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Abstract. We show that the set afitimately truesentences in Hartry Field’s Revenge-immune
solution model to the semantic paradoxes is recursively isomorphic to the sethdf true
sentences obtained in Hans Herzberger’s revision sequence starting from the null hypothesis.
We further remark that this shows that a substantial subsystem of second order number theory
is needed to establish the semantic values of sentences in Field’s relative consistency proof
of his theory over the ground model of the standard natural numbers:' Ao (second order
number theory with aA 3-Comprehension Axiom scheme) is insufficient.

We briefly consider his claim to have produced a “revenge-immune” solution to the seman-
tic paradoxes by introducing this conditional. We remark that the notion of a “determinately
true” operator can be introduced in other settings.
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1. Introduction.

In (Field, 2003) Field constructs a system of a theory of truth over ground
models M, with an additional conditional operates in the language. We
shall here use for illustrative purposgd4 = N, the standard model of arith-
metic, with £ the appropriate arithmetical language using the connectives
A, V, = and the two quantifiers, V; £ will be, just as for him, this language
augmented with the» connective, to be considered as an operator,and

as a predicate.)

The construction in (Field, 2003) Section 2 is in ordinal stages, where
each successor ordinal stage performs an entire construction of the “next
strong Kleene fixed pointa la Kripke. Thus the transition ofi — « + 1
involves the usual Kripkean monotonic construction over an assignment of
values amongs{0, 1, 5} to the “conditionals” of the formA — Bl,. (We
are suppressing the secondary ordinal subscript of this latter intermediate
construction, which Field calls the “mini-stages” - and also for the most part
suppresses.) The latter assignments are determined by semantic values given
at strictly previous (full) stages. We repeat his Clause 8 to illustrate:

iff (30 < a)(vy € [8,)(|Aly < |Bly),
iff (38 < a)(Vy € [8,0)(|Aly > |Bl4),
otherwise.

|A— Blo =

N e R

Although the motivations are entirely different (and this cannot be em-
phasised enough perhaps) the system here has stskingjural similarities



2 P.D.Welch

with the revision theory of truth using Herzberger style revision sequences
(cf.(Herzberger, 1982b),(Herzberger, 1982a)). For a revision sequence, know-
ing all truth values at some stage+ 1, we can read off which truth value
was assigned t@3 at stagea. from Tr(B). In Field’s system we have the
same effect: the “1 or non-1" semantic value®fat the previous stage is
imported for the next stage + 1 via |T — B|,+1: knowing these semantic
values means we know what happened before. There are similar, but differing,
considerations for limit stages. For Herzberger, at limit stages the extension
of T'r is determined through similar looking rules to the first two clauses in
the above definition, however there is no value}obut in this third case an
(arbitrary?) assignment of 0. In a single Herzberger sequence one can look at
the set ofstable sentenceshat is, those that from some point on have a set
truth-value. (We emphasise that we am consideringcategorical truth sets
in the style of Gupta and Belnap (Gupta and Belnap, 1993), where a global
averaging is obtained by considering all possible starting hypotheses for the
Herzberger revision process.)

The value§A — B|, are continuous at limitc{. his Continuity Lemma
for Conditionals). It then makes sense to defja| as the ultimate value of
| A

1« iff (36)(Vy > B(|Al, =1),
[Al[ =4 0 - iff (IB)(Vy = B(|A], =0),
. otherwise

N[ =

In Section 4 we discuss his claim that his system, having successfully
introduced a conditional operator, gives rise to a “revenge-immune” solution
to the semantic paradoxes. We do not believe that the proposed system is any
more immune to strengthened liar paradoxes than some already in existence.

Field asks if there aracceptable pointghat is ordinalsA so that for any
A we have thaf| A|| = |A|a. Section 3 of (Field, 2003) is devoted to proving
that there are such. For the paper it is sufficient for him to demonstrate the
existence of such points but he adds: “I believe a more informative proof
should be possible, which would show among other things that acceptable
fixed points ... occur befor®.” Here 2 is the next initial ordinal of cardinality
greater than that of the underlying modet that is being discussed - so here
for us this isw;. In fact his proof is simple and direct, but again adds that “the
price of its simplicity is that the proof is less informative than one might like
about the way the values of sentences change as the level increases towards
an acceptable point.” The purpose of Section 2 of this note is to give a further
proof (well, in fact 3 of them) for the existence of acceptable points (which are
all below(2). Probably none of them are “informative” in the latter sense he
might like, and we are not sure that there could be anything very illuminating
in general meaning for the “general” sentence given the complexity of
the notions involved. He shows that the least acceptable point is greater than a
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particular recursive ordina|y that is used in his iterations of a “determinately
true” operatorD. Theorem 2 below shows that the process of calculating se-
mantic values imecessarilycomplicated, and thus “how” a general sentence
achieves its ultimate value involves looking at the theory of quasi-inductive
definitions, or equivalently at the levels of thé@&el constructible hierarchy

up to L, - the first¥y-extendible level. We show (Theorem 3) that the least
acceptable point is in fact exactly this and so far beyond the first non-
recursive ordinalu;... Remark (ii) below also indicates the strength of the
proposed system: any system of analysis in which we can establish these
eventual semantic values is highly impredicative.

DEFINITION 1.1. (i) The set olltimate truthsD =4 {"A™ : ||A]| = 1}.

(ii) The set of(Herzberger) stable truths

H =4 {"A7 : Alis stably true in Herzberger’s revision sequence starting
from the null hypothesjs

In the above by “the null hypothesis” we mean the hypothesis that all sen-
tences are false, (or equivalently for our purposes this could be taken as “all
sentences are true”: any recursive starting distribution of truth values would
serve equally well). For the notion and properties of Herzberger’s revision
sequence the reader may consult that author’s papers already cited, or the
account in (McGee, 1991).

THEOREM 1.1. D is recursively isomorphic to the sét.

