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Abstract

• We define a notion of order of indiscernibility type of a structure by analogy with Mitchell order on
measures; we use this to define a hierarchy of strong axioms of infinity defined through normal filters, the
α-weakly Erdős hierarchy. The filters in this hierarchy can be seen to be generated by sets of ordinals where
these indiscernibility orders on structures dominate the canonical functions.
• The limit axiom of this is that of greatly Erdős and we use it to calibrate some strengthenings of the Chang
property, one of which, CC+, is equiconsistent with a Ramsey cardinal, and implies that ω3 = (ω+

2 )K

where K is the core model built with non-overlapping extenders - if it is rigid, and others which are a little
weaker. As one corollary we have:

Theorem If CC+ ∧¬¤ω2 then there is an inner model with a strong cardinal.

• We define an α-Jónsson hierarchy to parallel the α-Ramsey hierarchy, and show that κ being α-Jónsson
implies that it is α-Ramsey in the core model.
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1. Introduction

This paper is essentially an essay in set-theoretic indiscernibility: after one has left Gödel’s constructible
universe L, but before one reaches measurable cardinals in the hierarchy of large cardinals, there is the
intermediate zone where the notions of Erdős and Ramsey cardinals come into focus.

We seek here to analyse this structure in detail. The notion of Erdős and Ramsey cardinals are far from
new and have been extensively investigated (see, e.g. [4].) In particular for inner model theorists there is
the fundamental absoluteness results of Mitchell and Jensen that relate such cardinals to the inner models
that can support them: the core models ([8], [7], [19], [24]). L is too thin to allow any but the smallest
amount of indiscernibility properties for first order structures. However it was an early result concerning
the first core model (the so-called Dodd-Jensen core model KDJ) that properties such as the Erdős and
Ramsey properties of a cardinal κ would relativise to this model.

Jensen’s proof of this fact made use of a principal lemma that became known as the “Indiscernibles
Lemma”. The thrust of the Lemma was that a first order structure inside the core model KDJ would have
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a set of good indiscernibles in KDJ if it had one such in V . This lemma was first used as a component of
the Rigidity Lemma for KDJ (assuming no inner model of a measurable cardinal; see [7] Lemma 16.18).
However it could also be equally well used to show that if κ were a Ramsey cardinal in V , for example, then
it would be such in K (see [9] or [18]). Thus KDJ could accommodate at least some of the large cardinals
below that of a measurable cardinal. Subsequently in larger core models one saw also that, e.g. the Ramsey
or smaller α-Erdős properties would relativise from V to them.

It is one of the main motives of this paper to free the Jensen Indiscernibles lemma from just these two
purposes, and use it to analyse the detailed structure of indiscernible sets in V , and not just for structures
in KDJ or other core models. The methods employed are neither restricted to levels of a core model nor to
structures within it. This process of freeing up the lemma was first done by applying the Lemma not just
to K but (unsurprisingly) to levels of, or structures in, any universal weasel (see [26]) which are still “core
models” of a sort, or models of the form L[E]. Then the same methods were used to look at countably
closed structures in general in [28], these are essentially any transitive structure M with a countable closed
filter U , so that 〈M,∈, U〉 was amenable, with U measuring the subsets of some κ ∈ M . From such a
structure a good indiscernible set I ⊆ κ could be obtained with ot(I) ≥ ω1 ([28] Thm 2.1). Dually, given
〈M,∈〉 and a good set of indiscernibles I ⊆ κ ∈ M then given some Lκ[A] ∈ M , with HM

κ ⊆ Lκ[A], an
amenable filter U could be found, with 〈M ′,∈, U〉 countably closed, and Lκ[A] ∈ M ′ (Thm 1.1 op.cit.)

We bring out this duality fully in this paper and emphasise in Section 2 the back and forth interaction
between structures, their countably closed measures, and indiscernible sets. In Section 2.2 we define an
operation I(A,M) obtaining indiscernibles I for a structure A from a measure M ; dually then in 2.3 there
is an operation M(A, I) to go from a good indiscernible set to a measure M . There is not a lot of novelty to
these constructions, but done in sufficient generality and in the right way these operations are inverse to one
another as shown at Lemmata 2.19 and 2.20. Subsection 2.4 then establishes a general form of the Jensen
Indiscernibles Lemma.

We are able to put a wellfounded relation on indiscernibles sets I for a given structure A ∈ V and thus
define a partial order on such sets for a structure: oA(I) (see Def.4.27). In L[E] models this becomes a
wellorder, and, naturally enough, one obtains the right correspondence between the indiscernible sets and
ω-closed filters Eν on the extender sequence E of the model, thus reinforcing the impression that oA(I) is
something of a Mitchell order on indiscernible sets.

Given the potential nature of the accumulating indiscernible sets I for structures on some cardinal κ, it
is natural to develop notions to express the degree of indiscernibility available. (Of course having a normal
measure U on the whole of P(κ) in V says that we have a maximal amount of indiscernibility available;
we wish to look at situations where we do not necessarily have such a normal measure.) This “degree of
indiscernibility” can be cashed out by analogy with the α-Mahlo hierarchy (Section 4):

Definition 4.1 Let κ have uncountable cofinality, and let A be a κ-structure, X ⊆ κ. Let

tA(X) = {α ∈ κ ∩ lim : there exists a set I ⊆ α ∩X of g.i’s for A cofinal in α}.
Using this we then define a hierarchy of normal filters Fα potentially for all α < κ+; these are generated

by suprema of sets of nested indiscernibles for structuresA on κ using the above basic tA(X) operation. A
cardinal κ will be weakly α-Erdős when Fα is non-trivial. We define a cardinal as greatly Erdős as follows:

Definition 4.5 κ is greatly Erdős iff there is a non-trivial normal filter F on κ such that F is closed
under tA(−) for every κ-structure A.

We may characterize this in two ways, firstly:
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Corollary 4.10 Let κ be a cardinal of uncountable cofinality. Then the following are equivalent:
(i) κ is greatly Erdős;
(ii) G =

⋃
α<κ+ Fα 63 ∅;

(iii) κ is α-weakly Erdős for all α < κ+.

Secondly we are able (Section 4.2) to give a restatement of the greatly Erdős property in terms of the
bounding of any canonical function for α < κ+ by measure one sets in this filter hierarchy (Cor.4.25).

One influence on this work has been the paper of Donder and Lewinsky [11] where they analysed in
detail properties weaker than that of ω1-Erdős. They defined a number of games with players choosing or-
dinals and sets of indiscernibles, and defined a spectrum of large cardinal properties weaker than ω1-Erdős
by assuming Player I never had a winning strategy in such games. In one sense our paper is looking at
what can be done in analogy with this idea, below the Ramsey property. Remarkably (to us at any rate)
some of the same games emerge but with the assumption that Player II has a winning strategy. We prove an
equivalence of the form:

Theorem 5.6 If V = K then II has a winning strategy in G̃λ(A) for all λ-structures A iff λ is Ramsey.

We relate these to strengthenings of the Chang property where we require of the property that many
Chang substructures exist. One strengthening CC+ is equiconsistent with a Ramsey cardinal in K (Sect.
6.2); another is prima facie weaker.

Definition 6.2 CC+ holds iff for any structure, A = 〈Hω2 , (An)n<ω〉, there is a structure, B, with the
same domain, but possibly extra predicates, extending A, such that for any countable X ≺ B and γ < ω2

there is Y ≺ B with Y ⊇ X , X ∩ ω1 = Y ∩ ω1, and sup(Y ∩ ω2) > γ.

CC+ is also interesting as it implies that K correctly computes the successor cardinal of ω2 (assuming
that K is the core model built from non-overlapping extenders and ¬0¶ (“not zero pistol ”)). This is shown
in Sect 6.1 as follows.

Theorem 6.7 (¬0¶) Suppose that CC+ holds. Then ω3 = (λ+)K , where λ = ω2.

Our original motivations had been twofold: firstly to define (Def.3.29) a parallel notion of α-Jónssonness
which would hopefully mirror the α-Ramsey hierarchy of Feng [12]. If this were to work well, then an
α-Jónsson cardinal κ should be in K an α-Ramsey cardinal. This is achieved in Section 3 at Theorem
3.34. We also extend a result of Feng’s on Π1

n-indescribability, by defining a transfinite notion of Π1
α-

indescribability via finite length (and so determined) games (Cor. 3.24). We there also calculate the length
of Feng’s α-Ramsey hierarchy: Lemma 3.43 shows it to be the height of the least transitive admissible set
with withVκ+1 as an element. In Sect 3.3 we define another hierarchy notion on Ramseyness that of α-very
Ramsey in terms of Player II having a winning strategy in an α-long game. This is stronger than Feng’s
hierarchy. We show (Lemma 3.50) that ω1-very Ramseyness implies measurability in K.

Our second motivation had been to look at finite versions of the mutual stationarity property of Foreman
and Magidor [13].

Definition 6.18 The Intermediate Chang’s Conjecture (ICC) holds iff for any ω2-structure A, and sta-
tionary sets S0 ⊆ ω1 and S1 ⊆ ω2 ∩Cofω1 , A has a substructure B ≺ A such that sup(B ∩ ω1) ∈ S0 and
sup(B ∩ ω2) ∈ S1.
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This of course is nothing other than a souped-up version of the Chang property. We wished to ascertain
its strength in relation to the Chang and Ramsey properties. It indeed turns out to be strictly intermediate
(Sect. 6.3). The notions of α-weakly Erdős and greatly-Erdős arose whilst trying to understand these
relationships.

To summarise we shall have the following relationships. Only the first, the last and the penultimate
implications are known to be irreversible, but at least one of the middle three must also be:

Con(ZFC+ SCC) ↔ Con(ZFC+∃κ(κ measurable) →
Con(ZFC+ CC+) ↔ Con(ZFC+(∃κ)(κ Ramsey )) →
Con(ZFC+(∃κ)(κ virtually Ramsey ) →
Con(ZFC+ ICC) →
Con(ZFC+(∃κ)(κ greatly Erdős)) →
Con(ZFC+(∃κ)(κ almost Ramsey ) →
Con(ZFC+(∃κ)(κ ω1 Erdős ).

1.1. Preliminaries
We fix several proper classes: On = {x : x is an ordinal }, Card = {x : x is a cardinal }, Sing = {x :

x is a singular ordinal }, Cofα = {β ∈ On : cf(β) = α}, and Lim = {α ∈ On : α is a limit ordinal }.
Define Cof>α and Cof>α analogously to Cofα. We also abbreviate “α is a limit ordinal” by lim(α).
For X,Y ⊆ On we write sup (X) and max(X) for the supremum and maximum of X , where they exist.
X P Y if X is an initial segment of Y , i.e. if Y ∩ sup(X) = X . For κ a regular cardinal we let Cκ denote
the club filter on κ, namely those substes of κ that contain closed and unbounded subsets of κ. Two sets
X, Y ⊆ κ are said to be “equal modulo Cκ if X ∩ Y ∈ Cκ; we write in this case X =Cκ Y (or simply
X = Y if the subscript is understood).

The diagonal intersection of a sequence 〈Xα : α < κ〉 of subsets of κ is defined to be ∆α<κXα =df

{γ < κ : (∀α < γ)γ ∈ Xα}. If 〈Xα : α < κ〉 and 〈X ′
α : α < κ〉 are sequences of subsets of κ such that

{Xα : α < κ} = {X ′
α : α < κ} then ∆α<κXα =Cκ ∆α<κX ′

α.
For Y ∈ [P (κ)]6κ, we give a definition modulo the club filter of ∆Y . Set

∆Y = ∆α<ηXα = {α < κ : (∀β < α)(if f(β) is defined then α ∈ f(β))},
where η = |Y | and f : η → Y enumerates Y . Of course, this definition only makes sense modulo the
club filter. Thus, if we write ∆Y = X it will implicitly be meant that the equality holds modulo the club
filter. Note that if η < κ then ∆Y =

⋂
Y (modulo Cκ). We also define ∆x∈[A]kXx =df {γ < λ : (∀x ∈

[A ∩ γ]k)γ ∈ Xx} when A ⊆ λ.
For any regular uncountable cardinal κ, there is a sequence 〈fα : α < κ+〉 uniquely defined modulo

the club filter of members of κκ such that for all α < β < κ+, fα <Cκ fβ . These are the canonical
functions for κ. If α < κ+ and g : κ → α is a surjection then fα =Cκ g where g : κ → κ is given by
g(γ) = otp((g−1)′′γ).

1.1.1. J-hierarchies and core models
We shall assume familiarity with all the notions of the constructible J-hierarchies, as well as their

finestructural properties. We refer the reader for all such concepts to [29] or [22].
For an ordinal α, an α-structure is structure of the form A = 〈J ~A

α ,∈, ~A,B0, . . . , Bm, . . .〉 where ~A =
〈A0, . . . , An〉 (n finite) and m ≤ ω, which is amenable, i.e. for any x ∈ J

~A
α , for any Ai, Bj , x∩Ai, x∩Bj ∈

J
~A

α . If γ 6 β then

A ¹ γ =df 〈J ~A
γ ,∈, A0 ∩ J

~A
γ , . . . , An ∩ J

~A
γ , B0 ∩ J

~A
γ , . . . , Bm ∩ J

~A
γ , . . .〉.
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We state some elementary facts as a Lemma.

Lemma 1.1. For any sets or classes ~A = 〈A0, . . . , An〉, with n < ω,

i. 〈J ~A
α ,∈, ~A〉 is amenable;

ii. if M = 〈J ~A
α ,∈, ~A,B0, . . . , Bm, . . .〉 is amenable then there is a Σ1-Skolem function, hM , for M that

is uniformly Σ1(M) for all such M ;

iii. for M as in ii., there is i < ω, p ∈ M , such that hM (i, 〈p,−〉) ¹ On∩M : On∩M → M is a
bijection; if α is closed under Gödel pairing, then p can be omitted;

iv. for all M as in ii., there is a uniformly Σ1(M) well-ordering of M .

Note that it follows from Lemma 1.1 that any α-structure,A, has uniformly definable Skolem functions,
so the Skolem Hull of a set X inside the structureA, denoted HullA(X) may be defined. On many occasions
we shall pretend that ~A is simply a single predicate A as they can be coded up as such, and that the B-list
is empty, as these latter predicates can usually be carried along in any proof.

We place here some facts concerning the core model built assuming there is no mouse with a measure
of Mitchell order > 0, this is known as “¬0sword”. Again the first part of [29] describes this core model
model in detail, and we shall expect the reader to be familiar with it, as well as the core model built using
extender hierarchies without overlapping extenders. These are described in [29] Ch. 7. We shall denote the
core model by “K”, but which one may depend on the context: if ¬0sword is assumed, this is often called
“the core built using measures of order 0” and written KMOZ . The original Dodd-Jensen Core Model was
built assuming there was no inner model with a measurable cardinal, this is sometimes written KDJ . Most
of our results are true assuming ¬0¶ (“not zero pistol ”) and this assumption means that a core model may
be built with a strong cardinal, but that there is no closed and unbounded in On class of indiscernibles for
it. It is the largest model possible with non-overlapping extenders. Which model we are referring to will,
we hope, always be clear from the context. If “K” is not further specified, then it will mean the core model
built from non-overlapping extenders.

There is a further small point to be made concerning the relativisations of properties such as Ramseyness
to a core model. One should note that when K is the model built using non-overlapping extenders, if this
model contains a (in fact the unique) strong cardinal δ then above δ there are no large cardinal properties
holding that one cannot have in L. Hence if κ > δ is Ramsey it will not be so K. This contrasts with
KMOZ where the Ramseyness of a κ relativises to it, irrespective of the existence of 0sword. We thus find
ourselves in the sequel only proving relativisation results assuming that the extenders of K do not overlap
the κ under consideration. One way of doing this is to add the hypothesis of ¬0¶ (whereas we should not
have needed to add “¬0sword” had we been working all the time with measures of order zero. This is only
a matter of convenience of proof-layout, rather than anything deep.

2. Good indiscernibles and the Indiscernibles lemma

The main object of study in this paper are sets of good indiscernibles for first order structures A. These
will be defined in the first subsection. In the next subsection 2.2 we define an operation I(A,M) obtaining
Indiscernibles I for a structure A from a measure M ; dually then in 2.3 there is an operation M(A, I) to
go from a good indiscernible set to a measure M . That these operations are dual to one another is shown at
Lemma 2.19 and Lemma 2.20.

Subsection 2.4 establishes a general form of the Jensen Indiscernibles Lemma.
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2.1. Good indiscernibles

Definition 2.1. Let A be a structure, and let I ⊆ A ∩ On. Then I is a set of indiscernibles for A if
whenever ϕ ∈ LA is an n-ary formula and α0, . . . , αn−1, α′0, . . . , α

′
n−1 ∈ I and α0 < . . . < αn−1 and

α′0 < . . . < α′n−1, then A ² ϕ(α0, . . . , αn−1) iff A ² ϕ(α′0, . . . , α
′
n−1).

Definition 2.2. LetA = 〈J ~A
κ ,∈, ~A, . . .〉 be a κ-structure. A set I ⊆ κ is a set of good indiscernibles (g.i.’s)

for A iff for all γ ∈ I ,

i. A ¹ γ ≺ A

ii. I\γ is a set of indiscernibles for 〈J ~A
κ ,∈, ~A, . . . , ξ〉ξ<γ , i.e. whenever ϕ ∈ LA is an (n + k)-ary

formula and β0 < . . . < βk−1 < γ, α0, . . . , αn−1, α′0, . . . , α
′
n−1 ∈ I\γ, and α0 < . . . < αn−1 and

α′0 < . . . < α′n−1, then

A ² ϕ(β0, . . . , βk−1, α0, . . . , αn−1) iff A ² ϕ(β0, . . . , βk−1, α
′
0, . . . , α

′
n−1)

Good indiscernibles were introduced by Jensen in the paper [9], and are necessary for the statement
of the Jensen Indiscernibles Lemma (Theorem 2.3), which we shall often mention. Typically, well-known
large cardinal properties that have formulations in terms of indiscernibles have a similar formulation in
terms of good indiscernibles.

We say that κ is α-Erdős iff for any κ-structure A, there is a set, I , of g.i.’s for A such that otp(I) = α.
Also recall κ being Ramsey may be formulated so that it is equivalent to being κ-Erdős.

The Jensen Indiscernibles Lemma, or rather some general lemmas from [26], [28] distilled from Jensen’s
original proof [9] will be used repeatedly. For the record we state one version of this lemma formulated
for universal weasels.

Theorem 2.3. (Jensen Indiscernibles Lemma) (¬0¶) Let K′ = L[E′] be a universal weasel and let
A = 〈JE′

κ ,∈, E′, A〉 ∈ K ′ be a κ-structure, and suppose I is a set of good indiscernibles for A with
cf(otp(I)) > ω.

Then there is a set I ′ ⊇ I of good indiscernibles for A with I ′ ∈ K ′.

A proof of this version (under the assumption ¬0sword) can be found in [26]. As for Jensen’s original ar-
guments formulated for the Dodd-Jensn core model KDJ built below a single measurable cardinal, it relies
on establishing a correspondence between measures and sets of indiscernibles. However this relationship
does not depend on the theory of inner models and will be presented in the next two subsections below,
without any reference to K.

2.2. I(A, M): Obtaining Indiscernibles from a Measure

In this subsection, we consider a reasonably general class of structures with measures (“pre-useful
structures”), and describe a canonical way that indiscernibles for a given structure may be obtained from
the measure. This canonical procedure will not always give rise to a set of indiscernibles, but we describe
circumstances, here and in the following subsection, in which it does.

Definition 2.4. A structure M = 〈J ~A
α ,∈, ~A, U〉 is pre-useful iff

i. M is an α-structure, i.e. M is amenable;

ii. 〈J ~A
α ,∈, ~A〉 ² ZFC− and M has a largest cardinal λ = λ(M);
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iii. U = U(M) is an M -normal M -ultrafilter on λ.

Lemma 2.5. There is a sequence of Σ1-formulae 〈ϕn(v0, v1) : 0 < n < ω〉 with the following properties.
If we suppose that M = 〈J ~A

α ,∈, ~A, U〉 is any pre-useful structure, λ = λ(M), and U = U(M), then for
any g : [X]<p → λ (with p 6 ω) a regressive function with g ∈ M and X ∈ U , and for each n < p,
there is a unique set Y g,M

n ∈ M ∩ U , with M ² ϕn(g, Y g,M
n ). Moreover Y g,M

n ⊆ X is homogeneous for
g ¹ [X]n.

Proof. Let h = hM be the canonical Σ1(M) Σ1-Skolem function for M .
We proceed by induction on n. In the case n = 1, it follows from normality of the measure that

there exists some homogeneous set Y ∈ U for g ¹ [X]1 → λ. It is easy to see that the property
“Y is homogeneous for g ¹ [X]1” is uniformly Σ1{Y, g} so an application of h suffices to give ϕ1.

