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In mathematics, we are interested in quantifying things, and in describing rela-
tionships, regions, systems, and movement.

In this course we begin with some analytic geometry (some of which will be
review), including some proofs; then we study systems of linear equations, vector
spaces, and linear transformations, which help us organize information and more
quickly make deductions regarding linear systems.

The course involves concepts, constructions, computations, and proofs. Objec-
tives of §1-18 include:

be familiar with cos, sin, conic sections, and rigid motions of the plane; be able
to work with complex numbers; be able to recognize lines and hyperplanes in
R"™; be able to solve linear equations using elementary operations; be able to
work with matrix algebras, including matrix multiplication, matrix inverses,
determinants; be able to work with linear transformations from R” to R™; be
able to use matrices to represent linear transformation from R™ to R™.

§1. The Pythagorean Theorem and distance in R?

We derive formulas for distance from the Pythagorean Theorem, which describes
the relationship between the lengths of the sides of a right triangle.

Given a rectangle, we can construct 2 identical right triangles by cutting the
rectangle along one diagonal. Recall that the sides of a right triangle that meet in
a 90° angle are called legs; the side opposite the right angle is called the hypotenuse.

Discussion: The sum of the interior angles of a right triangle is 180°.

We use right triangles and the Pythagorean Theorem to find the distance between
2 points.

Theorem 1.1 (Pythagorean Theorem). Say we have a right triangle with legs
of lengths a and b, and hypotenuse of length c. Then a? + b* = 2.

Discussion of proof: We draw a square with side length a + b; moving anti-
clockwise around the square, we mark distance a along each side. We then join the
marks on each pair of adjacent sides with a line segment, forming 4 right triangles
within the square; each of these triangles has one leg of length a, and one of length
b. Let ¢ denote the length of the hypotenuse of each triangle.

We know that the interior angles of a triangle sum to 180°, and our 4 right
triangles are identical; this allows us to conclude that the 4-sided polygon with
edges of length c is in fact a square.

The square with side length a+b has area (a+b)? = a? +2ab+b?. Also, we have
divided this square into 4 right triangles, each with legs of lengths a and b, and a
square with side length c¢; the sum of these areas is 4(%&()) + c? = 2ab + c?. Thus
we have 2 expressions describing the area of the large square, so these expressions
must be equal. Hence we have a® + 2ab + b?> = 2ab + ¢2, and so a® + b? = 2. O

Discussion: What happens if we increase or decrease the 90° angle of what is
initially a right triangle? In particular, what happens to the side opposite this
angle?

In the Exercises, you will verify the following
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Theorem 1.2 (Fortified Pythagorean Theorem). A triangle with sides of
lengths a, b, c is a right triangle with hypotenuse of length ¢ only if a®> + b* = 2.

We use R to denote the set of real numbers, and R? to denote the set of all
ordered pairs of real numbers. The entries of a pair from R? are also called Cartesian
coordinates, and we depict pairs from R? as points in the Cartesian plane, which
uses a horizontal line (the z-axis) and a vertical line (the y-axis) for reference. We
call the point where the axes cross the origin, and we label it (0,0).

Discussion: How do we plot (1, —3) in the Cartesian plane?

Given a point (a,b) € R?, we can determine the distance of this point from
the origin using the Pythagorean Theorem: Draw a triangle with vertices (0,0),
(a,0), (a,b); note that this is a right triangle since the leg connecting (a,0) to
(a,b) is parallel to the y-axis, which is perpendicular to the z-axis. The length of
the hypotenuse is the distance from (a,b) to the origin, and by the Pythagorean
Theorem, this is va? + b2.

More generally, we have the following.

Theorem 1.3. The distance between 2 points (a,b) and (c,d) is

V@@= 02+ (b—d)?.

Discussion of proof: Draw the right triangle with vertices (a,b), (¢,d), and (¢, b).
Why is this a right triangle? What is the length of its hypotenuse? What if a = ¢
or b=d?

§2. Lines in R?

Recall that, given 2 points (a,b), (c,d) € R? with a # ¢, we call % the slope
of the line segment connecting (a,b) and (c,d). (Note that 2=¢ = 4=2) Note that
when a = ¢, the line segment connecting (a,b) and (¢, d) is vertical; a vertical line is
sometimes said to have infinite slope. A line is determined either by 2 points on the
line, or by 1 point on the line and the line’s slope (also called the line’s direction).

Discussion: Say we have a line L with slope 5 containing the point (—1,2). Then

(x,y) # (—1,2) is on L exactly when the slope between (z,y) and (—1,2) is 5, i.e.

% = 5, or equivalently, y = 5x + 7. (Note that (—1,2) is a solution to the
y—2

equation y = 5z + 7, but not to 277 = 5.)

Given 2 points on a line L, we can compute a formula for L by first computing
the slope of L, then by following the procedure demonstrated above.

Discussion: Say (—4,2),(3,—1) are points on a line L. What is an equation for
L?

Given an equation f(z,y) = 0 where f(z,y) is an expression in terms of x and vy,
the graph of f(x,y) = 0 consists of all points (z,y) € R? that satisfy the equation.
(Notice that the equation f(z,y) = g(z,y) is equivalent to f(z,y) — g(x,y) = 0,
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and we will sometimes refer to the graph of f(z,y) = g(z,y), which is the graph of
f(z,y) —g(z,y) = 0.)

Discussion: The graph of y = —2x + 3 consists of all points (x, —2z + 3). So
(0,3) is a point on this graph. Given a # 0, the slope of the line between (0, 3) and
(a,—2a + 3) is % = —2. So y = —2x + 3 describes a line with slope —2,

and the point (0,3) (also described as having y-intercept 3).

Formula: In general, with m,b fixed real numbers, the equation y = mx + b
describes a line of slope m and y-intercept b.

Theorem 2.1. A line with slope m(# 0) is perpendicular to any line with slope
—%. (Note: If L is a line with slope 0, then L is horizontal, and perpendicular to
any vertical line.)

Discussion of proof: This is simply a question about slopes, so let’s look at 2
lines through the origin, (0,0). Let’s begin with a specific example.

Let Ly be the line given by y = 2x, and Lo the line given by y = —%x. We build
a triangle using the origin and a point on each line, then we “test” the Pythagorean
Theorem. Let’s use (0,0), and (3,6) (a point on y = 2z) and (2, —1) (a point on
y = —%QL‘) as the vertices of our triangle. What are the lengths of the triangle’s
sides that meet the origin? What is the length of the side opposite the origin? Is
the conclusion of the Pythagorean Theorem satisfied? Can we conclude these 2
lines are perpendicular?

In the Exercises, you will mimic this argument to verify that a line with slope

m # 0 is perpendicular to a line with slope —%. O

§3. Circles, cosine, and sine

The circle with centre at the origin and radius (> 0) consists of all points (z, y)
that are distance r from the origin. So this circle consists of all points (x,y) so that
V/(z—0)2+ (y —0)2 = r, or equivalently, all points (z,y) so that 22 4+ y* = r2.
(Since the quantities y/x2 + y? and r are non-negative, the equation /22 + y? = r
is equivalent to the equation 22 +y? = r2. Is this always the case? For instance, do
the equations y = v/x — 4 and y? = z — 4 have exactly the same set of solutions?)

More generally, the circle with centre (a,b) and radius r is the set of all points
(x,y) that are distance r from (a,b).

Formula: The circle with centre (a,b) and radius r(> 0) is described by the
equation \/(x — a)2 + (y — b)2 = r, or equivalently (z —a)? + (y — b)? = r2.

We now recall how the functions cosine and sine (abbreviated cos and sin) are
defined using a right triangle, and then we extend their definitions with the aid of
the circle in R? with centre (0,0) and radius 1.

Consider the right triangle with legs of lengths a and b (both positive). Let
¢ = Va? + b?%; so c is the length of the hypotenuse. For convenience of reference,
we draw this triangle in R?, placing its vertices at (0,0), (a,0), and (a,b). Let 0
denote the (interior) angle at the origin (so it is the angle between the horizontal
leg and the hypotenuse). We define cos(f) = a/c and sin(f) = b/c.
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Note: The Pythagorean Theorem states a® + b? = ¢2, so (cos(6))? + (sin(#))? = 1
for 6 between 0 and 90 degrees.

Now consider the circle in R? with centre (0,0) and radius 1; choose a point
(a,b) on the circle with a,b > 0. Then (0,0),(a,0),(a,b) are the vertices of a
right triangle with hypotenuse 1; letting € denote the interior angle at the origin,
a = cos(f) and b = sin(0).

We extend the definitions of cos,sin by allowing any value for 6, as follows.
Given any value # > 0, construct an angle # using the non-negative z-axis and a
second ray (i.e. a half-line) emanating from (0, 0) so that, measuring anti-clockwise
from the non-negative z-axis to this second ray, the enclosed angle is 8. We define
(cos(0),sin(f)) to be the coordinates of the point where this second ray intersects
the unit circle.

Discussion: Plot (cos(135°),sin(135°)), (cos(60°),sin(60°), (cos(420°), sin(420°).
Discussion: Why is cos(—a) = cos(a)? Why is sin(—a) = —sin(a)? Why is
cos(av =) = — cos(a)? Why is sin(a + 7) = — sin(«)?

In Calculus it turns out to be more convenient to measure angles using radians
rather than degrees. Just as there are 360° in an entire circle, there are 27 radians
in an entire circle. Notice that 27 is the circumference of a unit circle. Using our
circle in R? with centre (0,0) and radius 1, we measure # radians (abbreviated
6 rads) by beginning at the point (1,0), then traveling anti-clockwise along the
perimeter of the circle a distance of . We draw the ray through this point with

endpoint (0,0). The angle intercepted by the non-negative z-axis and this ray is 6
radians.

Note: From now on, radian measure is our default measure for angles. So if we
say an angle has measurement ¢, we mean 6 rads.

In the Exercises, you will verify that

cos(m/6) = V/3/2, sin(r/6) = 1/2,
cos(m/3)1/2, sin(r/3) = V3/2,
cos(m/4) = sin(n/4) = V2/2 = 1/V/2.
Discussion: What is cos(3)? What is sin(37)? What is cos(—2m)?
Theorem 3.1 (Extended Pythagorean Theorem). For any 6 € R, (cosf)? +
(sin#)? = 1.
Note: Here cosf = cos(f) and some people write cos? @ to mean (cos #)?.

Discussion of proof: The unit circle with centre (0, 0) consists of all points (x,y)
so that z? + y? = 1. Since, for any 6 € R, (cosf,sin ) is a point on this circle, we
have (cos0)? + (sin6)? = 1. O

Discussion: How do we plot (4cosf,4sin6)? (Note that this is a point on the
circle with radius 4 and centre (0,0).)



4. Complex numbers and the complex plane

Definition. We use i to denote v/—1, meaning a root of 22 +1. So i? = —1. We
use C to denote the set {a +bi: a,b € R }. We call C the set of complex numbers.

Graphically, we represent C as a plane, where the horizontal axis is the “real”
axis, and the vertical axis is the “imaginary” axis; the point a + bi is plotted as we
plotted (a,b) in the Cartesian plane R%. We call 0 the origin. Also, given a complex
number a = a + bi, we define Rea = a, Ima = b.

Given complex numbers o« = a+bi, § = c+di (where we understand a, b, ¢, d € R),
we have

a+pB=(a+c)+ (b+d)i, af = (ac—bd)+ (ad+ be)i.
Also, a =  exactly when a = c and b = d.

Definitions. The conjugate of a complex number a + bi is a — bi, and is denoted
by a + bi. Notice that (a + bi)(a — bi) = a® + b?, the square of the distance from
a + bi to the origin. We often use |a + bi|] to denote this distance; that is, for a
complex number a, |a| = vaa.

The distance between 2 complex numbers a + bi and ¢ + di is the same as the
distance between the points (a, b) and (¢, d) in the Cartesian plane; thus the distance
between o = a + bi and 8 = ¢+ di is \/(a — ¢)2 + (b — d)?; notice this is equal to
a—g.

In Calculus, we see how to represent points in R? using polar coordinates. We
can do a similar thing in the complex plane.

In Calculus we see that the Taylor series for cosx,sin x, and e” converge for all
x € R. We have

_ 1 z? ozt af
cosT = —E-l—z—a-l- )
B x5 Al
Sll’ll’—l’-g—FE—F—i— N
2 3 4 5

v _ 1 x x x x
e’ = +I+§+§+E+a+“%
It turns out that these formulas also hold for € C (a proof of this is beyond the

scope of this course). In particular,
e = cosf + isinf.