This setH has been noted to be equivalent to other sets of integers, defined
independently. We shall comment on this further in Section 3, but briefly, if
(@ is the complete arithmetic quasi-inductive set)ifs the¥,-truth set ofL -
(where¢ was named above), andSfis the set of (codes of) Turing programs
that have eventually some constant value on their output tape, when allowed
to run transfinitely (in the formalism of (Hamkins and Lewis, 2000)) then we
have:

Fact 1 The following are recursively isomorphic:

(i) S5 (i) O (i) Q; (iv) H.

Our third method of demonstrating the existence of acceptable points, is in
fact directed to adding a fifth sé to this list. The following theorem is what
we shall actually prove:

THEOREM 1.2. Let D be the set of ultimate truths in Field’s system. Then
D is recursively isomorphic t®.

The statement of the abstract, Theorem 1, then follows from the Fact quoted
above. We note the following further consequences:
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Remark (i) Using the above Fact 1 and Theorem 1.2 the set of ultimately true
sentences over arithmetic iscamplete quasi-inductive sehence Field’s
logic =r.c¢ is not axiomatisable.

Remark (ii) The “conservativeness proof” of (Field, 2003) Sect.6 (there per-
formed inZ F'C) can be effected in a sufficiently strong fragment of second
order number theory, but not ifi P (Kripke-Platek set theory) naA3-C Ay.

(For the latter theory see (Simpson, 1999%r notions concernindd P and
admissible ordinals see (Barwise, 1975).)

Similar results will hold for countable ground modeld that areac-
ceptable(this time in the sense of (Moschovakis, 1974)), that is, the least
(Fieldian) acceptable point forM will be the least>s-extendible ordinal
relative toM, and hence will be less thdi |, the least cardinal greater
than that ofM. We shall then have (in the appropriate language, and in the
appropriate sense) that,, is equivalent tal .. The proof of Theorem 1.2
(in the hard direction showing th&? is (1-1) reducible taD) is essentially
a demonstration that Field’s system carries hidden within it a construction of
the Gddel hierarchy of constructible sets up to the levélVe can show that
at stagex in his construction we have a uniform way of recovering certain
Yo-truth sets of the levelg,, of this hierarchy, whenever the latter is a model
of a sufficient amount of set theory. For other levels we seemingly do not
have a uniform way of doing this: although Field’s clauses are uniform for all
limit ordinals, the recovery of the truth sets for thg can be obtained from
{A : |A|, = 1}, but perhaps not alwaymiformlyso.? Happily below( there
are manyy whereL,, models this theory, includingitself; this allows us then
to exploit the uniformity at, in order to find the (1-1) function decodirg
from D.

We make a brief remark on our result concerniegursive isomorphism
(essentially a “computable translation” - this will be explicitly defined be-
low). One might hope for some more perspicaceous, or ‘natural’ translation
of Herzberger stable truths directly into Field’s ‘ultimate truths’, and hope-
fully vice versaWe think this unlikely. We do not really see one in either
direction: this is to do with the fact that the process of revision according to
revision sequences, has more in common with the supervaluation approach
than the Kleene strong jump that Field employs in his ‘mini-stages’: direct
translations seem to be ruled out by the incomparability of the methods. One
should also remember however, ttedk we ever dowith theories of truth
employing a system ofégel numbering over a model such as the standard
model of arithmetic, is to build a truth set using that particular coding scheme.
There are infinitely many choices of (sensible) coding scheme, all of which
only yield identical truth setsip to recursive isomorphisntHowever, even
bearing this in mind, there seems a difficulty in finding a meaning preserving
translation or mapping, between the stable truths and the ultimate ttuths.
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In the penultimate section we discuss a little the nature of the “revenge
immunity” claim, and the import of the methods used in Field’s consistency
proof. We claim that our argument shows that an extraordinary amount of
analysis - in the sense of a large fragment of second order number theory - is
needed for Field’s construction to work - well beyond anything that mathe-
maticians working in analysisi.€. the structure of the real continuum rather
than simply the natural numbers). In the final section we just remark that
“determinately true” operators could have been introduced in a Herzbergerian
revision theoretic setting.

2. The existence of acceptable points

First demonstrationThe construction of (Field, 2003) Section 2 is performed
within Z F'C using the ground modeW1. Itis in fact a very absolute construc-
tion, and absolute for transitive models 8F'C~, that isZ F'C without the
power set axiom (which is not used). Hencéliis a transitive sety, M € H
andH = ZFC~ thenH | “|Al, = j"iff |A|o = 7. Suppose, without loss
of generality, thaiM is countable. By the Collection Axiom we may assume
that there is some ordinah so that for allA € £+, if |A|, = j, for all suffi-
ciently largey, then there is any < o so thatvs > d4|Alg = |Al5, = J.
For the other4, ie those withl| A|| = £, which alternate value unboundedly in
the ordinals, we can again appeal to Collection to find, for any ordial,
some cardinal: > v so that if, sayA alternates its value unboundedly in the
ordinals, it does so unboundedly belgwin particular. (This already shows
that the class of acceptable points is unbounded in the class of all ordinals.)
But further, if H,, is the set of sets of hereditary cardinality less tpathen
H, isaZFC™~ model. Now by the bwenheim-Skolem theorem l&t < H
be a countable elementary submodeHoivith M € X. Let NV be a transitive
setisomorphic toX. (Such anV exists by the Mostowski collapsing Lemma.)
Let A < wy be the ordinal height oV. ThenA is an acceptable point: one
may easily verify thatA|, = |A|, for any A.

By modifying the argument one may show that there is in fact a closed
and unbounded séf C w; of acceptable ordinals.