Suppose n = k + 1 and 〈ϕm(v0, v1) : 0 < m < n〉 has been constructed with the required properties.
Given g, for each x ∈ [X]k define gx : [X\x]1 → λ by gx(γ) = g(x ∪ {γ}). Since M ² ZFC−, the
function Sg = {〈〈x, γ〉, g−1

x (γ)〉 : x ∈ [X]k, γ < min(x)} is in M .
By amenability, the set S′ = {〈x, γ〉 : x ∈ [X]k, γ < min(x), g−1

x (γ) ∈ U} is also in M . Similarly,
the set T = {y ∈ U : (∃x ∈ [X]k)(∃γ ∈ λ)y = g−1

x (γ)} ∈ M .
Just as in the case n = 1, for each x ∈ [X]k there is γ < min(x) such that g−1

x (γ) ∈ U . So the set
Fg = {〈x, γ〉 : x ∈ [X]k, γ is the least ordinal such that g−1

x (γ) ∈ U} ∈ M is a function. Now,

v = Fg ⇔ v is a function with v : [X]k → λ and for all 〈x, γ〉 ∈ v(g−1
x (γ) ∈ U

and(∀β < γ)g−1
x (γ) 6∈ U)

⇔ (∃Z, s, t)((s = λ) ∧ (t = [X]k)
∧Z = T

∧ (v is a function with v : t → s)
∧(∀u ∈ v)((∃x ∈ t)(∃γ ∈ s)(∃z ∈ Z)(u = 〈x, γ〉 ∧ (g−1

x (γ) = z

∧ (∀β < γ)(∀z′ ∈ Z)(z 6= g−1
x (γ)))

⇔ (∃Z, s, t)((s is an ordinal and s ∈ U) ∧ (t = {x ∈ dom(g) : |x| = k})
∧Z = {y ∈ U : (∃x ∈ t)(∃γ ∈ s)y = g−1

x (γ)}
∧ (v is a function with v : t → s)
∧ (∀u ∈ v)((∃x ∈ t)(∃γ ∈ s)(∃z ∈ Z)(u = 〈x, γ〉 ∧ (g−1

x (γ) = z

∧ (∀β < γ)(∀z′ ∈ Z)(z 6= g−1
x (γ)))

So Fg is Σ1-definable in M from g. Note that Fg is also regressive since each Fg(x) = gx(β) <
min(x), for some β ∈ g−1

x (Fg(x)), since g−1
x (Fg(x)) ∈ U is non-empty. By induction hypothesis, Y =

Y
Fg,M
k is homogeneous for Fg . Let γ be such that Fg“[Y ]k = {γ} and let Y ′ = Y ∩ ∆x∈[Y ]kg−1

x (γ).
Recall that ∆x∈[A]kXx =df {γ < λ : (∀x ∈ [A ∩ γ]k) γ ∈ Xx}.
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Now,

y′ = Y ′ ⇔ (∃w, y)(w = Fg ∧ ϕk(w, y) ∧ y′ = y ∩∆x∈[λ]kg−1
x (γ))

⇔ (∃w, y, u)(w = Fg ∧ ϕk(w, y) ∧ y′ = {v ∈ y : (∀x ∈ [v]k)v ∈ g−1
x (u)} ∧ u = γ)

⇔ (∃w, y, u, s)(w = Fg ∧ ϕk(w, y) ∧ s = Sg ∧
y′ = {v ∈ y : (∀x ∈ [v]k)v ∈ s(〈x, u〉)} ∧ (∃z ∈ [y]k)(w(z) = u)).

s = Sg is uniformly Σ1 in g, so Y ′ is uniformly Σ1-definable from g. Let ϕn(v0, v1) be such that

M ² ϕn(g, y) iff y = Y ′

It remains to show that Yn has the required properties. That Y ′ ∈ U follows from normality of U since the
sequence 〈g−1

x (γ) : x ∈ [X]k〉 ∈ M and g−1
x (γ) ∈ U whenever x ∈ [Y ]k.

To see that Y ′ is homogeneous for g ¹ [X]n, let x ∈ [Y ′]n. Then,

g(x) = gx\{max(x)}(max(x))
= γ

since max(x) ∈ g−1
x\{max(x)}(γ), since max(x) ∈ Y ′ ⊆ ∆x∈[Y ]kg−1

x (γ).

Note 2.6. We emphasise the uniformity in the above: if we fix a predicate symbol U̇ then the sequence
〈ϕn(v0, v1) : 0 < n < ω〉 of Lemma 2.5 may be assumed to be the same for all pre-useful structures M
(for a language containing the symbol U̇ ) such that the interpretation of U̇ in M is U(M).

Definition 2.7. A pre-useful structure M with λ = λ(M) is useful iff
⋂

0<n<ω Y g,M
n is unbounded in λ

for every g : [X]<p → λ with g ∈ M, X ∈ U and p 6 ω.

Lemma 2.8. If M is pre-useful and U(M) is ω-complete then M is useful.

Proof. (λ(M)\α) ∩ ⋂
0<n<ω Y g,M

n 6= ∅ by definition of ω-completeness, for each α < λ(M), since
Y g,M

n ∈ U for each g and n.

Lemma 2.9. There is a uniform sequence of Σ1-formulae 〈ψn(v0, v1) : 0 < n < ω〉 such that if M is
a useful structure and A ∈ M is a λ0-structure with λ(M) 6 λ0 and A ¹ λ(M) ≺ A, then there is
a unique set XA,M

n ∈ M for each n < ω with M ² ψn(A, XA,M
n ). Moreover, each XA,M

n ∈ U and⋂
0<n<ω XA,M

n is a set of good indiscernibles for A, cofinal in λ(M).

Proof. Let λ = λ(M), U = U(M), and C = {α < λ : A ¹ α ≺ A}. Define gA : [C]<ω → λ as follows
for x = {x1, . . . , x2k} ∈ [λ]2k,

gA(x) = { 0 if{x1, . . . , xk} and {xk+1, . . . , x2k} have the same type over 〈A, (ξ)〉ξ<x0

ϕ where ϕ is the least counterexample, otherwise

and set gA(x) = 0 for x ∈ [λ]2k+1. Since A ∈ M , the satisfaction relation for A is also an element of M ,
hence gA ∈ M (using the ZFC− property from ii of 2.4. Moreover, since the satisfaction relation for A is
Σ1-definable from A, gA is also Σ1-definable from A.

gA is regressive and C ∈ U (since U is normal and C contains a club) so we can apply Lemma 2.5. For
each n let ψn(v0, v1) be the Σ1-formula (∃w)(w = gvo ∧ ϕn(w, v1)). So XA,M

n = Y gA,M
n .

That I =
⋂

0<n<ω XA,M
n is a set of good indiscernibles for A is now immediate.
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Definition 2.10. Let M be a useful structure, and A ∈ M be an α-structure with λ(M) 6 α. Then, in the
notation of the previous lemma, set I(A,M) =

⋂
0<n<ω XA,M

n .

Definition 2.11. If A is a κ-structure, M is useful, A ¹ λ(M) ≺ A and A ¹ λ(M) ∈ M , then let
I(A,M) = I(A ¹ λ(M),M).

Remark 2.12. The construction of I(A,M) is absolute between transitive ZF−-models containing A and
M .

2.3. M(A, I): Obtaining a Measure from Indiscernibles

Let κ be an uncountable cardinal (not necessarily regular) and let A = 〈J ~A
κ ,∈, ~A, . . .〉 be a κ-structure

satisfying ZFC. Suppose that I is a set of good indiscernibles for I , γ∗ = sup(I), and otp(I) is a limit
ordinal. We keep κ,A, I,and γ∗ fixed throughout this subsection, and construct a useful structure M =
M(A, I) with λ(M) = γ∗, A ¹ γ∗ ∈ M , and I ⊆ I(A,M).

The details of this construction will be used later, so the following definitions also serve to fix notation.
We use the hypothesis that A ² ZFC to ensure that for any γ < κ (H(γ+)A)A ∈ A. Denote this set by
H(γ). We could weaken this assumption somewhat, but this level of generality will suffice for our purposes.

By Lemma 1.1 there is fA = hA(i,−) (some i < ω), a Σ1(M) bijection fA : κ ↔ J
~A

κ . A ¹ γ is closed
under fA for each γ ∈ I , by elementarity.

Definition 2.13. For any γ, γ′ ∈ I, γ < γ′, and n < ω define

i. An,I
γ = HullA((γ + 1) ∪ ~γ) ∩H(γ) where ~γ ∈ [I\(γ + 1)]n

ii. πn,I,A
γγ′ : An,I

γ → An,I
γ′ by πn,I,A

γγ′ (τ(~ν, γ,~γ)) = τ(~ν, γ′, ~γ) for each A-term τ , ~ν ∈ [γ]<ω , and
~γ ∈ [I\(γ′ + 1)]n

iii. Un,I,A
γ = {X ∈ P (γ) ∩ An,I

γ : γ ∈ πn,I,A
γγ′ (X)}

iv. BA,I
γ =

⋃
n<ω An,I

γ

v. UA,I
γ =

⋃
n<ω Un,I,A

γ

vi. πA,I
γγ′ =

⋃
n<ω πn,I,A

γγ′

vii. BA,I

γ = 〈BA,I
γ , UA,I

γ 〉

Lemma 2.14. Let γ, γ′, γ′′ ∈ I, γ < γ′ < γ′′ and n < ω.

i. An,I
γ is well-defined and transitive; ii. An,I

γ ∈ An+1,I
γ ;

iii. πn
γγ′ : An,I

γ → An,I
γ′ is a well-defined elementary embedding with critical point γ;

iv. πn,I,A
γγ′ = πn+1,I,A

γγ′ ¹ An,I
γ ; v. πn,I,A

γγ′′ = πn,I,A
γ′γ′′ ◦ πn,I,A

γγ′ ;

vi. Un,I,A
γ ∈ An+2,I

γ ; vii. Un,I,A
γ = Un+1,I,A

γ ∩ An,I
γ ;

viii. BA,I

γ is amenable; ix. U I,A
γ is a normal BA,I

γ -ultrafilter;

x. πA,I
γγ′ is well-defined and is an elementary embedding in LA;

9



xi. πA,I
γγ′′ = πA,I

γ′γ′′ ◦ πA,I
γγ′ ; xii πA,I

γγ′ : BA,I

γ → BA,I

γ′ is Q-preserving.

Proof. i. Take ~γ, ~δ ∈ [I\(γ + 1)]n and ~β ∈ [γ + 1]<ω . If x ∈ H(γ) ⊆ A ¹ min(~γ ∪ ~δ), ε = f−1
A (x),

and ϕ is a formula of LA then, by good indiscernibility,

A ² ϕ(~β, x,~γ) ⇔ A ² ϕ(~β, fA(ε), ~γ) ⇔ A ² ϕ(~β, fA(ε), ~δ) ⇔ A ² ϕ(~β, x, ~δ)

Hence, HullA((γ+1)∪~γ) ¹ H(γ) = HullA((γ + 1) ∪ ~δ) ¹ H(γ) andAn,I
γ is well-defined. Moreover,

An,I
γ is transitive since if x ∈ An,I

γ then there exists f ∈ An,I
γ such that f maps γ onto x, since γ is the

largest cardinal of An,I
γ and, hence, every element of x is definable in An,I

γ from f and some ξ < κ.

ii.

An,I
γ = HullA((γ + 1) ∪ ~γ) ¹ H(γ)

= HullA¹δ((γ + 1) ∪ ~γ) ¹ H(γ)
∈ HullA((γ + 1) ∪ ~γ ∪ {δ}) ¹ H(γ)
= An+1,I

γ

where δ ∈ I\(max(~γ) + 1)

iii. By good indiscernibility of I . iv. and v. are immediate.

vi. Suppose X ∈ An,I
γ . Then there is a formula ϕ of LA and ~α ∈ [γ]<ω such that , for any ~γ ∈

[I\(γ + 1)]n, X is the unique set in H(γ) such that A ² ϕ(~α, X, γ,~γ). Then

X ∈ Un,I,A
γ ⇔ γ ∈ πn,I,A

γγ′ (X)

⇔ (∃X ′)(A ² ϕ(~α, X ′, γ′, ~γ) ∧ γ ∈ X ′)where ~γ ∈ [I\(γ + 1)]n

⇔ (∃X ′)(A ¹ δ ² ϕ(~α,X ′, γ′, ~γ) ∧ γ ∈ X ′)
where ~γ ∪ {δ} ∈ [I\(γ + 1)]n+1, max(~γ) < δ

However (∃X ′)(A ¹ δ ² ϕ(~α, X ′, γ′, ~γ) ∧ γ ∈ X ′) can be expressed by a formula with parameters

~α ∈ [γ]<ω, γ, γ′ ∈ I\(γ + 1), ~γ ∪ {δ} ∈ [I\(γ + 1)]n+1

so
Un,I,A

γ = {X ∈ An,I
γ : X ∈ Un,I,A

γ } ∈ An+2,I
γ ,

since An,I
γ ∈ An+2,I

γ .

vii. By iv.

viii. Let X ∈ BA,I
γ . Then X ∈ An,I

γ , for some n < ω.

U I,A
γ ∩X = U I,A

γ ∩ (An,I
γ ∩X) since X ⊆ An,I

γ

= Un,I,A
γ ∩X since Un,I,A

γ = An,I
γ ∩ U I,A

γ

∈ An+2,I
γ by vi

⊆ BA,I
γ .
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ix. We haved proved that the measure is amenable with respect to BA,I
γ . Let X ∈ An,I

γ , some n < ω,
then:

πn
γγ′(κ\X)) ∪ πn

γγ′(X) = (πn
γγ′(κ)\πn

γγ′(X)) ∪ πn
γγ′(X) = πn

γγ′(κ) 3 γ

so κ\X ∈ Un,I,A
γ ⊆ U I,A

γ or X ∈ Un,I,A
γ ⊆ U I,A

γ . Suppose f ∈ An,I
γ and f : γ → Un,I,A

γ . Then

γ ∈ ∆α<γπn
γγ′(f(α′)) ⊆ ∆α<γ′π

n
γγ′(f)(α) = πn

γγ′(∆α<γf(α)),

as required.

x. By iii and iv; xi. Follows immediately from v.

xii. It is sufficient to show that πI,A
γγ′ is Σ0-cofinal. By i, if X ∈ U I,A

γ then πI,A
γγ′ (X) ∈ U I,A

γ′ . It follows that
πI,A

γγ′ is Σ0-preserving, since πI,A
γγ′ is also elementary for LA. To see that πI,A

γγ′ is cofinal, it is sufficient
to note that πI,A

γγ′ (An,I
γ ) = An,I

γ′ for each n < ω and BA,I
γ′ =

⋃
n<ω An,I

γ′ .

Corollary 2.15. BA,I

γ is pre-useful for every γ ∈ I .

Definition 2.16. For any η ∈ lim(I), define

BA,I

η =〈〈BA,I
η , UA,I

η 〉, 〈πA,I
γ 〉γ∈I∩η〉 = lim〈〈BA,I

γ , UA,I
γ 〉, 〈πA,I

γγ′ 〉γ<γ′∈I∩η〉

Set M(A, I) = BA,I
= BA,I

γ∗ , and UA,I = UA,I
γ∗ .

Remark 2.17. If η ∈ lim(I) ∩ I then 2.13 and 2.16 both give definitions for BA,I

η , but the two definitions
agree.

Lemma 2.18. M = M(A, I) is a useful structure with λ(M) = γ∗ and A ¹ γ∗ ∈ M . Moreover, for any
g : [X]<p → λ with g ∈ M,X ∈ U(M), there is γ < γ∗ such that

⋂
0<n<ω Y g,M

n ⊇ I\γ.

Proof. That M is pre-useful and λ(M) = γ∗ and A ¹ γ∗ ∈ M follows from the direct limit construction
(the maps πA,I

γγ′ are Q-preserving, for all γ ∈ I , and are the identity below γ).
To prove that M is useful, let g : [X]<p → λ with g ∈ M, X ∈ U(M) = UA,I and p 6 ω. Let γ ∈ I

and g ∈ BA,I

γ such that πA,I
γ (g) = g.

Let N = BA,I

γ . Then πA,I
γ (Y g,N

n ) = Y g,M
n for each n < ω by Lemma 2.5 and Note 2.6, since πA,I

γ is
Q-preserving. Let γ′, γ′′ ∈ I with γ < γ′ < γ′′. Then, since Y g,N

n ∈ U I,A
γ , γ ∈ πA,I

γγ′′(Y
g,N
n ) so

γ = πA,I
γ′′ (γ)∈ πA,I

γ′′ (πA,I
γγ′′(Y

g,N
n )) = πA,I

γ (Y g,N
n ) = Y g,M

n .

Similarly, πA,I
γγ′ (Y

g,N
n ) ∈ U I,A

γ′ implies γ′ ∈ πA,I
γ′γ′′(π

A,I
γγ′ (Y

g,N
n ))= πA,I

γγ′′(Y
g,N
n ) so

γ′ = πA,I
γ′′ (γ′)∈ πA,I

γ′′ (πA,I
γγ′′(Y

g,N
n )) = πA,I

γ (Y g,N
n ) = Y g,M

n .

So I\γ ⊆ Y g,M
n for all n < ω. Hence

⋂
0<n<ω Y g,M

n ⊇ I\γ is unbounded in γ∗ = λ(M).

Lemma 2.19. I ⊆ I(A,M), where M = M(A, I).
Moreover, ifA′ ∈ M is a γ∗-structure and γ′,A′0 are such that πA,I

γ′ (A′0) = A′ then I\γ′ ⊆ I(A′,M).
In particular, if A′ ∈ M is definable from some β < γ∗ then I\(β + 1) ⊆ I(A′,M).
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Proof. Let γ = min(I). Then πA,I
γ (A ¹ γ) = A ¹ γ∗ and, in the notation of the proof of Lemma 2.9,

gA¹γ ∈ BA,I

γ and πA,I
γ (gA¹γ ) = gA¹γ∗ . Just as in the proof of Lemma 2.18,

I = I\γ ⊆
⋂

0<n<ω

XA¹γ∗,M
n = I(A,M).

The proof of the final two statements is just the same.

Lemma 2.20. M = M(A, I(A,M)), where M = M(A, I).

Proof. Since I ⊆ I(A,M) (by Lemma 2.19) is cofinal, and BA,I

γ = BA,I(A,M)

γ for each γ ∈ I (by

indiscernibility), for each γ ∈ I(A,M) there is γ′ ∈ I such that π
A,I(A,M)
γ : BA,I(A,M)

γ → BA,I

γ′ .
Consequently,

M(A, I) = lim〈〈BA,I
γ , UA,I

γ 〉, 〈πA,I
γγ′ 〉γ<γ′∈I〉

= lim〈〈BA,I(A,M)
γ , UA,I(A,M)

γ 〉, 〈πA,I(A,M)
γγ′ 〉γ<γ′∈I(A,M)〉

= M(A, I(A,M))

Lemma 2.21. UA,I is generated by I . Consequently, if cf(γ∗) > ω then UA,I is ω-complete.

Proof. The argument from the proof of Lemma 2.18 shows that UA,I is generated by I . ω-completeness is
immediate.

Remark 2.22. The construction of M(A, I) is absolute between transitive ZF−-models containing A and
I .

2.4. The Jensen Indiscernibles Lemma
We assume ¬0¶ and thus K is built using non-overlapping extenders. We prove Theorem 2.3 just for

the universal weasel K - the generalisations to other universal weasels being straightforward - we fix an
uncountable cardinal κ, a κ-structureA ∈ K, and a set, I , of good indiscernibles forA = 〈JE

κ ,∈, E,A〉 ∈
K, with sup(I) = γ∗ and cf(otp(I)) > ω.

Each γ ∈ I is a regular cardinal of A. If not, let γ ∈ I such that α = cf(γ) < γ. If γ′ ∈ I\(γ + 1) then
cf(γ′) = α = cf(γ) by good indiscernibility. Let fγ , fγ′ be the C-least maps witnessing the cofinalities of
γ and γ′, respectively, where C is the canonical Σ1(A) well-ordering of A . Then fγ′(β) = fγ(β) for all
β < α, by good indiscernibility, so fγ′ is bounded below γ - a contradiction. Since JE

κ is acceptable, for
each γ, γ′ ∈ I with γ < γ′, for all α < γ, (P (α))A ⊆ JE

γ , hence (P (α))A ∈ JE
γ′ , hence (P (α))A ∈ JE

γ ,
by good indiscernibility.

So each γ ∈ I is an inaccessible cardinal of A. It follows that A ¹γ ² ZFC and, since A ¹γ ≺ A, that
A ² ZFC, and the results of subsection 2.3 apply.

For each γ ∈ I , BA,I

γ = 〈JE
δ ,∈, E, , UA,I

γ 〉, where δ = δA,I
γ = On∩BA,I

γ (by the argument showing

BA,I

γ is transitive, 2.14i). Let MA,I
γ = 〈JE

δ ,∈, E, UA,I
γ 〉.

It follows thatBA,I
= 〈JE

δ ,∈, E, A1, . . . , An, UA,I
γ 〉, where δ = δA,I = On∩BA,I

for some E, A1, . . . , An

with
E ¹γ∗ = E ¹γ∗, A1 ∩ γ∗ = A1 ∩ γ∗, . . . , An ∩ γ∗ = An ∩ γ∗.

Let MA,I = 〈JE
δA,I ,∈, E, UA,I〉 (so MA,I is the structure M(A, I) with some predicates omitted). For

convenience, we define MA,I
γ∗ = MA,I .
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Lemma 2.23. i. UA,I is an ω-complete measure with critical point γ∗, and is generated by I;

ii. MA,I
γ is an acceptable J-structure for each γ ∈ I ∪ {γ∗};

iii. The maps πA,I
γγ′ and πA,I

γ are Q-preserving for each γ, γ′ ∈ I , and ρ1
MA,I

γ
≤ γ for each γ ∈ I ∪ {γ∗}.

Proof. Set M = MA,I .

i. By Lemma 2.21.

ii. Each JE
δA,I

γ
, γ ∈ I , is a union of acceptable structures and so each MA,I

γ is acceptable. That M is

acceptable follows since acceptability is a Q-property and each πA,I
γ is Q-preserving.

In fact JE
δA,I

γ
is an initial segment of K with largest cardinal γ; for arbitrarily large δ′ < δA,I

γ we have

that ρ1
δ′ = γ. Hence the same is true of arbitrarily large δ′ < δ = δA,I = On∩M at γ∗. Elementary

iteration and comparison arguments then show that (JE
δ )M is also an initial segment of K.

iii. Let α = sup(On∩hM “(γ∗ ∪ {A ¹ γ∗})). Then hM “(γ∗ ∪ {A ¹ γ∗}) = JE
α , since for any β ∈

On∩hM “(γ∗ ∪{A ¹ γ∗}) there is in M as above, a ΣM
1 (β)-definable map from γ∗ onto JE

β . Suppose
for a contradiction that α < δ.

Note that M ′ =df 〈JE
α ,∈, E ¹α,UA,I ∩JE

α 〉 is an amenable structure, since if x is in the given Skolem
hull, then so is x∩ UA,I . Moreover M ′ ≺Σ1 M with the whole structure M ′ useful and an element of
M for the same reason.

In the notation of Lemma 2.9, we have, by Σ1-elementarity, XA¹γ∗,M ′
n = XA¹γ∗,M

n ∈ M for each
n < ω with M ′ ² ψn(A¹γ∗, XA¹γ∗,M ′

n ). Moreover, each XA¹γ∗,M ′
n ∈ U ∩ M ′ and

⋂
0<n<ω

XA¹γ∗,M ′
n =

⋂
0<n<ω

XA¹γ∗,M
n

is definable over M ′, and thus is inM, and is a set of good indiscernibles forA ¹ γ∗. In other notation,
we thus have I(A, M) = I(A,M ′) ∈ M .

However then, by Lemma 2.20, M = M(A, I) = M(A, I(A,M)) ∈ M . Contradiction.

Thus α = δ and so γ∗ > ρ1
M . The same argument as above, replacing δ with δA,I

γ , and using
⋂

0<n<ω X
A¹γ,MA,I

γ
n , shows that JE

δA,I
γ

= hMA,I
γ

“(γ ∪ {A ¹ γ}) for any γ ∈ I . Hence, γ > ρ1
MA,I

γ

for each γ ∈ I . That each πA,I
γγ′ is Q-preserving, is Lemma 2.14 xii. It follows from the direct limit

construction that each πA,I
γ is also Q-preserving.