As you will see in the Exercises, this identity can be used to find some useful
identities involving cos and sin.

Discussion: Given 0 € R, we have
€| = | cos @ + isinb)|
= /(cosf + isin ) (cos § — isin f)

= \/(0052 0 + sin? 0)
=1.




Theorem 4.1. Given any o = a + bi € C, there exist r,0 € R so that o = re'?.

Discussion of proof: If a = 0 then we can take r = 0 and any value for 6. So

suppose a # 0; set
r=+va?+ b2

(hence r # 0 since a # 0 or b # 0). Then (a/r,b/r) is a point in R? on the unit
circle with centre (0,0); hence for some 6,

a b .
— =cosf, and — = sinf.
r r

Therefore a + bi = rcos @ + irsin @ = re*?. O

In the Exercises, you prove the following.

Theorem 4.2. Say o, € C.
(a) Suppose o = re? for some r,0 € R. Then |a| = |r|.

(b) || = laf|3].

Discussion: When do we have e? = ¢?? Notice that this is equivalent to e*(?=%) =
1, and we know e'(?~%) = cos( — ) +isin(f — ). So the question becomes: When
is cos(f — ) =1 and sin(f — ) = 07

In the Exercises you verify the following.

Theorem 4.3 (Triangle Inequality). Given complex numbers «, 3, |af| = |o] -
8] and |a+ B < |af +[B].

(Later in the course, you will use that C is “algebraically closed”, meaning that
any polynomial with complex coefficients factors into a product of polynomials of
degree 1.)

§5. Conic sections

Conic sections can be obtain by intersecting a cone in 3-space with a plane; they
can also be defined using distance in R2, as follows.

A parabola in R? consists of all points P that are equidistant from a fixed point
F, called the focus, and a fixed line L, called the directriz. When the focus is (c,0)
and the directrix is z = —c (¢ # 0), the equation describing this parabola is

y? = dea.

The point (0,0) is on the parabola, and is midway between the focus and the
directrix; this point is the the vertez of the parabola described by 32 = 4cx. Note
that this parabola can also be described as the set of all points P so that

distance from P to F B
distance from P to the line L

An ellipse consists of every point P where the sum of the distances from the point
to each of two fixed points F} and Fj, called foci, is a given (positive) constant.



Suppose the foci are F; = (¢,0) and F» = (—¢,0) (¢ > 0), and the fixed sum of
distances from a point P on the parabola to the foci is 2a, 0 < ¢ < a. Then with
b? = a? — 2, an equation describing this ellipse is

In this situation the z-axis is called the major azis, as the foci are on the z-axis;
the y-axis is called the minor axis. The points (£a,0) are the points where the
ellipse intersects the major axis, and these points (+a,0) are called the vertices of
the ellipse. This ellipse can also be described as the set of points P so that

distance from P to Fj

| o

distance from P to the line z = a?/c T a

The quotient ¢/a is called the eccentricity of the ellipse; notice that the eccentricity
here is less than 1.

A hyperbola consists of every point P where the absolute value of the difference
of the distances from the point to each of two fixed points F; and F5, again called
foci, is constant. Suppose the foci are F} = (¢,0) and Fy(—c,0) (¢ > 0), and the
fixed difference of distances from a point P on the hyperbola to the foci is 2a,
0 < a < c. Then with b? = ¢? — a?, an equation describing this ellipse is

In this situation the z-axis is called the major axis, as the foci are on the x-axis;
the y-axis is called the minor azis. The points (£a,0) are the points where the
hyperbola intersects the major axis, and these points (+a,0) are called the vertices
of the hyperbola. This hyperbola can also be described as the set of points P so

that )
distance from P to Fj

| o

distance from P to the line z = a?/c T

The quotient ¢/a is called the eccentricity of the hyperbola; notice that the eccen-
tricity here is greater than 1.

Discussion: What is an equation for the parabola with vertex (0,0) and directrix
= —1? What is an equation for the ellipse with foci (—3,0), (3,0) and the point

2)? What is an equation for the hyperbola with foci (—1,0), (1,0) and the point
0)?

In 86, we find formulae for conic sections whose foci are not on the x-axis.

<

PN
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§5A. Appendix: Derivation of formulae for conic sections

A parabola in R? consists of all points that are equidistant from a fixed point,
called the focus, and a fixed line, called the directriz. We consider parabolas where
the focus is on the z-axis, and the directrix is parallel to the y-axis. So suppose a



parabola has focus (¢,0) and, for simplicity, directrix x = —¢. The distance from
a point (u,v) to the line x = —c is the length of the line segment perpendicular
to the line x = —c¢ with endpoints (u,v) and a point on the line z = —¢; thus this
distance is from (u,v) to (—¢,v), which is \/(u + ¢)? = |u + ¢|. Hence (u,v) is on
the parabola exactly when

V(u—c)2+v2=/(u+c)2,

or equivalently, when (u — ¢)? +v? = (u + ¢)2. Simplifying, we find that (u,v) is
on this parabola exactly when v? = 4cu. Hence an equation for this parabola is

y2 = 4cx
(meaning that a point (z,y) is on the parabola exactly when the above equation is
satisfied by those values of z,y).

An ellipse consists of every point where the sum of the distances from the point
to each of two fixed points, called foci, is a given (positive) constant. Suppose the
foci for an ellipse are the points (—¢,0) and (c,0); for convenience of reference,
suppose ¢ > 0. (Note that if ¢ = 0 we are describing a circle, which we discussed
earlier.) Suppose also the sum of the distances from a point on the ellipse and the
foci is 2a. (We use 2a here rather than a for later convenience when simplifying
algebraic expressions.) We assume a > ¢. (One can prove that if a = ¢, then the
“ellipse” is the line segment joining the foci; if a < ¢, then the “ellipse” has no
points at all.) A point (x,y) is on this ellipse exactly when

VE+e)2+ 92+ V(e —c)?+y? = 2a.

To simplify this equation, we first subtract /(z + ¢)? + y? across the equation,
then square both sides of the equation and simplify, obtaining

a’ + cx = a\/(x + c)? + y2.
Now we square both sides of this equation and simplify to get
a’(a® — ) = (a® — A)2? + a®y°.

Since a > ¢ > 0, we can (and do) choose b so that b*> = a? — 2. (Note also that
(b,0) and (—b,0) are points on this ellipse.) Thus, if (z,y) is a point on the ellipse
then i—z + % = 1. Conversely, if (x,y) satisfies this last equation then (x,y) satisfies
the original equation. Hence (x,y) is a point on the ellipse exactly when

.T2 y2

St =1

A hyperbola consists of every point where the absolute value of the difference
of the distances from the point to each of two fixed points, again called foci, is
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constant; also, this difference is to be smaller than the distance between the two
foci. Suppose the foci are (—¢,0) and (¢,0) (¢ > 0), and the fixed difference of
distances from a point on the hyperbola to the foci is 2a, 0 < a < ¢. So we want to
find all points (x,y) so that

Ve—e)2+y2—y(r+e)2+y2=2a, or (z+¢)2+1y2— /(2 —c)2+1y2 = 2a.

Consider the first of these equations; adding \/(x 4 ¢)? + y? and squaring, we

obtain the equation

—a® —cx = av/(z + ¢)2 + y2.

Since a > 0, the solutions (z,y) to this equation will necessarily have x < —a?/c.
In fact, squaring this equation and simplifying, we find that if (z,y) satisfies

Viie—¢)?24+y?—/(z+c) +y2—2athenz—z— = 1 and z < —a?/c where

b is chosen so that b? = ¢? — a?. Conversely, if z < —a?/c and (z,y) satisfies

2

L — Y =1, then (z,y) satisfies \/(z — ¢)2 + y2 — /(z + ¢)2 + y? = 2a. Similarly,

a2

(z,y) satlsﬁes the equation \/(z +¢)2 +y2 — \/(x — ¢)2 + y2 = 2a exactly when
x

2

& - y—j =1 and x > a?/c. Thus (z,y) is on the hyperbola exactly when

Notice that with 22 /a? —y?/b* = 1, we always have b>22/a? > y2. Consequently,
points on the hyperbola lie in the two regions between the lines y = igx that
contain the vertices of the hyperbola. Also, as * — 400, y — :l:gx; so the lines
Yy = j:gx are asymptotes for the hyperbola.

§6. Rigid motions of the plane

We discuss here how to find an equation for a geometric object in R? after we
shift or rotate the object.

Suppose we want to shift the centre of a circle from (0,0) to another point. We
first consider a specific example: Consider the circle described by z2? 4+ y? = 4; so
this has centre (0,0) and radius 2. Say we want to shift the centre to (5, —3). First
we can shift the circle 5 units to the right. Thus a point that was distance v from
the y-axis is now distance u + 5 from the y-axis. So a point (u,v) is on this shifted
circle if and only if (u — 5,v) is a point on the original circle. Similarly, if we now
shift the circle 3 units down, a point that was distance v from the z-axis is now
distance v + 3 from the z-axis. Consequently, a point (u,v) is on the shifted circle
with centre (5, —3) if and only if (u — 5,v 4 3) is on the original circle with centre
(0,0). Thus an equation for the shifted circle is (x — 5)? + (y + 3)? =

Discussion: In general, how do we shift the graph of f(z,y) = 07

Formula: To shift the graph f(z,y) = 0 to the right a units and up b units, we
replace x by x — a and y by y — b. The resulting equation for the shifted graph is

f(x —a,y—0) =0.
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Discussion: What is a formula for the parabola with focus (—1, —3) and directrix
y = —57 What is a formula for the ellipse with foci (3,2) and (9,2) and the point
(6,6)? What is a formula for the hyperbola with foci (2, —-2) and (4, —2) and the
point (5, —2)7

Now consider rotating an object in the plane anti-clockwise about the origin by a
specified amount. For instance, suppose we rotate the point (1/2,1/3/2) m/4 radians
about the origin. Notice that (1/2,4/3/2) is a point on the unit circle; in fact,
(1/2,4/3/2) = (cos(m/3),sin(n/3)). Rotating this point by 7/4, we obtain another
point on the circle; in fact, we obtain the point (cos(7/3 4+ 7/4),sin(w/3 + 7/4)).

Discussion: More generally, given any point (a,b) in R?, we can find r,6 so that
(a,b) = (rcos(f),rsin(f)). Rotating this point « radians anti-clockwise about the
origin, we obtain the point (r cos(f + «), rsin(6 + «)).

Formula: Suppose we rotate an object in R? o radians anti-clockwise about the
origin. Then a point (a, b) on the object rotates to the point

(acosa — bsina, asina + bcos a).

Now say we want to rotate the graph of f(z,y) = 0 a radians anti-clockwise.
A point (a,b) = (rcosf,rsinf) is on the rotated graph exactly when (rcos(f —
a),rsin(f—«)) is on the original graph, or in other words, when the point (a cos a+
bsin o, —asin v+ b cos a) is on the original graph (recall that cos(—a) = cos a, and
sin(—a) = —sina).
Formula: An equation for the graph of f(z,y) = 0 rotated by « radians is
f(zcosa+ysina, —xsina + ycosa) = 0.
Discussion: We will rotate by 7/2 the parabola z = y?, then shift its vertex to
(—1,3). To rotate the graph, in the equation y = z? (or equivalently, y — 2% = 0),
we replace x by xcos(m/2) + ysin(r/2) = y, and we replace y by —xsin(r/2) +
ycos(m/2) = —x. Thus we get the equation y = z? for the rotated parabola. To
now shift its vertex from (0,0) to (—1,3), we replace z by x + 1 and y by y — 3;
thus we obtain the equation y — 3 = (z + 1)2, or equivalently, y = 22 + 2z + 4.

Discussion: Rotate by 7/4 the hyperbola %2 — % = 1.

Discussion: Consider the equation 3222 — 12y% — 962 + 12y — 27 = 0. Although it
may not be readily apparent, this is an equation for a hyperbola. To see that, we
complete squares to get the equivalent equation

3 9 1 1
2z —=)2 - —-12|(y— =) —=| =27.
3[@ ) 4] ky ) ] 7
This is equivalent to 32(z — 3/2)? — 12(y — 1/2)? = 96, or

(x—3/2° (y-1/2? _
3 8

L,
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an equation for a hyperbola shifted 3/2 units right and 1/2 unit up. Here a? = 3
and b> = 8; thus a = v/3 and ¢ = v/11. Hence the vertices of the hyperbola are
(+£/3,0) + (3/2,1/2) and the foci are (++/11,0) + (3/2,1/2).