Second demonstratio@ne could directly show that the construction, and
argument that there are acceptable points, can be performed notjustin
but in much weaker theories, for example, Kripke-Platek (KP) augmented
with aX.»-Separation axiom, or even in second order number theoryljth
Comprehension. (We aren’t advocating actuatyng this; that it could be
done will follow from the third demonstration). If this is granted, then we can
find countable models of such theories for which the construction is absolute.
That itcannotbe done in much weaker theories is also a concomitant of the
theorem.
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Third demonstrationThis contains the heart of this note. We shall define
an ordinal(. To see what this is we make the following observations. Xhe
nature of the defining clauses [ofl||, together with the absolute nature of the
construction, hint not only (a) that the definition of the functjpn|| can be
construed as a valuation coming from a quasi-inductive definition but (b) that
the first repeat point, that is the first acceptable poing,-ihis latter ordinal
has been characterised as the fiistextendible ordinal ((Burgess, 1986)
Sect.14), that is the first ordindlso thatZ has a propeE;-elementary end
extensiort: Equivalently it is also the first place where all Infinite Time Turing
machine (ITTM) computations have either halted or have entered an infinite
loop ((Welch, 2000) Thm. 2.1). In the next theoréirnis the periodicity, or
ordinal length, of that loop, or, equivalently, the ordinal height of that smallest
Y5 end-extension of... We shall prove:

THEOREM 2.1. Over the ground modeM = N of arithmetic, the first ac-
ceptable point\y = ¢. The class of acceptable points abayvis: {X.p|p €
On}.

To state explicitly at the outset, we shall reserve the werlirsiveto
have its usual standard meaning throughout this note. The notiBnof ()
“P is recursive inQ", for sets of integersP, ), says simply thatyp, the
characteristic function aP, is recursive in an oracle fa@p; alternatively put,
there is an index € w so thatyp is thee'th function recursive inY: xp =
{e}“. To say that two setB, ( arerecursively isomorphigwritten “P = Q")
is to say that there is a total recursbgection F' : N «—— N with Vn n €
P < F(n) € Q. For suchP, @ membership questions aboktcan be
converted by a pencil and paper algorithm to membership questions@bout
and conversely. For most mathematical purposes then, these sets are seen to
be isomorphic if not identical. A weaker notion, writtéh<; @, isthat“P is
(1-1) reducible taQ”, that is, there is a recursivgjection F' : N — N with
Vnn € P <= F(n) € Q. Here we could only paraphrase by saying that
membership questions?® P? can be converted into the questiors(?) €
Q7 againvia such an algorithm. Hence in this situation, as a slogghis‘at
least as complicated d3’. An effective version of the proof of the classical
Cantor-Schider-Bernstein theorem due to Myhill ((Rogers, 1967) Theorem
(VD)) showsthatP = Qiff P <1 Q& Q <1 P.

We introduce some further definitions.

DEFINITION 2.1. For z € L, we letp(z) =4 the leastx such thatr
Lo

For E a class of ordinals, |e* denoteF together with the set of its limit
points. E* is thus theclosureof E.
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DEFINITION 2.2. (i) Let ADM = {«|(Lq, €) = KP}.
(i) Let (7, | ¢ < w1) enumerateADM™* N w;.

Here “KP” denotes Kripke-Platek set theory in the langudge If o €
ADM it is called admissible Thenty = w, ™1 = wie, Where the latter
is the first non-recursive ordinal. Note thatD M is not closed:r, is not
admissible.

We shall make use of the following facts:

LEMMA2.1. (i) (=1 X =7x.
(i Vpu<¥-Iv<p L,=<s, L,

(() that 7z = £ is true for anyX,-extendible ordinak, as for any sucly
L¢ can be shown to be a modelB5-KP which is moreover a union of such;
¢ is thus a limit of “3s-admissible ordinals” even; this can be deduced from
the reflection properties enjoyed Byg-extendibles. (ii) uses, or rather is just
a restatement of, the leastness assumptiofQitogether with that ok being
the height of the least, end-extension of...

DEFINITION 2.3. LetC C w. We let41¢ =4 the complete:;-theory of
(Lc [C]€,0).

ALC may thus be identified with a set of integers codig sentences
in the languageC, . This set has itself a;-definition over the structure
<Lw16;k [C], €,C), which is uniform inC (that is, the defining formula is
independent of the choice of séY). Herew{, is the first ordinal not re-
cursive inC' (equivalently: not arithmetic id’) and is the first ordinal which
is admissible in the predicaté. (We shall henceforth drop the “ck” when
considering the first ordinal not recursive in so@iiewe shall keep it for the
first non-recursive ordinab;.x; the first uncountable cardinal is thus, to
avoid any confusion.)

DEFINITION 2.4. For . < w; let A2 = A, =4 the completeé,-theory of
(L., €).

Itis thusO =4 A, which we wish to show is recursively isomorphic to
D.

PROPOSITION 2.2.() Vo < & pr(A,) = 7;
(i) Az = A¢ and henceyr,(Ax) = ¢ = 7¢;
(i) Vo < 2 wit = 741.

Proof: (i): Assume:r < ¥ and letr = 7,; asT < X for no ¢ do we have
L¢ <s, Lr. We say that a set € L is (implicitly) ¥,-definable ovell if
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there is a¥Xy formulap(vg) so that inL, z is the unique set so that{z|, ..
We let A =4 sup{y | v is ¥,-definable overl,}. ThenA < 7. We shall
claim that\ = 7. But first we note

(1) Any v < X is Xo-definable over...

For, if 6 < X is Xs-definable overL., then note that anyy < ¢ is
actually 3, -definable fromd: this is because for any < ¥ we have that
L, E*Vao3f : w — a with f surjective”. (This latter assertion holds, since
if L; = “n is uncountable” we should be able to prove that there are even
p < v < nwith L, < L, even which would contradict our leastness
assumption ork.) Hence, given & < J, the global wellordering of_ is
¥.1-definable and so thé-least such surjective mapontos is X -definable
in Ly from§. Thus if f(n) = v then in turny is ¥, -definable fromj. Putting
this together with th&,-definition of§ yields aX,-definition ofy. QED(1)

Let A) be the complet&,-theory of (L), €).

(2) AL g A)\
Supposer € A,. As o is of the form Juvvy(u,v) for somey with all
guantifiers bounded, then for someave have that

Ly E=“c AV >n(Ly E-0)"& ¥y >vLy = o.

(v is thus the least point on from whichis seen to be true.) But now the
above yields § = +” asIl; over L,. Hencey is Xy-definable ovell, and
thusy < A. We conclude by the form of the above statement, since ~,
thato € A,.

