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Abstract: Recent results of Katz and Sarnak [8, 9] suggest that the low-lying zeros of
families of L-functions display the statistics of the eigenvalues of one of the compact
groups of matriced/(N), O(N) or USp(2N). We here explore the link between the
value distributions of thd -functions within these families at the central point=

1/2 and those of the characteristic polynomizld/, 6) of matricesU with respect to
averagesovefO (2N) andU Sp(2N) atthe corresponding poifit= 0, using techniques
previously developed fdv (N) in [10]. For any matrix sizeV we find exact expressions

for the moments of (U, 0) for each ensemble, and hence calculate the asymptotic (large
N)value distributions foZ (U, 0) and logZ (U, 0). The asymptotic results for the integer
moments agree precisely with the few corresponding values knownfianctions. The
value distributions suggest consequences for the non-vanishihgfurictions at the
central point.

1. Introduction

For L-functions, as for the well-known Riemann zeta function, it is conjectured, and
widely believed, that the non-trivial zeros lie on the linesRe 1/2; this being the
generalised Riemann hypothesis (GRH). Whereas high on this critical line the zeros of
any givenL-function appear to have the same statistical distribution as the eigenvalues
of the groupU (N) of (large) N x N unitary matrices endowed with Haar measure
(otherwise known as the Circular Unitary Ensemble (CUE) of random matrix theory)
[13,14,12], Katz and Sarnak [8,9] have proposed that the low-lying zeros of families
of L-functions follow the statistics of the eigenvalues not alway& @V), but in some
cases of the compact groupgN) or USp(2N). This is supported by the fact that for

the function field analogue the equivalent of the Riemann Hypothesis is known to be
true, and Katz and Sarnak have discovered that zeta functions over function fields have
zero statistics which show exactly the behaviour just described.
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Conrey and Farmer [3] have extended this idea that the low-lying zeros of families of
L-functions show particular statistics to the study of the mean values éf-tbactions
L ¢ (s) within families at the central point = 1/2. They have found evidence that the
symmetry type to which the low-lying zeros subscribe also determines the behaviour of
these mean values. In particular, they conjecture that in gener@l-asoo,
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where they choos# (x) depending on the symmetry typ& (z) = |z|? for unitary
symmetry andV (z) = z for the orthogonal or symplectic cased;is a symmetry-
dependent constant; the famil§, over which the average is performed is considered to
be partially ordered by the conductet,f), of eachL-function; and the sum is over the
Q* elements withe(f) < Q. The symmetry type of the family manifests itself in the
expectation that it alone determines the valueg,afnd B (k). These functions are thus
universal, being independent of the details of the particular family in questién.on
the other hand, is expected to depend on the specific family involved.

Previously [10] we have studied mean values of the Riemann zeta function, which is
defined by the Euler product over prime numbers or a Dirichlet sum,
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for Res > 1, and by an analytical continuation in the rest of the complex plane. We
conjectured that the momentsofl/2 + it) high on the critical line € R factor into
a part which is specific to the Riemann zeta function, and a universal component which
is the corresponding moment of the characteristic polynom@l, 6) of matrices in
U(N), defined with respect to an average over the CUE. The connection bethaeth
the heightT" up the critical line corresponds to equating the mean density of eigenvalues
N /27 with the mean density of zer% log % This idea has subsequently been applied
by Brézin and Hikami[2] to other random matrix ensembles, and by Coram and Diaconis
[4] to other statistics.

Our purpose here is to extend these calculationS§ ®§2N) and U Sp(2N), and
to compare the results with what is known about théunctions. (OnlySO(2N) is
relevant, because a family @f-functions governed by (N) falls approximately into
two halves; one displaying even symmetry abost 1/2, and the other odd symmetry.
This latter class contributes zero to averages at the central value, while the zero statistics
of the former are expected to follow thoses® (2N).) We therefore consider the value
distribution of the characteristic polynomial a¥2 2N orthogonal or unitary symplectic
matrices,

2w,0) =[] (1- @) (- e0), ®

n=

averaged over these groups wides 0, which is the symmetry point for the eigenvalues,
justass = 1/2 is for theL-function zeros. In each case we derive an explicit expression
for (Z(U, 0)%), valid for all N, and from this obtain the leading ord§r— oo asymp-
totics, together with a simplified formula whens an integer. We also derive the value
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distributions of logZ (U, 0) and Z (U, 0). Comparing with results for various families

of L-functions suggests that, as fots), random matrix theory determines the universal
part of (1). This then provides further support for the programs of Katz and Sarnak, and
Conrey and Farmer.

