Algebraic Geometry Lecture 1

Introduction by Dan Loughran

Let k be a field. We are interested in the ring of polynomials
A=Elxy,. ..,z
Given any polynomial f € A we can define the variety

V(f)={z €k™: f(z) =0}.

Example
n=1,f=a,z" + ...+ ag. Then V(f) = {roots of f};
n=2V(f)is a curve;

n=3,V(f) is a surface.

We define P"~! to be the set of lines through the origin in C" or R", i.e. C*/ ~
where a ~ b if and only if @ = Ab for some A # 0. So one can think of

Py =RU{cc} P2 =RUP.

Bézout’s theorem If ('; and (5 are different curves of degrees d; and do
respectively then they intersect in exactly dids points in P2.

As number theorists we want rational solutions to the equation f(x) = 0 where
f(z) = agz®+ ... +ao.

Suppose we have a rational solution, say f(p/q) =0, i.e.
d d—1
adp—d—&—ad,lﬁ—f— +a1£+a0 =0,
q q q

so that

d—1

aap® + aa—1p" g+ ...+ aipg® + apg = 0.

Thence we have that (p, q) € Z? is a solution of
g X+ ag 1 XY + 4 XY 4 Y =0.

Polynomials like these are called homogeneous. We study them in projective space
because they satisfy the property

fOz) = \f(z).

Let f,g € A. Define a map

p:V(f) = Vi(g).
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This is a regular map if

(10(0‘17 cee ,an) = (‘pl(al)’ .o '7¢n(an))

where the ¢; are polynomials. If the @; are rational functions then ¢ is called a
rational map.

Example f(z,y) = 2 —y. This curve is birationally equivalent to the line y = 0
by the map ¢(z,y) = (x,0), i.e. projection down onto the z-axis.

If we call a curve the solution set of f(x,y) = 0 then each curve is a g-holed
torus in C2. The value ¢ is called the genus of the curve.
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