QED(2)

(3) Ly <y, Lr.
This is trivial if A\ = 7 so assume otherwise. §f < A and¢(¢) is aX;
assertion about that is true inl.. butnotin L) then there is first ordina}l <
7 which sees a witness for the existential quantifiepothus L, = ¢(&).
We thus have (where is theXs defining formula forg):

“Jx(y(x) A g is the least ordinal so thdt, = p(z)".

This is a¥,-definition overL., of 4. Hencey < A. Hence (3) holds by the
upwards persistence &f formulae to any larger model. QED(3)

But (3) immediately implies (by the upwards persistenc&gformulae
between>; elementary substructures):

(4) AL :_> A)\-
Hence with (2) we have equality here. Buk = will imply that Ly <y, L,
which contradicts the leastness (@f ). To see this last point, leb(¢) =
JuVvp(u, v, £) be a¥s assertion abowt < A which holds inL,. As¢ < A it
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has a uniquely defining, formula#(vy) which is only true inL.- of ¢ itself.
HenceL is a model of the following:

“JrIu[f(z) A Yvip(u,v, )"

This is aX¥y sentence and so is id, = A,. It thus holds inL,. But
note thatd(¢) holds in Ly uniquely also: (a) ifL) = 33 (& # & A
0(&) A 6(&1)) then this is a sentence Ay which fails to hold in4, - a
contradiction; so (b) supposé, = 0(&) A & # £. By (3) we should again
have by the upwards persistence of fxeformulad(&) that L, = 6(&)
also a contradiction.

Hence\ = 7 =7, and p(A,) > 7. QED()

For (ii): hereX is the very least point where there is sothes ¥ with
L¢ <x, Lx. Further these two levels of thie-hierarchy have identical,-
theoriesj.e, Ay = A¢. Hencepy (Ax) = 7¢. That, = (is Lemma 2.1 (i)
above.

For (iii): again letr = 7,; we saw above in (i) that every € L, has a
Y5 definition. A, itself is thus a complet&s-truth set forL . (i.e. it contains
a record of all elementarg and= facts aboutZ) and arithmetically inA,
we can decode a wellordering C w x w of order typer. Hencewf“ > T,
However foranyB C N, B € L, ,, we have tha&;lB < 7,41. In particular

wflb < Tp41- QED

The X;-Separation scheme (see, e.g. (Barwise, 1975) Sect. 1.9) is the
infinite set of axioms which are the universal closure of axioms of the form:
FJuVv(v € u «—— v € w A p(v))
where p(v) is any ¥;-formula (possibly with other set variables). For us,
what matters is the following relatively easily proven fact (again see (Barwise,
1975), V 6.3 & 7.12):

PROPOSITION 2.3.Suppose? > w. Lg |= ¥;-Separation if and only if
{v < B ] Ly <%, Lg} is unbounded irg. If Lg |= X;-Separation then
B € ADM N ADM*.

PROPOSITION 2.4. (cf.(Welch, 2000) Thm 2.1} |= X;-Separation?

We shall use the following notation. Lét, = (Cqy.7, Co,r) WhereCor =
Co,r = @. Then fora > 0 set:

Cor={T — A:|T — Al =1};

Cor={A— L:|A— 1] =1}

In the above we have omitteddel corners, but we assume tldat C N,
after some suitable recursive coding, and pairingCefr with C, . Note
that if we set, fore > 0 :

Ct = (Cf 1, CF ) where we have taken:
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CotT ={A:|Alo =1}

C;F ={A:|A|, = 0},
then, for exampleC',41 7 is little different fromC;T, as the former is simply
the set of members of the latter withr* —" inserted before them (and
similarly for Co41, 7 ande;F m.m). Note that if¢ is acceptable in Field’s
sense, the@r = {T — A|A e D} andC¢p = {A — L|-A € D}.
HenceC is (1-1) reducible taD.

LEMMA 2.2. For. < X (i) A, is arithmetic inC,; (ii) wch = 7,41 ; (iii)
pr(C,) = 1,(0 > 0); (iv) if L;, = X;-Separation, themd, <; C,; moreover
this latter clause is uniform infor such models ofl;-Separation.

By “uniform in .” in (iv) above, we mean that the (1-1) recursive function
[N — N that effects the reduction ot, to C, is the same for each such
v < ¥ whereL;, = ¥;-Separation. Taking = ¢ shows thaD = A <;

C¢ <1 D. By Proposition 2.3 the hypothesis of (iv) is false i a successor
ordinal (and is also for many limit ordinals).

Proof of Lemma 2.2: We have mentioned th€. versions decorated with
the plus sign, as this allows the following formulation.

PROPOSITION 2.5.(Kripke) Cf is a completdI}’C" set of integers, (and
hence by the above remark, sais1).

This was proven by Kripke in the case when= 0, for his original theory
using strong Kleene. (A proof is in (Burgess, 1986).) By Field’s definition,
eachC is constructed as the Kripkean fixed point using this scheme, with
the distribution of semantic valu€s1/2, 1 assigned to the various sentences
involving the — operator. The proposition above then, is simply the rela-
tivisation of Kripke’s result to the “starting distribution” coded in@,. Once
we haveC is a completel‘[}’c(* set of integers, we may apply a result that
identifies such with th&; -theory of the least admissible set ovgy :

PROPOSITION 2.6.1f D C w, and D is a completell;"” set of inte-

gers, thenD* = ¥;-Theory of(L_»[D], €, D); in fact there is a recursive
1

bijectiong : N «—— N, so that uniformly for allD,

n € DV < g(n) € 31N Sent A <wa [D], €,D) = g(n).

In particular: C = ¥;-Theory of(L_c. [Ca], €, Ca).
1

The proposition is essentially obtained from the relativisations of the the-
orems of Kleene and Spector, (seeq.,(Rogers, 1967), Theorems XLI &
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XLIV) that classify thell} predicates on integers as thase-definable over
HY P (the latter the class of hyperarithmetic reals, together with the fact that
the reals ofL,,, , are those oY P).