2. Symplectic Symmetry

2.1. Random matricesin U Sp(2N). We are interested here in the group of symplectic
unitary matricesly Sp(2N). These are ® x 2N matrices,U, with UUT = 1 and
U'JU = J, whereJ = <_(3N I(’)V and Iy is the N x N identity matrix. For
these matrices, the eigenvalues lie on the unit circle and come in complex conjugate
pairs. Thus the characteristic polynomial related to such a matrix with eigenvalues
€01 ei0 o102 o=if2 LN o~i0N tgkes the form (3).

Our first step will be to calculate the momentsA(U, 0) defined by averaging with
respect to Haar measure. The joint probability density function of the eigenvalues is thus
[17]

(0 =0\ . (00 \\ s
Ns, 1_[ (sm( ! 5 />sm< ’42_ ’)) [ [sir® o
1<i<j<N k=1
1 2 N
= Ns, l_[ (E(cosej —cos@,)) Hsmzek, (4)
1<i<j<N k=1
with normalization constant
N . 2N2-2N
_ A+ N+ j) 2
NS[;:23N1_[F1 . 2 N2 T N (5)
jo LA+ DITA/24 7)) T N!
Noting that
N .
ZW.,0) = []|@-e)?
n=1
N
= 22N ]’[ sin?(6,/2)
n=1
N
=2V [ [ - costy), (6)
n=1

we proceed to

N 2w 2
s K
(Z(U. 0}, an) = Nsp 2 /O /0 46y - doy

1 2 N N
< 1 (E(cosej - cos@,-)) [ [sinox [ [(2 - cosdy)®

1<i<j<N k=1 n=1
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= Ng, 2Ns+2N= NZ/ f do - - dOy ]—[ (cosd; — cosh;)?
1<i<j<N

x H Sin? 6 H(l — cost,)’, (7)

n=1

which, after the transformatiary = cosf;, becomes

1 1
_N2
(Z(U, 0°)ygpan) = Nsp 2V 2NN /1.-./ldx1--.de [T &j—x)?
- - 1<i<j<N

N
x [T@ = x0¥2H @ + x)V2 ®)
k=1

There is a form of Selberg’s integral (detailed in [11]) which states that

f / [T 1= ]_[(1 X)L+ x)Ptdx;

11<j<l<n j=1

_ oyn(ni=D+n(a+p-1) 1—[ fTA+y + jy)C+ jy)T B+ jy)

FrA+y)l@+g+ym+j—-1)° ©)

if Rea > 0, Re8 > 0 and Rg > —m|n<_ Rey Reﬂ)

n’n—1’n—1

Inourcasey =1, = 3/2+sandB = 3/2, so

_ Ns+2N—N2oN2+N+N:
<Z(U’ O)S>USp(2N) - NSP 2™ 2 ’

5 1_[ Lr@+ HIE/2+ s+ HIG/2+ )
FQr@+s+N+,—1

_ 2N 1_[ T+ N+ )HIA/2+5+ j)
B T2+ HrA+s+N+ )

= Msp(N, s). (20)
We now consider the coefficients in the expansion
MSp(N 5) = ecls+czsz/2+c3s3/3!+c4s4/4!+-~'_ (11)

These coefficients are the cumulants of the distribution of Zdd, 0),
becausé/s, (N, s) is the generating function for the moments of this distribution:

o0

. J
Msy(N.s) = ((log Z(U, 0>>J>Us,,<zm%. (12)
j=0 '
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Since
N
log Mg, (N.s) = 2sNlog2+ » "(logT'(1/2+ s + j) +logT(1+ N + j)
j=1
—log'(1/2+ j) —log'(L+ s+ N + ), (13)
we find that
N
1= — IogMg,,(N 9o =2Nlog2+ > (¥ (1/2+ j) — ¢ A+ N+ ) (14)
j=1

is the first cumulant, while the higher ones are given by

ar N . ) — )
on = - 10g Msp (N, 5)[_o = ; (v @2+ -y P a+N+)).
(15)

wherey ) (z) = d J+1 logT'(z) is a polygamma function.
We seek the behaviour of these cumulants for lakgeFor the first we use the
asymptotic formula

¥(2) ~logz — - — Z an (16)

which holds when — oo with |argz| < 7, whereBy, are the Bernoulli numbers. Also,
we need the integral form of the digamma function,

t__ e—zt

1/f(z)+)/=/ e_—_df~ (17)
b 1

— et

Applying (17), we obtain

N 00 ,—t _ ,—(j+1/2)t 0o ,—t _ ,—(j+N+t

e —e ™ e —e ™

= 2N log 2 —dt—y— ————dt
e~ U+N+1 —(j+1/2)t

— e
= 2Nlog2+ Z f - dr. (18)

