The theorem follows from Theorem 1 and Propositiort.4 in the same manner as
[12, Th. 7.3]. O
6.9

The subgrouf™ = I' is a subgroup of finite index in SR, Z) x ((1/2)Z)% rather
than SL(2, Z) x Z (see Lem4.10). We therefore need to rephrase Theorém
slightly. Define the dominating functiofir onT\GK by Fr(t; &) = Fr(z; 2£), with
Fr as in Sectiorb.7.

COROLLARY 6.10

LetT" be a subgroup 086L(2, Z) x ((l/Z)Z)Z" of finite index, let hy be as in Theorem
6.8 and let F: I'\GX — C be a continuous function that is dominatedfy. If y is
Diophantine of typa < (k — 1)/(k — 2), then, for anye with0 < ¢ < 1,

lim vk/z_lf F <u +iv, 0; <O>) h(vk/z_lu)du
v—>0 Juj>vl—e Yy

1
- [ Fa / h.
w(I\GX) Jr\gk

Proof
The proof is analogous to that dff, Cor. 7.6]. O

7. The main theorem
THEOREM7.1 (Main theorem)
Suppose w) = Y1(|lwl?) and gw) = Y2(|wl|?), with 1, ¥ € #(R4) real val-
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ued. Let h be a continuous functi®— C with compact support. Assume that the
components ofy, 1) € R¥t1 are linearly independent ovép and thaty is Diophan-
tine of typex < (k—1)/(k — 2). Then

lim vk/271/ O <u +iv, 0; <0>> Qg <u +iv, O; (O>> h(vk/zflu)du
v—0 R Yy y

k2 00
= EBEh(m /O Y1) ya(r)r<=2dr

k o0
+ —ka h(u) du/ Ya(0)Y2(n)r2tdr,
2 " Jr 0
where R is the volume of the k-dimensional unit ball.
We need the following two lemmas.

LEMMA 7.2
We have

1 o ~ 4. e —_—
ZTRGD Jrar &1 #: 98w 18 die = /Rk f (w)g(w) dw.
Note that if f (w) = y1(Jw]|?) andg(w) = ¥»(|w||?), we have

/ f(w)g(w) dw = gBk /oo Y1 () y(n)r¥/#dr.
0

Proof
A short calculation shows that

[, 010 085w i By = [ fyw)gyw) .
Since f, = U? f with U? unitary, we have

/f¢(w)g¢(w)dw=/ f(w)g(w) dw. O
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LEMMA 7.3
Suppose (w) = ¥1(w||?) and gw) = ¥>(|w||?). Foranyl/2 < y < 1, we have

lim vk/2_1/ Of <u +iv, 0; (O)> Og (U +iv, O; <O>>h(vk/2_lu) du
v—0 lul<v? y Yy

k2 00
— ?th(O)/o Y1()Ya(r) ré=2dr.

Proof
From Propositiont.8 we know that

1 (Y 1 (=Y
oo (o () e ()

pk/2 —_— v \—R
= W farge (0)Qarg: (0) + OR((@) )

holds uniformly forju| < v'/? < 1. The remainder vanishes far < v¥ < 1. Now

fargr (0)Gargz (0)

L 1 2u 1 .U
= [ oG ) dul{ [ o5 10125) gt du
_ KR, [ (r—T2)
=K 2 BI%/O e<12—2>1/f1(f1)1ﬁ2(f2)r1/2 drirs/*dr,

(replacew by polar coordinates), and so, &as> oo,

/ W2 1o (u +iv, 0; (3)) Og (U +iv,0; (3))h(vk/2_lu) du
uj<v?
k2
V1B /| » / M)wmwzaz)

><rk/2 Ldry r52 7 droh 92 1) du

~ —B 2n) [ / &((r1 — r2)U)
2uj<vr—1
x wl<rl>wz(rz)rl/2 Ldryr¥2 Y dr du

~—Bkh(0) / / N )

k/2—1 k/2—1
xrl/ drlrz/ drodu

k o0
= EBEh(O)/O YY) r<=2dr
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by Parseval’s equality. O