§7. Distance, lines and planes in R3.

R3 consists of all ordered triples (a, b, c) where a, b, c € R. Graphically, we depict
R3 using 3 mutually orthogonal (i.e. perpendicular) lines that intersect at a single
point that we label (0,0,0) and call the origin. We typically call these perpendicular
lines the x-, y-, and z-axes.

We will use the Pythagorean Theorem to find a formula for distance in R3, and
to find a method for detecting right angles.

First, take (a,b,c) € R3; we want to find the distance from this point to the
origin. Consider the triangle in R3 with vertices (0,0,0), (a,b,0) and (a,b,c). So
the line segment connecting (0,0, 0) to (a,b,0) lies in the x, y-plane and has length
Vva? + b2, and the segment connecting (a,b,0) to (a,b,c) has length ¢. Also, the
angle between these two line segments is a right angle, since the first segment
lies in the z,y-plane, and the second segment is parallel to the z-axis. Thus the
Pythagorean Theorem tells us that the length of the hypotenuse of this triangle is

\/(\/a2 +b2)2 4+ 2 = Va? 4+ b2 + 2. Thus we have:

Formula: The distance from (0,0,0) to (a,b,c) is
va?+ b2+ 2.

To find the distance between two points (a,b,c) and (a’,¥’, ), we shift the line
segment connecting these points to have one endpoint at the origin, and the other
endpoint at (a —a’,b—b',¢c— ). Thus we get:

Formula: The distance from (a, b, c) to (a’,V', ') is

Via—a)2+(b—b)2+ (c— )2

A line in R? is given by 1 point and a direction; equivalently, a line is determined
by 2 points that lie on it.

Discussion: Consider the line through the origin containing the point (1,2,3).
The line segment between these 2 points determines the direction of the line. The
line consists of all points (r, 2r, 3r) where r € R.

More generally, a line through the origin containing the point (a, b, ¢) where a, b, ¢
are not all 0 consists of all points (ra,rb, rc) where r € R.

Given a line through the origin, we can rigidly shift it by adding a fixed point
to each point on the line. (We add points coordinate-wise: (x,y,z) + (z/,y,2') =
(z+2'y+y,2+2).)

Discussion: How can we describe the line containing the points (2, —1,3) and
(3,1,6)? Notice that we can view this line as the shift of the line through the origin
and (1,2,3).
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Formula: The line through the points (a,b,¢) and (a’, ', ¢’) consists of all points
r(a—a',b—V,c— )+ (a,b,c) where r € R. (Here r(z,y,2) = (ra,ry,rz).) So
(a—a',b—1b,c— ) tells us the direction of this line.

We can also describe a line by describing the relationship between the coordinates
of the points on the line: Consider again the line through the origin and the point
(1,2,3). So (z,y, 2) is a point on this line exactly when y = 2z and z = 3z.

Consider the line consisting of all points (z,y,2) = (2r+3,—r+5,7r+4), r € R.
To find equations for y and z in terms of x, we first solve x = 2r +5 for r, giving us

r= %x — % Thusy = —r+5 = —%x + % and z = %x — % Alternatively, we could
solve the equation y = —r + 5 for r and write  and z in terms of y: x = —2y + 13,
z=—Ty + 39.

We often find it convenient to think of an element (a, b, c) € R? as the (directed)
line segment, or vector, from the origin to the point (a, b, c). We will use v to denote
the vector with endpoint v = (a, b, ¢).

Given v = (a,b,c),v" = (a’,b',c) € R?, when are v,v’ orthogonal (i.e. perpen-
dicular)? Equivalently, when are v, v’ the legs of a right triangle? Letting |v| denote
the length of v, we see by Theorem 1.2 that v,v’ are the legs of a right triangle
exactly when

(distance from v to v')? = |u|* + [v/]*.

Since |v] = Va? + b2 + 2, |[v'] = /(¢/)? + (V)% + (¢)?, and the distance between v
and v' is \/(a — a’)?2 4+ (b — V)% + (c — )2, we see that v, v’ are orthogonal exactly
when

@+ +)+ (@) + )+ () =(a—d)+b-V)+(c— )

or equivalently, when aa’ + bb' + c¢¢’ = 0.
Definition. We define the dot product of v = (a,b,c) and v/ = (a’, ¥, ) to be

v-v =ad +bb +cc.

By the above discussion, we see that v,v’ are orthogonal exactly when v - v = 0.
Consider a vector v in R where v = (a, b, c) # (0,0,0). The set of all vectors w

orthogonal to v is the set of all w = (x,y, 2) so that v-w = 0, i.e. ax+by+cz =0,

and these vectors form a plane through the origin, orthogonal to v.

Example: The plane orthogonal to (1,2, 3) is described by x + 2y + 3z = 0.

We can shift such a plane away from the origin by shifting any (or all) the
variables x,y, z.

Discussion: How do we shift the plane = + 2y + 3z = 0 to contain the point
(—1,5,—=7)? At what point does this shifted plane intersect the z-axis?

Formula: Provided not all a,b,c are 0, ax + by + cz = d is a formula for a plane
orthogonal to the vector (a,b,c). If a # 0, this plane contains the point (d/a,0,0);
if b # 0, this plane contains the point (0,d/b,0); if ¢ # 0, this plane contains the
point (0,0,d/c).
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Discussion: How do we describe the z, y-plane in R3?
Now we consider the intersection of 2 planes in R3.

Discussion: Consider z+2y+3z = 0 and z —y+52z = 4. These equations describe
2 planes that intersect at points (z,y, z) that satisfy both equations. So suppose
we have such (z,y, z); thus

r = —2y — 3z,

and also
(—2y —3z) —y+5z=4.

So x = —2y — 3z and —3y + 2z = 4. Simplifying further,

2 4 2 4 13 8
S O SR VPOt S PR ST
Y=g 3 7 (32— 3) =3 3773

Thus the intersection of the 2 planes is the line

68. Distance, lines, and hyperplanes in R”

For n € Z, (i.e. n a positive integer), R™ denotes the set of all ordered n-tuples
of real numbers. Geometrically, we think of R™ in terms of n coordinate axes that
are all mutually orthogonal and intersecting at one point called the origin. So a
point (a,0,0,...,0) € R™ is orthogonal to any point of the form (0, ba, b3, ... ,by,),
and (0,a,0,...,0) is orthogonal to any point of the form (b1,0,bs, ... ,b,), etc.

Theorem 8.1. The distance from the origin to a point (ay,as,... ,a,) € R™ is

\/a%+a§+~--+a%.

Discussion of proof: We can use the technique of mathematical induction here:
we assume the formula holds in R"~! for some n > 3, then deduce it holds in R™.
Since we know the formula holds in R?, this will show it holds in R3; then, since
the formula holds in R3, this will show it holds in R*; etc.

So we suppose n > 3 and that in R”~!, the distance from the origin to the point

(a1,a2,...,ap-1) is \/a% +a3+---+a2_;. Embed R""! into R™ by adding an

nth dimension; so we map (a1, as,...,a,_1) € R" ! to (a1,as,...,a,_1,0) € R™.
(Example: Say n = 3. Then we map any point (z,y) to (x,y,0); so we view R? as
the z, y-plane in R3.)

Now take (a1, as,...,a,) € R*. So (ai,as,...,a,_1,0) lies in our copy of R"~1
embedded in R™. Together with the origin, these points give us the vertices of a right
triangle, whose hypotenuse is the line segment from the origin to (ai,as,... ,a,).

The lengths of the 2 legs are \/a% +a3+---+a2_; and |a,| = \/a2; thus, by the
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Pythagorean Theorem, the length of the hypotenuse is \/a% +a2+---+a?_|+a2.
[

To find the distance between two points (a1, ... ,a,) and (by,... , b,) we translate
the line segment connecting them to have one point at the origin, and the other
endpoint at (a; — by,...,a, — by). Then the length of this line segment is the
distance between the two original points. Thus we have the following.

Theorem 8.2. The distance between (a1, ... ,a,) and (by,... ,by,) is

\/(al —b1)2 + -+ (an —bn)z.

Theorems 1.2 and 8.2 give us the following.
Theorem 8.3. Given v = (ay,...,a,) and w = (by,...,b,), we define
V-w = a1by + asby + -+ apby,.
Then v, w are orthogonal exactly when v -w = 0.
Discussion of proof: By Theorem 1.2, v, w are orthogonal exactly when
lv|? + |w|* = (distance from v to w)?.

Note that |v| is the distance from v to the origin, and |uw| is the distance from w
to the origin. So using Theorem 8.2, we compute |v|, [uw|, and the distance from
v to w. Substituting into the above equation and then simpifying yields the result.
OJ

A line in R™ is determined by one point and the direction of the line, or by
two points on the line. The line through the origin containing also the point
(ai,...,ay) has its direction given by this second point, and the points on this
line are exactly the points r(ay,...,a,) = (rai,...,ra,) where r € R. The line
through (aq,...,a,) and (by,... ,b,) ((a1,... ,a,) # (b1,... ,by)) has its direction
given by (a3 — b1,...,a, — by,), and the points on this line are exactly the points
r(ay —b1,... ,an —by) + (b1,... ,bn), 7 € R.

We can also describe a line using a system of equations.
Discussion: When d; # 0, the line consisting of all points

(1,21, ... yxn) =7r(dy, ... ,dp) + (c1,... ,¢n), T ER,

is also described by the system of equations

d dn
xz:d—j(iﬂl—cl)—{—Cg,...,IEn:d—l

(x1 —c1) + cp.
What if d; =07

We can generalize the notion of a plane in R? to this setting as follows. Given a
nonzero vector v in R"”, consider the set of all points w so that w is orthogonal to
v, i.e. v-w = 0; these points w form an object in R™ we call a hyperplane (or more
simply, a plane) that passes through the origin. We can shift this hyperplane away
from the origin by adding to each w in the plane a fixed point. Thus we have the
following.
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Theorem 8.4. Given ay,... ,a,,d € R with the a; not all 0, the equation a;xy +
<o+ apx, = d is an equation for a hyperplane in R™. If ay # 0 then the hyper-
plane contains the point (d/aq,0,...,0); if as # 0 then the hyperplane contains
(0,d/as,0,...,0); etc.

89. Systems of linear equations and linear transformations

Previously we looked for simultaneous solutions to a system of several linear
equations. We can view such solutions as those points where several planes intersect;
alternatively, we can view the system as describing a function from R" to R™.

Discussion: Consider the equations:

r+2y+32=3
Sr —y+2z=13
20 4+3y—2=0

We can view each equation as describing a plane in R3; a simultaneous solution
to these equations is a point (x,y,z) that is on all 3 planes. So we can view
simultaneous solutions to this system of equations as the points where the planes
intersect.

To find the points on the intersection of these planes, we use algebraic operations
to rearrange these equations into an equivalent system of equations from which
it is easy to determine the simultaneous solutions. There are several elementary
operations we can perform so that we do not lose any information conveyed by
these equations:

(1) Add (or subtract) a multiple of one equation to another (but do not eliminate
from the system the one equation);

(2) Multiply an equation by a nonzero number;

(3) Rearrange the order of the equations.

To demonstrate, we look for the simultaneous solutions to the above system of
3 equations.

First, let us subtract 5 times Equation 1 from Equation 2, eliminating x from
the 2nd equation, and obtaining the equivalent system of equations:

T+2y+3z2=3
—11y — 132 = -2
20 4+3y—2z=0

Now we can subtract 2 times Equation 1 from Equation 3, obtaining the equivalent
system of equations:

r+2y+32=3
—11ly — 132 = -2
—y—T72=—6
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Now let’s multiply (the new) Equation 3 by —1, then swap its order with (the new)
Equation 3, obtaining the equivalent system of equations:

T+2y+3z2=3
y+72=6
—1ly — 132 = -2

Now we add 11 times (the new) Equation 2 to (the new) Equation 3 to get an
equivalent system:

r+2y+32=3
y+72=6
64z = 64

The system of equations above is equivalent to our original system, yet from this
last system we can easily determine which (z,y, z) satisfy the system: We must
have z = 1, and hence y +7 =6, or y = —1, and so x —2+3 =3, or z = 2. (To
check, one can substitute these values into the original system of equations, and
verify one’s algebra was done correctly.)