— e

We now interchange the summation and integration and perform the sum explicitly so
that we can integrate by parts to arrive at

o~ (N+21 o~ (@N+2)t

T+ @N+ 1)/ Tt

c1=2Nlog2— (N+1)/
e

1 [0 p—3/2 o~ (N+3/2)t
+—/ ———dt - (N+1/2)/ fdt.
2)o 1—e i
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Converting back to polygamma function notation via (17), then applying (16) as
becomes large, we see that

c1=2N10g2+ (N + )y (N +2) — (2N + 1)y (2N + 2)
1
—EW(3/2) + (N +1/2)y(N +3/2)

1 Y
= -logN + =
209V T3
For the second cumulant we need to use the asymptotic formula for higher polygamma

functions, valid ag — oo with |argz| < ,

+ 0N, (19)

e ¢]

. 2k +n = 1)!
v @ ~ (D" 1[(nzn 2n+ Z ((Zk)v%} (20)

k=

There is also an integral formula for the higher polygamma functions which will prove
useful:

o0 n_ —zt
w“kz>=<—1w—{/ e, (21)
0 l—et

This leads us to

@mu+ua yOA+N + )

0 4 (j+1/2)¢t o0 4 —(14+N+j)t
e—dt [ a). (22)
—t 0 1 _ e—t

Again we interchange the order of the summation and integration, perform the sum and
integrate by parts. The result, expressed in terms of polygamma functions, is

2= V@D~ W O@D + YN+ Y2+ (N + 2P VN +32
+ YN+ + N+ Dy PN +2 -y 2N +2) — 2N + Dy P 2N +2)
=IogN+1+y+IogZ—25(2)+0(N*1). (23)

The higher cumulants follow in a similar manner

N

0o sn—1,—(1/2+ )t 00 yn—1,—(1+N+j)t

j=1

1 00 tn—le—(3/2)t 1— e—Nt
= )/ 1—et 1—e*’dt

- l —2—N 1— —Nt
(1)f dr, (24)
1—e
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and so
00 =1~ (3/2)t

ym en= (=1 /0 l—e")(1— e—f)dt

_=1,=G/21 o m=2e=0/21 2,~(1/2)
= (=" —0+(n—l)/ dt

1—e!
1 [ tnfl —(1/2)t
- / e—dt
2)y T1—e

—(n — Dy 2(1/2) - %W*”(l/z)

1
= (=D"(n - ! [(2"_1 -Dtn -1 - 5(2" - 1)§(n)} : (25)

These expressions for the cumulants, inserted into (11), allow us to write the leading
order coefficient of the momenf, (N, s) as

Sp (N, s)
o N3/2+s2/2

fSp(S) = ||

3 52
= exp(—s + <1+ y +log2— —;(2)) — (26)

+Z(( et 1>c<n—1>——( e - 1);(n>) )

n=3

This coefficient can be expressed as a combination of gammafunctions and the Barnes
G-function [1, 16], which is defined by

o0
G(L+2) = @u)72e AR TT [ z/myre =@ ] (27)
n=1

and has zeros at the negative integers, with multiplicity » (n = 1, 2, 3...). Other
properties useful to us are that
G() =1, (28)
Giz+1 =T G,

and furthermore, fofz| < 1,

2
IogG(1+z)—(Iog(Zn)—l)——(1+y)—+Z( )" Ye(n —1)— (29)
n=3

Combining this with

logT'(1+z) = —)/z+2§(n)( 2 : (30)

n=2
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which holds for|z|] < 1, we see that, fos| < 1/2,
1 1 1
logG(1+s) — > logG(1+ 25) — > logT'(1+ 2s) + > logI'(1+s)

2 oo
_ Z S_ _ g’ 2 _\ngon—=1 _ _
=3 T AN @Y (Cr'@t-ven-1

n

1
—S(-D"@ - 1)¢(n)) = (31)
n

A comparison with (26) shows that

2/9 G(1+S)\/F(1+S)

=2/ , 32
Jsr(s) *CAI A ) 32)
for |s| < 1/2, and hence by analytic continuation for all
For integer moments the formula is simpler. Using (28) we see that
n—1
Gm =[]ro, (33)
j=1

and so for intege,

fo oy = 2712 GL+nmVTAFn)
P = S Gt 2Tt 2n)

_ eIl T W) VI +m)
JTT2L TG @+ 2n)
_ 2,,2/2(1_[?:1 T'(j)) v/n!
1244 — D!
— 2112/2 (1_[7:1(] - 1)!) \/m
J22=1321-242n=3. " (2 — 1)22n
— on2/2 (H;::L(j — DY VIV2---n—1yn
= J2J4- .. @\/zzn—232n—242n_4 (21— 222 — 1)2
n2)2 11202y — 2)2(n — 1)

2120 —13—14n=250=2.. (20 — 2)(2n — 1)
1

20/22X L [Ty 2] — DN

-1
=([]@i-o| . (34)
j=1

Following the ideas developed in [10], these integer coefficients have also been cal-
culated independently by Brézin and Hikami [2].