Proof of the main theorem
We may assume, without loss of generality, that in Theorehth is positive. Split
the integration on the left-hand side of Theorérminto

L=yt
R \u\<v1*€ |u\>v1*5

for some smalk > 0. The first integral gives, by virtue of Lemn7a3, the contribu-
tion

k2 00
EBEh(O) /O YN P2(r) r*=2dr,

Corollary 6.10, together with Lemm& .2, yields the second term on the right-hand
side of Theoren.1(cf. [12, Sec. 8.4] for more details). O

Proof of Theoren2.5
By construction, we have

Ro(r1, Y2, h, 1)

Bkv R@f U+IA’O’ o Og U+IA’0’ o (v u)du

with v = A~1. Recall that B(0) = f h(s)ds by Fourier inversion; and thus we have
finally [ h(u) du = h(0). o

8. Counter examples
We assume throughout this section thkat 2. The case wherk = 2 is studied in
[12, Sec. 9].

8.1
Suppose thakk_1, ax are both rational, and suppose tli@i, ..., ak_2) is a badly
approximablgk — 2)-tuple. In this case, we find a const&ahsuch that

m

aj——l > max ‘aj—
q 1<j<k-2

max

mj‘ C
1<j=k

q = qL/k=2)
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forallmg,...,mj,q € Z, q > 0, and sax is of typex = (k — 1)/(k — 2). On the
other hand, we have

#{(m,n) e Z¥ x Z¥ . m#n,
Im— el < X, In—al* < X, [m—eal*=|n—al]
Z#{(m,n)ekaZk: m#n, (Mg, ...,Mk—2) = (N1, ..., Nk—2),

Im—el* < X, [n—al< X, Im-eal®=|n-«|?}.
This is easily seen to be bounded from below by
> XED kel (my_g, mi, i1, i) € Z4
Mk, IMkl, Ink—al, Inkl < XY, (Mg, mi) # (-1, nk),

(M1 — 1) + (Mg — o) = (M1 — as—1)? + (N — o)?}
~ Xk=2/k &, X% ¥log X,

asX — oo, for some constar@, > 0 (cf. [12, Sec. 9]). We conclude that, fof large
enough,

1
y#{(m, nNeZxzZk: m#n, Im—e«|*< X, |n—alf< X,
Im — ef|* = [In — e[|*} > ¢ log X

for some constard, > O.

8.2
By a similar argument, one has fere QX,
1
<Hmm e ZXx 75 m#£n, Im—alf < X, In—a|f < X,
Im—af = In— |} ~ e X2/

for X — oo. This can be derived, for example, in the case where 0, from the
asymptotics

! 1 1 .
il 0.0)e ilo ~ pak/2-1
/O®f(u+|k,o,o>og(u+|/\,o,o)du bi
(cf., e.qg., P, Th. 6.1)).

Proof of Theoreni.7
Let # be a countable dense set of badly approximable 2)-tuples. Enumerate the
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quadratic forms|x — |2 with @j € % x Q? as P, P, Ps,.... Because of the
bound derived in Sectiod.1, given anyX > 1, there exists aM; > X such that
- log M
) J
0,00(Mj) > ————,
R 10, 01(M;) = log log logM;

We find a smalkj = €j(Mj) > 0 such that
5[-a. al(Mj) = Ry'[0, 01(M))

for all« € Bj, whereB; is the open set of alt with || — «j|| < €j. Individually,
the setsB; shrink to a point aX — oo, but the union

U B

j:Mj=X

is open and dense [F¥. Therefore

o0
2=
X=1j:M

is of second Baire category. Sadfe B, then, given any, there exists somil > X,
such that

Bj
X

iz

" logM
Rel—a,al(M) = logloglogM

Note that the proof remains valid if log log log is replaced by any slowly increas
ing positive functionv < log log log withv(X) — oo (X — 00).

Property (iii) follows from Theoreni..6 by the same string of arguments used in
[12, Sec. 9.3]. O

Proof of Theoreni..8
The proof follows from the relation in Sectigh2. It is otherwise identical to the
proof of [12, Th. 1.13]. O
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