We now proceed to the proof of the clauses (i)-(iv) of the lemma. First
observe that (i) follows from (i) and (iii) using Proposition 2.2(iii): first we
note that in general, iB is arithmetic inC, thenw? < w¢. Thusw® > 7,4
(using (i) and Prop 2.2 (iii)). Further, using (iii), a8C,) = 7., wlc,, < Tyl
Hence (ii) holds.

We proceed to prove (i),(iii),(iv) by induction on< X. For. = 0 they
either hold vacuously or are trivial. Suppose now n + 1, and (i) to (iv)
hold with n in place of.. A, is the completel,-theory of (L., €).

But note thatr,,; = 7, is the next admissible ordinal abowgand hence
is the height of the smallest admissible set contairifhgas an element:

T, = wy On (using for (ii) the inductive hypothesis.) As seIs,c,7 Cyl =L W

(becaused,, is definable over.,, andC, is arithmetic |nA,7) Using our
nomenclature above:
ALOr = 3-Th(L_ cn[ s €,C))=X1-Th((L+,, €, Cp)).

However theXs- theory of this structure is simply obtained: it is (recursively
isomorphic to) the Turing jump oA"“7. Thus:

(ALY = $5-Th((L,, €, Cy).
However4, is the “pureC-free” part of this theory, namely:

A, = EQ‘Th(<L7—L, <, C’fl> N ﬁé.
Putting this together one gets; <, (ALC")’, and the latter is arithmetic in
ALCn = of = Cy+1 = C, (where the last sentence of Proposition 2.6 is
used for the first (1-1) equivalence here). Hence (i) holds fern + 1, and
we even have thai, is recursive in the Turing jump af,. We have seen that
ALCn is definable ovetL,,, €) (using the parameteT,,) which is a member
of L, ; hencep(Avan) < 7,. But we have just asserted that:¢» = C,.
Hencep(C,) < 7, as well. But: < X, so we cannot have ther{C,) < 7,,
as otherwise we should also hapeA,) < 7, , and this would contradict
Proposition 2.2(i). This proves (iii) far. (iv) is vacuous for successor

We now suppose that< 3 is a limit, and the inductive hypotheses (i)-
(iv) hold forn < «. Ast < X we shall have thaL, is theX,-skolem hull of
@ inside L, (by using the argument of Proposition 2.2 again); thatisc
L. 3kL., E“p2[x]” where (p2|k € w) is the above recursive enumeration
of all ¥»-formulae of the languagé. with v, the single free variable. Thus
we have that any € L., is implicitly ¥5-definable for somé asy? [xz]. We
shall assume that the form of such formulae can be expressed as :

(%) @i (vo) <= Fuiviy(u, v, vp)
for someX .

We divide into cases depending on whethersatisfies thé:; -Separation
scheme or not. In the former we shall have a uniform (1-1) recursive way of
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recoveringA, from C,; in the latter case it is the presence of parameters in
the argument that seemingly prevent a uniform reduction.

Case L is a limit ordinal, butL,, ¥ >;-Separation.

Let (¢;]i < w) be a recursive enumeration of all; formulae of one
free variable of the languag€:. The case hypothesis assures us there is a
“Y-parameter’p € L., so thatL,, is theX;-skolem hull of the singleton
set{p}5. By the comment ort,-skolem hulls above, there isso thaty?
uniquely definep. Moreover, by the form at+) of the formulaey?, there
is ap so that for alle < t,a0 < @« — L, E“¢i[p]”; that isp is named
in the same way in the structurés, . * We then have the following chain of
equivalences.
€ Ay, <=4 Lr, = oilp]

< 360 > aVB > o Lr,, E*Lry = wilp]”

= 360 > ao¥B > Bo(Lry,,[Cpl,€,Cp) E*I (WR[B] A Loy F
ei[p])”

(using in the last equivalence the inductive hypothesis (iii)); the statement in
the last line’s quotation marks here is actually asentence irﬁec- about
k,l; so let us call thisy(k,[). Note that the magk,!) — o(k,l) can be
assumed recursive. Using the Proposition 2.6 the last equivalence becomes:
<= 300 > ¥ > fo g (o(k,1)) € CF
=g (o(k,1) € C,.

We thus havedl < C,. This implies thatd, is recursive in(Al )" <r
C]. Hence (i) hoIdsA is arithmetic inC,. This leaves (iii):;p(C,) £ 7, (for
other\leep((J) < 14 forana < ¢, henced, € L ; this is a contradiction
asA! ¢ L.,). HoweverC, is ¥5(L,,). Hencep(C,) = 7, as required.

Case 2 is a limit ordinal, andL,, = ¥;-Separation.

Now there is no such parameteas inCase 1Let(¢? | I € w) enumerate
all X,-sentences of ..
L€ A, g L =g}
< JagVB > ap Lo, = gp?
We should justify this last equivalence: suppggds Juvvy (u, v). (=) If
zis suchthatl,, = Vi (z,v), then we may choosey < ¢ with z € L, .
ThenV3 > ao L., | Yvyi(z,v). (<=) Let oy be as hypothesized. By
Proposition 2.3, findy < + with ag < yandL., <x, L,,. Nowif L. =
Yo (z,v), this is all; sentence aboutthat per5|sts upwards o, .8
Now, using similar reasoning:
<= JagVB8 > o Ly, F'Lry = ]
<~ Haovﬁ > ag <L7ﬁ+1[cﬁ]ﬂ €, Cﬁ) }:“Lp(C’g) 'Z ©; ”
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(again using in the last equivalence the inductive hypothesis (iii) as before);
now the sentence in quotes depends only/,0sp let us call ito (1), again
with [ — o(l) assumed recursive. For the same reasons, we have the last
equivalence:

<= JagVB > ag g (o(l)) € Cg

< g 1 (o(l)) €O,
ThusA, <; C, and the reduction hergt! o o) is independent of.

QED (Lemma 2)

Proof of Theorem 3.As stated at the beginning of thithird demonstratiofy
we could consider running Field’s construction insifleindeed insidels.
The defining clauses of his semantic value assignments f@fgracursion.
We note then:

(1) |A|¢=| Al for any sentencel of L. HenceC, = Cx.