— 2112/2
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Having the generating functio®/s, (N, s), it is a short step to find the value distri-
butions of both logZ (U, 0) and Z(U, 0) itself. The distribution of lodZ (U, 0)/ log N
is

1 /> _.
— <_/ e—zy(x—logZ(U,O)/IogN)dy>
—00

27 USp(2N)
1 [ _
=5 ¢ Mg, (N, iy/logN)dy (35)
T J 00
1 [ _ivx criv/i iv/10g N)2/2+c3(iy/ log N)3/3!
= e~ 1YX pe1iy/10g N+ca(iy/l0g N)*/2+c3(iy/log N)®/ gy (36)
T
1 [ _ 1
=5 e‘ly" exp[(z logN + 0(1)) iy/logN
32 y3
—(logN + 0(1 — — 4 | dy.
(I0g N + O (1) 555 = (O ))3,(|09N)3+ } y

Thus

1 L
lim (§(x —logZ(U, 0)/log N))USp(ZN) = —/ e—zyx-i—zy/Zdy (37)
N—oo 2 )
=6(x —1/2),

and so the distribution of values of I&fU, 0)/ log N tends to a delta function centred
atx =1/2.

If we instead retain the? term in the exponent in (36), we have the central limit
theorem

. log Z(U, 0) [1 x2
lim (& ( a )> =, =— exp(——) , (38)
N—>oo< /€2 /€2 USp(2N) 21 2

wherec; andc; are related tav by (19) and (23), respectively. For finifé, the exact
distribution is of course given by (35), whebés, (N, s) is defined by (10).

1
It is not difficult to determine as well the distribution of the valuesZgt/, 0)og¥
Changing variables in (35), results in

1 0o .
(fo—zw.omm) o =s | T MgW.iy/logN)dy.  (39)
o0

and so
lim (50c = Z(U, 08 )y = —— ” emiv100x ,1v/2 gy,
N—o0 ’ P@2N) 2T X
1
= ;8(Iogx —1/2). (40)

Alternatively, we can examine the value distribution 2fU, 0). Denoting it by
Ps, (N, x), we see that

l o —iy .
Pgp(N, x) = E/ x" Mg, (N, iy)dy. (41)
—0o0
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Although Ps, (N, x) does not have a limiting distribution & — oo, we suggest the
approximation

1 [e'e) 2
Psy(N, x) ~ ﬁ/ exp[—iy logx +icty — ﬂ} dy
—00

2
1 ox (_(Iogx —c1)2> (42)
NS P 2co ’

and plot it, for two values oW, in Fig. 1 along with the exact distribution (41). It should
be noted that the approximation (42) is valid wheis fixed andN — oo, and more
generally is expected to be a good approximation wherxleg- —logN andN is
large, the lower bound being determined by the first pol&fgf (N, s).

P(x) P(x)

(@ (b)
02 /N 0.2
/ \ J— exact _ exact

0.15 asymptotic 0.15 - ——  asymptotic

0.1 0.1
0.05 0.05

X X
0 2 4 6 8 0 2 4 6 8

Fig. 1. Distribution of the values o (U, 0) for matrices inU Sp(2N), (&) N = 6, (b)) N = 42. The solid
curve is the exact distribution (41) and the dashed curve is the Miggproximation (42)

It may be seen from Fig. 1 thas, (N, 0) = 0. Although the approximation (42)
also tends to zero as— 0, it does not predict the correct rate of approach. This may
instead be obtained by examining the poles of the integrand of

N . . .
l—[ F(1+N+])F(l/2+ly+])d (43)

1 [

Ps, (N, x) = — x Iy Q2Ny .
s (N0 =53 /_oo LAT@2+ pra+iv+ N+ ) Y
These poles occur at the points= i(2k + 1)/2 and are of ordek, for k =
1,2,..., N, thenof ordewV for all higherk. Due to the factox ~'” it is evident that in
the limit x — 0, the lowest pole, that at = (3i)/2, gives the dominant contribution.

From the residue at that lowest pole we thus find that as 0,

N

a1 T+ N+ )HT()
. 1/25-3N
Psp(N, x) ~x7°2 53 I T(1/2+ HI(N+j—-1/2) (44)

j=1

2.2. L-functionswith symplectic symmetry. In the Introduction we gave a brief descrip-
tion of the mean values at= 1/2 for families of L-functions and the relation of these

to the symmetry type displayed by the low-lying zeros. Here we consider the case of
symplectic symmetry in more depth.
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If we again use Conrey and Farmer’s notation, as in (1), then in the symplectic case
they haveV (z) = z and find thatB (k) = 1kk+1) [3]- They also list several families
which are conjectured to have low-lying zeros with symplectic symmetry, the simplest of
which is the DirichletL-functions,L (s, x4), wherey, is a quadratic Dirichlet character.