Note: We could also carry on with manipulating the system of equations to arrive
at this solution: Multiply (the new) Equation 3 by 1/64, then subtract 7 times (the
newest) Equation 3 from Equation 2, obtaining:

r+2y+32=3
y=-1

z=1

Finally, we subtract 2 times (the new) Equation 2 from Equation 1, and we subtract
3 times (the new) Equation 3 from (the new) Equation 1, obtaining:

r =2
y=-1
z=1

Discussion: Not every system of linear equations has a solution; when this occurs,
we call the system inconsistent. For example,

r—3y=1
Tr—2ly=1

is inconsistent. Also, a system of linear equations can have many solutions; for
instance, consider

r—y+z=1
r+y+2z=0;
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this is equivalent to the system

r—y+z=1
20+ 3z =1,

which is equivalent to z = —22/3 4+ 1/3, y = «/3 —2/3. Thus for any = € R,
(x,z/3 —2/3,—2x/3 4+ 1/3) is a solution to the original system.

Discussion: Consider again the system:

r+2y+32=3
or —y+2z =13
2c +3y —2z=0

Instead of looking at this system as planes in R3, we can take a function point of
view: Define T : R? — R3 by

T((z,y,2)) = (v + 2y + 32,52 — y + 22,27 + 3y — 2).
Then we translate the previous system of equations to the single equation:
T((z,y,2)) = (3,13,0).

Solving the system of 3 equations is equivalent to solving this last equation.

Note: Since an element v of R3 is of the form (x,y, 2), T(v) literally translates to
T((z,y,2)). However, this use of double parentheses is awkward, so sometimes we
will write T'(z,y, z) when what we really mean is T'((x,y, 2)).

§10. Linear transformations from R"” to R™

The function 7' in the preceeding discussion is an example of a “linear transfor-
mation”, which is a particular type of function from R™ to R™, as defined below.
(Later in the course these will be defined more generally, as functions from one
“vector space” to another; here we give the translation of that definition when the
vector spaces are R™ and R™.)

Remark: We will often refer to elements of R™ as vectors, but we will ease our

notation and write v rather than v. Also, we often write 0 to denote (0,0, ... ,0) €
R™.
We recall the operations on elements of R™ introduced earlier: Given v =
(1,...,2y) and v' = (2],... ,2}) in R™ and a € R, we have
v+v = (v + 2y, + )
and

av = (X1, ... ,aTy,).
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Note that for any v € R",
v+ (0,...,0)=(0,...,0) +v=nu0,

and if v + w = v then w = (0,...,0). Thus (0,...,0) is the (unique) additive
identity in R™. Also, for any v = (21,... ,z,) € R", we have

U+w:(0,... ,0) ifandonlyif’u):(—xl,.“ 7_xn):_1'v.

Thus each v € R™ has a unique additive identity, denoted —v (and equal to —1-v).

Definition. A function T : R™ — R™ is a linear transformation if, for all v,v’ € R"
and all a € R, we have

T(v+v") =T(v) +T(),
and

T(av) = oaT'(v).

As we will discuss in subsequent sections, this function point of view is useful as
it allows us to use things we know about functions, systematising and simplifying
some of our computations and explanations. We consider now some examples.

Discussion: Consider the function 7' : R? — R? defined by T'(z,y) = (2% +y,z +
y?). To test whether T is a linear transformation, we take arbitrary v,v’ € R2
« E R; S0 for some x? y? 1./7 yl E R’ V= (x7 y)? /U/ = (x/7 y/)' Therefore

Tw+v)=T+a y+y)=(x+a"+y+y)% (@ +2")? +y+y).

On the other hand,

T(v) +T(W') = (z + % a® +y) + (@' + (y)% (") + )

=@+y*+2 + W) 2% +y+ (@) +y).

So it is not always the case that T'(v 4+ v') = T'(v) + T(v") (although sometimes
this equality does hold); in particular, with v = (1,1) and v' = (2,2) we have
T(v+v') = T(3,3) = (12,12), while T(v) + T(0') = (2,2) + (5,5) = (7,7). Thus T
fails to meet the first condition of a linear transformation.

Also, T fails to meet the second condition of a linear transformation: Let us first
compare T(av) and oT (v) for general o, v. So say v = (x,y) € R?, o € R. Then

T(aw) = T(az, ay) = ((ax)? + y, oz + (ay)?).
On the other hand,
aT(v) = a(z® + y,x +y*) = (a2 + ay, az + ay?).

Thus it is not always the case that T'(aw) = oT'(v). In particular, say a = 3 and
v =(1,1); then T'(aw) = T'(3,3) = (12,12) while oT'(v) = 3(2,2) = (6, 6).
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(Note that to show T is not a linear transformation, it suffices to show either
that T'(v + v') is not always T'(v) + T'(v"), or that T'(aw) is not always aT'(v).)

Discussion: Consider the function T : R? — R? defined by

T(z,y) = (z —y,x+y).

We first verify that T" meets the definition of a linear transformation; then we find
the solutions (z,y) to T'(x,y) = (1,1).

To verify T is a linear transformation, let us choose arbitrary v,v’ € R?. Thus
for some z,y,2',y € R, we have v = (z,y) and v' = (2/,y’). Then, using the
definition of 7" in this example we have

T(w+v)=T(+2,y+y)
=(z+2) - (y+y),(@+2)+ (y+y))
=@+ —y—y e+ +y+y).
On the other hand,

T(v)+T) =T(z,y) +T(z",y)
=@-yrt+y + @ -y, +y)
=(z—y+2' —y zty+a’ +y)
=(z+a2' —y-y zt+a +ty+y)
=T(v+).
So in testing whether T is a linear transformation, we see the first condition of the

definition is met. Now we take v as above, and choose an arbitrary a € R. We now
test the second condition for 7" to be a linear transformation:

T(ow) = T(ex(,y))
— T(az, ay)
= (ax — ay, ax + ay)
= (a(z —y),a(z +y))
- O_/(IL’ - Y, T+ y)
=aT(z,y)
= aT(v).

Thus T also meets this second condition, showing T is a linear transformation.

Now we determine solutions v = (x,y) to the equation T'(x,y) = (1,1). Equiva-
lently, we want to solve the system:

r—y=1
r+y=1
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Proceeding as we did in the previous discussion, we obtain an equivalent system of
equations:

r=1

y=20

This shows we have exactly one solution to the equation T'(x,y) = (1,1). However,
this is not always the case.

Discussion: Consider the function T : R? — R? defined by
T(I‘, y) = (I‘ - 297 —3z + 6y)

We first verify that T is a linear transformation; then we look for all solutions to
T(z,y) = (1,1), and all solutions to T'(z,y) = (7, —21).

To show T is a linear transformation, we choose arbitrary v,v’ € R?; so v =
(xz,y) and v = (2,y) for some z,y,z’,y’" € R. Then we compare T'(v + w) and
T(v) 4+ T(w):

Tw+v)=T(x+2",y+y)
=((z+a")-20+y),-3@+2")+6(y+y))
=(x —2y+2' -2y, -3z + 6y — 32" + 6¢')
= (x — 2y, =3z + 6y) + (2’ — 2y, =32 + 6y)
=T(x,y) +T(z",y")
=T(v)+T(").

Next, we take v as above (i.e. v = (x,y) is an arbitrary element of R?) and we
choose an arbitrary element a € R; we compare T'(av) and oT'(v):

T(aw) = T(az, ay)
= (ax — 2ay, —3azx + 6ay)
= a(x — 2y, —3x + 6y)
= al'(z,y)
= aT(v).

Thus T is a linear transformation.
Now we look for solutions to T'(x,y) = (1,1); so we need to solve the system of
equations:

r—2y=1
-3z +6y=1
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Adding 3 times Equation 1 to Equation 2, we see this system is equivalent to:

r—2y=1
0=4

The second equation in this last system is clearly false; this means there can be no
solution to this, or to the equivalent, original, system of equations.

Last, we look for solution to T'(z,y) = (7,—21). We look to solve the system of
equations:

r—2y="7
—3x + 6y = —21

Adding 3 times Equation 1 to Equation 2, we obtain the equivalent system of
equations:

x—2y="17
0=0

The last equation in this last system is always true, regardless of our choices of
x,y. So a solution (z,y) to the original system of equations only needs to satisfy
x — 2y = 7, or equivalently, z = 2y + 7. Thus the solutions to the system are all
(2y + 7,y) where y is any real number. So there are infinitely many solutions (z, y)
to the equation T'(z,y) = (7, —21).

In the Exercises, you prove the following.

Theorem 10.1. (a) Suppose S,T : R™ — R™ are linear transformations. Then
S+T:R"— R™ is a linear transformation.

(b) Suppose T : R" — R™ and S : R™ — R¥ are linear transformations. Then
SoT :R" — RF is a linear transformation.

Theorem 10.2. Suppose S,T : R* — R™ and R : R™ — R* are linear transfor-
mations. Then
Ro(S4+T)=RoS+RoT.

Our next two major avenues of investigation are (1) understanding when func-
tions, especially linear transformations, have no solutions or multiple solutions, and
(2) using “matrices” to represent systems of equations, or equivalently, to represent
linear transformations. We will then develop methods for testing the matrix asso-
ciated to a linear transformation 7' to determine whether an equation T'(v) = w
has no solutions, a unique solution, or multiple solutions. But before we proceed
to these topics, we discuss the “linearity” of linear transformations.

§11. “Linearity” of linear transformations from R"” to R™

We want to show that 7" : R™ — R™ is a linear transformation exactly when 7T’
is described by an m-tuple of linear expressions in the variables 1, zs,... ,z,. (In
the Exercises, you looked at specific examples of this.) We will then show that a
linear transformation maps lines to lines.
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Theorem 11.1. Say T : R™ — R is given by a linear expression in x1, ... ,xy; that
is, say T is given by T(x1,... ,xy,) = a1x1 + -+ + apxy, for fived ay,... a, € R.
Then T is a linear transformation.

Discussion of proof: Given this definition of T, we verify it satisfies the conditions
in the definition of linear transformation. So choose v,v" € R™ and o € R; we need
to show T'(v+v') = T(v) + T(v') and T'(av) = oT (v). We know v = (z1,... ,2,)
and v = (2f,...,2}) for some z;,x; € R. Thus:

Tw+v)=T(x1,... ,xs) + (2],...,20))
=T(x1+2),..., 2, +})
= a1z + 1)+ A+ an(@n +27,)
= (121 + - + apxy) + (@12] + - + anx),)
=T(z1,...,2,) +T(2},...,2))
=T(v)+T().

In the Exercises, you will show that for v € R", a € R, T'(aw) = oT'(v), com-
pleting the proof that this T is a linear transformation. [J

Theorem 11.2. Say fori=1,... ,m, T; : R — R is given by a linear expression
inxy,...,x, (and hence each T; is a linear transformation). Then with T : R™ —
R™ defined by

T(v) = (Ti(v),...,Tn(v)),

T s a linear transformation.

Discussion of proof: Choose v,v" € R™ and a € R. In the Exercises you will
show that T'(v +v") = T(v) + T(v').

By the preceeding Propostion, each T; is a linear transformation. Thus T;(av) =
aT;(v) for each i, so we have:

T(av) = (Th(aw), ..., Tyn(aw))
(

= (aT1(v),... a1y (v))
=a(Ty(v),... ,Tm(v))
= oT'(v)

Thus 7 is a linear transformation. [

Theorem 11.3. Say T : R™ — R is a linear transformation. Then for some
ai,...,an € R, T is defined by

T(x1,...,2n) =a121 + - + QpThy.
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Discussion of proof: Let’s first consider n = 2. We have T'(1,0) = a; for some
a; € R, and T(0,1) = ay for some ay € R. Now take any (z1,72) € R?. Since T is
a linear transformation, we have:

T((z1,%2)) = T((x1,0) + (0, 22))
= T((xho)) + T((07$2))
=T(z1(1,0)) + T'(x2(0,1))
— 23T((1,0)) + 2T((0, 1))
= T1a1 + T202
= a1x1 + asxxs.
Now say n > 2; how does this argument change? [

Theorem 11.4. Say T : R™ — R™ is a linear tranformation. For v € R™, write
T(v) as (T1(v),... ,Tm(v)). (So for each i, 1 <i < m, T; maps R™ into R.) Then
for each 1, T; is a linear transformation.