Proof: Immediate from the fact that there is a unifo¥iy-recursion in the
sentence variabld that defines these values over dny; if A = 7, say, and
then |A|, will be ¥,-definable overL,. Focussing orl.¢, and Ly, respec-
tively, we have thal; <x, Ly, and the result then follows.

QED(1)
(2) If |[A|= 0 (resp. 1) theWa € (¢, X) |Alo=0 (resp. 1).

Proof: Suppose this were false for some particulawith, say,|A|-= 0, but
|Alo # 0. Supposes; < ( is such thav/3 € (5o, ()| A|g= 0. By supposition
Ly E Ja > (y|Ala # 0. The latter is &, sentence abouft and 3, and
will reflect down toL. (as all¥,-sentences about objectsin do). Hence
L¢ = Ja > By|A|o # 0. However this contradicts our choice/@f QED(2)

However (1) implies that the distribution of semantic values according to
Field’s clauses are exactly the same at stagad at stag&.. Hence they will
be identical at stagé + 1 andX + 1 and then at stages and> + ¥, etc.,
etc. We thus shall have a “periodicity” of lengkhin these “snapshots” of
semantic values. In short for any sententwe have thatA|. = |A|x., for
anyp > 0 (note that® is additively closed, sq + X = ). The force of (2)
is that any 0,1 semantic value assigned at stagea sentencel will remain
assignedt all later stagesAs (1) shows any sentence which has an unstable
value at stag€ will also do so at: and indeed by repetition as above, at any
stageX..p > (; we deduce thaf is an acceptable point.

(3) ¢ is the least acceptable point.
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Proof: To summarise, we have shown that there is a (1-1) recursive function
h : N = Nsothatd € Diff h("A") € C,iff h("A7) € C¢ wheref is
any acceptable point. Suppose for a contradiction ¢hat ¢ was the least
acceptable point.

We claim there is & < ¢ which is an acceptable point and furthies =
¥.1-Separation. This is becauge; |="There exist® > ¢ with Cy = C¢ and
Ly = ¥q-Separation” (¢ is such). Hence there is, By, -reflection such a
¢ below (. However then we have thaty = C,. This is a contradiction to
Proposition 2.2 (i), since, as we have segpjs recursively obtainable from

Cyp = C¢, we should have that(A;) < (. QED(3)
The sequence of sets of assignment values will then reappear with a peri-
odicity X, as required for the theorem. QED(Theorem 3)

Proof of Theorem 2Lemma 2 shows tha® <y D. However the argument
at (1) above shows that there isa formulay(vg) € L¢ so thatA € D
if and only if ¢(A) is true atL. (equivalentlyLy). HenceD <; O. The
result follows by Myhill's Theorem - the effective Cantor-Soter-Bernstein
Theorem mentioned above.

QED(Theorem 2)

3. Further equivalences.

We discuss some further equivalences. We state the result first before go-
ing on to discuss the seff Q being introduced.

Fact 1° The following are recursively isomorphic:

(i) 55 (i) A ; (i) @ (v) H.

We introduce some nomenclature (taken from (Hamkins and Lewis, 2000))
in order to talk about the class ffinite time turing machindTTM) compu-
tations. This will be the straightforward generalisation of that from ordinary
recursion theory. We letP.|le € w) be an enumeration of all ITTM pro-
grams (which are no different from ordinary Turing programs, apart from
the addition of a single newlitnit state’, ¢, to which the machine enters

at limit stages of time). We use the notation th&t (k) | [” to mean the
computation halts with output tape containing the stilirg 2. “ P.(k) | 0"
means that the computation halts, or eventually enters an infinite loop, but
that 0 (the infinite string of zeros) remains on the output tape (even if the
machine has not formally halted). Note there is, as expected, a third class of
computations: it may be that thé&th program on input loops without any
stable contents on its output tape, we denote this as usdalk) 1”. The
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definition of S to follow is a generalisation ofuring jump.

DEFINITION 3.1. S =4 {e : P.(0)|0}

A perhaps more understandable version of any of the sets we have been
considering is the sap, the complete arithmetic quasi-inductivaet of in-
tegers. To see whap is we follow Burgess (Burgess, 1986) (who distilled
this definition from that of a Herzberger revision sequence), and consider the
following.

LetI' : P(w) — P(w) be any arithmetic operator (that i “c I'(X)”
is arithmetic; we emphasise thBtneed be neither monotone nor progres-
sive). We define the following iterates of: I'o(X) = I'( X ); o1 (X) =
P(FQ(X)); P,\(X) = liminf,_,) PQ(X) = Ua<d Mr>g>a FB(X). We say
thatY C w is arithmetically quasi-inductiv€AQI) if for some such’, Y is
(1-1) reducible via a recursive function Iy, (2). Thecomplete arithmeti-
cally quasi-inductive sef), to which all others are similarly reducible, has
then also the various recursively isomorphic characterisations stated in Fact 1
above. The list of recursively isomorphic sets displayed in the Fact above all
arise from definitions or procedures that can be seen to fall under the scheme
of being arithmetically quasi-inductive. It can be shown that the set of stable
truths of a Herzberger revision sequence, and Field’s set of ultimate truths,
can be obtainedia an arithmetic quasi-inductive definitidA.Each ITTM
program can be thought of as producing a set of 0/1 values on an infinite tape
according to aecursivequasi-inductive definition. Moreover, by considera-
tion of a universal ITTM program, one may see that the complete arithmetical
quasi-inductive set is in fact recursively quasi-inductive (and hence so are
D, H ... etc.) A further example of an occurrence of this scheme appears in
computer science: see (Kreutzer, 2002) where the author seeks to separate out
various fixed point logics on finite structures, by considering essentially the
same kind of infinite quasi-inductive process.

COROLLARY 3.1. Let(A,|n € w) be a recursive enumeration of all sen-
tences ofZ". Let B C N be any arithmetical quasi-inductive set. Then there
is a recursive (1-1) functioff so that so thal3 = {n : Ay, € D}.

Perhaps unsurprisingly:
COROLLARY 3.2. =rcc is not axiomatisable.