The sum (1) is then over all such characters with condudtox D: asD — oo,

k
=D’ (3, xd) ~a—2ogphBed  ag)
D* = " \2 T(1+ 3k(k + 1))

whereD* is the number of quadratic characters included in the sum.

For this case the first few values gf for integerk have been found using number-
theoretic techniques to be [7,15,8] = 1, g2 = 2, g3 = 2% and, by conjecture,
g4 = 3- 28 It might be expected thag; is related to the random matrix moment
values calculated in Sect. 2.1, since it is believed to be purely symmetry-determined.
Our purpose now is to provide evidence in favour of this.

Making the identification

N = log(@"), (46)

and recalling that a8 — oo Ms, (N, k) ~ fg,,(k)N%"("“), we conjecture that for
symplectic families of.-functions

8k
I(1+ 3k(k + 1))

= fsp(k). (47)

Following the arguments of [10], the relation betwe€rand Q should arise from
equating the mean densities of zeros. For th&unctions we need the density near
s = 1/2 because we are dealing with thefunctions just at this point. In the case of
L-functions with quadratic Dirichlet characters, (45), the mean density at a fixed height
up the critical line increases Iikg}; log|d| as|d| — oo. Since the mean density of
eigenvalues of a matrix iV Sp(2N) is N/, we equateNV = (1/2) log D, and obtain
exactly the proposed relation, sinde= 1/2 in this case.

Itis then striking that the first few values ¢, at the integersfs, (1) = 1, fs5,(2) =
1, fsp(3 = 7z andfsp(4) = z35, agree precisely, via (47), with the values that Conrey
and Farmer report for the sympleciiefunctions.

Further evidence in favour of (47) is the success of a very similar conjecture relating
moments of the Riemann zeta function to averages &var) [10]. The only difference
is that in the case df(s) the average was along the critical line rather than over a family
of functions. This is not a significant difference, however, and Conrey and Farmer in
fact suggest that we think of the Riemann zeta function as a unitary family (with zeros
showing the statistics of the eigenvalues of matrices fto@v)) in its own right, where
we are averaging over special values of the farfiilil/2+i¢)} asr ranges over the real
numbers.

The validity of the conjecture (47) would imply many results on the value distribution
of the central values of symplectic-functions. The distribution for the logarithm of
symplectic families of.-functions, for example, is expected to behave for asymptotically
largeQ in the same way as that of the characteristic polyno@jalways remembering
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that N must be related to thé-function parameter via the density of zeros. This is
because the conjecture (47) can also be written as

i 1 1 k . Mg, (N, k)
Qlinoo (log QA)%k(kH)Q* fg}“ Lf(i) = alk) x (Nlinoo N Bk(+1) ) ., (48)
c(f)=Q

so the value distribution of Iogf(%)/ loglog Q4 defined by averages with( f) < Q,
would be, for large? and making the identification (46),

1 o[>
Vsp(x) = _271[ e "a(iy/logN)Ms,(N,iy/logN)dy, (49)
—00
leading to
1 OO ixy+iy/2
H _ —IXy—Tly
Jim Vs, () = [ OOa(O)e dy. (50)

Sincea(0) = 1, we see that this would imply that the distribution of bg(%)/
loglog Q4 is asymptotic té (x — 1/2), in just the same way as for log(U, 0)/log N.
Following the same line of argument, we suggest that

- .G logLs(3)
O )>f
3/2

im [T (2 ive-iver/ e iver/ ey 2es(in? (S 23+
= lim — a|l —=)e™" e 2 20Ty

N—oo 2T J_o Jc2
1 —x2
= ——exp| — ), 51
N p( 2 ) 1)

where(-) £ denotes an average over a fanifiyof L-functions, as in (1), and; andcz
are given by (19) and (23), respectively, again with the identification (46).