Discussion of proof: Choose v,v" € R", o € R. Since T'(v + ') = T(v) + T'(v'),
we have

(Ty(v+0"),... , Tn(v+0") = (Ti(v),..., Tn() + (11 (V),... , Tn(v")
= (Tl (U) +1 (U/)7 s aTm(U) + Tm(vl))

For these two vectors to be equal, the corresponding components must be equal,
meaning

Ti(v+0)=Ti(v)+ Th(V), ..., Tn(v+2") = Tpn(v) + Tn(v).

In the Exercises, you will verify that for v € R", a € R, T;(av) = oT;(v) for
each ¢ (1 <i <m). Hence T3, ... ,T,, are linear transformations from R™ to R. [J

Together, these theorems show the following.

Theorem 11.5. A map T : R™ — R™ is a linear transformation if and only if T
18 given by an m-tuple of linear expressions in n variables.

Discussion of proof: Suppose first that TR™ — R™ is a linear transformation;
define T, ... ,T,, : R™ — R so that

T(v) = (T1(v), ..., Tm(v)).
Then by Theorem 11.4, each T; is a linear transformation, and by Theorem 11.3,

Ti(x1,...,z,) is given by a linear expression in x1,... ,x, (1 <i<m).
Now suppose T : R™ — R™, and T'(z1,...,z,) is given by an m-tuple of linear
expressions in x1,... ,T,. SO
T(v) = (T(v), .., Ton(v))
where for each ¢ (1 <i <m), T;(x1,...,z,) is a linear expression in z1, ... ,z,. So

by Theorem 11.1, each T; : R™ — R is a linear transformation, and so by Theorem
11.2, T : R™ — R™ is a linear transformation. [J

Another property of a linear transformation is that it maps lines to lines (or
points).
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Theorem 11.6. Say T : R™ — R™ is a linear transformation. Then T maps any
line in R™ either to a line in R™ or to a point in R™.

Discussion of proof: Recall that we can describe any line in R™ by its “direction”
and a point on the line; thus a line L in R™ can be described as the set of points

L={aw4+w: aeR}

where v, w € R™ are fixed. (So v tells us the direction of the line, and w is a point
on the line.) Then the image of L under T is

T(L)={T(aw+w): a R}
={T(aw)+T(w): a€R}
={aT(w)+T(w): a€R }.

When T'(v) = 0, T(L) = {T(w)}, a point in R™ When T'(v) # 0, then T(L) is a
line in R™ with direction 7'(v) and containing the point 7'(w). O

Discussion: Notice that when L, L’ are parallel lines in R™ and T'(L) is a line
in R™, then T'(L') is also a line and is parallel to T'(L). T maps parallel lines to
parallel lines: A line L’ is parallel to L exaclty when L’ has the same direction as
L. So for L' parallel to L, we have

L={aw+w: aeR}, I'={av+w': a€R}

where v, w,w" € R™ are fixed, with v # 0. For T'(L) to be a line, we need T'(v) # 0.
In this case
T(L)={aT(w)+T(w"): a€R },

so both T(L) and T(L') are lines with direction T'(v).

§12. Injective and surjective functions
As we discussed previously, when T : R? — R? is defined by

T(x,y) = (x — 2y, —3x + 6y),

the equation T'(z,y) = (1, 1) has no solutions, while the equation T'(x,y) = (7, —21)
has infinitely many. That the one equation has no solutions shows that 71" does
not map R? onto R?, and that the second equation has infinitely many solutions
shows that T does not create a one-to-one correspondence between elements of the
domain of T" and elements in the range, or image, of T'. We present here the formal
definitions of these concepts.

Note: We write f : A — B to mean f is a function mapping elements of the set
A into the set B (so implicitly the notation f: A — B tells us that A, B are sets,
and f is a function).



26

Definitions. Say f: A — B. We call A the domain of f, and B the codomain of
f. The image of f is

FA) = {(f(a): acA)
={be B: b= f(a) for some a € A }.

We say f is surjective, or that f maps A onto B, if f(A) = B. We say f is injective,
or one-to-one, if f maps distinct points of A to distinct points of B; that is, f is
injective if f(a) # f(a’) whenever a # a’ (a,a’ € A). If f is both surjective and
injective, we say f is bijective.

Theorem 12.1. A function f : A — B is surjective if and only if for every b € B,
there is some a € A so that f(a) = b.

Discussion of proof: By definition, f is injective if and only if a # ' implies
f(a) # f(a’). The contrapositive of the statement A = B isnot B = not A,
and these 2 statements are equivalent. Thus f is injective if and only if f(a) = f(a’)
implies a = a’. [

Discussion: A function f: A — B is injective if and only if f(a) = f(a’) implies
a = a’. (Here it is implicit that a,a’ € A.)

Discussion: Define f,g : R — R by f(z) = 23 + 322 — 92 + 1, g(z) = €. Are
either of these functions injective? Are either surjective? (What does Calculus tell
us about the graphs of these functions?)

Theorem 12.2. Suppose f: A — B, g: B — C, and g is bijective. Then go f
18 injective if and only if f is injective, and g o f is surjective if and only if f s
surjective.

Discussion of proof: First suppose g o f is injective; we show this implies f is
injective. To do this, suppose we have f(a) = f(a’) for some a,a’ € A. Then
g(f(a)) = g(f(a’)), which means go f(a) = go f(a’). We have assumed that go f
is injective, so this means we must have a = a’. Hence f is injective.

Now suppose f is injective; we show this imples g o f is injective. Suppose
go f(a) = go f(a') for some a,a’ € A. Thus g(f(a)) = g(f(a’)). Since g is bijective,
we know ¢ is injective; thus, since g(f(a)) = g(f(a’)), we must have f(a) = f(a’).
Since f is injective, this means a = a’. Hence g o f is injective.

Now suppose g o f is surjective; we show this implies f is surjective. Choose
b € B; we must find some a € A so that f(a) =b. Let ¢ = g(b) (so ¢ € C). We
know that g o f is surjective, so there is some a € A so that g o f(a) = ¢. Hence
g(f(a)) = c¢. We also have g(b) = ¢, and we know ¢ is bijective, hence injective;
thus we must have f(a) = b. So we have found a € A so that f(a) = b where b was
chosen arbitrarily from B; this shows f is surjective.

Finally, suppose f is surjective; we show this implies g o f is surjective. Choose
¢ € C. We know g is bijective, hence surjective, so there is some b € B so that
g(b) = c. Also, f is surjective, so there is some a € A so that f(a) =b. Hence

go f(a) =g(f(a)) = g(b) = c.
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Since ¢ was chosen arbitrarily from C| this shows g o f is surjective. [J

Note: Suppose f: A — B, g: B — C. Arguments similar to those above show:

(a) if g o f is injective, then so is f;

(b) if f and g are injective, then so is g o f;

(c) if g o f is surjective, then so is g;

(d) if f and g are surjective, then so is g o f.
(The proofs of these statements are Exercises.)
Discussion: It is possible to have f: A — B, g : B — C where f is injective but
go f is not: Define f,g: R — R by f(x) = 23, g(z) = 22. What is go f? Isgo f
injective?
Discussion: It is possible to have f : A — B, g : B — C where g is surjective but
go f isnot: Define f,g: R — R by f(z) =22 +1, g(z) = +4. What is go f? Is
g o f surjective?
Definition. Suppose f : A — B is bijective; we define f~! : B — A by the rule
f~1(b) = a where a is the unique element of A so that f(a) = b. Note that since f
is surjective, given an arbitrary element b € B, there must be some a € A so that
f(a) = b; since f is injective, there is no other element of A that f maps to b.

Discussion: Define f : R — R by f(z) = 3z 4+ 1. Then f is injective: Suppose
f(z) = f(2'); then 3x + 1 = 32’ + 1, so 3z = 32/, and hence z = z/. Also, f is
surjective: Given any y € R, we have y = 3z + 1 for z = (y — 1)/3. Thus f is
bijective, and we can define f~! by the rule f~1(y) = (y — 1)/3.

Theorem 12.3. Suppose f : A — B is bijective. Then f~'o f is the identity map
on A, and fo f~! is the identity map on B.

Discussion of proof: We show that f~! o f is the identity map on A; in the
Exercises you will show f o f~! is the identity map on B.

We need to show that for any a € A, f~1 o f(a) = a. Take b € B so that
f(a) = b. Then

o fla) = f7H(f(a) = f71(b).

By definition, f~1(b) = a’ where o’ is the unique element of A so that f(a’) = b. But
we know f(a) = b, so a’ must equal a (remember that f is injective by assumption).
Thus f~1(b) = a, so

Thus f~! o f is the identity map on A. [J

Discussion: In the preceeding examples, we looked at functions f, g that are not
linear transformations. Here we consider a linear transformation 7' : R? — R3
defined by

T(z,y) = (2 —y,z + 3y, 5y).

(Why is this a linear transformation?) We claim that 7" is injective, but not sur-
jective.
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To show T is injective, suppose T(x,y) = T'(z',y") for some (z,y), (z',y’) € R2.
Thus we are assuming

(2z —y,z 4 3y,5y) = (22" — 3/, 2" + 3y, 5¢').

Hence 5y = 59/, so y = v'. Also, 2x —y = 22’ —3/; this together with y = ¢y’ implies
2¢ = 22', so x = a'. Thus (z,y) = (2/,y’) whenever T'(x,y) = T(2',y).

To show T is not surjective, we need to find some w € R? so that w # T(v)
for any v € R%. So suppose there is some v = (z,y) € R? so that T'(v) = (0,0,5);
we will deduce from this something patently false, which means we cannot have
T(v) = (0,0,5). The assumption T'(z,y) = (0,0,5) means 2z —y = 0, z + 3y = 0,
and b5y = 5. From this last equation, we must have y = 1. Then the other equations
tell us 2z = 1 and x = —3; for these to both be true, we must have 1/2 = —3,
which is absurd. Hence there is no v € R? so that T'(v) = (0,0, 5).

To show a function f does not satisfy the definition of surjective, we must produce
an element in the codomain of f that is not in the image of f; this is not always a
trivial task. However, for a linear transformation 7" : R™ — R™ we can “row reduce
the matrix for 77, a systematic process, to determine whether T is surjective; this
is developed in §15.

An important result regarding bijective linear transformations is the following.

Theorem 12.4. Suppose T : R™ — R™ is a bijective linear transformation. Then
T-1:R™ — R" is a linear transformation.

Discussion of proof: First, we know 7! : R™ — R" is defined (why?). Take
w,w’ € R™. So there exist v,v’ € R™ such that T'(v) = w, T'(v") = w" (why?), and
hence T~ (w) = v, T~ (w') =v'. Also, T(v+v') = w + w’ (why?). Thus

T w+w)=v+o =T Hw)+T ).

A similar argument show that for a € R, w € R™, T~ (aw) = T~ (w) (Exercise
12.8). O

§13. Injective linear transformations and kernels

In the previous section we discussed how to determine whether a function is in-
jective. It is in fact easier to determine whether a linear transformation is injective,
for as we will see, we only need to determine how many elements it maps to 0.

Theorem 13.1. Say T : R" — R™ 1is a linear transformation.
(a) T(0) = 0.
(b) For any v € R", we have T'(—v) = =T (v).

Note: For v € R™, —v denotes the additive inverse of v in R™, while —T'(v)
denotes the additive inverse of T'(v) in R™. For example, consider T : R? — R
defined by T'(z,y) = x — 2y. Then for v = (3,5) € R?, —v = (=3,-5), while
T(v)=T(3,5) =—7and so —T'(v) =T.
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Discussion of proof: (a) You prove this in the Exercises.

(b) (In the Exercises, you give an alternate proof of the theorem by using the
fact that —1 - (x1,...,x,) is the additive inverse of (x1,...,x,), and that T is a
linear transformation.)

Take v € R™. Then 0 = v —v = v + (—v). Thus T(0) = T(v + (—v)). From
the Exercises, we know 7'(0) = 0. Since 7T is a linear transformation, we know
T(v+ (—v)) =T(v)+T(—v). Thus

0=T(v)+T(—v).
Subtracting T'(v) (i.e. adding —7'(v), the additive inverse of T'(v)), we get —1'(v) =
T(—v), as desired. [

Definition. With 7" : R™ — R™ a linear transformation, we define the kernel of T’
to be
kerT ={veR": T(v) =0 }.