The last part of the Remark (ii) - that certain theories are insufficient for
the conservativeness result of Field’'s Sect.6 - is only an observation that is
a consequence of the fact that such theories cannot prove the existence of
acceptable points, in particular ¢f The least3-model of A3-C A, occurs
as the set of the reals of some level of the constructible hierarchy, for an
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ordinaly that is much smaller that. Hence we can find such a model con-
taining no code for a wellordering along which we can perform an arithmetic
quasi-inductive definition and reach a point in the ordering where we have a
repetition in the values produced. In the terms here, such orderings have no
“acceptable” points.

4. Revenge-immunity

We discuss here some aspects of Field’s claim to have produced a “revenge-
immune” solution to the semantic paradoxéghis claim itself seems at first
sight paradoxical: surely any system based on a sufficiently strong theory
to enable G&del coding of the syntax and diagonalisation arguments to be
performed, will have some semantic predicate of the system that allows one
to “diagonalise out” of the system and thus either obtain a self-referential sen-
tence concerning that semantic notion leading to a contradiction, or else one
concludes that the semantic notion is not “representable” within the system?

Indeed Field’s system is no different (indeed cannot be) from others in this
regard if we maintain a classical metatheory. The relevant semantic notion
here is that olultimate truth Indeed he points out in Section 6 that (again
assuming a classical metatheory) we may formulate a predizdté) which
is defined to have value 1 jfA|| = 1, and O otherwise, then this cannot be
semantically represented in his systeima formula in the language, for oth-
erwise we should be able to produce a self-referential sentienequivalent
to -D*(Trug((L.))) in the usual way, and thus a contradiction.

There is demonstrably within his system a hierarchy of ‘determinately
true’ operators. Moreover such can be used to give an account within the
system of how the traditional Liar fails to gain a truth value. Indeed he gives
a hierarchy of such operatof®“|a < \g) that can deal with more and more
complicated super-liars.

Third, and probably most important, the new conditional can be used to
show that the theory is not subject to “revenge problems.”

More fully, the addition of the new conditional operator to the lan-
guage allows for the definition of a natural “determinately operator”, so
that we can consistently handle “extended paradoxes”, such as sentences
that assert of themselves that they are not determinately true.” (Field,
2003) p140.

The determinately true operators do go some way to helping Kripke out
from his dilemma that Liar sentences are not classified as untrue in his min-
imal fixed points, whilst at the same time we are precluded from expressing
this in the object language. Field with his operator D effortlessly can form
such object language expressions. We note below in the next subsection that
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it is not the new conditional that allows for a notion of “determinately true”

- this can be captured using the older notions of a Herzbergerian Revision
sequence (although in such sequences there is no “conditional” which allows
for a naive theory of truth to be stated using them).

He then argues that the reasBri is not semantically representable by
any formula in the language, is not because of any limitation of expression
on the part of the object language (which includes arithmetic) or that of the
metalanguage and theory in which his theorems are proven (that of set theory,
Z FC). We take no issue then with the claim on p166 (op.cit) which states
“there is no need to use a broader classical metalanguage to do the seman-
tics; we can use L itself”In general it seems then, to be a wrong turn down a
blind alley, to argue that since the predicate indicating “has semantic value 1”
cannot be representable in such a semantic theory of truth, that therefore one
must broaden the mdéaguage Of course we can beef up the mibieory
and use a construction dependent on a longer initial segment of the ordinals
to capture a more complicated notion of ultimate truth by proceeding in a
way that goes further up the-hierarchy. Just as Kripke’'s least fixed point
theories (supervaluational, strong Kleene or otherwise) can be established
over a model, say that of the standard natural numbers, using a relatively
weak classical metatheory, so we might regard particular constructiorof
Field’s as pursued in a much stronger classical metatheory (and necessarily
so as we have shown).

(Indeed one may analyse precisely what predicates or operators are so rep-
resentable ithis particularsemantical construction over the standard model
of arithmetic, and one obtains a precise answer: those predicates that are both
AQI and coAQI. As D* is acompleteAQI set in effect, it is universal for
all AQI sets, and by a standard diagonalisation argument cannot itself be both
AQI and coAQI. Hence, as we already knew, it cannot be representable.)

| emphasize ‘this construction’ because | take it that Field only wishes
to show that his logical system is consistent. The question remains open as
to whether a consistency proof could be established using a weaker classical
metatheory. However it would appear that any argument for “revenge immu-
nity” can not be done within alassicalmetatheory for the reasons outlined
at the beginning of this section. If it could be shown that a consistency proof
requiredthe use of a strong theory - and | think showing this might be rather
difficult - then this could be construed as a criticism of the theory, in the
way that, say, principles that can ‘only’ be shown consistent relative to large
cardinals in set theory, get criticized. In the context of ‘truth’ for the standard
model of the natural numbers, the second order thexfyC' A, might well
be said to have the status of a ‘large cardinal theory'. It is a very strong
fragment of second order number theory, well beyond anything one might
call “predicative” in Feferman’s sense, and beyond current proof theoretical
techniques of ordinal analysis. (Another way to put this is to say that the least
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acceptable poinfA - here called(, is extremely large.) It is hard to think
of any theorem in mathematics, in particularanalysisother than Borel
Determinacy results, that require this strength in the background theory. If no
simpler consistency result can be found for the thelofyC' (using a classi-
cal metatheory) then one is left wondering as to the status of “truth for the
natural numbers” if one wishes to adopt this system. That is so independently
of the stance one takes on the “revenge-immunity” part of the theory. On
the other hand it may well be that by abandoning classical reasoning in the
metatheory some other argument may allow a simpler justificatiohdar,
for those brave enough to take that leap. Then one may have Field’s “revenge
immunity” if one is prepared to have such a weak non-classical meta-theory.
However, that aside, and returning to Field’s construction under discus-
sion, we might imagine after following it through, that we no longer have
the feeling, as Kripke seemingly does at the paragraph towards the end of
his paper (Kripke, 1975), that the ‘ghost of the Tarski hierarchy is still with
us.” Kripke might have felt that Liar sentences aret true in the object
language, ‘... but we are precluded from saying this is the object language...
What the semantical notion of ultimate truth,0f, does is transport us to a
situation where the assertio®*(A) # 1’ is so far removed from ordinary
‘untruth’ about A that we may be uninclined to worry that, residually,
oughtto be, or is ‘nevertheless’, untrue. However exporting our possibly self-
referential notions away to these remoter regions, or complicating them up,
so that they no longer enter the circle of our concerns about basic, immediate,
common or garden ‘truth’ seems not to be a clear way through to a genuine
revenge-immune solution. The ghost, although thinner and ghostlier, is still
perceptible. We seem to need the failure of the Law of Excluded Middle
within a non-classical metatheory, (so that we cannot make claims about any
ultimate D*’s bivalency). In which case though, presumably much is up for
grabs...