Now we temporarily assume ¬0sword, prove the result under this assumption, and then sketch how to
relax this constraint.

Lemma 2.24. (¬0sword) (i) MA,I
γ is a mouse for each γ ∈ I ∪ {γ∗};

(ii) ρω
MA,I

γ
= γ for each γ ∈ I ∪ {γ∗};

(iii) each πA,I
γ is Σ∗-preserving.
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Proof. Since E is the measure sequence of K, and every initial segment of K is a mouse, all clauses of the
definition of ’premouse’ are inherited by each MA,I

γ (γ ∈ I), except, perhaps, the coherency condition for
the top measure. Since each clause of the definition is a Q-property, and the maps πA,I

γ are Q-preserving,
the same holds for M = MA,I .

Let π : M → N = Ult(M,U) = 〈JE′
δ′ ,∈, E′, U ′〉, where U = UA,I , be the ultrapower map (this

exists by 2.23i). Set again δ = δA,I . Since π is Σ0-preserving,

N ² (∀γ < π(γ∗))(∃X ∈ π(JE
γ∗) = JE′

π(γ∗))(X = N‖γ is a mouse ).

Hence, N ² N‖δ is a mouse .
Since κ ⊆ γ∗ ⊆ N it follows by absoluteness that N‖δ is a mouse (cf [29] Thm 4.5.5). Hence the

structure M ′ = 〈JE′
δ ,∈, E′, E′

δ, U〉 is a premouse or s-premouse, depending on whether E′
δ = ∅ or not.

(Note that JE
δ = JE′

δ , by amenability of U , with ((γ∗)+)N = δ.)

Claim: M ′ is 0-iterable.
Suppose first the claim holds and we show that this demonstrates that M is a mouse. Then E′

δ =
∅ (otherwise M ′ is an s-mouse, contradicting our smallness hypothesis of ¬0sword), and the coherency
condition for M follows. Moreover, M = M ′ is simply normally iterable above γ∗, since ρ1

M = γ∗

(Lemma 2.23iii) implies that any simple normal iteration above γ∗ is a 0-iteration, and so ρ1
Mi

= γ∗ 6 κi

for each iterate Mi and critical point κi.
It follows in a standard fashion that M is normally iterable above γ∗.
Since M is normally iterable, it is coiterable with K. Let M ′ (N ′) be the final premouse on the M -side

(K-side). Then, M ′ is an initial segment of a mouse, and hence it, and so M , are mice.

It remains to prove the claim. We do not do this in detail as we shall not refer to it again, and it is almost
identical to proofs available in the literature. Define a simple normal 0-iteration I ′ = 〈M ′

i , π
′
ij : i 6 j < θ′〉

of M ′ with indices 〈ν′i : i + 1 < θ′〉 by setting ν′i to be the least ν < ht(Mi) such that

i. E
M ′

i
ν is a total measure;

ii. ν > sup{ν′i′ : i′ 6 i};

iii. if i is a limit ordinal then cf(crit(EM ′
i

ν )) = ω or {i′ < i : π′i′i(ν
′
i′) = ν} is bounded in i.

The iteration terminates if there is no such ν. Note that since N is iterable and we do not use either of
the top measures in the iteration, the iteration exists. Let M∗ = M ′

θ′ = 〈JE∗
δ∗ ,∈, E∗, E∗

δ∗ , U
∗〉. Just as in

Theorem 4.5.6. of [29], θ′ < (max{ω1, |M ′|})+, U∗ is ω-complete, and whenever γ < δ∗ is such that E∗
γ

is a total measure of M∗, E∗
γ is ω-complete.

We show that, in addition, E∗
δ∗ is ω-complete. Let

π∗ : M∗ → M∗∗ = Ult(M∗, U∗) = 〈JE∗∗
δ∗∗ ,∈, E∗∗, E∗∗

δ∗∗ , U
∗∗〉.

Let {Xn : n < ω} ⊆ E∗
δ∗ = E∗∗

δ∗ , and let κ∗ = crit(E∗
δ∗). Then, by Łoś Theorem, for each n < ω,

{γ < κ∗ : M∗ ² Xn ∩ γ ∈ E∗
γ+} ∈ U∗.

Let
γ∗ ∈

⋂
n<ω

{γ < κ∗ : M∗ ² Xn ∩ γ ∈ E∗
γ+}
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(this exists by ω-completeness of U∗). However E∗
(γ+)M∗ is a total measure of M∗, hence ω-complete, so

∅ 6=
⋂

n<ω

Xn ∩ γ∗ ⊆
⋂

n<ω

Xn,

as required.
The proof of Theorem 4.5.1 of [29] shows that any s-premouse that has only ω-complete total measures

and is such that every proper initial segment is a mouse, is 0-iterable. Thus, the claim follows.
To finish the lemma, note that each MA,I

γ (γ ∈ I) is a sound premouse, being Q-embeddable into the
mouse M = MA,I

γ∗ . Further it is 0-iterable, and thus iterable above γ for the same reason. It can thus be
compared with K by such an iteration (since, recall, each MA,I

γ ¹ γ = K ¹ γ). As above this ensures
it is a mouse, and indeed an initial segment of K. As each γ is a K cardinal (ii) is trivial and (iii) is
immediate.

Lemma 2.25. (¬0sword)

i. MA,I ∈ K. In fact, MA,I = K‖δA,I .

ii. Set I ′ = I(A,M(A, I)) = I(A,MA,I). Then I ′ ∈ K, I ′ ⊇ I , and I ′ is a set of good indiscernibles
for A.

Proof. i. Again let M = MA,I . Since ρ1
M = γ∗ the Σ1 mastercode A = A1

M is a Σ1(M) subset of γ∗

from which M may be defined. Consider the coiteration M with K and let M ′ (N ′) be the final mouse on
the M -side (K-side). M ′ is an initial segment of N ′ and A is Σ1-definable over M ′ (note that the iteration
of M to M ′ is simple and involves no truncations). However P(γ∗) ∩ Σω(N ′) ⊆ P(γ∗) ∩ K. Thus
M ∈ K. However if M is not an initial segment of K, the M 6= M ′, and as initial segments of N ′ are
sound, M ′ = N ′. Thus M = core(M ′) = core(N ′) = K‖δA,I .

ii By Lemma 2.19 and Lemma 2.9.

We now argue that the above lemmata also go through assuming only ¬ 0¶. The last Lemma is un-
problematic, so we consider the previous one. Assume that K now denotes the core model built with
non-overlapping extenders, coded into the predicate E = EK , Lemma 2.23 still gives an ω-closed filter
Uγ∗ on γ∗. As the E hierarchy is defined using extenders attached at indices derived from successor car-
dinals of the images of critical points, we have to modify the above. We set M again to be MA,I

γ∗ ; then M

is of the form 〈Jδ,∈, EM , U∗〉 with δ = δA,I
γ∗ . Now take F = F ∗γ∗ to be the extender derived from the

ultrapower embedding σ : M −→ N0 = Ult(M,U∗). Let λ = σ(γ∗) be the length of F and then F is an
extender which we should naturally index by ν = On ∩ N0, and where N0 |= “ λ is the largest cardinal.”
Let π : N0 −→ N1 = Ult(N0, F ) be the ultrapower map of N0 by F . Let N = 〈JEN

ν ,∈, EN , EN
ν , FN 〉

where EN = EN1 ¹ ν, EN
ν is set to be EN1

ν , and FN = F . If F is coherent with EN0 then EN
ν = ∅. In

this case we then argue as before that N is 0-iterable, hence normally iterable, by finding a simple iterate Ñ
of N where all measures below the critical point of the top extender F top of Ñ are ω-complete. As F top is
the image of the ω-complete FN it also is ω-complete. The argument then finishes as before with both Ñ
and N being mice. The latter is then an initial segment of K. However, even if we suppose EN

ν 6= ∅, as
we do not have iterable premice with overlapping extenders by our smallness assumption, we cannot have
that cp(EN

ν ) 6= γ∗. However if we have that cp(EN
ν ) = γ∗, by the initial segment condition for this style of

extender (cf [29] p.252), we have that for unboundedly many λ̄ < λ that EN
λ̄

is a non-empty extender with
critical point γ∗. Thus N0 |= “ ∃δ(o(δ) = σ(γ∗).” However then M |= “ ∃δ(o(δ) = γ∗).” In turn this would
imply that we could form the class length iteration of M , namely 〈Mι, (πιη)ι≤η<∞, (κι)ι<∞, (Uι)ι<∞〉,
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using repeatedly the ω-complete U∗ and its images Uι, throughout all the ordinals. This would leave behind
a model W =

⋃
ι<∞HMι

κι
with a strong cardinal δ with oW (δ) = ∞, and the critical points (κι)ι<∞ of the

iteration measure would be indiscernibles for W . Hence we should have 0¶ - contradicting our smallness
assumption.

So this finishes the proof of the Indiscernibles Lemma 2.3 in the case that the universal weasel K ′ there
is K itself. However, to finish off the full statement for a general universal weasel K′, note that we used
no properties of K beyond universality. The structures MA,I arising are now in K′ since they agree up
to γ∗ with EK′ ¹ γ∗, and indeed are now mice in K ′ and in fact end up as initial segments of K ′, as all
iterations and comparisons are performed above γ∗ as before. Hence, as MA,I ∈ K ′ so will some I ′ ∈ K′

with I ′ ⊇ I .
This finishes the proof of the full Jensen Indiscernibles Lemma 2.3. ¤

2.5. A criterion for good indiscernibles

We establish a useful criterion for the existence of sets of g.i.’s in K. First we prove an elementary
result on failures of condensation of K.

Theorem 2.26. (¬0¶) Let κ be a regular uncountable cardinal and suppose j : M̂ → 〈K|ν,∈, . . .〉 is
an elementary embedding with µ = crit(j) < κ 6 ht(M̂) and ν = (λ+)K , where κ ≤ λ = j(κ). Then
there is a mouse N0 ∈ Hκ that iterates past M =df KM̂ , that is M <∗ N0. Further, for no ξ < κ is
(o(ξ) ≥ κ)M .

Proof. Note that if any µ′ ≤ µ satisfies oK(µ′) ≥ τ , where τ ∈ ran(j) then then µ′ < µ as µ′ is definable
in K ¹ ν from τ . Let M = KM̂ ; now coiterate K with M .

We now show that there is a mouse N0 of cardinality less than κ which iterates past M in their com-
parison; in other words that M <∗ N0. If P(µ) ∩ K 6= P(µ) ∩ M then standard arguments show
P(µ) ∩ K ⊃ P(µ) ∩ M and thus K is immediately truncated in the comparison iteration with M to such
an N0. If this did not happen then P(µ)∩ K = P(µ)∩ M . Using pseudo-ultrapower techniques ([29]3.6.3
for example) we may then lift-up the embedding j ¹ (M ¹ (µ+)M ) to a j̄ : K −→ W with the latter a
universal weasel, if wellfounded. However the latter cannot be wellfounded: for if so we should have that
W is a simple iterate of K with iteration map j̄ (as we are below 0¶); further there is η which is the index
of the first extender used in this iteration with crit(EK

η ) = µ = crit(j̄). By coherency EW
η = ∅. This is

a contradiction unless η ≥ sup j “ (µ+)M ) > µ. This would imply that µ is strong beyond j(τ) for some
τ ∈ [µ, (µ+)M ): oK(µ) > j(τ). However above we argued that any such µ′ strong beyond any such j(τ)
is less than µ (and there can be only one such, as we are in the region of non-overlapping extenders), so this
is a contradiction.

We conclude that W is illfounded. Now we use a standard argument to a contradiction. Let 〈fn, γn〉 ∈
K (n < ω) witness that W is ill-founded. That is, for each n < ω, dom(fn) ∈ µ′, γn ∈ j(dom(fn)), and

〈γn+1, γn〉 ∈ j({〈α, β〉 : α ∈ dom(fn+1)), β ∈ dom(fn), and fn+1(α) ∈ fn(β)}).

Since µ′ = (µ+)K we may, without loss of generality, assume dom(fn) = µ for each n. Let X =
HullK|η((µ + 1) ∪ {fn : n < ω}), where η is any sufficiently large regular cardinal and let τ : N ∼= X ≺
K|η be the inverse transitive collapse. Note that |N | < κ and is iterable (as it is elementarily embedded
into the iterable K|η); to complete the proof, we require that M <∗ N . Suppose not. Then N and M
coiterate to some N ′ ⊆ M ′ via iteration maps σ and π. Let j′ : M ′ → K ′ and π′ : K|ν → K ′ arise from
the application of the copying construction (Lemma 4.3.1 of [29]) to j and the M -side of the coiteration.
(See Figure 1, the reader may ignore M̃, K, K ′′, π′′.)
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Set f ′n = σ(fn), where τ(fn) = fn. Then, for each n, since the coiteration is above µ and σ ¹ µ =
id ¹ µ,

{〈α, β〉 : α, β < µ and f ′n+1(α) ∈ f ′n(β)} = {〈α, β〉 : α, β < µ and fn+1(α) ∈ fn(β)}
= {〈α, β〉 : α, β < µ and fn+1(α) ∈ fn(β)}

so,

〈γn+1, γn〉 ∈ j({〈α, β〉 : α, β < µ and fn+1(α) ∈ fn(β)})
= j({〈α, β〉 : α, β < µ and f ′n+1(α) ∈ f ′n(β)})
= j′({〈α, β〉 : α, β < µ and f ′n+1(α) ∈ f ′n(β)})
= {〈α, β〉 : α, β < j′(µ) and j′(f ′n+1)(α) ∈ j′(f ′n)(β)},

where the penultimate line is a consequence of the copy construction, which states that j′ ¹ ν0 = j ¹ ν0,
where ν0 > µ is the first index of the iteration of M .

So j′(f ′n+1)(γn+1) ∈ j′(f ′n)(γn) for all n < ω, a contradiction. For the last assertion of the theorem,
note that (∃ξ(o(ξ) ≥ κ))M would imply that (∃ξ(o(ξ) ≥ κ))Mκ , and thus the same in Nκ too. However
this would imply 0¶ since the iterable Nκ could be iterated through all the ordinals and leave behind a
model with a strong cardinal, and indiscernibles for the same; it thus easily generates an “0¶ mouse.” This
concludes the proof.

Figure 1: Comparison

Theorem 2.27. (i) With the notation of the last theorem, suppose further that j“κ is cofinal in λ, and that
A ∈ ran(j) is a λ-structure. Then there is a set, I ∈ K, of good indiscernibles for A of order type ≥ κ.
(ii) Lastly if in addition to the conditions of (i), that

K ² “ {α < λ : K ² α is measurable } is nonstationary in λ”

holds then j“C is a set of good indiscernibles for A for some club C ⊆ κ.

Proof. For (i) consider an A as supposed. Let j(Ā) = A. Then Ā is an κ-structure. We consider the
coiteration of N = N0 with M . Let N̄ = Nκ, with iteration map σ =df σN

0,κ : N0 → N̄ then note that
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A′ ∈ N̄ where π(Ā) = A′, with π =df πM
0,κ the iteration map on the M side. Let π′ be the copy-map

iteration of π taking K ¹ ν to K ′, copied up using j, and let j′ : M ′ → K ′. As all extenders used in this
latter copied iteration are total in K (ν is a K-cardinal) we can consider also the iteration of K using the
same extenders. This yields an iteration π′′ : K → K′′ with the map π′′ extending π′. Note that π “ κ ⊆ κ.
Again, as the copied iterated ultrapower map only takes ultrapowers using extenders in K which are below
λ, without any critical point being sent up to λ, π′(λ) = λ. Moreover π′ “ λ+K ⊆ λ+K . Let Ã = π′(A).
Then Ã = j′(A′) by commutativity.

First suppose that there is η < On ∩ N̄ with N̄ |= “Eη is a full extender on P(κ)N̄ ”. If there is such
then clearly A′ ∈ JEN̄

η . From the extender we may clearly find an Eη-measure 1 set Ī of g.i’s for A′ in

JEN̄

η . Setting I = j′ “ Ī then yields such a set of g.i’s for Ã. However the existence of such a set for
Ã ∈ K ′′ itself, ensures, as K ′′ is universal and thus we may apply the Indiscernibles Lemma, that there is
such an I0 ⊇ I with I0 ∈ K ′′. By the elementarity of π′′ there is such a set in K for A and we are done.

So otherwise there is no proper initial segment of N̄ , JEN̄

η , with a full extender as above containing A′.
Note that for some k < ω ρk+1

N̄
< κ ≤ ρk

N̄
(because this property is ultimately inherited from the fact that

for some k < ω, ρk+1
N0

≤ µ ≤ ρk
N0

). However then N̄ is an active mouse with a topmost extender F N̄

(measuring P(κ)N̄ ) with the latter extender the image of the topmost extender FNι applied unboundedly
often below κ in the coiteration. Hence the same extender, so to speak, has been used unboundedly in κ. If
D = {κι | ι < κ} are the critical points of the FNι so used, then D forms a closed and unbounded set of
g.i’s forA′, since D generates, as a final segment filter, F N̄

∅ where the latter is the measure derived from the
extender F N̄ . (In other words we see that then the set of g.i.’s

⋂
0<n<ω XĀ,N̄

n (see Lemma 2.9) contains a
final segment of D). However then j′ “ D is a sequence of g.i’s unbounded in λ for Ã. We now apply again
the Jensen Indiscernibles Lemma (still in V [G]) to deduce that Ã has a set of g.i’s in K′′ unbounded in λ.
Then the argument then finishes as above. This completes (i).

For (ii) note that the assumption implies that in the coiteration of N0 with M we must have on a club
subset of κ, C say, for i < j ∈ C implies that σi,j(κi) = j = κj , and that σi,j(Eνi) = Eνj . In other words
that the same extender and its images are used, and moreover these extenders and their images must be of
Mitchell order 0: hence for such i < j ∈ C we have M |= “i is not measurable”, and Nκ, Mκ = M ′ model
the same statements. Since the same order zero measure (extender) and its images is being used at the class
C of its critical points, then C forms a class of g.i’s for Mκ, and in particular for A′. As each i ∈ C is a
fixed point for π, then pulling back C via the elementary map π just shows that C = π−1“C forms a set of
g.i.’s for Ā = π−1(A′), and hence j“C does so for A, as required.

3. Hierarchies of Ramsey and Jónsson Cardinals

In this section we describe and expand upon the theory of α-Ramsey cardinals due to Feng. We first
in 3.1.1 extend the notion of Π1

n-indescribability to a transfinite notion Π1
α one, by via finite games. We

use this to extend a result of Feng’s then from n-Ramsey to α-Ramsey (Theorem 3.24). In Sect 3.1.2 we
introduce an analogue, α-Jónsson cardinals, and relate them to α-Ramsey cardinals; answer in Sect. 3.2.2
a question about the the lengths of the hierarchy of filters associated with α-Ramsey cardinals; and, in the
final subsection 3.2.3, consider a natural variant of the notion of an α-Ramsey cardinal which we call an
α-very Ramsey cardinal.

3.1. The Cardinal Hierarchies
3.1.1. α-Ramsey Cardinals

The following definitions are due to Feng [12] after Baumgartner [2].
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Definition 3.1. (Feng) Let κ be a cardinal of uncountable cofinality. Let I be an ideal on κ containing
all the bounded subsets of κ. For X ∈ P (κ), say X ∈ R+(I) iff for all club C ⊆ κ and regressive f :
[X]<ω → κ there exists Y ∈ I+ such that Y ⊆ X ∩C and Y is homogeneous for f (where I+ = P (κ)\I).

Let R(I) = P (κ) \R+(I) .

[12] gives some useful equivalents:

Theorem 3.2. (Feng) Let κ, I be as in Definition 3.1. Then X∈ R+(I) iff for any κ-structure A =
〈JX, ~A

κ ,∈, X, ~A〉 there exists Y⊆ X , Y ∈ I+ such that Y is a set of good indiscernibles for A.
If NSκ ⊆ I then X∈ R+(I) iff for all regressive f : [X]<ω → κ there exists Y ∈ I+ such that Y ⊆ X

and Y is homogeneous for f, i.e. one can omit the club C of Definition 3.1.

We prove a further equivalence:

Theorem 3.3. (The case X = κ, I = [κ]<κ is due to Mitchell, [18])
Let κ, I be as in Definition 3.1. The following are equivalent:

a) X ∈ R+(I)

b) for any A ⊆ κ there is a useful structure M and Y ∈ I+ such that A ∈ M , Y ⊆ X , λ(M) = κ, and
U(M) is generated by Y

Proof. (a ⇒ b) Let Y ∈ I+ be a set of good indiscernibles for A = 〈JX,A
κ ,∈, X, A〉 such that Y ⊆ X .

Let M = M(A, Y ). Then U(M) is generated by Y . The rest follows since κ = sup(Y ) = λ(M).
(b ⇒ a) Let f : [X]<ω → κ be regressive and C ⊆ κ be club. Let M be a useful structure such that

f, C ∈ M (〈f, C〉 maybe coded as a subset of κ) with Y ∈ I+ such that Y ⊆ X , λ(M) = κ, and U(M) is
generated by Y . C ∈ U since C ∈ M and U is normal. So X ∩ C ∈ U and f ′ = f ¹ [X ∩ C]<ω ∈ M . f ′

is regressive so let Y ′ =
⋂

0<n<ω Y f ′,M
n . Since each Y f ′,M

n contains a final segment of Y , and cf(κ) > ω,
Y ′ ⊇ Y \α, some α < κ. Hence, Y ′ ∈ I+, since α ∈ I by assumption.

For the sake of the exposition, the following two definitions differ slightly from those of [12].

Definition 3.4. (Feng) Let κ be as above. Let
Iκ
−1 = [κ]<κ

Iκ
α+1 = R(Iκ

α)
Iκ

δ =
⋃

α<δ Iκ
αfor δ a limit ordinal.

Say κ is α-Ramsey if κ 6∈ Iκ
α. More generally, say X ⊆ κ is α-Ramsey if X 6∈ Iκ

α.

Definition 3.5. (Feng) Let κ be as above. Let
Ī

κ
−1 = NSκ

I
κ

α+1 = R(I
κ

α)
I

κ

δ =
⋃

α<δ I
κ

αfor δ a limit ordinal.
X ⊆ κ is α-Ramseys if X 6∈ I

κ

α. (The superscript “s” stands for “stationary”.)