Discussion: Consider the linear transformation T : R? — R? defined by

What is kerT'? In this case the equations z — 2y = 0, —3x + 6y = 0 each say x = 2y.
Thus we have T'(v) = 0 exactly when v = (2y,y) with y € R.

Theorem 13.2. Say T : R™ — R™ 1is a linear transformation. Then T is injective
if and only if kerT = {0}.

Discussion of proof: First, say T is injective. From Theorem 13.1 (a), we know
T'(0) = 0; since T is injective, T' can map at most one element to 0, hence 0 € R"
is the only element 7" maps to 0 € R™.

Now say T'(v) = 0 only for v = 0. To show T is injective, let us suppose
T'(v1) = T'(vg) for some vy,v9 € R™. Then we have

0= T(Ul) — T(Ug).
From the previous theorem, we know —7'(ve) = T'(—v2); hence
0= T(Ul) + T(—UQ).

Since T is a linear transformation, we know T'(vy) + T(—ve) = T'(v1 + (—v2)) =
T(v1 —v2). Thus we have 0 = T'(v; — v3). We have assumed that 7" maps only 0 to
0, so we must have v; — vo = 0. Adding v, we get v1 = vy. Thus we have shown
that if T'(v1) = T'(vg) for some vy,v9 € R™, then v; = vy, or in other words, we
have shown that T is injective. [

Discussion: Again consider the linear transformation 7' : R? — R? defined by

T((z,y)) = (z — 2y, —3x + 6y),

and consider the equation T'(v) = (—1,3). Then v = (1,1) is a solution to this
equation. Since T'(v +w) = T(v) + T(w) for all v,w € R%, v = (1,1) + (2y,y) =
(1+2y,1+y) (y € R) is also a solution to the equation T'(v) = (—1,3). In fact,
this is a specific example of a general phenomenon:
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Theorem 13.3. Say T : R™ — R™ is a linear transformation, and wy € R™ is
fizred. Say v1 € R™ so that T(v1) = wy. Then T(v) = wy if and only if v = vy + v1
where vy € kerT'.

Discussion of proof: First, suppose v € R" satisfies T'(v) = wy. Thus T'(v) =
T (v1), and so

0=Tw)—T(n)=TwW)+T(—v1) =T(v—1v1).

Hence v — vy € kerT’; set vg = v — v1. Thus v = vg + v1 where vy € kerT'.
Now suppose vy € kerT’; set v = vg + v1. Then

T(’U) = T(UO + ?}1) = T(Uo) + T(Ul) =0 + wy; = w1,
completing the proof. [

§14. Matrices and representing linear transformations

An m x n matrix is an array with m rows and n columns. We will see that
we can use an m X n matrix of real numbers to represent a linear transformation
T : R" — R™, and we will see how to use matrices and matrix multiplication to
solve systems of linear equations.

Discussion: Consider again the linear transformation 7' : R® — R? defined by
T(x,y,z) = (x + 2y + 32,5z —y + 22,2z + 3y — 2).

We can represent T' by the 3 x 3 matrix

1 2 3
A=1|5 -1 2
2 3 -1

So column 1 has the coefficients on x in our definition of 7', column 2 the coefficients
on y, and column 3 the coefficients on z; row 1 corresponds to the first entry in
the triple given by T'(z,y, z), row 2 corresponds to the second entry of this triple,
and row 3 to the third. To rewrite our definition of 7" using matrices, we define the
product:

1 2 3 T lz + 2y + 32
5 —1 2 y | =1\ 52 —1ly+ 2z
2 3 -1 z 20 + 3y — 1z

Then solving the equation T'(z,y, z) = (3,13,0) is equivalent to solving

Aly | =1 13
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When we solved this equation in §9, we looked at a system of 3 equations and
used 3 types of elementary operations on the system to obtain an equivalent system
from which our solution was easily obtained. In the next section we will discuss
how to use multiplication by “elementary matrices” to solve this matrix equation.
Let us first discuss why we can represent any linear transformation 7" : R™ — R™
using an m X n matrix, and how to define multiplication of matrices.

Discussion: Say 7' : R™ — R™ is a linear transformation. Then as we saw in §11,
T is described by an m-tuple of linear expressions in the variables z1,... ,x,: For
v=(21,...,2,) € R", we saw

T(v) = (T1(v),... ,Tn(v))

where each T; is a linear transformation from R"” to R; also, we saw that each T; is
given by a linear equation

n
Ti(x1,. .. ,&n) = @121 + Q%2 + - -+ + QinTy = E ;T
i=1

for some a;; € R. Hence by knowing the values of each a;;, 1 <i<m, 1 <j <mn,
we can reconstruct T'; thus we represent T' by the m x n matrix A whose 7, j-entry
is Qi

ail a2 - Q1n

a1 a2 - a2n
A=

Gm1 Gm2 - Omn

(So row i corresponds to T;, and column j corresponds to the coefficients on x;
in the equations for the T;.) We sometimes abbreviate and refer to this matrix as
(ai;). We define

T a11%1 + @122 + -+ + A1pTn

n
T2 a1 + Aoy + - - - + Aoy, D jo1 015T;
A ) = . = vdots
. . n .
SUM_1 A T
L Am1T1 + Am2T2 +---+ AmnTn
Note that
n n
T(.%l,... ,.Z’n): E A15Tgy.- E AmjiZj | ,
j=1 j=1
€1
so the ith row of A [ : | is the ith entry of T'(z1,... ,x,).

Tn
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Definition. Define T : R” — R"” to be the identity map, meaning that for any
v € R", T(v) = v. Equivalently, T is defined by T'(z1,...,2,) = (21,... ,Zy).
Then the matrix representing 7T is

1 0 0 0

o1 0 --- 0
In=1. . . o

o 00 --- 1

meaning I,, has 1 for each i,¢-entry, and 0 for every other entry. I, is called the
n X n identity matriz; sometimes we simply write I for I,,, and call I the identity
matrix.

Note: For A an m x n matrix, I,,A = A and AI, = A.

As we are using matrices to represent linear transformations, which are functions,
we define addition and multiplication of matrices to reflect addition and composition
of linear transformations.

Definition. Let A = (a;;), B = (bi;) be n x m matrices. We define A 4+ B to be
the matrix with 4, j-entry a;; + b;;, and we write A + B = (a;; + b;;). Note that
since addition in R is commutative, A+ B = B + A.

Discussion: Let S,T : R?2 — R? be linear transformations represented by matrices

=(12) - 9)

6 8
A+B—<m m)'

Also, S(x,y) = (x + 2y, 3x + 4y), and T (z,y) = (bx + 6y, Tz + 8y). We define the
function S+ T by (S + T)(v) = S(v) + T'(v); thus

(S+T)(x,y) = S(z,y) + T(2,y)
x + 2y, 3x + 4y) + (bx + 6y, Tx + 8y)
6x + 8y, 10z + 12y).

Thus

= (
= (
More generally, we have:

Theorem 14.1. Say S,T : R™ — R™ are linear transformations; let A = (a;;) be
the matriz representing S, B = (b;;) the matric representing T. Then S +T is a
linear transformation represented by the matriz A + B.

Discussion of proof: We know from Theorem 10.1 (a) that S + T is a linear
transformation. Also, since A represents S and B represents 1T', we have

n n
S(.’El,... ,xn) = E A1jTgye- E AmjiZj |
j=1 j=1

n n
T(CCl,... ,:En) = E bljxj,... y E bijL’j
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Thus

n n n n
(S—|—T>(I‘1, ,In)z ZCLUIL‘J‘,... ,Zamja:j + Zb1j$j7... ;mejxj
j= Jj=1 Jj=1

J=1 J=1

n

n n n
a1;T; + E bljxj, cee E AmjiTj + E bijEj

7j=1

= (a1j +01j)aj, -, > (Gmj + bmj)a;
j=1 j=1
Since
" (a11 + bll)xl + (a12 + blz).flig + -+ (aln + bln):l?n
(A N B) x; (agl + bzl)xl + (a22 + bzg)xz +--+ (azn + bzn)xn
o (aml + bml)zl + (am2 + bm2)x2 + -+ (amn + bmn)xn

>_j(ay; + b1j)x;
>_j(az; + byj)x;

> (@mj + bmj)z;

we see matrix addition is equivalent to addition of the linear transformations the
matrices represent. []

We now define multiplication of matrices; as we will see, this corresponds to
composition of linear transformations.

Definition. Say A = (a;;) is an m x n matrix, and B = (b;;) is an n x r matrix.
Then AB is the m x r matrix with i, j-entry

(row i of A) - (column j of B)" = Z airbrj,
k=1

where (column j of B)* denotes the transpose of column j of B, meaning we trans-
pose the column into a row.

5 6

78

Discussion: Let A = <i1)> Z), B = (

). Then AB has 1, 1-entry

(1,2) - (5,7)=1-5+2-7 =19,

AB has 1, 2-entry
(1,2)-(6,8) =1-6+2-8 =22,
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AB has 2, 1-entry

(3,4) - (5,7)=3-5+4-7=43,
and AB has 2, 2-entry

(3,4) - (6,8) =3-6+4-8=50.

(Note that here we have inserted commas between the entries of the matrix entries.)

Thus
19 22
AB = (43 50> '
Discussion: Given matrices A, B, when can we take their product? We need to

be able to compute these dot products. Can we take the dot product of any two
vectors? For instance, does (1,2) - (3,4, 5) make sense?

1 2 3 7 8 .
SayA—<4 5 6)’B_(9 10).ThenvvecamnotmultlplyAB, but

7 8\ (1 2 3

BA_(g 10) <4 5 6)
(71484 T-248.5 T-3+86
“\9:14+10-4 9-2+410-5 9-3+10-6

(39 54 69

~\49 68 87 )°
Definition. Say A is an m x n matrix. It is not difficult to verify that for I, the
m X m identity matrix, I,,A = A, and for I,, the n x n identity matrix, Al, = A.

Discussion: Say 7,5 : R? — R? are the linear transformations defined by
T(.I,y) = (256 + Yy, =7 + 39)7 S(IIZ‘, y) = (:B + 5y7 =Tz + 4y)
Then the composition S o T is given by
SoT(x,y) =S(T(z,y))

=52z +y,—x+3y)
= ((2z +y) +5(—z + 3y), =72z + y) + 4(—z + 3y))
= (—3z + 16y, —18z + 5y).

Now let A be the matrix for S, B the matrix for T'. So

= (G 0) = ()
(5 D5 ) -(5 %)

which is the matrix representing S o T

The product AB is

In general, we have:
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Theorem 14.3. Say S : R™ — R!, T : R®™ — R™ are linear transformations
represented by the matrices A = (a;5), B = (b;;) (respectively). Then S oT is a
linear transformation represented by the matriz AB.

Discussion of proof: (In the Exercise, you verify this theorem when n = m =
t = 2.) We know from Theorem 10.1 (b) that SoT is a linear transformation. Since
B = (b;;) represents T', we know

T(:L‘l,... ,flfn): Zbljl‘j,... ,anjilj'j
J J

(where in these sums j runs from 1 to n). Similarly,

S(y17"' Jym) = (Zalkyka“' 7Zatkyk:>
k k

(where k runs from 1 to m). Thus
SOT(IL‘l,...,l‘n):S Zblle‘j,...,anjI‘j
J J
= Zalk Zbijj youa ,Zatk Zbijj
k J k J
= Zalkbijj,... ,Zamkbijj
k,j k,j

Thus the ith entry of S oT(xq,...,xy,) is

(Z aikzbkl) 1+ + (Z aikbk:n) Ty
k=1

k=1

So the matrix representing S o T" has ¢, j-entry

m
E aikb;j,
k=1

which is the i, j-entry of AB. Hence AB is the matrix representing S o 7. [

Theorem 14.4. Matriz multiplication is associative, and matriz multiplication
distributes over matrix addition.
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Discussion of proof: First, say A, B,C are matrices of sizes s X t,t X m, m xn
(respectively). Let R : Rt — R*, § : R™ — R T : R® — R™ be the linear
transformations associated to these matrices. Then A(BC) is the matrix associated
to Ro(SoT), and (AB)C is the matrix associated to (Ro.S)oT; since Ro(SoT) =
(RoS)oT, we have A(BC) = (AB)C.