If we now turn to the distribution of values @ff(%) itself, Ws, (x), we can close the
contour of

1 o«
Wsp(x) = %/ x "a(is)Msp(N, is)ds (52)
—00

around the poles and obtain, as— 0, the dominant contribution from the pole at
s = (3i)/2:

1 lﬁ[ T'(1+ N+ HI()

o 12 —3N
Wsp(x) ~ x7%a(=3/2)2 I(N) 1A T(1/24+ HI(N+j—1/2)°

(53)

Jj=1

This is of particular note in the light of recent interest in the non-vanishing of the
central values of.-functions, see for example [15,6,5] and references therein. Clearly
(53) implies that as long as(—3/2) is finite for a particular family of symplectié.-
functions, the probability that the central value of thdséunctions lies in the range
(0, x) decreases like%2 asx — 0.
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3. Orthogonal Symmetry

3.1. Random matrices in SO(2N). We now consider the characteristic polynomial of
matrices from the groufO (2N). Here the eigenphases also come in complex conjugate
pairs, soZ (U, 0) takes the form (3), and the average at the péigst O is, once again

using the joint probability density function for the eigenphases dictated by Haar measure
[17],

2 2 1 2
<Z(U, O)S>SO(2N) — NOA /(; doy---doy 1_[ (E(COSQJ —COS@i))
1<i<j<N
N
x 2Ns l_[(l — cosh,)*

n=1
b b
=N022N_N2+N‘/ / doy---doy ] (cost; — cost;)?
0 0 e
1<i<j<N

N
x ]_[(1 — cosh,)’

n=1
2 1 1
=N0 22N—N +N.S‘f / d.x:l_"‘d.XN 1_[ (Xj—xi)z
-1 -1 1<i<j<N

N
< [J@—xHY2@ - x0)’, (54)
n=1

with a normalization constant

22N2—4N+1

(55)

N .
N I(N+j—1)
No =2 ,1]1 T+ )T —1/2)2 aVN!

We use the Selberg integral again, this time wite- 1, = s + 1/2 andg = 1/2,
obtaining

_ 2N—N2+Ns oN2—N+sN-+N/2+N/2—N
(z, O)S)SO(ZN) = Np 2 5.2 sN+N/2+N/

§ ’ﬁl T2+ j)T(s+1/24+ HT(A/2+ j)
iy rQrs+1+N+,;—-1

_ iy 2NN ﬁ T+ (s + j — 1/2T( — 1/2)

T(s+N+j—1)

j=1

_ s ﬁ C(N+j—DI(s+j—1/2)

JATG-12TG+j+N -1
= Mo(N, s). (56)
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As for Mg, (N, s), Mo (N, s) is the generating function for the moments of the log
of Z(U, 0), this time for the orthogonal ensemble, so if we write

Mo(N,s) = eqls+q2s2/2+q3s3/3!+q4s4/4!+'~~’ (57)

then the parametets are the cumulants of the value distribution of IBgU, 0). These
cumulants can be obtained by taking derivatives of

N
logMo(N. s) = 2Nslog2+ Y "(logI'(N +j — 1) +logT'(s + j — 1/2)
j=1
—logl'(j —1/2) —logl'(s + j + N — 1)), (58)

thus producing

d
= —logMo(N, ‘
9= gMo(N,s) o

N
=2Nlog2+ ) (¥(j—1/2)—¥(j+N—1),

j=1
Gn = d _ 4" log Mo (N, s)‘
-y (V"G -2 -y G+ N - D), (59)
j=1

forn=2,3,4,....
The asymptotic behaviour of these cumulants for lakgenay be recovered using
the techniques of Sect. 2.1. Starting withand using (16) and (17),

N 00 ,—t _ ,—(j—1/2)t 00 ,—t _ ,—(j+N-Dt

e e e e

= 2N log 2 — dt—y— _—dt

q1 g +,§—1 (/0 = Y /o 1 o +y
e~ U+N— 1);_6 (j—1/2)t

= 2N log 2+ Z / dr. (60)

—e 1

At this point we interchange the sum and integral, evaluate the sum and integrate by
parts, resulting in

o0 —2Nt
q1=2NIogZ—(N—1)/ dt~|—(2N—1)f tdt

1 [>® 6—1/2 oo —(N+1/2)t
- = dt N-—-1/2 —dt
5[ s =172 —

=2Nlog2+ (N — Dy (N) — (2N — 1)1//(2]\7)
+ %w(l/z) + (N = 1/2¢(1/2+ N)

Nt

1 y 1
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The second cumulant is determined similarly (with the help of (20) and (21)) to be

N 00 ,—(j=1/2)t 00 1 ,—(j+N—1)
te te
= —di— | ———adt
1 ]X_;(,/o 1—e? /0 1—e? )
_ /OO te=/2(1— e~ N /00 te N1(1— e_Nt)dt
o A-e)? o (A—e)?

o e_t/2 1 [>® te—t/z
= dt + - dt
,/(.) l—e? + 2 ,/0 l—e

0 ,—(N+1/2)r % ;o= (N+1/2t
- / —dt+(N 1/2) / —
0

1- —e!
00 —Nt © Nt
- / C __dr+(N-1 / c —di
o 1-
00 e—2Nt —2Nt
+ / dt (2N — 1) dt
o 1-