Remark 3.6. Note that for all n < ω, Iκ
n ⊆ Ī

κ
n ⊆ Iκ

n+1 so for all α > ω, κ isα-Ramsey iff κ isα-Ramseys.
That is, the definitions differ only for α < ω. Note 0-Ramsey is the same as Ramsey.

Definition 3.7. Let κ be a cardinal of uncountable cofinality. For X⊆ κ and α ∈ On, let GR(X, α) be the
game with finitely many moves defined as follows:

Set D−1 = X, α−1 = 1 + α
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In the nth move
I chooses αn < αn−1 and some An = 〈JDn−1, ~An

κ ,∈, Dn−1, ~An〉
II chooses Dn ∈ [κ]κsuchthatDn ⊆ Dn−1 and Dn is a set of good indiscernibles for An

The first player to be unable to move loses.

Lemma 3.8. The game GR(X, α) is determined.

Proof. We use the usual Gale-Stewart argument, [14]. Assume I does not have a winning strategy. Then
for each move I makes, II can choose a move such that I does not have a winning strategy for the remaining
game. This is a winning strategy for II since αn must reach 0 in finitely many moves and then I cannot
move.

Lemma 3.9. Let κ be a cardinal, cf(κ) > ω, and X ⊆ κ, α ∈ On.
Then X is α-Ramsey iff (II) wins GR(X,α).

Proof. By induction on α. The case α = 0 is clear from the definitions and Theorem 3.2, and the limit case
is trivial.

Suppose α = β + 1. Suppose first that X is α-Ramsey. If I chooses α0 < β then the result follows
by induction hypothesis since X is β-Ramsey. Suppose α0 = β. Then, by Theorem 3.2, II can choose a
β-Ramsey D0 but then by induction hypothesis II wins GR(D0, β). However this is exactly what remains
of the game GR(X, α).

Now suppose II wins GR(X, α). Then let A =
〈
JX, ~A

κ ,∈, X, ~A
〉

. Let D0 be II’s response according
to its winning strategy to I playing αo = β,A0 = A. Then II wins GR(D0, β), hence, by induction
hypothesis, D0 is β-Ramsey. So X ∈ R+(Iκ

β) = (Iκ
α)+ as required.

Definition 3.10. Define the game Gs
R(X, α) just as GR(X, α) except that II must play Dn ∈ NSκ instead

of Dn ∈ [κ]κ.

Remark 3.11. By the same proof as Lemma 3.9, κ is α-Ramseys iff II wins Gs
R(X, α).

Lemma 3.12. Let κ be a cardinal, cf(κ) > ω. For X ⊆ κ and α ∈ On, the game with finitely many moves
defined below is equivalent to GR(X, α) in the sense that the same player wins.

Set Y−1 = X, α−1 = 1 + α
In the nth move
I chooses αn < αn−1 and some An ⊆ κ
II chooses a useful structure Mn 3 Mn−1 with |Mn| = κ and a set Yn ⊆ Yn−1 such that An ∈ Mn,

λ(M) = κ, and U(M) is generated by Yn.
The first player to be unable to move loses.
We denote this game by GR(X, α) without fear of confusion.

Proof. Just as for Theorem 3.3. Note only that Mn can be chosen to contain Mn−1 since Mn−1 has
cardinality κ and can be coded as a subset of κ.

Definition 3.13. Let β be an ordinal. Call a pair 〈M, Y 〉 β-Ramsey (for κ,X) iff Hκ ⊆ M and p =
〈〈β, κ〉, 〈M, Y 〉〉 is a valid (partial) play of GR(X, α) (in the sense of Lemma 3.12) and is a winning
position for II for some (equivalently, any) α with 1 + α > β.

If 〈M ′, Y ′〉 and 〈M, Y 〉 are 0-Ramsey say that 〈M ′, Y ′〉 extends 〈M,Y 〉 iff M ∈ M ′ and Y ⊇ Y ′.
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Remark 3.14. Let κ be a cardinal, cf(κ) > ω. Then κ is α-Ramsey iff for every A ⊆ κ and β < α, there
is a (1 + β)-Ramsey pair 〈M, Y 〉 with A ∈ M (here, we are allowing β ∈ {−1} ∪On).

The requirement that Hκ ⊆ M is not necessary. However, since κ will always be inaccessible, |Hκ| =
κ, and in the game GR(X, α), Hκ could be coded in A0, anyway. So there will not be a genuine loss of
generality, but adopting this convention will help to streamline some of the following proofs.

We shall shortly show that Π1
2n-formulae are absolute for n-Ramsey structures, and obtain an indescrib-

ability result using Łoś Theorem. However, to state this in the maximum generality it is necessary to first
generalise the notion of absoluteness from formulae to games. As β increases, (ultrapowers of) β-Ramsey
structures will correctly determine the winner of an increasing class of games.

Definition 3.15. Let ζ be an ordinal and let a0, . . . , ak−1 ⊆ ζ and Φ(v0, . . . , vk+2) be a Σ0-formula
(without parameters). Let Gζ(Φ, α, a0, . . . , ak−1) be the game with two players, (Π) and (Σ), and finitely
many moves such that , setting α−1 = α, in the nth move:

(Σ) chooses some αn < αn−1 and An ⊆ κ
(Π) chooses some Dn ⊆ κ such that Φ(ζ, An, Dn, a0, . . . , ak−1) where Dn = 〈Dk : k 6 n〉and An =

〈Ak : k 6 n〉
The first player to be unable to move loses.

Definition 3.16. Let α > 0. Say that a property Q(ζ, a0, . . . , ak−1) where ζ ranges over ordinals and
a0, . . . , ak−1 range over subsets of ζ is

• Π1
2·α if there is Φ such that for all ζ and a0, . . . , ak−1 ⊆ ζ, Q(ζ, a0, . . . , ak−1) holds iff (Π) wins

Gζ(Φ, α, a0, . . . , ak−1)

• Σ1
2·α if there is Φ such that for all ζ and a0, . . . , ak−1 ⊆ ζ, Q(ζ, a0, . . . , ak−1) holds iff (Σ) wins

Gζ(Φ, α, a0, . . . , ak−1)

• Σ1
2·α+1 if there is Φ such that for all ζ and a0, . . . , ak−1 ⊆ ζ, Q(ζ, a0, . . . , ak−1) holds iff there

exists X ⊆ ζ such that (Π) wins Gζ(Φ, α, a0, . . . , ak−1, X)

• Π1
2·α+1 if there is Φ such that for all ζ and a0, . . . , ak−1 ⊆ ζ, Q(ζ, a0, . . . , ak−1) holds iff for all

X ⊆ ζ, (Σ) wins Gζ(Φ, α, a0, . . . , ak−1, X)

Remark 3.17. If 0 < n < ω then the notion of a Π1
2n property given in Definition 3.16 is the same as the

standard one. Note also that the game of Definition 3.15 is always determined and “X is α-Ramsey” is a
Π1

2·(1+α) property, by Lemma 3.9.

Definition 3.18. If G =Gζ(Φ, α, a0, . . . , ak−1), and M is a transitive ZF−-model with ζ, a0, . . . , ak−1 ∈
M , define the relativisation, GM , of G to M to be the game defined exactly as in Definition 3.15, but with
the constraint that An, Dn ∈ M , for all n.

Remark 3.19. If Gκ(Φ, α, a0, . . . , ak−1)=Gκ(Φ′, α, a′0, . . . , a
′
k−1) then

Gκ(Φ, α, a0, . . . , ak−1)M=Gκ(Φ′, α, a′0, . . . , a
′
k−1)

M by absoluteness of the Σ0-formulae Φ and Φ′, so
GM is well-defined.

GM is not necessarily a relativisation in the sense that all (partial) plays of GM are in M : the ordinals
αn played by (Σ) may lie outside M . Intuitively, the ordinals should be understood as relating to the
number of quantifiers. It is only the scope of these “quantifiers” that is restricted to M .

The following lemma shows that the “truth” of GM , like that of ΦM for a Π1
n-formula Φ, depends only

on G (resp. Φ) and M , not on the model in which it is evaluated.
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Lemma 3.20. Let G =Gζ(Φ, α, a0, . . . , ak−1) and M be as in Definition 3.18, and let N 3 α, a0, . . . , ak−1,M
be a transitive model of ZF− such that

N ² (∃v, w)(v = Gζ(Φ, α, a0, . . . , ak−1)M ∧ w =v v)

Then, setting G̃ = GM ,

N ² (G̃ = Gζ(Φ, α, a0, . . . , ak−1)M ∧ G̃ is determined )

and,

(Π) wins GM iff N ² (Π) wins GM

Proof. It is clear from Definitions 3.15 and 3.18 that the property “p is a play of GM ” is Σ0 in parameters
α, a0, . . . , ak−1, and M , using the standard fact that “p is a finite sequence” is Σ0 (see, e.g. [6]). Hence,
N ² G̃ = Gζ(Φ, α, a0, . . . , ak−1)M , since GM ⊆ N . Since N ² (∃v, w)(v = G̃ = Gζ(Φ, α, a0, . . . , ak−1)M∧
w =v v), the proof that GM is determined (just as in 3.8) may be carried out in N .

If N ² (Σ) wins GM then let σ ∈ N be a winning strategy for (Σ) in N . Then σ really is a winning
strategy for (Σ), so (Σ)winsGM . Similarly, N ² (Π)wins GM implies that (Π) wins GM . However GM

is determined in N so this suffices to show that (Π)winsGM iff N ² (Π)wins GM .

Definition 3.21. A transitive ZF−-model M with ζ ∈ M is Π1
2·αcorrect (for ζ) if for every Σ0 formula Φ,

and a0, . . . , ak−1 ∈ P (ζ) ∩M ,

(Π) wins Gζ(Φ, α, a0, . . . , ak−1) iff (Π) wins Gζ(Φ, α, a0, . . . , ak−1)M .

Let 〈fε : ε < κ+〉 be a sequence of canonical functions for an uncountable cardinal κ and suppose
α < κ+. κ is Π1

2·α-indescribable if for every Σ0 formula Φ, and a0, . . . , ak−1 ⊆ κ, if

(Π) wins Gκ(Φ, α, a0, . . . , ak−1) then (Π) wins Gζ(Φ, fα(ζ), a0 ∩ ζ, . . . , ak−1 ∩ ζ) for some ζ < κ.

Similarly for Σ1
2·α, Π1

2·α+1, and Σ1
2·α+1.

Remark 3.22. The preceding definition agrees with usual notion of Π1
2·n-indescribable, for n < ω. Also

note that the choice of the sequence 〈fε : ε < κ+〉 is not important, as follows: Let 〈f ′ε : ε < κ+〉 be some
other sequence of canonical functions and suppose that for some α < κ+, for every Σ0 formula Φ and
a0, . . . , ak−1 ⊆ κ, if (Π) wins Gκ(Φ, α, a0, . . . , ak−1) then (Π) wins Gζ(Φ, fα(ζ), a0∩ζ, . . . , ak−1∩ζ) for
some ζ < κ. Fix Φ and a0, . . . , ak−1 ⊆ κ, and let C be a club in κ such that for all ζ ∈ C, fα(ζ) = f ′α(ζ).
Then (Π) wins Gκ(Φ ∧ (vk is unbounded ), α, a0, . . . , ak−1, C), so there is ζ < κ such that:

(Π) wins Gζ(Φ ∧ (vk is unbounded ), fα(ζ), a0 ∩ ζ, . . . , ak−1 ∩ ζ, C ∩ ζ, ζ).

However then ζ ∈ lim(C) ∩ κ ⊆ C, so f ′α(ζ) = fα(ζ), so (Π) wins Gζ(Φ, f ′α(ζ), a0 ∩ ζ, . . . , ak−1 ∩ ζ).

Lemma 3.23. Suppose 〈M,Y 〉 is β-Ramsey for X ⊆ κ, and M̃ = Ult(M, U), U = U(M). If G =
Gκ(Φ, 1 + β, a0, . . . , ak−1), a0, . . . , ak−1 ∈ M , and β ∈ M then the following are equivalent:

i. (Π) wins G;

ii. (Π) wins GM̃ ;
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iii. (Π) wins GM ;

i.e., M and M̃ are Π1
2·β (equivalently, Σ1

2·β) correct.

Proof. By amenability of the measure U , the games GM and GM̃ are the same, so the equivalence of ii and
iii is trivial.

We show that i is equivalent to ii by induction on β. The case β = 0 is immediate.
Suppose β is a limit ordinal. Then,

(Π) wins G ⇔ (Π) wins Gκ(Φ, α, a0, . . . , ak−1) for all α < β

⇔ (Π) wins (Gκ(Φ, α, a0, . . . , ak−1))M̃ for all α < β (induction hypothesis)

⇔ (Π) wins GM̃

Now suppose β = γ + 1 for some γ.
Suppose (Π) wins G. Let (γ, A) be any first move for (Σ) in GM̃ . Then (γ, A) is also a valid first move

for (Σ) in G so let B be (Π)’s response according to its winning strategy for G.
Let ~a = a0, . . . , ak−1 and set G to be the Π1

2·γ game derived from G, A,B in the obvious way, i.e.
G = Gκ(Ψ, γ,~a,A, B) where Ψ(κ, A,D,~a,A, B) holds iff Φ(κ, 〈A〉 _ A, 〈B〉 _ D,~a) does. By choice
of B, (Π) wins G.

Let 〈N, Z〉 be γ-Ramsey such that A,B ∈ N and 〈N,Z〉 extends 〈M, Y 〉, and let Ñ = Ult(N, W )
where W = U(N). By induction hypothesis, (Π) wins GÑ . Let G̃ = GÑ . Then G̃ ∈ Ñ and Ñ ²
Gκ(Ψ, γ,~a,A, B) = G̃. By Lemma 3.20, Ñ ² (Π)wins Gκ(Ψ, γ,~a,A, B) so, by Łoś Theorem, using
Hκ ⊆ N ,

{α < κ : (∃u)((Π) wins Gα(Ψ, fγ(α), a0 ∩ α, . . . , ak−1 ∩ α, A ∩ α, u))} ∈ W ∩M ⊆ U,

where [fγ ]Ñ = [fγ ]M̃ = γ (such a function exists since γ ∈ M ⊆ N ). Note that W ∩M ⊆ U because
Z ⊆ Y are the respective generating sets.

By Łoś Theorem again, using Hκ ⊆ M , M̃ ² (∃u)((Π)wins Gκ(Ψ, γ,~a,A, u)). Take B′ ∈ M̃ such
that M̃ ² (Π)wins Gκ(Ψ, γ,~a,A,B′), and note that

Gκ(Ψ, γ,~a,A, B′) ∈ M̃ and M̃ ² Gκ(Ψ, γ,~a,A,B′) = G′, where G′ = Gκ(Ψ, γ,~a,A, B′)M̃ .

By Lemma 3.20, (Π) wins Gκ(Ψ, γ,~a,A, B′)M̃ . By definition of Ψ, this suffices to show that (Π) wins
GM̃ when it plays B′ in response to (γ,A).

The converse is similar. Briefly: Suppose (Σ) wins G. Let 〈N,Z〉 extending 〈M, Y 〉 be such that there
is A ∈ N such that for all B, (Σ) wins G = Gκ(Ψ, γ,~a,A,B), where Ψ(κ, A,D,~a,A,B) holds iff
Φ(κ, 〈A〉 _ A, 〈B〉 _ D,~a) does. We may proceed as before to show that

M̃ ² (∃A)(∀B)((Σ) wins G = Gκ(Ψ, γ,~a,A, B)),

and hence M̃ ² ((Σ) wins GM̃ ).

Corollary 3.24. (The case β < ω is due to Feng.)
If κ is a β-Ramsey cardinal then κ is Π1

2·(1+γ)+1-indescribable for each γ < min{β, κ+}.
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Proof. Let κ be a β-Ramsey cardinal and let Φ and ~a ⊆ κ be such that (Σ) wins G =Gζ(Φ, β,~a,X)
for all X ⊆ κ. Since κ is β-Ramsey, there is a (1 + γ)-Ramsey 〈M, Y 〉 such that β,~a ∈ M . Let
M̃ = Ult(M,U(M)). By Lemma 3.23, M̃ is Σ1

2·(1+γ) correct. So for each X ∈ P (κ) ∩ M , (Σ) wins

Gζ(Φ, β,~a,X)M . By Lemma 3.20,

M̃ ² (∀X ⊆ κ)((Σ) wins Gζ(Φ, β,~a,X)).

The result now follows by Łoś Theorem.

Corollary 3.25. (Feng) Suppose κ is β-Ramsey and γ < min{β, κ+}. Then there is a fγ(ζ)-Ramsey
cardinal ζ < κ, where 〈fε : ε < κ+〉 is any sequence of canonical functions for κ.

Proof. The property “λ is γ-Ramsey” is Π1
2·(1+γ) over λ.

3.1.2. α-Jónsson Cardinals
The following theorem establishes the equiconsistency of Ramsey and Jónsson cardinals.

Theorem 3.26. (Mitchell;[18]) Suppose there is no inner model for a measurable cardinal, and κ is a
Jónsson cardinal. Then K ² “κ is Ramsey.”

Mitchell also proved, [20], that, under the much weaker assumption that there is no inner model for a
Woodin cardinal, any regular Jónsson cardinal is Ramsey in the Steel core model K, if this exists.

With the aim of proving similar theorems for α-Ramsey cardinals, we make some definitions.

Definition 3.27. Let κ be a cardinal with uncountable cofinality. Let I be an ideal over κ containing
all the bounded subsets of κ. For X ∈ P (κ), say X ∈ J +(I) iff for all club C ⊆ κ and κ-structures
A = 〈JX, ~A

κ ,∈, X, ~A〉 there exists Y ∈ I+ such that Y ⊆ X ∩ C and HullA(Y ) ∩On 6= κ.
Let J (I) = P (κ)\J +(I).

Lemma 3.28. Let κ, I be as in Definition 3.27. For X ∈ P (κ), X ∈ J +(I) iff
for all club C ⊆ κ and α-structures A = 〈JX, ~A

α ,∈, X, ~A〉 with α > κ there exists Y ∈ I+ such that
Y ⊆ X ∩ C and HullA(Y ) ∩ κ 6= κ.

Proof. To prove the nontrivial implication, let X ∈ J +(I) and let A = 〈JX, ~A
α ,∈, X, ~A〉 with α > κ.

The set C = {γ < κ : HullA(γ) ∩ κ = γ} is closed unbounded. For any γ, δ ∈ C with γ 6 δ,
let πγ : Aγ ≺ A be the inverse transitive collapse of HullA(γ) and πγδ = π−1

δ ◦ πγ : Aγ ≺ Aδ . Let
A′ = 〈JC,Π,A

κ ,∈, C, Π, A〉 where Π = 〈πγδ : γ, δ ∈ C, γ 6 δ〉 and A = 〈Aγ : γ ∈ C〉.
Since X ∈ J +(I) there is Y ⊆ X ∩ C such that HullA

′
(Y ) ∩ κ 6= κ. Set B = HullA(Y ). It is

sufficient to show that B ∩ κ = HullA
′
(Y ) ∩ κ. Let ε = fAϕ (a0, . . . , an−1) ∈ B ∩ κ, where fAϕ is one of

the (uniformly definable) Skolem functions of A, and a0, . . . , an−1 ∈ Y . C ∩ HullA
′
(Y ) is unbounded in

κ by elementarity, so there is δ ∈ C ∩HullA
′
(Y ) such that ε, a0, . . . , an−1 < δ. However then

ε = π−1
δ (ε) = π−1

δ (fAϕ (a0, . . . , an−1)) = fAδ
ϕ (π−1

δ (a0), . . . , π−1
δ (an−1))

= fAδ
ϕ (a0, . . . , an−1) ∈ HullA

′
(Y ) since δ, a0, . . . , an−1 ∈ HullA

′
(Y ).

Definition 3.29. Let κ be as above. Let
Jκ
−1 = [κ]<κ

Jκ
α+1 = J (Jκ

α)
Jκ

δ =
⋃

α<δ Jκ
α for δ a limit ordinal

Say κ is α-Jónsson if κ 6∈ Jκ
α, and X ⊆ κ is α-Jónsson if X 6∈ Iκ

α.
24



Definition 3.30. Let κ be as above. For X⊆ κ and α ∈ On, let GJ (X, α) be the game with finitely many
moves defined as follows:

Set D−1 = X, α−1 = 1 + α. In the n’th round:

I chooses αn < αn−1, a cub Cn ⊆ κ and some κ-structure Mn = 〈JDn−1, ~An−1

κ ,∈, Dn−1, ~An−1〉;
II chooses Dn ∈ [κ]κ with Dn ⊆ Dn−1 ∩ Cn and HullMn(Dn) 6= Mn

A player who cannot move on his turn loses.

Lemma 3.31. Let κ be a cardinal of uncountable cofinality and X ⊆ κ, α ∈ On. The game GJ(X,α) is
determined, and κ is α-Jónsson iff II wins GJ(X, α).

Proof. As for the α-Ramsey case.

Definition 3.32. Define ‘α-Jónssons’, J
κ

α, and ‘Gs
J(X, α)’ analogously to their Ramsey counterparts.

Remark 3.33. ‘α-Jónssons’, J
κ

α, and ‘Gs
J(X, α)’ have equivalent properties to those stated in Remarks

3.6 and 3.11.

3.2. More on α-Ramsey Cardinals

3.2.1. An equivalence of α-Ramseys and α-Jónssons in K

Theorem 3.34. Suppose ¬0¶, κ is regular and
K ² {α < κ : K ² α is measurable} is non-stationary in κ.

If κ is an α-Jónssons cardinal then κ is an α-Ramseys cardinal in K.

Proof. We induct on α ∈ {−1} ∪ On to show that (J̄κ
α)+ ∩K ⊆ ((Īκ

α)K)+K . It will then follow that if
κ is α-Jónssons then κ ∈ (J̄κ

α)+ ∩K ⊆ ((Īκ
α)K)+K , so κ is an α-Ramseys cardinal in K.

The case α = −1 is clear (the property of being a stationary set is Π1), and the limit case follows
immediately from the induction hypothesis.

Suppose α = β + 1. Let X ∈ (J̄κ
α)+ ∩K = J +(J̄κ

β) ∩K.

LetA = 〈JX, ~A
κ ,∈, X, ~A〉 ∈ K, and let M ′ = K|(κ+)K _ 〈A〉. By Lemma 3.28 for any cub C0 there

is Y ∈ (J̄κ
β)+ such that Y ⊆ X ∩ C0 and HullM

′
(Y ) ∩ κ 6= κ. Fix such a Y . Let j : M ∼= HullM

′
(Y ) ≺

K|(κ+)K be the inverse transitive collapse, and note A ∈ ran(j).
By Theorem 2.27, there is a closed unbounded set C ⊆ κ such that C ′ =df j“C is a set of g.i.’s for A.