Similarly, say A is a t x m matrix, and B, C are m x n matrices; let R : R™ — R?
be the linear transformation associated to A, and let S, T : R™ — R™ be the linear
transformations associated to B, C. Then we know B + C' is the matrix associated
to S+T, and A(B+C) the matrix associated to Ro(S+1T'). Also, AB is the matrix
associated to R o S, and AC the matrix associated to R oT. Since, by Theorem
10.2, Ro(S+T)=RoS+ RoT, we have A(B+C)=AB+ AC. O

§15. Echelon forms and elementary matrices

Here we see that when a matrix A has a certain shape, it is relatively easy to
solve an equation Av = w, and then we see how to use “elementary matrices” to
put a matrix into this sort of shape, called “reduced row echelon form”.

Definition. An m x n matrix is said to be in row echelon form if each nonzero row
begins with more zeros than the preceeding row (and thus any rows of zeros occur
below all nonzero rows). An m x n matrix is said to be in reduced row echelon form
if it is in row echelon form, and each leading nonzero entry in any nonzero row is 1.

Discussion: When a matrix A is in reduced row echelon form, it is easy to solve
an equation
T C1
Al =

Tn Cm

for the values of z;.
For example, consider the equation

1 2 3 1 5
0 1 4 T2 = 6
0 0 1 T3 7

Clearly we must have x3 = 7; then we must also have x9 +4-7 = 6, or equivalently,
x9 = —22. So we must also have z1 +2-(—22)+3-7 = 5, or equivalently, z; = 28.
Let us consider another example:

1 2 3 T 5
0 1 4 i) == 6
0 0 O T3 7
has no solution since we cannot have 0z; + Oze + Ozz = 7. (Thus the linear

transformation associated to the above 3 x 3 matrix is not surjective.)
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Finally, let us consider one more example:

X1

12 3 4\ (7 0

001 5 21=11

000 1/\™" 0
Ty

has many solutions, for the equation holds provided x4 = 0, z3 = 1, and x1+2x2 =0
(and this last equation holds for any x5 € R provided we have x; = —2x5). (Thus
the linear transformation associated to the above 3 x 4 matrix is not injective.)

Given any matrix A, we will see that we can left-multiply A by “elementary
matrices” to produce a matrix F'A in reduced row echelon form. We will also see
that a product E of elementary matrices represents a bijective linear transformation,
and that consequently, with v, w column matrices, the equation Av = w is solvable
for v exactly when FAv = Fw is solvable for v. Also, using Theorem 12.2, we will be
able to conclude that the linear transformation associated to A is injective exactly
when the linear transformation associated to F'A is, and the linear transformation
associated to A is surjective exactly when the linear transformation associated to
EA is.

The elementary matrices correspond to the elementary operations we used earlier
to solve a system of linear equation. Before defining elementary matrices in general,
let us consider an example.

Discussion: We revisit our initial example of §9, written as a matrix equation.

1 2 3 T 3
5 —1 2 y | =113
2 3 -1 z 0

We can “eliminate” the (2, 1)-entry of the 3 X 3 matrix by multiplying the equation
on the left by

1 0 0
-5 1 0
0 0 1
to get
1 0 0 1 2 3 x 1 0 0 3
-5 1 0 5 -1 2 y|l=1-5 10 13 |,
0 0 1 2 3 -1 z 0 0 1 0
or equivalently,
1 2 3 x 3
0 —-11 -13 y |l =1 -2

2 3 -1 z 0
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Next, we eliminate the (3, 1)-entry of the new 3 x 3 matrix by multiplying our new
matrix equation on the left by

1 0 0
0 1 0
-2 0 1
to get
1 0 0 1 2 3 x 1 0 0 3
0O 1 0 0 —11 -13 yl=10 1 0 -2 1,
-2 0 1 2 3 -1 z -2 0 1 0
or equivalently,
1 2 3 x 3
0 —11 -13 y | =1 -2
0o -1 -7 z —6

Now we multiply row 3 of our matrix equation by —1 by multiplying the equation
on the left by

1 0 O
0 1 0
0 0 -1
to get
1 2 3 T 1 0 O 3 3
0 —-11 -13 y|] =10 1 0 21 =1-2
0 1 7 z 0 0 -1 —6 6

Now we swap rows 2 and 3 by left-multiplying by the matrix

1 0 0
0 0 1
0 1 0
to get
1 2 3 x 3
0 1 7 y | = 6
0 —-11 -—-13 z —2

Next, we eliminate the (3,2)-entry of the new 3 x 3 matrix by left-multiplying the
matrix equation by

0
1

O O
—
—
= o O
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to get
1 2 3 T 3
0o 1 7 y| =16
0 0 64 z 64

Finally, we left-multiply our new matrix equation by

1 0 0
01 0
0 0 1/64
to get
1 2 3 T 3
0 1 7 y|l =16
0 0 1 z 1

We can easily solve this last equation: We must have z = 1, and so we must have

y+7-1=6, or equivalently, y = —1, and so we must have z +2-(—1)+3-1 =3,

or equivalently, x = 2.

Definition. Fix a positive integer m; we define 3 types of elementary linear trans-

formations on R", and we describe the m x m matrices that represent these.
Forl <k <m,1</¢<m,define Sy : R™ — R™ to be the linear transformation

that swaps the kth and /th entries of a vector in R™; so

v ikl
Ske(T1,. - ) = (24,...,2),) where 2, = z, ifi=k,
Tl ifi=4.

Thus the matrix Ej, representing Ske has (i, j)-entry
1 ifi=ji#k
1 if (4,5) = (k,0) or (i,7) = (L, k),

0 otherwise.

Notice that Sk, = Syg.
For1<k<m,1</¢<m,and a € R, a # 0, define Sg¢(a) : R™ — R™ to be
the linear transformation that adds « times entry ¢ to entry k; so

S X)) = (2,2 here 2/ =
ke(@) (@ Tm) = (21 Tm) where z; {axg+xk if i = k.

Thus the matrix Ey¢(«) representing Si(«) has (i, j)-entry

1 ifi=j,
a if (i,5) = (k,0),

0 otherwise.
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For 1 <k <m and a € R, a # 0, we define Si(«) : R" — R™ to be the linear
transformation that multiplies entry k by «; thus

Sp(a)(z1, ... yom) = (2, ... ,2,,) where x;:{ o
ar, ifi=k.

Thus the matrix Ej(a) representing Si(«) has (i, j)-entry

1 ifi=j5#Ek,

a ifi=75=k,

0 ifi#j.
Theorem 15.1. An m x n matriz A (with real entries) can be left-multiplied by
suitable elementary matrices By, ... , By so that By --- BgA is in reduced row ech-

elon form.

Discussion of proof: We present an algorithm to accomplish this.

First, consider column 1 of A. If column 1 of A consists of zeros, then there is
nothing we need to do to this column. Suppose column 1 has a nonzero entry in
row ¢; then we left-multiply A by an elementary matrix By to swap the first row
of A with row ¢ (if £ = 1 then By = I). Then we left-multiply by an elementary
matrix By to make the 1, 1-entry of BgA be 1. Now we left-multiply B;BgA by

elementary matrices Bs, ... , B, to eliminate the 1st entries in all rows below row
1

0
1 of B1ByA. Thus | . [ is the first column of (B, -+ B1Bp)A. So column 1 and
0
row 1 of this new matrix meet the conditions for reduced row echelon form.
Repeat the process described above, but focus on column 2 of (B, -+ B1By)A,
ignoring row 1; then proceed to column 3 (ignoring rows 1 and 2); etc. In this

way we find elementary matrices By, ... , By to that (B --- Bg)A is in reduced row
echelon form. [J

Discussion: Suppose A is is reduced row echelon form. Then we can left-multiply
A by a sequence of elementary matrices whose product is B so that BA is also
in reduced row echelon form with the additional property that if row k is nonzero
with its leading nonzero coefficient in column ¢, then the other entries in column /¢
are zeros. For instance, say

o = o
=~ ©

Then with

™
=}
|
(@)
O =
)
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we get
1 3 0 —26
BpA=10 0 1 7
0 00 1
Continuing, let
1 0 26
Bi=(0 1 0 ];
0 0 1
then
1 3 0 0
BiBpA=110 0 1 7
0 0 0 1
Finally, setting
1 0 0
By,=1|10 1 —-7],
0 0 1
we get
1 3 0 0
ByB1BpA=|0 0 1 0
0 0 0 1

Discussion: Suppose A is in reduced row echelon form with the additional property
that any column with the leading nonzero entry of some row has zeros as its other
entries, and suppose and no row’s leading nonzero entry lies in column ¢. Then A
represents a linear transformation that is not injective: For instance, suppose

1 0 5 0

A=10 1 3 0

0 0 0 1

Thus

N s N
A =|3] and A4 =13
0 0 1 0

0 0

Discussion: Say A is an m X n matrix in row echelon form. So each nonzero row
begins with more zeros than the preceding row, so row ¢ begins with at least ¢+ — 1
zeros, or row i is a row of n zeros. If A has a row of zeros then A represents a linear
transformaion that is not surjective: For instance, suppose

A—

OO =
S = W
O Ut
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Then

=)

A(z//y//z)= |0

has no solutions.

§16. Surjectivity, Injectivity, and Inverses

Definition. For A an n x n matrix, say A is invertible if there exists an n x n
matrix B so that BA = I, = AB; in this case we call B the inverse of A, and is
often denoted A1,

Theorem 16.1. Suppose B is a product of m x m elementary matrices; then B
represents a bijective linear transformation S : R™ — R™, and B is invertible. Thus
if A is an m X n matriz, then Av = w is solvable for v if and only if BAv = Bw is
solvable for v.

Discussion of proof: We know that the composition of bijective maps is again
bijective, and the composition of linear transformations is a linear transformation;
thus we need verify that each of the three types of elementary linear transformations
is bijective.

Recall that Sg, is the elementary transformation that swaps the kth and /fth
entries; so if we apply Sk¢, the kth and ¢th entries are swapped back to their
original positions. Thus Sk o Ske(v) = v for any v € R™; so Sk is its own inverse,
and Sy is bijective.

For a € R, Sie(a) is the elementary transformation that adds « times the (th
entry of a vector to the kth entry of the vector. Thus Ske(a) o Ske(a) is the identity
map, and hence Sie(a) is bijective.

Finally, for « € R, o # 0, Sk () is the elementary transformation that multiplies
the kth entry of a vector by a.. Thus Si(1/a)o Sk(«) is the identity map, and hence
Sk () is bijective.

Thus S is a bijective linear transformation, so S~! exists and is a bijective linear
transformation. Let B’ be the matrix representing S~!. Then since S~! o S =
S o S~! = 4, the identity map on R™, we have B'B = BB’ = I,,. Hence B is
invertible.

Since B is invertible, the equation Av = w is equivalent to the equation BAv =
Bw. [

There are some immediate consequences of the above theorem.

Theorem 16.2. Suppose T : R™ — R™ 1is a linear transformation.
(1) If m > n then T is not surjective.
(2) If m < n then T is not injective.
(3) Suppose m = n; then T is injective if and only if T is surjective.

Discussion of proof: Let A be the m x n matrix representing 7', and let B be a
product of m x m elementary matrices so that BA is in reduced row echlelon form.
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Let S : R™ — R™ be the linear transformation represented by B; recall that since
B is a product of elementary matrices, S is bijective.

(1) Suppose m > n. We know row n of BA must begin with at least n — 1 zeros;
since m > n, row m must begin with at least n zeros. But each row of BA has
exactly n entries, so row m must be a row of zeros. Hence

0

X1 .

BA| : | ="
’ 0

Ty 1

has no solution, which means S o T is not surjective.
(2) Suppose m < n. Then

T 0
A : =
Tn 0

is equivalent to a system of m linear equations in n variables. From experience (and
discussed more thoroughly in Appendix 16A), such a system either has no solutions
or more than one solution. Since ;1 = --- = z,, = 0 is one solution, the system
must have more than one solution. Hence T', the linear transformation represented
by A, cannot be injective.

(3) Suppose m = n. First, suppose BA has k > 1 rows of zeros. Then

0

X1 .