= —y(1/2) + Exp<1)(1/2) + ¥ (N+1/2)+ (N — 172y DN +1/2)
+Y(N) + (N =Dy PNV — y2N) — 2N — Dy D 2nN)
:IogN+1+y+Iog2+g§(2)+0<%). (62)

Finally, all the higher cumulants converge asymptotically to a constant,

o0 yn— 1 —t/2 1— —Nt
lim g, = lim ((—1)"/ —dt — (— 1"
N—o00 0

N—o00 l1—e? 1-—
y /-oo tn—le—Nt 1— e—Nt dt)
0o l—e? 1—e'
[e's] tn—lg—t/Z

Evaluating the integral in (63) by integrating by parts and then rewriting it as a pair of
polygamma functions,

Jim gy === Dy (=1/2) + %W—”(—l/z)

1
= (=1)"(n — 1! [(2"l ~DEn -1+ 52" - 1);(n>} . (69)

It is thus clear from (57) and the asymptotic form of the cumulants that the leading
order coefficient of the moments &f(U, 0) is
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. M Ns
lim __%S__fl
N—oo N§°/2-5/2

3
= exp[—gs + <1+ y +log2+ 5{(2))

fo(s) =
S2
2

— noon—1 1‘_ neon i
+’§<(—1) @77 =Dt -1 + 2( "2 1)((")) n} (65)

Examining the product form o/, (N, s) we see that the coefficient is expected to
have poles of order ats = —(2k — 1)/2, fork = 1,2,3.... Using (29) and (30), we
see that, fofs| < 1/2,

1 1 1
logG(1+s) — 5IogG(1+2s)+ Elogl“(l+2v) - Elogl“(1+s)
2

__7 3 5

= 2+<1+y+2§(2)> 5
- _\non—1 _ _ 1‘_ neon i

+n§:3: (( V'@ - Din =1+ 5(-D" @ 1)¢<n)) . (66)

and comparing with (65) we thus find that
G(1+ )T (14 2s)
VGI+ 2T (1 +s)

for |s| < 1/2, and hence by analytic continuation in the rest of the complex plane. This
clearly has the correct combination of poles.
This leading order coefficient reduces for integer moments, again using (28), to

(I T)) VIa+2m
JITLTO))T @+ n)
o (j=alG = DY) @)l
J/221-2320-3 (20 — 2)2(2n — Ln!
(IT'_1( — DY) v2'nly/ @i — D
n=14n=2. .. (2n — 2),/3=352=5... (20 — 1)n!
([T — DY) V2"

n—-1 .
22j:1]1n712n72 v (n — 1)\/32n7452n76 e (2n — 3)2
222 11202 (n — 2)°(n — 1)2v/?
on(n—1)/23n—-25n-3 . .. (2n — 3)1n—12n—2 (n—=1)

n—1 -1
=2" (]‘[(21 - 1)!!) . (68)

This result was also obtained independently in [2].

2

fo(s) =272 x (67)

fon) = 2712

— 2n2/2

— 2n2/2
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Once more, we can examine the value distributioZ @, 0) and its logarithm. The
value distribution of logZ (U, 0)/ log N is

(8(x —logZ(U,0)/10g N)) 50 2n)

1 [ _.
= e Y Mo(N,iy/logN)dy (69)
27 J_o
*° 1
= — exp —iyx + | —zlogN + 0(1) )iy/logN
2 J_ 2
y2 y3
—(|09N+0(1))W i(0( ))W+ --:|dy,
yielding the limiting distribution
Ilm (S(x—logZ(U 0)/logN))soeny = —/ e VXTI¥/2gy
= 8(x +1/2). (70)

This is a delta distribution as in the symplectic case, but this time centreg-at 1/2.
Keeping they? term in the exponent in the integral above leads to the central limit
theorem:

- q1 IogZ(U,0)>> [1 ( x2>
lim (8 + — =./—expl——). 71
N—>oo < (x /q2 /C]Z SO@N) 2 p 2 ( )

1
The value distribution o (U, 0)™9¥ is similarly straightforward to compute. We
see that

1 1 - )
(8(x = Z(U, 09N ))so2n) = ﬂ/ x"YMo(N,iy/logN)dy, (72)
—0o0

and so

1 [ . .
lim (5Cr — Z(U, 0)%7)) 5o 2n) = _/ o~iv100x 1312,
N—o00 2mx J_
1
= —§(logx + 1/2). (73)
X
We also examine the distribution simply 8{U, 0), Po (N, x). As
1 [ _.
Po(N,x) = —/ x Mo (N,iy)dy, (74)
27x J_oo
we can make the approximation
1 o0 2
Po(N, x) ~ —/ exp[—iy logx +iq1y — ﬁ} dy
2rx J oo