By Jensen Indiscernibles Lemma, there is I ∈ K, I ⊇ C ′ such that I is a set of g.i.’s forA. Set I ′ = I∩X .
To conclude the proof it is sufficient to show that I ′ ∈ (J̄κ

β)+ ∩K ⊆ ((Īκ
β)K)+K (where the inclusion is

given by the induction hypothesis), for then I ′ witnesses that X ∈ ((Īκ
α)K)+K . Now:

I ′ = I ∩X ⊇ I ∩ Y ⊇ C ′ ∩ Y = (C ′ ∪ lim(C ′)) ∩ ran(j) ∩ Y = (C ′ ∪ lim(C ′)) ∩ Y.

The second equality holds since C ′ = (C ′ ∪ lim(C ′)) ∩ ran(j), which in turn holds since C ′ is the image
under j of the closed set C. However (C ′ ∪ lim(C ′)) ∩ Y ∈ (J̄κ

β)+ since Y ∈ (J̄κ
β)+ and the club (C ′ ∪

lim(C ′)) is in the dual of the normal ideal (J̄κ
β). So I ′ ∈ (J̄κ

β)+ ∩K, as required.
The limit case is then trivial.

Under a stronger anti-large cardinal assumption, it is possible to drop the assumption in Theorem 3.34
that κ is regular.
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Corollary 3.35. Suppose there in no inner model for a measurable cardinal. If κ is an α-Jónssons cardinal
then κ is an α-Ramseys cardinal in K.

Proof. In the paper [10], it is proved that under the assumption that there is no inner model for a measurable
cardinal any Jónsson cardinal is weakly inaccessible. In particular, it is regular. The result now follows from
Theorem 3.34.

By showing that the Jónsson property is preserved under c.c.c.forcings, [5] proves that Jónsson cardinals
are not necessarily Ramsey, since the latter are strongly inaccessible, whilst we can preserve the Jónsson
property at κ whilst making 2ℵ0 > κ. We conclude this subsection by stating the same for α-Jónsson. The
proof (which we omit) is essentially the same.

Lemma 3.36. The statement “κ is an α-Jónsson (α-Jónssons) cardinal” is absolute for c.c.c. forcing.
Hence if we suppose that κ is an α-Jónsson (α-Jónssons) cardinal, then there is a forcing extension in
which κ remains α-Jónsson (α-Jónssons) but κ is not Ramsey (hence, not α-Ramsey or α-Ramseys).

3.2.2. Completely Ramsey Cardinals

Definition 3.37. (Feng) A regular uncountable cardinal is completely Ramsey iff it is α-Ramsey for all α.
If κ is completely Ramsey then let θκ be the least ordinal α such that Iκ

α+1 = Iκ
α.

It is clear that θκ exists and is less than (2κ)+. In fact, an exact value may be found using the methods
of [1]. That paper answers the same question for completely ineffable cardinals, and it will be useful to first
introduce these cardinals and relate them to completely Ramsey cardinals.

Definition 3.38. ([2])
Let κ be a cardinal of uncountable cofinality. Let I ⊇ NSκ be an ideal. For X∈ P (κ), say X ∈ Q+(I)

iff for all f : [X]2 → 2 there exists Y ∈ I+ such that Y ⊆ X and Y is homogeneous for f (where
I+ = P (κ)\I).

Let Q(I) = P (κ) \Q+(I) .

Definition 3.39. ([2])
Let κ be a cardinal of uncountable cofinality. Let
Qκ
−1 = NSκ

Qκ
α+1 = Q(Qκ

α)
Qκ

δ =
⋃

α<δ Qκ
α for δ a limit ordinal

Say κ is α-ineffable if κ 6∈ Qκ
α and κ is completely ineffable if κ is α-ineffable for all α.

Remark 3.40. It follows immediately from the definitions that any α-Ramseys cardinal is α-ineffable.
Hence, any completely Ramsey cardinal is completely ineffable, by Remark 3.6.

The key to the argument in [1] is a strong indescribability result, Lemma 3.42, which we shall be able
to apply directly.

Notation 3.41. Let α be an ordinal. Then Dα is the smallest admissible transitive structure with Vα ∈ Dα.

Lemma 3.42. ([1]) Suppose κ is completely ineffable, and Dκ+1 ² σ(κ), where σ is a Σ1-formula. Then
there is α < κ such that Dα+1 ² σ(α).

Lemma 3.43. Let κ be a completely Ramsey cardinal. Then θκ = On∩Dκ+1.
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Proof. We follow [1]. Let γ = γκ = On∩Dκ+1.
Suppose first that γ < θκ. Let X ∈ Iκ

γ+1\Iκ
γ and let C ⊆ κ be a club and f : [X]<ω → κ a regressive

function such that there is no Y ∈ Iκ
γ
+ with Y homogeneous for f . Define A and m : A → γ as follows:

A = {Y ⊆ κ : Y is homogeneous for f} ∈ Dκ+1, m(Y ) = min{δ < γ : Y 6∈ Iκ
δ
+}.

By admissibility of Dκ+1,
⋃

Y ∈A m(Y ) < γ. However this contradicts X ∈ Iκ
γ , so θκ 6 γ.

Now suppose θκ < γκ. Without loss of generality we may assume that κ is the least completely Ramsey
cardinal for which this occurs. Then Dκ+1 ² (∃δ)(Iκ

δ+1 = Iκ
δ 63 κ). By Lemma 3.42 (and Remark 3.40),

there is α < κ such that Dα+1 ² (∃δ)(Iα
δ+1 = Iα

δ 63 α) but this implies that α is completely Ramsey and
θα < γα. Contradiction!

3.2.3. Mahlo-Ramsey Cardinals
In imitation of the Mahlo hierarchy, we define another sense in which a cardinal could be “strongly”

Ramsey, and show that it is much weaker than the property of being α-Ramsey.

Definition 3.44. Let κ be a regular cardinal and let 〈fα : α < κ+〉 be a sequence of canonical functions.
κ is 0-MR iff it is Ramsey.
κ is (α + 1)-MR iff for any g : [κ]<ω → 2 there is X ∈ NS+

κ such that X is homogeneous for g and
(∀µ ∈ X)(µ is fα(µ)-MR).

κ is δ-MR for limit δ < κ+ iff it is α-MR for all α < δ.

Remark 3.45. Since the sequence 〈fα : α < κ+〉 is unique modulo club, whether κ is α-MR does not
depend on the choice of 〈fα : α < κ+〉.
Lemma 3.46. If κ is 1-Ramsey, it is α-MR for all α < κ+.

Proof. We show by induction on α < κ+ that κ is α-MR.
That κ is 0-MR is immediate, as is the limit stage of the induction. Suppose α = β +1, let g : [κ]<ω →

2, and let 〈M, Y 〉 be 1-Ramsey with 〈fγ : γ 6 α〉, g ∈ M and set U = U(M). By Lemma 3.23, 〈M,Y 〉
is Π1

2-correct, so M ′ = UltU (M) ² κ is β-MR, since “κ is β-MR” is Π1
2 over κ in parameter a0 = fβ . By

Łoś Theorem, {µ < κ : µ is fβ(µ)-MR} ∈ U . By ω-completeness of U ,

X = {µ < κ : µ is fβ(µ)-MR} ∩
⋂

n<ω

Y g,M
n 6= ∅

and is homogeneous for g (see Lemma 2.5). Finally, we require X ∈ NS+
κ . Let C ⊆ κ be closed unbounded

and let 〈N,Z〉 be a 0-Ramsey pair extending 〈M, Y 〉, with C ∈ N . Then C ∈ U(N) since U(N) is a
normal N -ultrafilter, and

C ∩X = C ∩ {µ < κ : µ is fβ(µ)-MR} ∩
⋂

n<ω

Y g,M
n 6= ∅

since
Y g,M

n , {µ < κ : µ is fβ(µ)-MR} ∈ U ⊆ U(N),

and U(N) is ω-complete.
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3.3. Longer Games

We briefly look at the consequences of modifying the definition of GR(X, α) to allow longer games.

Definition 3.47. Let κ be a regular uncountable cardinal. For X ⊆ κ and α 6 κ, let Gr(X, α) be the
game with (1 + α) moves defined as follows:

Set D−1 = X and in the ζth move
(I) chooses some κ-structure Mζ = 〈J ~A

κ ,∈, ~A〉;
(II) chooses Dζ ∈ [κ]κ such that Dζ ⊆ Dξ for all ξ < ζ and Dζ is a set of good indiscernibles for

Mζ .
II wins iff the game continues for (1 + α) moves, i.e. iff the game does not terminate early due to II

being unable to move.
If II has a winning strategy for the game Gr(X, α) then say X is α-very Ramsey.

For n < ω, the games Gr(X,n) and GR(X, n) coincide. However, the games of length greater than ω
are distinct. If κ is measurable then II can win the longer games.

Lemma 3.48. Suppose κ is a measurable cardinal. Then κ is κ-very Ramsey.

Proof. Let U be a non-principal κ-complete ultrafilter on κ. Then for any structure A = 〈J ~A
κ ,∈, ~A〉 there

exists some XA ∈ U such that XA is a set of good indiscernibles for A (this is standard, see, e.g., [17]). It
follows by κ-completeness of U that if II plays Dζ =

⋂{XMε : ε 6 ζ} for each ζ < κ then II wins.

Lemma 3.49. Let κ be a regular uncountable cardinal. κ is completely Ramsey iff κ is ω-very Ramsey.

Proof. (⇐) Suppose σ is a winning strategy for II in the game Gr(κ, ω) of Definition 3.47. Then σ provides
a winning strategy for II in the game GR(κ, α) of Definition 3.7 for every α ∈ On. (In the latter game, II
ignores the ordinals αn).

(⇒) Suppose κ is completely Ramsey. Then I =df Iκ
θκ

is an ideal on κ such that R(I) = I 63 κ. By
Theorem 3.2, whenever X ∈ I+ = R+(I) and is a structure there is a set Y ∈ I+ such that Y ⊆ X and Y
is a set of good indiscernibles for A. Hence, since κ ∈ I+, playing any valid move Dn ∈ I+ in each turn
is a winning strategy for II.

The existence of a winning strategy for II can have strong consequences if the game is sufficiently long.

Lemma 3.50. Suppose κ is ω1-very Ramsey. Then κ is measurable in K or 0¶ exists.

Proof. Assume that 0¶ does not exist.
Let P = 〈{f : f is an injection f : α → P (<ωκ)K , someα < ω1},⊆〉. P is an ω-closed forcing, so

adds no countable sets of ordinals, and does not collapse ω1. Let G be generic for P, and let F =
⋃

G. So
F : ω1 → P (<ωκ)K is a bijection.

Let σ be a winning strategy for II in Gr(κ, ω1). Define a play, p, of Gr(κ, ω1) (in the generic extension)
by

p(δ) = 〈JF (ε)
κ ,∈, F (ε)〉 if δ = 2 · ε, some ε

p(δ) = σ(p ¹ δ) if δ = 2 · ε+1, some ε
and note that this is well-defined since each partial play p ¹ δ (δ < ω1) is in V .

By the Jensen Indiscernibles Lemma, for each ε < ω1 there is a set pε ∈ K with pε ⊇ p(2 · ε+1) such
that pε is a set of good indiscernibles for 〈JF (ε)

κ ,∈, F (ε)〉. Let U = {X ∈ P (κ)K : (∃ε < ω1)pε ⊆ X}.

Claim: U is an amenable ω-complete normal K-ultrafilter.
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If the claim holds then U is “K-correct” (cf [29] Sect.7.3) so, by Lemmata 7.3.8 and 7.3.9 (op.cit.),
U = EK

κ+K and the proof is complete. We prove the claim.
That U is an ultrafilter over P (κ)K follows immediately from the construction. For ω-completeness,

let {Xn : n < ω} ⊆ U . Then there is a set {εn : n < ω} such that p(2 · εn + 1) ⊆ pεn
⊆ Xn. Since P is

ω-closed, 〈εn : n < ω〉 ∈ V so ε =df supn<ω εn < ω1. So
⋂{Xn : n < ω} ⊇ p(2 · ε + 1) 6= ∅.

To prove amenability of U , let 〈Xη : η < κ〉 ∈ K. Let A = {〈α, β〉 : α ∈ Xβ} ∈ K. Then there is
ε < ω1 such that p(2 · ε) = 〈JA

κ ,∈, A〉, so pε ∈ K is a set of good indiscernibles for 〈JA
κ ,∈, A〉. We show

that for all η < κ, Xη ∈ U iff pε\(η + 1) ⊆ Xη .
Suppose first that Xη ∈ U . Let ε′ such that pε′ ⊆ Xη and let

γ ∈ p(2 · ε + 1)\(η + 1) ⊆ pε ∩ pε′\(η + 1).

Then 〈γ, η〉 ∈ A so by good indiscernibility 〈γ′, η〉 ∈ A for all γ′ ∈ pε\(η + 1). So pε\(η + 1) ⊆ Xη .
Now suppose pε\(η + 1) ⊆ Xη . Then let ε′ such that pε′ is a set of good indiscernibles for 〈JB

κ ,∈, B〉,
where B = pε\(η + 1). Then pε′ ⊆ κ\(η + 1) since η is definable in 〈JB

κ ,∈, B〉. So

pε′ ∩B = pε′ ∩ pε ⊇ p(2 ·max{ε, ε′}+ 1) 6= ∅,

and pε′ ⊆ B = pε\(η + 1) ⊆ Xη by indiscernibility. So Xη ∈ U . Hence,

{η < κ : Xη ∈ U} = {η < κ : pε\(η + 1) ⊆ Xη} ∈ K.

So U is amenable.
Finally, to show normality let 〈Xη : η < κ〉 ∈ K such that Xη ∈ U . Let A and ε be as in the proof of

amenability. Then ∆η<κXη ⊇ ∆η<κpε\(η + 1) = pε 6= ∅.

Lemma 3.51 will show that the games Gr(κ, α) need not be determined in general. For α > ω1, I not
having a winning strategy is weaker in terms of consistency strength than II having a winning strategy (by
Lemmas 3.48 and 3.50 the latter is equiconsistent with a measurable cardinal). However I not having a
winning strategy for Gr(κ, ω + 1) is strictly stronger than than κ being completely Ramsey.

Lemma 3.51. Suppose α < β 6 κ and I does not have a winning strategy for Gr(κ, β). Then there is
µ < κ such that I does not have a winning strategy for Gr(µ, α).

Proof. Assume for a contradiction that I has a winning strategy for Gr(µ, α) for all µ < κ. For each µ < κ,
let σµ be a winning strategy for I in Gr(µ, α). Since κ is Ramsey, hence inaccessible, there is A ⊆ κ such
that JA

κ = Vκ and we may assume that each σµ is uniformly definable in A0 = 〈Vκ,∈, A〉 from µ and α.
We define a strategy τ for I in Gr(κ, α+1). Assume that p is a partial play of Gr(κ, α+1) that ends with

I to play (possibly p = ∅). Let 〈Dξ : ξ < ζ〉 enumerate II’s moves in p, and let Bp = {〈ε, ξ〉 : ε ∈ Dξ}.
Let τ(p) = 〈Vκ,∈, A,Bp〉.

Since I has no winning strategy for Gr(κ, β), τ cannot be a winning strategy for Gr(κ, α + 1). Let p
be a play of Gr(κ, α + 1) in which II wins, and let 〈Dξ : ξ 6 α〉 be II’s moves in p. W.l.o.g., assume
α < min(Dξ) for all ξ 6 α.

By construction of τ , D = Dα is a set of good indiscernibles for 〈Vκ,∈, A,Bp¹2·α〉. For γ ∈ D, we
construct a play, qγ , of Gr(γ, α) where I plays according to σγ and II plays Dζ ∩ γ in the ζth move, for
each ζ < α. This gives a contradiction, since σγ is meant to be a winning strategy for I in Gr(γ, α), and so
the game should terminate in (strictly) less than α turns.

qγ is uniquely defined by the previous paragraph, but we must show that the definition makes sense. We
induct on ζ < α to show that Dζ ∩ γ is a valid move for II in the ζth turn.
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Note first that Dζ ∩ γ is unbounded in γ whenever γ ∈ D and ζ < α since Dζ is unbounded in κ and
definable over 〈Vκ,∈, A, Bp¹2·α〉 from ζ < γ, and 〈Vκ,∈, A,Bp¹2·α〉¹γ ≺ 〈Vκ,∈, A,Bp¹2·α〉.

Let ξ < α, and assume the hypothesis holds for all ζ < ξ. q(2 · ε) = Dε ∩ γ is uniformly definable in
Aξ =df 〈Vκ,∈, A,Bp¹2·ξ〉 from ε and γ, for each ε < ξ, and σγ is definable from γ and α, so qγ ¹ (2 ·ξ+1)
is definable from γ ∈ D and parameters ξ and α. In particular, there is a formula ϕ(v0, v1, v2, v3) of LAξ

such that Aξ ² (∀x)(ϕ(ξ, α, γ, x) ↔ x = qγ(2 · ξ)). By good indiscernibility, using γ ∈ D ⊆ Dξ and
min(Dξ) > α > ξ, for all γ′ ∈ Dξ Aξ ² (∀x)(ϕ(ξ, α, γ′, x) ↔ x = qγ(2 · ξ) ¹ γ′).

To conclude the proof we must show that Dξ ∩ γ is a set of g.i.’s for qγ(2 · ξ). For any formula ψ of
Lqγ(2·ξ) and a0, . . . , an−1 ∈ qγ(2 · ξ) ¹ γ′, where γ′ ∈ Dξ ∩ γ,

qγ(2 · ξ) ¹ γ′ ² ψ(a0, . . . , an−1) iff Aξ ² (qγ(2 · ξ) ¹ γ′ ² ψ(a0, . . . , an−1))
iff Aξ ² (∃x)(ϕ(ξ, α, γ′, x) ∧ x ² ψ(a0, . . . , an−1))
iff Aξ ² (∃x)(ϕ(ξ, α, γ, x) ∧ x ² ψ(a0, . . . , an−1))
iff Aξ ² (qγ(2 · ξ) ² ψ(a0, . . . , an−1))
iff qγ(2 · ξ) ² ψ(a0, . . . , an−1)

so qγ(2 · ξ) ¹ γ′ ≺ qγ(2 · ξ) for each γ′ ∈ Dξ.
Now, for any formula ψ of Lqγ(2·ξ), any γ1, . . . , γn, γ′1, . . . , γ

′
n ∈ Dξ ∩ γ, and any δ1, . . . , δm <

min{γ1, . . . , γn, γ′1, . . . , γ
′
n},

qγ(2 · ξ) ² ψ(δ1, . . . , δm, γ1, . . . , γn) iff Aξ ² (qγ(2 · ξ) ² ψ(δ1, . . . , δm, γ1, . . . , γn))
iff Aξ ² (∃x)(ϕ(ξ, α, γ, x) ∧ x ² ψ(δ1, . . . , δm, γ1, . . . , γn))
iff Aξ ² (∃x)(ϕ(ξ, α, γ, x) ∧ x ² ψ(δ1, . . . , δm, γ′1, . . . , γ

′
n))

iff Aξ ² (qγ(2 · ξ) ² ψ(δ1, . . . , δm, γ′1, . . . , γ
′
n))

iff qγ(2 · ξ) ² ψ(δ1, . . . , δm, γ′1, . . . , γ
′
n)

so Dξ ∩ γ is a set of g.i.’s for qγ(2 · ξ), as required.

Remark 3.52. An obvious question about α-very Ramsey cardinals remains unanswered. Namely, how
strong (in terms of consistency strength) is α-very Ramsey for countable α? One might also ask whether
games of countable length are determined.

4. Greatly Erdős Cardinals

We first give an overview of this section. Greatly Erdős cardinals arise naturally in Section 7 as a lower
bound on the consistency strength of a variant of Chang’s Conjecture. They also have some interesting
properties in their own right which will be given here. They can be defined, and thought of, by way of
analogy with greatly Mahlo cardinals. The definitions of these, together with the α-weakly Erdős cardinals,
of which they a limit, and their basic properties are given in Sect. 4.1. The notion is that of building a
hierarchy of normal filters Fα via operators tA for as long as these remain non-trivial.

In Sect. 4.2 we define a partial ordering on indiscernibility sets for a given structure A by analogy with
the Mitchell order on measures. (In K this can be construed a wellorder for structures A that are initial
segments of K.) We then see at Cor. 4.25, how the filter hierarchies, and so the notions of α-weakly
Erdős, and greatly Erdős, can be generated by by sets of ordinals where orders of indiscernible sets for a
structure dominate canonical functions. Section 4.3 then rounds off by making some comments on obvious
relativisations and orderings between the cardinals concerned.
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4.1. Definitions
4.1.1. Greatly Erdős Cardinals

Greatly Erdős cardinals will be defined analogously to the widely studied greatly (weakly) Mahlo car-
dinals. We now consider an operator, tA(−), on subsets of a cardinal κ and use this to define this notion.

Definition 4.1. Let κ have uncountable cofinality, and let A be a κ-structure, X ⊆ κ. Let
tA(X) = {α ∈ κ ∩ lim :there exists a set I ⊆ α ∩X of g.i’s for A cofinal in α}.

Lemma 4.2. (Basic Properties Lemma) Let κ have uncountable cofinality. Let A and B be κ-structures
and let X, Y ⊆ κ.

Then

i. X ⊆ Y ⇒ tA(X) ⊆ tA(Y )

ii. if A extends B then tA(X) ⊆ tB(X)

iii. tA(X ∪ (γ + 1)) ⊆ tA(X) ∪ (γ + 1) for all γ < κ

iv. tA(X) ⊆ tB(X) ∪ γ if B is definable over A from parameters in γ

Proof. i, ii and iii are immediate from the definition.
For iv, note that we may as well assume that Lim(γ) and thus the finitely many predicates of B are

definable over A from parameters in some γ0 < γ, suppose that δ ∈ tA(X)\γ. Let I ⊆ X witness
δ ∈ tA(X)\ γ. Then I\γ0 ⊆ X is a set of good indiscernibles for B, since, by the definition of good
indiscernibles, the members of I\(γ0) are indiscernible for formulae over A with parameters in γ0. So
I\γ0 witnesses δ ∈ tB(X).

Example 4.3. Let κ have uncountable cofinality. Suppose A = 〈J ~A
κ ,∈, ~A, . . .〉 is a κ-structure and C ⊆ κ

is closed unbounded.

• If κ is ω-Erdős then tA(C) is stationary.