BA| | =]
’ 0

Ty 1

has no solution, and hence T is not surjective. Also,
T 0
BA | - =
Tn 0

is equivalent to a (consistent )system of n — k linear equations in n unknowns, and
hence it has more than one solution. Thus 7" is not injective.

Now suppose BA has no rows of zeros. Then because BA is in reduced row
echelon form, the nth row of BA begins with n — 1 zeros, and its nth entry must
be 1. Thus the (n — 1)st row of BA begins with at least n — 1 zeros, but cannot
begin with as many zeros as row n; hence the (n —1)st row of BA begins with n —2
zeros, and its (n — 1)st entry must be 1. Continuing, we find

1 * % -+ % x
0 1 *
BA = *

- O
—
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(where * denotes an unknown entry). Thus given any (c1,...,¢,) € R™,
I1 €1
BA| | =
T, Cn

has a unique solution. Therefore BA represents a bijective linear transformation,
and hence so does A.

Thus when m = n, either T' is niether surjective nor injective, or 1" is bijective.
Hence T is injective if and only if T is surejective. [J

In the Exercises you prove the following.

Theorem 16.3. Suppose A is an n X n matriz representing the linear transforma-

tion T : R™ — R", and suppose T is bijective. There there exists an n X n matrix
B so that BA=1= AB.

Somewhat similarly, we also have

Theorem 16.4. Suppose A, B are n X n matrices so that BA=1. Then AB = 1.

Discussion of proof: Let S,7 : R® — R"™ be the linear transformations repre-
sented by B, A (respectively). Thus BA = I represents S o T, meaning S o T is ¢,
the identity map on R™. In particular, this means S o T' is injective, and hence T
is injective. By Theorem 16.2, this means 7 is bijective. Thus 7! exists, and

T '=,077!
=(SoT)oT ™!
:So(ToTﬁl)
=SS0,
=S.

Since AB represents T o S and
ToS=ToT =,
we must have AB = 1. [J

§16A. Appendix: Linear transformations from R” to R™ when m <n

Suppose T : R™ — R™ is a linear transformation represented by the matrix A,
and suppose m < n. Let B be a product of elementary matrices so that BA is in
row echelon form. Thus with S : R™ — R™ the linear transformation represented
by B, we know S'is bijective and hence T is injective if and only if SoT is injective.
Also, we know BA represents SoT. Here we discuss why m < n implies that SoT
is not injective (and hence T is not injective).
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Let ¢;; be the i, j-entry of BA (meaning the entry in row i and column j of BA).
Note that since BA is in row echelon form, ¢;; = 0 whenever ¢ > j. Then with 0
the m x 1 matrix of zeros, the matrix equation

X1

T2
BA . =

[e)

Tn
is equivalent to the system of m equations

c11%1 + c12%2 + 1373 + -+ + Cigp + - + C1pTy, =0
C22T2 + C23T3 + - -+ Comy + - + ConTy, =0

€33T3 + -+ agm + -+ c3pT, =0

CrmmTm + -+ ClpTy = 0

(Note that some ¢;; could be zero, and then we must have ¢y = 0 for all £ > ¢
since BA is in row echelon form.) Since m < n, either some variable x; does not
appear in any of the equations, or (at least) one of the equations has more than one
non-zero coefficient. In either case, the system has infinitely many solutions: In the
first instance, one can set x; to any value, and the other variables x; to 0 and have
a solution to the system. In the second instance, one solves the system beginning
with a solution to the mth equation, and then using those values, proceeds to
solve the m — 1st equation, which includes at least one more variable than the mth
equation; then using all those values, one proceeds to solve the m — 2nd equation,
which includes at least one more variable. If the mth equation includes more than
one variable (meaning more than one variable has a non-zero coefficient), then this
equation has more than one solution, and the process of back-substitution leads
to more than one solution to the system. Otherwise, at some point in the process
of back-substitution one encounters an equation with (at least) two variables not
already encountered; so one finds more than one solution to this equation, and
hence the process yields more than one solution to the system. Consequently, the
equation
T

X
pal 7| =

I©

Tn
has more than one solution, which means the linear transformation SoT" represented
by BA is not injective, and as discussed above, this means T is not injective.

This argument is far from elegant. In §27, we use theory about vector spaces
and linear transformations to give a much simpler proof that when m < n, a linear
transformation 7" : R™ — R™ is not injective.
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§17. Augmented matrices: a computational device
We can use augmented matrices to abbreviate matrix equations.

(6 2)G)-(5)

We can abbreviate this equation using the so-called augmented matrix

< (1 2 | 3
A‘<5 ~1 | 13)'

Discussion: Consider

We left-multiply by

to get
~ (1 2 | 3
BoA_(o —11 | —2)'

Then with B; = ((1) _1(}11),

< (1 2| 3
BlBoA_(o 1| 2/11)'

Finally, with By = ((1) _12 ), we get

~ (1 0 | 29/11
BgBlBOA_(O . 2/11>.

This last matrix is an abbreviation for the equation

(o 1) () =),

. z\ _ (29/11
or equivalently, (y) = ( 2/11 ) .

Note that we cannot always reduce the left-hand side of an augmented matrix
to the identity matrix; this occurs when there are either no solutions or infinitely
many solutions to an equation. For instance, with

~ (1 =3 |1
A‘(? —21 | 1)’

1 0\~ (1 =3 | 1)\
(5 0)3-( 0 %)

we have
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this represents the equation

or equivalently the system

which has no solution.

Somewhat similarly, with

we have
1 0\~ (1 -1 1 | 1
(—1 I)A_<O 2 1 | —1)’
1 0 1 0 - 1 -1 1 | 1
0 1/2 -1 1 ~\0 1 1/2 | -1/2)°

Thus the solutions to the system

r—y+z=1
r+y+22=0
are the solutions to
r—y+z=1
+1 1
-2 = ——
) 5 9’
and these solutions are y + %z = —%, or y = —% — %27 and x —y+ 2z =1, or
le—ky—z:%—%z.

We can also use this method to find the inverse of a matrix (if this inverse exists).
Given a square matrix A, say we want to find A~!. So we want to solve for X the
equation

AX =1.

If A has an inverse, we can left-multiply the augmented matrix (A|I) by elementary
matrices until we obtain (I|B), which is an abbreviation for the equation I X = B,

which is equivalent to X = B. So X = B is a solution to the original equation
AX = I, meaning B=X = A~
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Suppose A is a square matrix but does not have an inverse; then A can be
row-reduced to a matrix with bottom row zeros. Thus we can left-multiply the
augmented matrix (A|I) to get (A’|B) where A’ is in row echelon form with bot-
tom row zeros. Also, B is a product of elementary matrices, and hence is an
invertible matrix. The augmented matrix (A’|B) is an abbreviation for the equa-
tion A’X = B, but A’X represents a linear transformation that is not surjective,
while B represents a bijective linear transformation. So the equation A’X = B has
no solution, which means AX = I has no solution.

§18. Determinants and volumes

The “determinant” of a matrix measures how the associated linear transforma-
tion changes the volume (and orientation) of a basic box. We will look first at how
elementary linear transformations change the volume and orientation of a basic
box.

Discussion: Consider elementary transformations on R2, and the box B with
vertices (0,0),(1,0),(0,1),(1,1). We know that an injective linear transformation
T maps lines to lines, parallel lines to parallel lines, and 0 to 0. Thus to understand
what 7" does to B, we only need to know 7'(1,0) and 7°(0, 1).

First consider the elementary transformation Sys; this maps (1,0) to (0, 1), and
(0,1) to (1,0). So S12 maps B to itself, but since it swaps the sides from (0,0)
to (1,0) and from (0,0) to (0,1), we consider the orientation of the box to have
changed. Correspondingly, the determinant of this transformation is defined to be
—1.

Next consider the elementary transformation Si2(a) where o« € R. This maps
(1,0) to itself, and (0,1) to («, 1); so the base of B is left fixed, but Si2(«) skews
B into a parallelogram, whose height is 1. The orientation is left unchanged; cor-
respondingly, the determinant of this transformation is defined to be 1.

Finally consider the elementary transformation Si(a), @ € R, a # 0. So this
maps (1,0) to («,0), and (0,1) to itself. So the orientation of B is preserved, but
its base now has length . Correspondingly, the determinant of this transformation
is defined to be a.

Definition. Let A be a square matrix. We define the deteminant, det A (sometimes
denoted |A|), inductively:
IfA=(a)is1x1,detA=a.
IfA= 11 12 is 2 x 2, det A = a11022 — 12021 -
G21 Q22
Say n > 2 and A = (a;;) is n x n. Let Ay, denote the (n — 1) x (n — 1) matrix
we obtain by eliminating from A row k£ and column /. Then we define

det A = Z(—l)e_lalg det Aqy.
=1

Discussion: With
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we have
3 5 -7
detA=|1 2 4
6 -1 9
2 4 1 4 1 2
=5 55 s oren s A
=3(18+4)—59—-24) —7(—1—12)

= 232.

Facts. For any k (1 <k <mn),
det A = Z(—l)e_kakg det Akg,
(=1
and for any ¢ (1 < /¢ <mn),

det A = Z(—l)k_éakg det Akg.
k=1

These facts can be deduced from another extremely useful fact:
det(AB) = (det A)(det B)

(presuming A, B are square matrices of the same size).

Discussion: An honest proof of the fact that det(AB) = (det A)(det B) is beyond
the scope of this course. However, we can give some intuition about why this is
true. Given n x n matrices A, B, these represent linear transformations from R” to
R™, and AB represents the composition of these linear transformations.

Say A represents T : R™ — R"™. We know that 7" maps lines to lines (or points),
and so T maps a fundamental unit box to a parallelopiped.

When n = 2, T maps the box with vertices (0,0), (1,0), (0,1) and (1,1) to a
parallelogram with vertices 7°(0,0), 7'(1,0), 7(0,1) and T'(1,1); sometimes (when
T is not injective) this “parallelogram” is actually just a line segment, or the point
(0,0). When n > 2, the situation is similar.

So det A tells us how 7' distorts distances and changes orientation.

For instance, A = represents the linear transformation 7' : R? — R?

1
1 0
defined by T'(z,y) = (y,z), and det T'= —1. So (without being precise and giving
all relevant definitions) this map T changes our usual orientation on RZ.

(5) (1) ., A represents T : R? — R? defined
by T(z,y) = (5z,y); det T = 5 and T stretches vectors by a factor of 5 along the
T-axis.

As another instance, when A =
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Another instance: when A = (1 2), A represents T : R? — R? defined by

3 6
T(z,y) = (z +2y,3(z + 2y)). So T maps all vectors to the line

L={a(1,2): a€R},

and so T' collapses any box to a line segment, which has 2-dimensional volume 0.
Also, det T = 0.

We know that when we compose 2 linear transformations 7, S given by the
matrices A, B, the composition T o S is given by AB. We can measure how T o §
distorts distances and changes orientation by measuring first what S does in this
regard, followed by what T does.

We can left-multiply a matrix A by an elementary permutation matrix Ejs to
swap rows k and ¢ of A; similarly, right-multiplying A by Ej, swaps columns k
and (. Using this observation together with the fact that det(BA) = det(AB) =
(det B)(det A) one can deduce (with some effort) the other formulas for computing
det A.

Theorem 18.1. Say A is an n X n matriz. Then det A # 0 is equivalent to A
being invertible. Thus for T : R™ — R™ a linear transformation represented by A,
T is bijective if and only if det A # 0.

Discussion of proof: We have seen that we can left-multiply A by a product
B of elementary matrices so that BA is in reduced row echelon form. When A is
not invertible, we have seen that BA has a row of zeros, and hence det(BA) = 0.
Since B is a product of elementary matrices, each of whose determinants is nonzero,
det B # 0; remembering that det(BA) = (det B)(det A), we see det A = 0.

When A is invertible, there is an n xn matrix B so that BA = [; thus det(BA) =
(det B)(det A) = 1 and hence det A # 0.

Now suppose T' : R" — R" is a linear transformation represented by A. By
Theorem 16.3, if T is bijective then A is invertible. Conversely, suppose A is
invertible; let S : R™ — R” be the linear transformation represented by A~!. Then
A7'A = T represents S o T, and AA~! = I represents T o S. Hence S o T is the
identity map; since the identity map is injective, this means 7' is injective. Also,
T o S is the identity map; since the identity map is surjective, this means T is
surjective. Thus if A is invertible, T is bijective. [