2
1 _ _ 2
_ RIS}
x/2mq 2q>

(75)
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P(x) P(x)
(@ | (b)
0.6 0.6 |
0.5 0.5
exact _ exact
0.4 0.4} |
03f \ - asymptotic 03} \ - asymptotic
0.2 0.2
0.1 0.1
X X
0 2 4 6 8 0 2 4 6 8

Fig. 2. Distribution of the values o¥ (U, 0) for matrices in the groug O (2N), with (&) N = 6 and p)
N = 42. The solid curve is the exact distribution (74) and the dashed curve is theNaagproximation in
(75)

valid asN — oo whenx is fixed (and, like (42), expected to be a good approximation
when logx >> —logN andN is large). The result (75) is plotted in Fig. 2 fof = 6
andN = 42 along with the numerically calculated exact distribution, from (74).

Unlike the symplectic case (and unlike the approximation (78))N, x) diverges
asx — 0. This can be seen by considering the poles of the integrand, which occur
ati/2,3i/2,5i/2,.... Once again it is the lowest pole, the simple one /&, that
dominates the integral as— 0. In this case we find that

v 1 ﬁ (N + j — DI'(j)

o =120
PotN.oy~x 2 vy v —12arG+ v =32

(76)
j=1

in that limit.

3.2. L-functions with orthogonal symmetry. We now turn our attention to families of
L-functions with a symmetry governed by an ensemble of orthogonal matiices.
functions of this type fall into two categories, even and odd, which are related to the
ensemblessO(2N) andSO (2N + 1) respectively. Of thd -functions comprising an
orthogonal family, approximately one half will have even symmetry, and the other half
odd symmetry, these latter vanishingsat 1/2.

Examples of such families are given in [3]. Referring to (1), in the orthogonal case
V(z) = zandB(k) = %k(k—l).As inthe symplectic case, the first few of the coefficients
g with integer coefficients have been calculated. The known valueg ael, g» = 2,
g3 = 23 and it is conjectured thay = 27 [3].

With N taking the place of log2#), we conjecture this time that

. 1 k
lim — Z Ly(3)" =ak) x fotk)/2. (77)
Q—o0 (log QA)zk(k 1) O fer
c(f)y<Q

The right-hand side is divided by two because the random matrix average was just over
SO(2N), whereas the sum over central values of théunctions contains an equal
number of functions contributing zero to the average; namely tfienctions with odd



Random Matrix Theory andl-Functions at = 1/2 109

symmetry abouwt = 1/2. Once again, we expect the relation (46) to follow from equating
the density of zeros of the-functions and the density of eigenphases of the matrices.

Having posed the conjecture (77), we check it against the known valuygs kfis
clear that the first four coefficient& (1) = 2, fo(2) = 4, fo(3) = § and fo(4) = 32
satisfy conjecture (77); that jg / T'(1 + %k(k —1) = fok)/2,fork =1,2,3, 4.

As for the symplectic case, we can examine what (77) implies about the value distribu-
tions of L-functions and their logarithms. Since thefunctions with odd symmetry are
zero ats = 1/2, we now restrict ourselves to averages over the orthogoffiahctions
with even symmetry. These are expected to satisfy (77) without the factor 1/2 on the
right-hand side.

The value distribution of log, ¢ (%) /log log Q4 for L-functions with even symmetry
(defined by averaging as in (77)) is expected to be given, for l&gend with the
identification (46), by

oo
Vo (x) = i/ e Sa(is/logN)Mo(N,is/logN)ds, (78)
2 J_o
and following the argument laid out for the symplectic case, this convergés #01/2)
asN — oo.
We can once again state a conjectural central limit theorem, this time for averages
over a familyF of L-functions withc(f) < Q governed by the symmet§O (2N):

7 logL; (3
im (6(x+ -2 — g{(Z)
Qo0 V42 Va2 F
—m 2T L (2 =N/ T iy VTP 2+430)% 65 P+ g
N—00 270 J_oo V92

1 x2
= —exp|l——=], 79
—eoo(-%) 79)
whereqi andg, are related to (61) and (62), respectively, via (46).

For the value distribution OLf(%) itself, which the conjecture suggests for lage
is

Wo(x) = %/ x Ba(is)Mo(N, is)ds, (80)

we expect that near = 0,

ﬁ LN +j = DI

1
~ L2 -N ;
Wo(x) ~x™a(=1/2)2 F(j—1/2T( +N —3/2)

I'(N)

(81)
j=1

the contribution to the integral (80) from the simple pole at i /2. For L-functions

with even symmetry from an orthogonal family for whiali—1/2) # 0, this analysis
therefore suggests that the likelihood that the central value vanishes is integrably singular,
and that the probability of a value in the ran@ex) vanishes as/2 whenx — 0.
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