• If κ is Ramsey then tA(C) contains a closed unbounded set.

Proof. Let C∗ ⊆ κ be club. Let A∗ = 〈J ~A,C,C∗
κ ,∈, ~A, . . . , C, C∗〉. Then any set I of good indiscernibles

for A∗ must be a subset of C ∩ C∗ since, by elementarity, C ∩ C∗ is cofinal below each member of I .
If κ is Ramsey and I is a set of g.i.’s forA∗ such that I is cofinal in κ then lim(I) ⊆ tA(C) is club in κ.
If κ is ω-Erdős and I is a set of g.i.’s for A∗ of limit order type then sup(I) ∈ tA(C ∩ C∗) ⊆ C∗ ∩

tA(C).

In fact, we can strengthen the first part of Example 4.3: Lemma 4.4 also provides the motivation for the
terminology ’greatly Erdős’.

Lemma 4.4. Let κ have uncountable cofinality. The following are equivalent:

• κ is ω-Erdős

• tA(κ) is stationary for every κ-structure A
• tA(C) is stationary for every κ-structure A and club C ⊆ κ

Proof. Follows immediately from example 4.3 and the definitions.

Definition 4.5. κ is greatly Erdős iff there is a normal filter F on κ such that F is closed under tA(−) for
every κ-structure A.
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4.1.2. α-weakly Erdős Cardinals
Definition 4.6 provides the appropriate analogue of α-Mahlo cardinals.

Definition 4.6. Let κ be a cardinal of uncountable cofinality.
Set
F0 = Cκ, the club filter at κ

Fα+1 = {X ⊆ κ : X ⊇ tA(Y ), for some Y ∈ Fα and κ-structureA}
Fα = {X ⊆ κ : X ⊇ ∆Y for some Y ⊆ ⋃

β<α Fβ , |Y | 6 κ} for limit α < κ+

κ is α-weakly Erdős iff Fα 63 ∅.

In the remainder of this section, we show that the notions of greatly Erdős and α-weakly Erdős relate in
a natural way, and that the Fα’s have the properties we would expect: they are filters, are increasing in α,
and generate a witness to κ being greatly Erdős, when one exists. Note that by elementary reasoning using
the definition of good indiscernibles, if κ is 1-weakly Erdős then it is strongly inaccessible.

First, we prove a useful characterisation of the sets X in Fα’s, by providing them with ‘histories.’

Lemma 4.7. Let κ be a cardinal of uncountable cofinality. Let X ∈ Fα, α < κ+. Then there is a sequence
〈(X)β : β 6 α〉 (defined modulo the club filter) and a κ-structure A = A(X) such that:

i.
(X)0 = κ
(X)β+1 = tA((X)β)
(X)β = ∆γ<β(X)γ for limit β

ii. (X)β ∈ Fβ for each β

iii. (X)α ⊆ X

Moreover, any sequence 〈(X)β : β 6 α〉 satisfying i for some structure A is decreasing under ⊇ (modulo
the club filter, of course, since the sequence is only defined modulo the club filter).

Proof. ii follows immediately from i and Definition 4.6. We prove i and iii by induction on α. The case
α = 0 is immediate.

Suppose first that α = β + 1. Let X ∈ Fα, i.e. X ⊇ tB(Y ), some Y ∈ Fβ . Apply the induction
hypothesis to obtain 〈(Y )γ : γ < α〉 and a structure A(Y ). Let A(X) be a structure with all predicates
from A(Y ) and B. 〈(X)γ : γ 6 α〉 is then determined by i. Then it is clear that (X)γ ⊆ (Y )γ for all
γ < α. Finally:

(X)α = tA(X)((X)β) ⊆ tB((X)β) ⊆ tB((Y )β) ⊆ tB(Y ) ⊆ X.

Suppose that α is a limit ordinal. Let X ∈ Fα, so X ⊇ ∆Y for some Y ⊆ ⋃
β<α Fβ , |Y | 6 κ. Write

Y as {Yγ : γ < η} and apply the induction hypothesis to obtain 〈(Yγ)β : β 6 αγ〉 and κ-structures A(Yγ)
for each γ < η. Let A(X) be a κ-structure with a predicate coding 〈A(Yγ) : γ < η〉 in such a way that
A(Yγ) is definable over A(X) from γ for each γ < η. Let 〈(X)β : β 6 α〉 be the sequence defined from
A(X) by clause i.

We show by a subsidiary induction on β that (X)β ⊆ ∆γ<η(Yγ)β (modulo the club filter) for all β 6 α.
It is immediate if β = 0.
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Suppose β = δ + 1. Then

(X)β = tA(X)((X)δ)
⊆ tA(X)(∆γ<η(Yγ)δ) by induction hypothesis
⊆ tA(X)((Yγ)δ ∪ (γ + 1)) for all γ < η

⊆ tA(X)((Yγ)δ) ∪ (γ + 1) by Lemma 4.2iii

⊆ tA(Yγ)((Yγ)δ) ∪ (γ + 1) by Lemma 4.2iv

= (Yγ)β ∪ (γ + 1)

Hence (X)β ⊆ ∆γ<η((Yγ)β ∪ (γ + 1)) = ∆γ<η((Yγ)β , as required.
Now, suppose β is a limit ordinal. Then

(X)β = ∆ε<β(X)ε

⊆ ∆ε<β∆γ<η(Yγ)ε

= ∆γ<η∆ε<β(Yγ)ε

= ∆γ<η(Yγ)β

We now have that (X)β ⊆ ∆γ<η(Yγ)β (modulo the club filter) for all β 6 α and, in particular,
(X)α ⊆ ∆γ<η(Yγ)α ⊆ X .

It now remains to show the final sentence of the lemma. It suffices to induct on β to show that
tA((X)β) ⊆ (X)β . If β = 0, this is immediate since (X)0 = κ.

Suppose β = δ+1. So (X)β = tA((X)δ). Let γ ∈ tA((X)β) and let I be a set of g.i.’s witnessing this.
Then I ⊆ (X)β = tA((X)δ) ⊆ (X)δ by induction hypothesis. Hence, I witnesses γ ∈ tA((X)δ) = (X)β .

Let β be a limit ordinal. Then

tA((X)β) = tA(∆ε<β(X)ε)
⊆ ∆ε<β(tA((X)ε))
⊆ ∆ε<β(X)ε

= (X)β

where the third line uses the induction hypothesis. The induction is complete.

Corollary 4.8. Let κ be a cardinal of uncountable cofinality. For any κ-structure A and α < κ+, define a
sequence 〈(XA)β : β 6 α〉 by

(XA)0 = κ
(XA)β+1 = tA((XA)β)
(XA)β = ∆γ<β(XA)γ for limit β

Then κ is α-weakly Erdős iff for every κ-structure A, (XA)α 6= ∅.

Proof. Follows from 4.7 and the definition.

Lemma 4.9. Let κ be a cardinal of uncountable cofinality. Then

i. for all β < κ+, Fβ is a normal filter

ii. α < β ⇒ Fα ⊆ Fβ
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iii. F =
⋃

α<κ+ Fα is a normal filter closed under tA(−) for all κ-structures A

Proof. To show i, we induct on β. The case β = 0 is immediate.
Suppose β = α + 1. Then κ ⊇ tA(κ) and, by induction hypothesis, κ ∈ Fα so κ ∈ Fβ . That any

superset of a member of Fβ is itself a member of Fβ is immediate from the definition.
Let Xj ∈ Fβ , j < κ. Then there exist Yj ∈ Fα and structuresAj s.t Xj ⊇ tAj

(Yj) for each j < κ. Let
B be a κ-structure having a predicate coding 〈Aj : j < κ〉 so that Aj is definable over B from j for each
j < κ, and let Z = ∆j<κYj ∈ Fα. Then

∆j<κXj ⊇ ∆j<κ(tAj
(Yj) ∪ (j + 1))

⊇ ∆j<κtB(Yj) by Lemma 4.2 iv
= ∆j<κtB(Yj)
⊇ ∆j<κtB((∆j<κYj\(j + 1))) by Lemma 4.2 i
= ∆j<κ(tB(∆j<κYj)\(j + 1))
= tB(∆j<κYj)
∈ Fβ

Now suppose that β is a limit ordinal. Then κ = ∆{κ} ∈ Fβ and, again, the superset clause is immediate
from the definition. Let Xj ∈ Fβ , j < κ. Then there exist:

ηj 6 κ, Yj,i ∈
⋃

α<β

Fα such thatXj ⊇ ∆α<ηj Yj,α for each j < κ.

. By setting Yj,i = κ whenever it is undefined, we can w.l.o.g. assume that ηj = κ for all j < κ. Then

∆j<κXj ⊇ ∆j<κ∆α<ηj Yj,α

= ∆j<κ∆α<κYj,α

=Cκ ∆j<κYf(j)

where f is any mapping of κ onto κ2. So there is C ∈ Cκ = F0 such that C ∩∆j<κYf(j) ⊆ ∆j<κXj and
this witnesses that ∆j<κXj ∈ Fβ .

To show ii, let X ∈ Fα. Let 〈(X)ε : ε 6 α〉 and A = A(X) be as in Lemma 4.7. Then extend the
sequence as far as β according to the clauses of 4.7i. Then, since the sequence is subset decreasing, we
have X ⊇ (X)α ⊇ (X)β ∈ Fβ so X ∈ Fβ .

iii follows from i and ii, and the observation that if Y ⊆ F , |Y | 6 κ then Y ⊆ Fα, some α < κ+.

Corollary 4.10. Let κ be a cardinal of uncountable cofinality. Then the following are equivalent:

i. κ is greatly Erdős;

ii. G =
⋃

α<κ+ Fα 63 ∅;

iii. κ is α-weakly Erdős for all α < κ+.

Moreover, if F is a filter witnessing that κ is greatly Erdős then F ⊇ G =
⋃

α<κ+ Fα so G is a minimal
witness that κ is greatly Erdős.
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Proof. iii.⇒ii. is immediate. ii.⇒i. follows from Lemma 4.9iii.
To see i.⇒iii. and the final sentence, let F be a filter witnessing that κ is greatly Erdős. Then by

induction on α using definition 4.6 it follows that F ⊇ Fα for all α < κ+, so ∅ 6∈ Fα since ∅ 6∈ F.

Corollary 4.11. Let κ be a cardinal of uncountable cofinality. For any κ-structure A, we may define the
sequence 〈(XA)β : β < κ+〉 as in Corollary 4.8. Then κ is greatly Erdős iff for every κ-structure A and
β < κ+, (XA)β 6= ∅.

Proof. Immediate from 4.8 and 4.10.

4.2. Canonical Functions and Indiscernibility Orders

The Mitchell order is a well-founded partial ordering of total measures on a cardinal, where U1 < U2

iff U1 ∈ UltU2(V ). o(λ) is then usually defined to be the height of the Mitchell order on λ. We define a
partial ordering on sets of good indiscernibles with the aim of understanding their relative “strength” in a
similar fashion. In the sequel recall that we require that A ² ZFC to construct M(A, J).

Definition 4.12. Let A be a γ-structure. Suppose I, J are cofinal sets of good indiscernibles for A.
Say I <A J iff I ∈ M(A, J).

Lemma 4.13. For any γ-structure A the relation <A is well-founded.

Proof. Suppose 〈In : n < ω〉 is such that In+1 <A In for each n < ω. Then In+1 ∈ M(A, In) for each n,
so M(A, In+1) ∈ M(A, In), since M(A, In) ² ZF− and A ∈ M(A, In). However this gives an infinite
descending ∈-chain - contradiction.

Lemma 4.14. For any κ-structureA and I, J ⊆ κ cofinal sets of g.i.’s forA, if I <A J then there is γ < κ
such that J\γ is a set of good indiscernibles for 〈A, I〉.
Proof. 〈A, I〉 ∈ M(A, J) so the result follows from Lemma 2.18.

Definition 4.15. Let A be a κ-structure.

• If I is a cofinal set of good indiscernibles for A then let oA(I) = height(I, <A), i.e. if I is <A-
minimal then set oA(I) = 0, and set oA(I) = sup(oA(J) + 1 : J <A I), otherwise.

• If I is a set of good indiscernibles for A, λ = sup(I), then let oA(I) = oA¹λ(I).

• Define oA : κ → κ by oA(λ) = sup({oA¹λ(I) + 1 : I is a cofinal set of g.i.’s for A ¹ λ}).
• If I is a set of good indiscernibles for A then let oA(M(A, I)) = oA(I).

Remark 4.16. The final clause of the definition makes sense since if M(A, I) = M(A, J) then it follows
immediately from Definition 4.12 and the earlier clauses of Definition 4.15 that oA(I) = oA(J) (oA(I)
depends only on M(A, I), not on I itself).

Definition 4.17. Suppose V = K, cf(γ) > ω, and A = 〈JE
γ ,∈, E, ~A〉 is a γ-structure that satisfies ZFC.

Suppose I, J are cofinal sets of good indiscernibles for A.
Say I ∼A J iff MA,I = MA,J .

The next two lemmas show that in K the orderings <A are, in effect, linear. In general, we cannot
assume this.
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Lemma 4.18. Suppose V = K, cf(γ) > ω, and A = 〈JE
γ ,∈, E, ~A〉 ² ZFC is a γ-structure.

Then <A gives rise to a well-order of G = {I ⊆ γ : I is a cofinal set of g.i.’ s for A} modulo ∼A in
the sense that the relation <′A on G/ ∼A given by

[I]∼A <′A [I ′]∼A iff (∃J, J ′ ∈ G)(J ∼A I, J ′ ∼A I ′, and J <A J ′)

is a well-defined strict well-ordering, where [I]∼A denotes the equivalence class of I w.r.t. ∼A. Moreover:

[I]∼A <′A [I ′]∼A iff MA,I ∈ MA,I′ iff oA(I) < oA(I ′).

Proof. We first prove that [I]∼A <′A [I ′]∼A iff MA,I ∈ MA,I′ . Suppose [I]∼A <′A [I ′]∼A and J ∼A
I, J ′ ∼A I ′, and J <A J ′. Then J ∈ dom(M(A, J ′)) = dom(MA,J ′). However then MA,I = MA,J ∈
MA,J′ = MA,I′ since MA,J may be constructed in the ZF−-model MA,J ′ from A, J ∈ MA,J ′ . For the
converse, suppose MA,I ∈ MA,J . However then I ′ = I(A,MA,I) ∈ MA,J and MA,I′ = MA,I by
Lemma 2.20, i.e. I ∼A I ′ and I ′ <A J , as required.

The result now follows since Lemma 2.25 implies that {MA,I : I ∈ G} is well-ordered by ∈.

Lemma 4.19. Suppose V = K, κ ≥ λ, cf(λ) > ω, and A is a κ-structure satisfying ZFC. If γ = oA(λ)
then there is a sequence 〈Iε : ε < γ〉 of sets of g.i.’s for A cofinal in λ such that for any ε < ε′ < γ,
Iε <A Iε′ .

Moreover, 〈Iε : ε < γ〉 may chosen such that whenever I is set of g.i.’s for A cofinal in λ, 〈Iε : ε <
η〉 ∈ MA,I , where η = oA(I).

Proof. Let G = {I ⊆ λ : I is a cofinal set of g.i.’ s for A}. Using Lemma 4.18, for each ε < γ let
Iε = I(A,Mε), where Mε is the unique member of G′ = {MA,I : I ∈ G} such that oA(Mε) = ε. If
ε < ε′ < γ then oA(Iε) = oA(Mε) = ε < ε′ = oA(Mε′) = oA(Iε′) so, by Lemma 4.18 again, Iε <A Iε′ .

Moreover, if I is set of g.i.’s for A cofinal in λ and η = oA(I) then MA,I = MA,Iη = Mη , since
η = oA(Iη). However Mε ∈ Mη for all ε < η, so the construction of 〈Iε : ε < γ〉 ¹ η may be performed
absolutely in Mη , hence 〈Iε : ε < γ〉 ¹ η ∈ Mη = MA,I .

One way this can be interpreted, for example when λ = κ, is as an exact calculation of the order type
of ω-closed filters on the EK sequence that contain A. If κ is measurable, or even just Ramsey, of course,
then this order type is κ+. However if less than κ+ we get an indication of how many such Eν ‘measure’
A: it is oA(λ). WithA a sufficiently rich structure, in the notation of the last part of the lemma, Mη will be
some K η̃ .

We now return to the general case and aim to characterise the members of the filters Fα in terms of
canonical functions and oA. To do this, it will be necessary to define a particularly uniform variant of the
sequence 〈(XA)β : β 6 α〉 from Corollary 4.8. Since any 1-weakly Erdős cardinal is ω-Erdős, hence
necessarily inaccessible, we shall fix an inaccessible cardinal κ. This allows us to simplify the following by
assuming that κ-structures have domain Vκ = Hκ, and satisfy ZFC.

Fix an uncountable cardinal κ and suppose g : κ → α is a bijection, and α < κ+. It will be convenient
to assume g(0) = 0. For any function f : λ → µ set G(f) = {〈η, ξ〉 ∈ λ2 : f(η) < f(ξ)}.

Suppose A = 〈Vκ,∈, A1, . . . , An, G(g)〉 is a κ-structure. For any λ 6 κ, G(g) ∩ λ2 is a well-ordering
of λ so there is a map gλ : λ → αλ where αλ = otp(G(g) ∩ λ2) defined by gλ(η) = rkG(g)∩λ2(η).

If λ = κ then gλ = g , and if λ < κ then gλ is uniformly definable from λ in A. Let πλ : (αλ + 1) →
(g“λ) ∪ {α} be the inverse of the transitive collapse, so g ¹ λ = πλ ◦ gλ.
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Let 0 < γ 6 αλ. Define a surjection gλ
γ : λ → γ by gλ

γ (η) = { gλ(η) if gλ(η) < γ
0 otherwise and note the

five equivalent ways of defining the term on the left:

πλ ◦ gλ
γ (η) =

{
πλ ◦ gλ(η) if gλ(η) < γ
πλ(0) otherwise

=
{

g(η) if gλ(η) < γ
0 otherwise

=
{

g(η) if πλ ◦ gλ(η) < πλ(γ)
0 otherwise

=
{

g(η) if g(η) < πλ(γ)
0 otherwise

= gκ
πλ(γ)(η)

We make the following definition explicitly, rather than modulo the club filter.
For λ 6 κ, define sequences 〈(XA¹λ)′β : β 6 αλ〉, 〈(BA¹λ)′β : β 6 αλ〉, 〈(BA¹λ)′β : β 6 αλ〉 by

(BA¹λ)′0 = 0
(BA¹λ)′0 = A ¹ λ
(XA¹λ)′0 = λ

Forβ > 0, set

(BA¹λ)′β = {〈ξ, η〉 ∈ λ2 : η ∈ (XA¹λ)′
gλ

β (ξ)
}

(BA¹λ)′β = 〈A ¹ λ, (BA¹λ)′β , G(gλ
β)〉

(XA¹λ)′β =

{
t(BA¹λ)′β ((XA¹λ)′δ) for β = δ + 1
∆ξ<λ(XA¹λ)′

gλ
β (ξ)

for limit β

Finally, we define a sequence, 〈Dβ : β 6 α〉 of club subsets of κ by setting Dβ = {η < κ : (BA)′β ¹
η ≺ (BA)′β}\(g−1(β) + 1) for each β < α, and Dα = {η < κ : (BA)′α ¹ η ≺ (BA)′α}.

The definitions of (BA¹λ)′β , (BA¹λ)′β , (XA¹λ)′β , and Dβ are all dependent on g (andA). When we need
to emphasize this we shall write (BA¹λ)′β(g), (BA¹λ)′β(g), (XA¹λ)′β(g), and Dβ(g,A), respectively.

Lemma 4.20. For any β 6 α, Dβ\(η + 1) ⊆ Dgκ
β(η).

Proof. Let λ ∈ Dβ and η < λ. We require that λ ∈ Dgκ
β(η). However

G(gκ
gκ

β(η)) = {〈ξ, ζ〉 ∈ κ2 : gκ
gκ

β(η)(ξ) < gκ
gκ

β(η)(ζ)}
= {〈ξ, ζ〉 ∈ κ2 : (gκ

β(ξ) < gκ
β(ζ) < gκ

β(η)) or(gκ
β(ζ) < gκ

β(η) 6 gκ
β(ξ))}

= {〈ξ, ζ〉 ∈ κ2 : 〈ζ, η〉 ∈ G(gκ
β) ∧ (〈ξ, ζ〉 ∈ G(gκ

β) or〈ξ, η〉 6∈ G(gκ
β))}
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and

(BA)′gκ
β(η) = {〈ξ, ζ〉 ∈ κ2 : ζ ∈ (XA)′gκ

gκ
β

(η)(ξ)
}

= {〈ξ, ζ〉 ∈ κ2 : (ζ ∈ (XA)′gκ
β(ξ)) ∧ gκ

β(ξ) < gκ
β(η)}

= {〈ξ, ζ〉 ∈ κ2 : (ζ ∈ (XA)′gκ
β(ξ)) ∧ 〈ξ, η〉 ∈ G(gκ

β)}
= {〈ξ, ζ〉 ∈ κ2 : (〈ξ, ζ〉 ∈ (BA)′β) ∧ 〈ξ, η〉 ∈ G(gκ

β)}

So these two sets, and hence the structure (BA)′gκ
β(η), are definable over (BA)′β from η. Thus:,

(BA)′β ¹ λ ≺ (BA)′β implies that (BA)′gκ
β(η) ¹ λ ≺ (BA)′gκ

β(η).

So λ ∈ Dgκ
β(η) (of course, g−1(gκ

β(η)) < λ).

Lemma 4.21. For any β 6 α and λ ∈ Dβ , γ = π−1
λ (β) exists and (XA¹λ)′γ = (XA)′πλ(γ)∩λ, (BA¹λ)′γ =

(BA)′πλ(γ) ∩ λ2, and (BA¹λ)′γ = (BA)′πλ(γ) ¹ λ.

Proof. That π−1
λ (β) exists follows easily from the definitions of Dβ and πλ: α ∈ ran(πλ) for all λ, and if

β < α then g−1(β) < λ and β = g(g−1(β)) = πλ(gλ(g−1(β))).
We proceed by induction on β. The case β = 0 is immediate. Suppose β > 0, and the hypothesis holds

for all ordinals strictly less than β.