5. Endnote: ‘Determinately true’ predicates in a herzbergerian setting.

Whilst Field uses the—’ operator in his consistency proof construction to
capture some of the notions of a conditional, its most striking feature is that
it allows one to capture some notion of the ‘history’ of the semantical values
of a sentence within the object language. i}— A , when evaluated at a
successor stage= v + 1, tells you whetherd was true or not at stagg (ii)

when at a limito, whether or notd was true on a ‘tail’ of the ordinals below

«. His operatorD(A) which is (T — A) A A, if (i) it has value 1 at stage

~ + 1 says “A was true at the previous stage and it is so now”; (ii) for limit
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stages this has the effect ofi“has recently been always true and is so now”
(with a little fanciful interpretation of stages as being that of time.)

However, note how we can get this effect in Herzberger’s two-valued set-
ting: T — A is no more than “Tr(A)” andD(A) becomes simplyTr(A) A
A”. The effects of (i) and (ii) are thus there also in the Herzberger system.
Field then iterates these definitions producimg:™!(A4) asD(D%(A)), and
for suitable recursive limit ordinals, and in a suitable notation sysfehiA)
as well. One can mimic this process exactly within Herzberger’s system also.
In short: one does not need a new conditional in order to have a “determi-
nately true” operator in order to handle “extended paradoxes” of this kind
within the object language. In other words the description of the * “singular”
status of the Liar and the Truth-teller,” as Field puts it (Field, 2003) p.157, as
well as the extended variants, can be equally well handled within Herzberger.

Notes

1 In brief, this is second order number theory with a set induction scheme, but with

comprehension restricted to formulae expressiblex dashion.

2 In a nutshell: we are working in a part of the constructible hierarchy, where each level has
aX;-truth set that is definable using, in general, a necessary single infinite ordinal parameter.
This parameter hasX,-definition overL,, but not a uniform one independent®fFor those
L, which are models oE,-Separation, there is in any case no such parameter from which
all sets arex; -definable. However for these latter type Iof, we do in fact have a uniform
recursiveway of recovering & truth set from the Fieldian set of locally stable truthis, as
this is the “liminf” of the previoust,-truth sets for the modelss (8 < «).

Note: Since writing this, Sy Friedman has pointed out that we can uniformlylictatypes

of stages with a marginally more complicated reduction procedure; one then has for models
L, for limit A a way of finding theX,-truth sets recursively in th&uring jumpof the “lim-

inf” truth sets. We have not re-written this into the above, as it would only involve further
technicalities, without bringing forth any great perspiciences.

3 One might further add that a similar situation pertains to the least Kripkean fixed points
under the various schemes, such as weak- and strong-Kleene, and the supervaluation scheme:
such sets are all recursively isomorphic - without there being any obvious recursive “transla-
tion” mechanism.

4 This means that for somge> ¢ we have thaf.. <s, Le, the subscripE; indicating that
3, formulae with parameters allowed frob have the same truth value in both structures.

5 Actually the theorem cited shoes thiag is a model of the\,-Comprehension, ang,-
Collection Schemes.

% The existence of such a parameter can be established as follows: suppose there were no
suchp. Then theX;-skolem hull of& in L., is not all of L., ; one can argue that this hull
is transitive, and in fact is thuk,,, for someag < 7,. HenceL., <x, L~,. Now consider
the 2;-skolem hull of{a } in L, ; again by supposition this is not all &, ; it is transitive
and hence is somé,, <s, L., with ag < a1 < 7. Continuing in this way we could
create an infinite chain of such substructures of ordinal height: 7,. This would contradict
Proposition 2.3. In such a situation as here there is a “startdaqhrameterp = piL €L,
so thatL,, is theX;-skolem hull of the singleton sdip}. Such a parameter is least in a
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particular wellordering on finite sequences of ordinals betpowt can be shown that in our
situation this standard parameter is a single ordinak .., (perhaps just 0). For a fuller
account of such parameters and hulls see (Devlin, 1984) IV.

" The point here is that if we suppose that, =“¢i[p] ” where @ilp] <=
FuVo (u, v, p), then if L., = Voyr(z,v,p) for some particulaez we may takew, suf-
ficiently large so that € L., . Then for anya > ao we shall havel., = Yok (z,v,p)

(as the latter ig1,, i.e. a universal statement). Thpss named in the same way Iy in all
such structures. Note thatwill have other, differentY, definitions in each such structure,
but they will not necessarily persist upwardstg .

8 Note how this argument can fail if, is not a model of; -Separation: take = w, and
o7 as “there is a largest admissible ordinal”. Then foralt w, L., = ¢7, but this sentence
is false inL., (and moreovey'(o(1)) € C.).

° The equivalence of (i) and (i) is (Welch, 2000) Thm 2.6; whilst working on this latter
paper, we were unaware of the very concrete links with the much earlier work of Burgess in
(Burgess, 1986). There he explicitly states the equivalence of (iii) and (iv) as Prop.13.1; but
the equivalence of (ii) and (iii) is essentially his Theorem 14.1 there too.

10 This is done directly for the Herzberger sequence with a null starting hypothesis in
(Burgess, 1986).

1 Since this article was written Field has produced an extended explication of the claim to
have produced such a solution ((Field, 2008)) - hence we have not considered that here. A
very detailed reply to Field on this topic is the recent (Leitgeb, 2006).

”
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