(BA)′πλ(γ) ∩ λ
2 = {〈ξ, η〉 ∈ λ2 : η ∈ (XA)′gκ

πλ(γ)(ξ)
}

= {〈ξ, η〉 ∈ λ2 : η ∈ (XA)′πλ(gλ
γ (ξ))}

= {〈ξ, η〉 ∈ λ2 : η ∈ (XA¹λ)′gλ
γ (ξ)}

= (BA¹λ)′γ

where the third line follows from the induction hypothesis, using the fact that, by Lemma 4.20, λ ∈ Dβ\(ξ+
1) ⊆ Dgκ

β(ξ) = Dgκ
πλ(γ)(ξ)

= Dπλ(gλ
γ (ξ)) for each ξ < λ. That (BA¹λ)′γ = (BA)′πλ(γ) ¹ λ follows immedi-

ately since G(gλ
γ ) = G(gκ

πλ(γ)) ∩ λ2.
To prove (XA¹λ)′γ = (XA)′πλ(γ)∩λ, we must consider two cases. Suppose, first, that β is a limit. Then

(XA)′πλ(γ) ∩ λ = ∆ξ<λ(XA)′gκ
πλ(γ)(ξ)

∩ λ

= ∆ξ<λ(XA)′πλ(gλ
γ (ξ)) ∩ λ

= ∆ξ<λ(XA¹λ)′gλ
γ (ξ) ∩ λ

= (XA¹λ)′γ

where, just as for (BA¹λ)′γ , the third line follows the induction hypothesis and Lemma 4.20.
Now suppose that β = δ + 1, some δ. Then g−1(δ) is definable in (BA)′β since it is the G(gβ)-largest
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ordinal. Hence g−1(δ) ∈ (BA)′β ¹ λ. Set γ′ = gλ(g−1(δ)), and note β = πλ(γ′) + 1.

(XA)′πλ(γ) ∩ λ = (XA)′πλ(γ′)+1 ∩ λ

= t(BA)′
πλ(γ′)+1

((XA)′πλ(γ′)) ∩ λ

= t(BA)′
πλ(γ)

((XA)′πλ(γ′)) ∩ λ

= t(BA)′
πλ(γ)¹λ((XA)′πλ(γ′) ∩ λ) since λ ∈ Dπλ(γ)

= t(BA¹λ)′γ ((XA)′πλ(γ′) ∩ λ) since we have shown (BA¹λ)′γ = (BA)′πλ(γ) ¹ λ

= t(BA¹λ)′γ ((XA¹λ)′γ′)

= (XA¹λ)′γ

where this time it is the penultimate line that uses the induction hypothesis and Lemma 4.20.

Lemma 4.22. For each β 6 α

i. (XA)′β ∈ Fβ

ii. (XA)′β ⊆ (XA)β

Proof. Follows immediately by induction on β using the definitions and the Basic Properties Lemma 4.2.

Remark 4.23. It follows from Lemma 4.7 and Lemma 4.22 that the filters Fβ are generated by the sets
(XA)′β . So the analogue of Corollary 4.8 holds.

Theorem 4.24. For each β 6 α, let fβ : κ → κ be the canonical function with definition fβ(λ) =
otp(gκ

β“λ). Then
(XA)′β =C {γ < κ : fβ(γ) 6 oA(γ)}

Specifically,
(∗) (XA)′β ∩Dβ = {γ < κ : fβ(γ) 6 oA(γ)} ∩Dβ .

Proof. Note first that if g(γ0) = γ then

fγ(λ) = otp(gκ
γ “λ)

= otp(gκ
g(γ0)

“λ)
= otp(gκ

πλ(gλ(γ0))
“λ)

= otp(πλ ◦ gλ
gλ(γ0)

“λ)

= otp(gλ
gλ(γ0)

“λ)

= gλ(γ0)

The proof will be by induction on β. If β = 0 then:

(XA)′β = κ = {γ < κ : 0 6 oA(γ)} = {γ < κ : fβ(γ) 6 oA(γ)}.

Suppose that β = γ + 1. Since G(gκ
β) is a predicate of (BA)′β , γ0 = g−1(γ) is definable in (BA)′β (it is

either the G(gκ
β)-maximal ordinal, if this exists, or 0). Similarly for β0 = g−1(β). (BA)′γ is definable over
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(BA)′β (from γ0, which is itself definable) so Dβ ⊆ Dγ , and any set of g.i.’s for (BA)′β is also a set of g.i.’s
for (BA)′γ . Let

η ∈ (XA)′β ∩Dβ = (XA)′γ+1 ∩Dβ = t(BA)′β ((XA)′γ) ∩Dβ .

We show fβ(η) ≤ oA(η) to establish the (⊆) direction of (∗). Let I ⊆ (XA)′γ be a set of g.i.’s for (BA)′β
with sup(I) = η. Then I ⊆ Dβ ⊆ Dγ so by the inductive hypothesis:

I ⊆ (XA)′γ ∩Dγ = {ξ < κ : fγ(ξ) 6 oA(ξ)} ∩Dγ .

Let λ ∈ I . Since fγ(λ) 6 oA(λ), and both fγ(λ) = gλ(γ0) and A ¹ λ are uniformly definable in A
from λ with parameter γ0, there is a sequence 〈Iλ

ξ : ξ < fγ(λ)〉 of sets of g.i.’s for A, uniformly definable
(in A from λ with parameter γ0), such that oA¹λ(Iλ

ξ ) > ξ whenever ξ < fγ(λ).
In the notation of the Jensen Indiscernibles Lemma proof, set D = BA,I

δ , where δ = min(I). Then, by
the definability described in the previous paragraph:

〈Iδ
ξ : ξ < fγ(δ)〉 ∈ D and πA,I

δ,λ (〈Iδ
ξ : ξ < fγ(δ)〉) = 〈Iλ

ξ : ξ < fγ(λ)〉 for all λ ∈ I.

Let ~J = πA,I
η (〈Iδ

ξ : ξ < fγ(δ)〉) = 〈Jξ : ξ < ε〉. Then:

ε = πA,I
η (fγ(δ)) = πA,I

η (gδ(γ0)) = gη(γ0) = fγ(η)

so ~J is a sequence such that every member is in M(A, I) and oA¹η(Jξ) > ξ for each ξ < fγ(η). So I
witnesses that oA(η) > fγ(η) + 1 = fβ(η).

For the converse, let η ∈ Dβ be such that fβ(η) 6 oA(η). Let 〈Jξ : ξ < fβ(η)〉 witness this, and
let J = Jε where ε = fγ(η) (note that by the definition of Dβ , fβ(η) = fγ(η) + 1). So oA(J) = ε and
Jξ ∈ M(A, J) for each ξ < ε. Since γ0 = g−1(γ) < η (by definability in (BA)′β , since η ∈ Dβ) and
M(A, J) = M(A, J\(γ0 + 1)), we assume γ0 < min(J).

It follows by elementarity (in the language of set theory) that for any δ ∈ J ,

BA,J
δ ² (∀ξ < gδ(γ0))(∃I)(sup(I) = δ and oA(I) > ξ)

So, by absoluteness, oA(δ) > gδ(γ0) = fγ(δ). To apply the induction hypothesis and complete the
successor step, it is now only necessary to check that J is a set of g.i.’s for (BA)′β , and hence that J ⊆
Dβ ⊆ Dγ .

β0 = g−1(β) < min(J) (the inequality holds since γ0 < min(J), and β0 is definable in A from γ0).
Using Lemma 4.21 for the third equality:

(BA)′β ¹ η = (BA)′g(β0)
¹ η = (BA)′πη(gη(β0))

¹ η = (BA¹η)′gη(β0)
.

However (BA¹η)′gη(β0)
∈ M(A, J) because (BA¹η)′gη(β0)

can be constructed absolutely from G(g) ¹ η, β0,

and Hη in any transitive ZF−-model (recall that G(g) is a predicate of A). Moreover, by Lemma 2.19, J is
a set of g.i.’s for (BA¹η)′gη(β0)

= (BA)′β ¹ η ≺ (BA)′β . So J is a set of g.i.’s for (BA)′β , as required.
Now suppose that β is a limit ordinal, and let β0 = g−1(β).
Let η ∈ (XA)′β ∩Dβ . Now, (XA)′β = ∆ξ<κ(XA)′gκ

β(ξ) so η ∈ (XA)′gκ
β(ξ) for any ξ < η. By Lemma

4.20 and the induction hypothesis, we have

η ∈ (XA)′gκ
β(ξ) ∩Dgκ

β(ξ) = {γ < κ : fgκ
β(ξ)(γ) 6 oA(γ)} ∩Dgκ

β(ξ)
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for all ξ < η. However then, as required:

fβ(η) = otp(β ∩ g“η) = sup
ξ<η

(otp(β ∩ g“ξ)) = sup
ξ<η

(fβ(ξ)) 6 oA(η).

For the other direction, let η ∈ {γ < κ : fβ(γ) 6 oA(γ)} ∩Dβ . Then fgκ
β(ξ)(η) 6 fβ(η) 6 oA(η) for

all ξ < η so

η ∈ ∆ξ<κ{γ < κ : fgκ
β(ξ)(γ) 6 oA(γ)} ∩Dgκ

β(ξ) = ∆ξ<κ(XA)′gκ
β(ξ) ∩Dgκ

β(ξ)

⊆ (XA)′β

So the induction is complete.

Corollary 4.25. Let κ be inaccessible, and let 〈fβ : β < κ+〉 be any choice of canonical functions for κ.
Then, for any β < κ+ with β > 0, Fβ is the filter generated by the sets {γ < κ : fβ(γ) 6 oA(γ)} as A
ranges over all κ-structures.

Consequently, κ is greatly Erdős iff {γ < κ : fβ(γ) 6 oA(γ)} 6= ∅ for all β < κ+ and κ-structures A
such that A ² ZFC.

Proof. By the remark following Lemma 4.22, given any bijection g : κ → α, for each β 6 α Fβ is
generated by the sets (XA)′β(g) as A ranges over κ-structures of the form 〈Vκ,∈, A1, . . . , An, G(g)〉. So,
by Theorem 4.24 and normality of the filters, eachFβ is generated by the sets {γ < κ : fβ(γ) 6 oA(γ)}∩C
as C ranges over clubs and A over κ-structures satisfying ZFC (unlike (XA)′β(g), the sets {γ < κ :
fβ(γ) 6 oA(γ)} are defined for all such A).

So it suffices to find, for each A and C, a structure A′ such that

{γ < κ : fβ(γ) 6 oA(γ)} ∩ C ⊇ {γ < κ : fβ(γ) 6 oA′(γ)}.

Set A′ = 〈A, C〉. Then, by induction on δ 6 β with 0 < δ, it is clear that

{γ < κ : fδ(γ) 6 oA(γ)} ∩ C ⊇ {γ < κ : fδ(γ) 6 oA′(γ)},

since any set, I , of g.i.’s for A′ must be a subset of C, hence sup(I) ∈ C.

Corollary 4.26. Suppose κ is a stationary limit of Ramsey cardinals. Then κ is greatly Erdős.

Proof. If γ < κ is a Ramsey cardinal then for any κ-structure A (satisfying ZFC), oA(γ) = γ+. By
Corollary 4.25, Fβ 63 ∅ for all β < κ+.

We conclude this subsection with a minor generalisation that will be of use in Section 4.

Definition 4.27. Let κ have uncountable cofinality and let X ⊆ κ. Let A be a κ-structure that satisfies
ZFC, and suppose I, J ⊆ X are cofinal sets of good indiscernibles for A.

Say I <X
A J iff I ∈ M(A, J).

Define oX
A (I) and oX

A : κ → κ analogously to oA(I) and oA : κ → κ.

Lemma 4.28. Let X ∈ F , where F is the minimal witness that κ is greatly Erdős. Let 〈fβ : β < κ+〉 be
any choice of canonical functions for κ. Then the filterF is generated by the sets {γ < κ : fβ(γ) 6 oX

A (γ)}
as A ranges over all κ-structures satisfying ZFC and β over ordinals less than κ+.
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Proof. In the definition of 〈(XA¹λ)′β : β 6 αλ〉, 〈(BA¹λ)′β : β 6 αλ〉, 〈(BA¹λ)′β : β 6 αλ〉 given above,
we could have set (XA¹λ)′0 = λ ∩X. Just as above, it would then be the case that (XA)′β ∈ Fγ+β

and (XA)′β ⊆ (XA)β whenever γ + β 6 α, where X ∈ Fγ . Hence, for any β < κ+, if G is the filter
generated by the sets (XA)′β as A ranges over κ-structures then Fγ+β ⊆ G ⊆ Fβ . So F is generated by
the the sets (XA)′β as A ranges over κ-structures and β ranges over ordinals less than κ+.

The proof of Theorem 4.24 shows that (XA)′β =C {ε < κ : fβ(ε) 6 oX
A (ε)}, and the proof of Corollary

4.25 gives the required result.

Lemma 4.29. Suppose V = K, κ > λ, cf(λ) > ω, X ⊆ κ, and A = 〈JE
κ ,∈, E, ~A,X〉 is a κ-structure

satisfying ZFC. If γ = oX
A (λ) then there is a sequence 〈Iε : ε < γ〉 of sets of g.i.’s for A cofinal in λ such

that for any ε < ε′ < γ, Iε <X
A Iε′ .

Moreover, 〈Iε : ε < γ〉 may chosen such that whenever I is set of g.i.’s for A cofinal in λ, 〈Iε : ε <
η〉 ∈ MA,I , where η = oX

A (I).

Proof. Just as Lemma 4.19.

4.3. Consistency Strength

Lemma 4.30. If κ is a Ramsey cardinal then the club filter witnesses that κ is greatly Erdős.

Proof. In Example 4.3 it is observed that if κ is Ramsey then tA(C) contains a club whenever C is club.
This observation and the fact that the diagonal intersection of κ-many clubs is again club prove the successor
and limit stages respectively of a proof by induction on β that Fβ = C. The case β = 0 holds by definition.

Remark 4.31. Lemma 4.30 shows that there can be no result in the style of [12] showing that the filters
are strictly increasing since it is possible that Fβ = C for all β < κ+. The closest results to a hierarchy
theorem in the sense of that paper are Theorem 4.24, Corollary 4.25, and Lemma 4.35.

Lemma 4.32. Let κ be greatly Erdős and suppose that M ⊇ Hκ is a useful premouse. Then:

{γ < κ : γ is greatly Erdős } ∈ U(M).

In particular, there are stationarily many completely ineffable, greatly Erdős cardinals below any Ram-
sey cardinal.

Proof. Since U = U(M) is an amenable normal measure w.r.t. M , the ultrapower N = Ult(M,U) is
well-founded up to (κ+)M = On∩M = (κ+)N .

LetA ∈ N be a κ-structure, and let 〈fβ : β < (κ+)N 〉 ∈ N be a sequence of canonical functions. Then
〈fβ : β < (κ+)N really is a sequence of canonical functions (in V ). Moreover, since HN

κ = HM
κ = Hκ:

{γ < κ : fβ(γ) 6 (oA(γ))N} = {γ < κ : fβ(γ) 6 oA(γ)} 6= ∅.

So N ² κ is greatly Erdős . So by Łoś Theorem, and normality of U , {γ < κ : γ is greatly Erdős}
∈ U .

Suppose now that κ is Ramsey and C ⊆ κ is club. Then let A = 〈Hκ,∈, A, C〉, where A is such
that JA

κ = Hκ, and let I be a cofinal set of g.i.’s for A. Let M = M(A, I). Then I ⊆ C (by the
argument of Example 4.3), and {γ < κ : γ is greatly Erdős } must contain a final segment of I , since
{γ < κ : γ is greatly Erdős } ∈ U(M) and I generates U(M), so every element of I is greatly Erdős, by
indiscernibility.
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To see that every γ ∈ I is completely ineffable, it is sufficient to show that (Qκ
α)N = (Qκ

α)M 63 κ (that
is, Qκ

α as defined over M) for all α ∈ M (see Section 3.2.2 for definitions) - can then apply Łoś Theorem,
as above.

We induct on α ∈ {−1} ∪On∩M to show that U(M) ⊆ ((Qκ
α)+)M for all such α. This is non-trivial

only if α = β+1 for some β ∈ {−1}∪On∩M , so suppose this is the case. Let f ∈ M , f : [X]2 → 2, X ∈
U(M). Then, by Lemma 2.5 and the induction hypothesis, Y f,M

2 ∈ U(M) ⊆ ((Qκ
β)+)M is homogeneous

for f . The induction is complete.

Lemma 4.33. If κ is a 2-weakly Erdős cardinal then κ is almost Ramsey (cf [26]). That is, for any γ < κ
and κ-structure, A, there is a set of g.i.’s for A of order type at least γ.

Proof. Let A be a κ-structure, let γ < κ, and let I, J be sets of g.i.’s for 〈A, {γ}〉 such that λ = sup(I) =
sup(J) and I ∈ M = M(A, J). Then:

M ² “There is a cofinal set of good indiscernibles for A ¹ λ ” .

Hence:

BA,J
δ ² “ There is a cofinal set of good indiscernibles for A ¹ δ” for each δ ∈ J.

Pick δ ∈ J and let I ′ be such that BA,J
δ ² “I ′ is a cofinal set of good indiscernibles for A ¹ δ” This

is absolute since the satisfaction relation for A ¹ δ is a member of BA,J
δ (since BA,J

δ is a transitive ZF−-
model containing A ¹ δ). Moreover, δ is regular, since δ ∈ J , so I ′ is a set of g.i.’s for A ¹ δ ≺ A with
otp(I ′) = δ > γ.

Lemma 4.34. Suppose ¬0¶ and κ is (α+1)-weakly Erdős. Then in K, κ is α-weakly Erdős. Consequently,
if κ is greatly Erdős then it is greatly Erdős in K.

Proof. We use the characterisation of Corollary 4.8. Let A ∈ K be a κ-structure satisfying ZFC, w.l.o.g.
dom(A) = (Hκ)K . Let C ⊆ κ be club. Then C ∩ (XA)α ∈ Fα, so let γ ∈ tA(C ∩ (XA)α) and let
I ⊆ γ ∩ (C ∩ (XA)α) witness this. Since I ⊆ Reg, we have shown (XA)α ∩ Reg is stationary. Since
〈(XA)β : β < α〉 is decreasing (mod club), (XA)β∩Reg is stationary for all β < α. However (inductively)
the Jensen Indiscernibles Lemma implies that ((XA)β)K ∩ Reg = (XA)β ∩ Reg for all β < κ+. Hence
((XA)α)K 6= ∅.

The following establishes some form of hierarchy lemma. We omit its proof.

Lemma 4.35. Suppose V = K and κ is an inaccessible cardinal. Let 〈fβ : β < κ+〉 be canonical
functions for κ derived from surjections 〈gβ : κ → β : β < κ+〉, i.e. fβ(λ) = otp(gβ“λ).

Suppose oA(γ) > fβ(γ), cf(γ) > ω, where A is a κ-structure with domain Hκ and G(gβ) as a
predicate. Let I be a set of g.i.’s for A with sup(I) = γ and oA(I) = 0. Then every η ∈ I is fβ(η)-weakly
Erdős.

In particular, if α < β < κ+ and κ is β-weakly Erdős then the set {η < κ : η is fα(η)-weakly Erdős}
is stationary in κ.

5. Characterisations of Ramsey Cardinals

In this section we look at some characterisations of Ramsey cardinals: one old (5.1), one new (5.6), and
one plausible but false (Q(λ)).
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5.1. Mitchell’s Characterisation
In effect, Theorem 5.1 has been used several times already. The statement is made in the terminology

we have established so differs somewhat to the original (the notion of a ‘useful structure’ is new).

Theorem 5.1. (Mitchell, [18]) The following are equivalent for κ with cf(κ) > ω:

i. κ is a Ramsey cardinal

ii. for every A ⊆ κ there is a pre-useful structure M with λ(M) = κ and A ∈ M such that U(M) is
ω-complete

iii. for every A ⊆ κ there is a useful structure M with λ(M) = κ and A ∈ M

Proof. (i⇒ii) Let I be a cofinal set of g.i.’s for A = 〈JE
κ ,∈, E, A〉. Set M = MA,I . ii holds by Lemma

2.23, since cf(κ) > ω.
(ii⇒iii) By Lemma 2.8, M is useful since U(M) is ω-complete.
(iii⇒i) Given a κ-structureA, there is a useful structure M 3 A with λ(M) = κ, by iii. Then I(A,M)

is a set of g.i.’s for A with supremum κ.

Useful structures do not always have ω-complete measures, but most natural examples will be iterable,
so we may ask whether ω-completeness in clause ii of Theorem 5.1 could be weakened to iterability. Con-
sider the following property:

Q(λ) : for every A ⊆ λ there is a pre-useful structure M with λ(M) = λ and A ∈ M such that M is
iterable by U(M).

We show that Q(λ) is not equivalent to λ being Ramsey. In fact, it is strictly weaker than the existence
of an ω1-Erdős cardinal. It follows, also, that an iterable pre-useful structure need not be useful.

Lemma 5.2. Let M ⊇ Hλ be a useful structure with λ = λ(M) and ω-complete measure U = U(M) (so
|Hλ| = λ > ω1). Then {α < λ : Q(α)} ∈ U(M).

In particular, if λ is an ω1-Erdős cardinal then there are stationarily many α < λ such that Q(α).

Proof. Let ν = (λ+)M = ht(M). U is an amenable normal M -ultrafilter so the ultrapower N =
Ult(M, U) is well-founded. By amenability, (λ+)N = ν and (Hν)N = (Hν)M = M . Suppose, w.l.o.g.,
that M = M(Hλ, I), where I = I(Hλ,M). Let A ∈ P (λ) ∩M = P (λ) ∩N . Let γ ∈ I such that there
is A ∈ MHλ,I

γ with πHλ,I
γ (A) = A. Note that MHλ,I

γ ∈ Hλ is iterable and useful, since it embeds into M .
Hence:

Hλ |=“There is a M ∈ Hγ+such that A ∈ M and M is iterable and pre-useful”.
However A ∈ MA,I

γ , so, by definition of MHλ,I
γ :

MHλ,I
γ ²“There is a M ∈ Hγ+such that A ∈ M and M is iterable and pre-useful.”

However then, by elementarity of πA,I
γ :

M = MHλ,I ²There is a M ∈ Hλ+such that A ∈ M and M is iterable and pre-useful”,
Since (Hα)N = (Hα)M = M ,

N |=“There is a M ∈ Hνsuch that A ∈ M and M is iterable and pre-useful.”
So N ² Q(λ). By Łoś Theorem, {α < λ : Q(α)} ∈ U .

If λ is ω1-Erdős and C ⊆ λ is club then set M = M(〈Hγ∗ ,∈, C〉, I), where I is a set of good
indiscernibles for 〈Hγ∗ ,∈, C〉 with cf(otp(I)) > ω and γ∗ = sup(I).

Then {α < γ∗ : Q(α)} ∩ C ∈ U .
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5.2. A Characterisation in Terms of Games

Donder and Levinski, [11], introduced games that characterised ω1-Erdős cardinals. The following is
similar to their G∗∗ - see Sect 3.3 op. cit.

Definition 5.3. Let λ be a limit ordinal, and let A be a λ-structure. Then G̃λ(A) is the game with (up to)
ω1 moves where in turn ξ, player (I) plays an ordinal ηξ < λ and player (II) plays Iξ such that

i. Iξ is a set of good indiscernibles for A ;

ii. lim(otp(Iξ)) and sup(Iξ) > ηξ ;

iii. Iξ Q
⋃

ζ<ξ Iζ .

The game terminates at ξ < ω1 iff (II) cannot move. (II) wins iff the game continues for ω1 moves.

Their arguments show:

Theorem 5.4. λ is ω1-Erdős iff for no λ-structure A does I have a winning strategy for G̃λ(A).

The game may not be determined, so it is natural to ask when II has a winning strategy. We prove in
Lemma 5.6 that this occurs in K exactly when λ is Ramsey.

Lemma 5.5. Suppose ¬0¶. Suppose (II) has a winning strategy in G̃κ(A) for all κ-structuresA. Then κ is
Ramsey in K.

Remark: It is possible to show that (II) has a winning strategy then she has one that also always plays
indiscernible sets of minimal oA order. We shall not use that fact to prove the lemma, but use something
faster.

Proof. Let P = 〈{f : f is an injection f : α → κ, some α < ω1},⊆〉. Let G be generic for P, and let
F =

⋃
G. So F : ω1 → κ is a bijection.

Let A ∈ KV [G] = KV and let σ be a winning strategy for G̃κ(A) in V . Define a play, p, of G̃κ(A)
by

p(δ) = F (ε) if δ = 2 · ε, some ε;
p(δ) = σ′(p ¹ δ) if δ = 2 · ε+1, some ε,

and note that this is well-defined since each partial play p ¹ δ is in V , since P is countably closed (so
(ωV )V [G] ⊆ V ).

Let I =
⋃

ε<ω1
p(2·ε+1). Then I is a set of g.i.’s forAwith supremum κ, and, by Jensen Indiscernibles

Lemma, there is I ′ ⊇ I with I ′ ∈ KV [G] = KV such that I ′ is a set of g.i.’s for A, since the fact that P is
ω-closed implies that cfV [G](κ) > ω.

Theorem 5.6. If V = K then II has a winning strategy in G̃λ(A) for all λ-structures A iff λ is Ramsey.

Proof. The direction from left to right is proven in Lemma 5.5. For right to left, fix A and a cofinal set of
g.i.’s, I , for A. Then set σ(p) = I for all plays p. σ is clearly a winning strategy.
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6. Strengthenings of Chang’s Conjecture

In his book, [23], Shelah proves that if Namba forcing is semi-proper (see [17], p601, Thm 2.5(2) for
definitions and properties) then a strong form of Chang’s Conjecture holds, as follows:

Definition 6.1. Strong Chang’s Conjecture (SCC) holds iff whenever χ is a regular cardinal, χ > 2ℵ2 ,
M∗ is any structure extending 〈Hχ,∈〉, and N ≺ M∗ is countable, for arbitrarily large α < ω2 there is
Nα with N ≺ Nα ≺ M∗, α ∈ Nα, and Nα ∩ ω1 = N ∩ ω1.

Magidor (unpublished, and in private conversation) has shown that the semi-properness of Namba forc-
ing is equiconsistent with the existence of a measurable cardinal.

To make some further definitions, it will be useful to have a variant of the notion of κ-structure that
allows infinitely many predicates, and has a fixed domain. Say that A is a Hκ-structure iff A has the form
〈Hκ,∈, A0, . . . , An, . . .〉n<ω , for some A0, . . . , An, . . . ⊆ Hκ(n < ω).

Definition 6.2. CC+ holds iff for any Hω2 -structure, A, there is an Hω2 -structure, B, extending A, such
that for any countable X ≺ B and γ < ω2 there is Y ≺ B with Y ⊇ X , X ∩ ω1 = Y ∩ ω1, and
sup(Y ∩ ω2) > γ.

It is possible to show directly that if SCC holds then CC+ holds. In view of the fact that we shall show
below that CC+ is weaker than measurability, and in the light of Magidor’s proof mentioned above, we
shall omit the proof of this assertion.

6.1. Successors in the Core Model under CC+

The Weak Covering Lemma for K shows that if λ is a singular cardinal then (λ+)K = λ+. This
holds for a large range of core models, in particular those built below assuming there is no inner model of
a Woodin cardinal. In general, the same need not be true of successors of regular cardinals, but there are
some special cases: it is well-known that if λ is weakly compact then (λ+)K = λ+, for such K; and, this
is also true if λ is Jónsson [27].

In this section we prove that it is not only large cardinal properties that imply this form of covering at a
regular cardinal. If CC+ holds, then it is also true for λ = ω2.

6.1.1. Equivalents and variants
We follow [11] in defining the game below. In that paper, they consider ω2-structures A, and the

consequences of I not having a winning strategy. We consider the stronger property that II has a winning
strategy; we also allow for taller structures.

Definition 6.3. Let A be an α-structure for some α ≥ ω2. Then the game G+(A) has (up to) ω1 moves,
and in the ξth move

I plays an ordinal λξ < ω2

II plays a countable set Xξ ≺ A such that sup(Xξ) > λξ and for all ζ < ξ, Xξ ∩ ω1 = Xζ ∩ ω1 and
Xξ ∩ ω2 Q Xζ ∩ ω2.

The game terminates if II cannot move. II wins if the game continues for ω1 moves, otherwise I wins.

We extend Definition 6.3 slightly to a form that will be more useful for applications.

Lemma 6.4. II has a winning strategy in G+(A) for all ω2-structuresA iff for all α > ω2, II has a winning
strategy in G+(A) for all α-structures A.
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Proof. We proceed much as in Lemma 3.28.
To prove the nontrivial implication, let α > ω2 and let A = 〈J ~A

α ,∈, ~A, . . .〉 be an α-structure. C =
{γ < ω2 : HullA(γ) ∩ ω2 = γ} is closed unbounded in ω2. For any γ, δ ∈ C with γ 6 δ, let πγ : Aγ ≺ A
be the inverse of the transitive collapse of HullA(γ) and πγδ = π−1

δ ◦πγ : Aγ ≺ Aδ . LetA′ = 〈JC,Π,A,B
ω2

,∈
, C, Π, A, B〉 where Π = 〈πγδ : γ, δ ∈ C, γ 6 δ〉, A = 〈Aγ : γ ∈ C〉, and B = 〈gγ : γ < ω2〉, where each
gγ : |γ| → γ is a bijection.

We shall show that whenever X ≺ A′, HullA(X) ∩ ω2 ⊆ X . The result then follows for then if σ′ is a
winning strategy for II in G+(A′) then σ given by σ(p) = HullA(σ′(p′)), where p′ is the play p, but with
all II’s moves replaced with their Skolem hulls in A, is a winning strategy for II in G+(A).

Let X ≺ A′ and let ε ∈ HullA(X) ∩ ω2. Then ε = fAϕ (a0, . . . , an−1), where fAϕ is one of the
(uniformly definable) Skolem functions ofA, and a0, . . . , an−1 ∈ X . C ∩X is unbounded in ω2∩X since
X ≺ A′, so there is δ ∈ C ∩X such that ε, a0, . . . , an−1 ∈ A′ ¹ δ. However then

ε = π−1
δ (ε) = π−1

δ (fAϕ (a0, . . . , an−1)) = fAδ
ϕ (π−1

δ (a0), . . . , π−1
δ (an−1)) = fAδ

ϕ (a0, . . . , an−1) ∈ X

since δ, a0, . . . , an−1 ∈ X .

We now prove a useful equivalent of CC+, then a characterisation in terms of the games G+(A).

Lemma 6.5. CC+ holds iff for any Hω2 -structure, A, there is an Hω2 -structure, B, extending A, such that
for any countable X ≺ B and γ < ω2 there is Y ≺ B with Y ∩ ω2 Q X ∩ ω2 and sup(Y ∩ ω2) > γ.

Proof. Assume CC+. Let A be an Hω2-structure. Then let B = 〈gγ : γ < ω2〉, where each gγ : |γ| → γ
is a bijection, as in the previous proof. Let A′ = A _ 〈B〉, and apply CC+ to A to obtain B.

Let X ≺ B be countable and γ < ω2. There is Y ≺ B with Y ⊇ X , X ∩ ω1 = Y ∩ ω1, and
sup(Y ∩ ω2) > γ. We require Y ∩ ω2 Q X ∩ ω2. Suppose not. Then there exist η < η′ < ω2 such that
η′ ∈ X but η ∈ Y \X . Then g−1

η′ (η) ∈ Y ∩ ω1 = X ∩ ω1 so η = gη′(g−1
η′ (η)) ∈ X - contradiction.

Theorem 6.6. CC+ holds iff II has a winning strategy in G+(A) for all ω2-structures A.

Proof. The implication from left to right follows immediately from Lemma 6.5.
Let κ = ω2. Let A = 〈Hκ,∈, A0, . . . , An, . . .〉n<ω be an Hω2 -structure. We construct a sequence of

ω-many |Hω2 |-structures inductively, using Lemma 6.4. Set A0 = 〈Hκ,∈, A0〉. Suppose An has been
defined. For each x ∈ [Hκ]<ω let σAn,x be a winning strategy for II in G+(An _ 〈x〉), and let:

σ∗An
= {〈x, y〉 : x ∈ [An]<ω and y ∈ σAn,x}; An+1 = 〈Hκ,∈, A0, σ

∗
A0

, . . . , An, σ∗An
, An+1〉.

Let B = 〈Hκ,∈, A0, σ
∗
A0

, . . . , An, σ∗An
, . . .〉n<ω be the Hω2-structure whose predicates are exactly

those that occur in An, for some n < ω. We show that B witnesses CC+.
Let X ≺ B be countable, X = {xn : n < ω}, and let γ < ω2. Then let

Y =
⋃

n<ω

σAn,{x0,...,xn}(〈0, σAn,{x0,...,xn}(〈0〉), γ〉).

Now, sup(Y ∩ ω2) > γ follows immediately, and

Y ∩ ω1 =
⋃

n<ω

σAn,{x0,...,xn}(〈0, σAn,{x0,...,xn}(〈0〉), γ〉) ∩ ω1 =
⋃

n<ω

σAn,{x0,...,xn}(〈0〉) ∩ ω1 ⊆ X

since σAn,{x0,...,xn}(〈0〉) ∈ X for each n (using σ∗An
), and X ² σAn,{x0,...,xn}(〈0〉) is countable , and so

σAn,{x0,...,xn}(〈0〉) ⊆ X . Note that X ⊆ Y since x0, . . . , xn ∈ σAn,{x0,...,xn}(〈0〉) for each n < ω.
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It remains to show that Y ≺ B. If ψ ∈ LB and a0, . . . , an−1 ∈ Y then there is k < ω such that
ψ ∈ LAk

and a0, . . . , an−1 ∈ σAk,{x0,...,xk}(〈0, σAk,{x0,...,xk}(〈0〉), γ〉) so

B ² (∃x)ψ(x, a0, . . . , an−1) iff Ak ² (∃x)ψ(x, a0, . . . , an−1)
iff σAk,y(〈0, σAk,y(〈0〉), γ〉) ² (∃x)ψ(x, a0, . . . , an−1),

where y = {x0, . . . , xk}.

Let a ∈ σAk,y(〈0, σAk,y(〈0〉), γ〉) ⊆ Y such that σAk,y(〈0, σAk,y(〈0〉), γ〉) ² ψ(a, a0, . . . , an−1). Then,
Ak ² ψ(a, a0, . . . , an−1), so B ² ψ(a, a0, . . . , an−1), as required.

Theorem 6.7. (¬0¶) Suppose that CC+ holds. Then ω3 = (λ+)K , where λ = ω2.

Proof. Our proof is based on [25]. Suppose for a contradiction that ν = (λ+)K < λ+, and let F : λ → ν
be monotone cofinal (by the Covering Lemma for K note that cf(ν) > λ) and M̂ = K|ν _ 〈F 〉 (recall
that this is the expansion of the structure K|ν to include the additional predicate F ).

Let σ be a winning strategy for II in G+(M̂) of V (this exists by Theorem 6.6 and Lemma 6.4).
Let P = Col(ω1, {λ}). Forcing with P is countably closed, so adds no countable sequences of sets in

V . P preserves all cardinals except λ, which has cardinality, and cofinality, ω1 in the forcing extension.
(See [17].) Assume G is P-generic, and let f ∈ V [G] such that f : ω1 → λ is monotone cofinal. Define a
play, p, of G+(M̂) in V [G] by

p(δ) = f(ε) if δ = 2 · ε, some ε < ω1

p(δ) = σ(p ¹ δ) if δ = 2 · ε+1, some ε < ω1

and note that this is well-defined since each partial play p ¹ δ is in (ωV )V [G] ⊆ V .
Let Y =

⋃
ε<ω1

p(2 · ε+1) ≺ M̂ . Then, since p(2 · ε+1) ∩ λ P p(2 · ε’+1) ∩ λ whenever ε < ε′ < ω1,
otp(Y ∩ λ) = ω1.

There is thus an inverse of a transitive collapse map: j : M ≺ M̂ such that crit(j) < ω1, j(ω1) = λ,
and j“ω1 is cofinal in λ. Since F : λ → ν is a predicate of M̂ , j“ ht(M̂) is cofinal in ν.

Let j : M ≺ K|ν be the map corresponding to j between the structures in the language without F , and
let ν = ht(M) and κ = ω1. By Theorem 2.26 there is a mouse N such that |N | < ω1 and N >∗ M . Let
IM = 〈Mi, π

M
ij : i 6 j 6 θ〉 and IN = 〈Ni, π

N
ij : i 6 j 6 θ〉 be the M -side and N -side respectively of

the coiteration of the two mice, and let 〈κi, νi : i < θ〉 be the sequence of critical points and indices. Note
that each Mi |= ZFC−, and thus the ultrapowers are being taken on the M side by using functions within
the structures.

By standard coiteration arguments again, one has:

i. πM
0κ(κ) = κ (so πM

0κ“κ ⊆ κ);

ii. There is a cub D ⊆ κ so that if i < j ∈ D, then πN
i,j(κi) = κj ; πN

i,κ(κi) = κ; πM
0,i“κi ⊆ κi;

iii. Nκ| ht(Mκ) = Mκ = Mθ.

The ultrapower maps on the M side are all Σ0 and cofinal, thus πM
0i is cofinal in Mi (and hence cf(ht(Mi)) =

κ) for each i 6 κ. This persists into the limit stages.
Similarly, if i∗ ∈ D then cf((κ+)Nκ) = cf((κ+

i∗)
Ni∗ ) < κ. So (κ+)Nκ 6= ht(Mκ) as their cofinalities

differ. Hence (κ+)Nκ > ht(Mκ), as otherwise there would be a truncation on the M -side of the coiteration.
(To justify this, note that were ν = (κ+)Nκ < ht(Mκ) but there were no truncation at this stage on the
M side, then we could only have that in Mκ that some τ < κ had an extender indexed by ν. However
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this is absurd as then we have some τ < κ with Mκ |= “o(τ) ≥ κ.” However then the same would
hold in M which is impossible by Theorem 2.26.) Let M̃ = Nκ‖α, where α < (κ+)Nκ is the least
ordinal such that ωρω

Nκ‖α = κ < ν 6 α, where ν = ht(Mκ). Set σ = πN
0κ, π = πM

0κ, M ′ = Mκ, and
let j′ : M ′ → K ′ = K ′

κ and I ′ = 〈K ′
i, π

′
ij : i 6 j 6 κ〉 arise from the application of the standard

copying construction (cf. Lemma 4.3.1 [29]) to j and IM . Set π′ = π′0κ. See Figure 1 again (in which
σ = πN

0,κ : N → Nκ).

Since each measure E
K′

i
i used in the iteration I ′ is total in K ′

i and indexed below the regular cardinal
λ = π′0i(λ) of K ′

i, the iteration I ′′ = 〈K ′′
i , π′′ij : i 6 j 6 κ〉 of K using the same indices is a well-defined

simple normal iteration and for each i 6 κ, λ = π′0i(λ) and K ′
i = K ′′

i |(λ+)K′′
i . Set π′′ = π′′0θ.

Note that j′ : M ′ → K ′ is cofinal by commutativity of Figure 1 and the fact that π′ and j are cofinal. By
an argument similar to Lemma 3.17 of [26] (done there in the ¬0sword setting but which is the same here),
(or see [29] 3.6.7 & 3.6.13) the canonical extension j̃ : M̃ → M∗ of j′ to M̃ exists, M∗ is a mouse, and
since M̃ is sound (it is a proper truncation of a mouse) j̃ is Σ(m)

1 -elementary, where ωρm+1

M̃
6 κ < ωρm

M̃
.

One consequence is that ωρm+1
M∗ 6 λ < ωρm

M∗ .
Since it is a simple iterate of K, K ′′ is a universal weasel, hence M∗ <∗ K ′′. Let M∗∗ and K∗∗ be

the final mice in the coiteration of M∗ with K ′′. The coiteration is above ν′′ =df (λ+)K′′
= ht(K ′) =

sup(j“M ′) since M∗|ν′′ = K ′ = K ′′|ν′′, (and so P (λ) ∩M∗ = P (λ) ∩K ′′).
However, as we have stated, ωρm+1

M∗ 6 λ by Σ(m)
1 -elementarity of j̃. Further M∗ is sound above λ.

Hence we may let A ∈ P (λ) ∩Σ(m)
1 (M∗) code a wellordering of length On ∩M∗ ≥ λ+K′′

. However

P (λ) ∩Σ(m)
1 (M∗∗) ⊆ P (λ) ∩Σ(m)

1 (K∗∗) ⊆ P (λ) ∩K′′,

by the Σ(m)
1 preservation properties of our iteration maps; which is absurd. Contradiction!

Since ¤λ holds in K, which is absolute to V , we conclude that the theorem of the abstract holds:

Corollary 6.8. If CC+ ∧¬¤ω2 then 0¶ exists.

6.2. The Consistency Strength of CC+

By the above remarks SCC is known to be equiconsistent to the existence of a measurable cardinal. The
consistency strength of Chang’s Conjecture is exactly that of one ω1-Erdős cardinal, by work of Silver (un-
published) and Donder ([9]). Below, we shall see that CC+ lies properly in the gap between measurability
and the ω1-Erdős property.

6.2.1. An Upper Bound
Theorem 6.9. If κ is Ramsey and P = Col(ω1, < κ) then °P CC+.

Our proof will be based on a proof of the following result of Baumgartner from [3]:

Theorem 6.10. ([3]) If κ is an ω1-Erdős cardinal and P = Col(ω1, < κ) then °P ω2 is ω1-remarkable .

Where:

Definition 6.11. A cardinal κ is λ-remarkable iff for any κ-structure A, there is a set I ⊆ κ of ordertype
λ such that whenever τ(v0, . . . , vn−1, vn, . . . , vn+m−1) is an A-term (i.e., a function τ :n+m A → A that
is definable over A) and for any γ0, . . . , γ2m−1 ∈ I and α0, . . . , αn−1 < min{γ0, . . . , γ2m−1} such that
γ0 < . . . < γm−1 and γm < . . . < γ2m−1,

τ(α0, . . . , αn−1, γ0, . . . , γm−1) = τ(α0, . . . , αn−1, γm, . . . , γ2m−1).
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We define some notation and quote some results from that paper (rephrased, somewhat).

Notation 6.12. Suppose P = Col(ω1, < κ) and p °P “ Ȧ is a κ- structure.” Denote

B(Ȧ) = 〈Hκ,∈, C,P, °ϕ, Ȧ〉,

where C is a well-ordering of Hκ, ϕ ranges over all formulae of the language of Ȧ, and °ϕ is the relation

{〈q, a0, . . . , an−1〉 : q ° Ȧ ² ϕ(a0, . . . , an−1)}
(so B(Ȧ) is a Hκ-structure). If I ⊆ On then let

[[I]]<ω1 = {X ⊆ I : otp(X) is limit ordinal < ω1} ∪ {∅}.
Definition 6.13. (Baumgartner, [3]) Suppose P = Col(ω1, < κ) and p °P Ȧ is aκ-structure . Let
B = B(Ȧ), and H ≺ B. Then

• G is P-generic over H if G ∩ (P ∩ H) is a filter that meets every dense subset, D, of P with
D ∈ DefB(H)

• p is P,H-generic if G = {q ∈ P ∩H : p 6 q} is P-generic over H

Lemma 6.14. (Baumgartner, [3], Lemma 5.3) Let P, Ȧ, p, and B be as in Definition 6.13, with α < ω1,
and let G be P-generic. Suppose J ∈ V [G] is a set of g.i.’s for B, and G is P-generic over HullB(J ∪ α).
Then Hull(Ȧ)G(J ∪ α) ∩ κ = HullB(J ∪ α) ∩ κ.

Lemma 6.15. (Baumgartner, [3], Lemmas 5.4-5.7) LetP, Ȧ, p, and B be as in Definition 6.13 again with
α < ω1. If I is a set of g.i.’s for B, cf(sup(I)) > ω, X ∈ [[I]]<ω1 then

• the set {q ∈ P : (∃Y ∈ [[I]]<ω1)(q is P,HullB(Y ∪ α)- generic )} is dense;

• if p is P, HullB(X ∪ α)-generic then, for any γ < sup(I), the set

{q 6 p : (∃Y ∈ [[I]]<ω1)(q is P,HullB(Y ∪ α)-generic , sup(Y ) > γ, and X P Y )}
is dense below p.

Remark 6.16. The ordinal γ does not occur in the version of Lemma 6.15 in [3] however the proof requires
only an (obvious) trivial change. Also the cited lemma does not explicitly mention an α, but these countably
many ordinals can be admitted to the structures and named in the language. In [3], Lemma 6.14 has the
additional hypothesis that J is uncountable, but this is not used.

Proof. (Theorem 6.9) Suppose G is P-generic. It is standard that ω
V [G]
2 = κ, and (ωV )V [G] ⊆ V . We

show that, in V [G], II has a winning strategy in G+(A) for all ω2-structures A.
Let A = (Ȧ)G ∈ V [G] be an ω2-structure, and set B = B(Ȧ) ∈ V . Since κ is Ramsey in V , there is a

set I of g.i.’s for B, cofinal in κ. We describe II’s winning strategy in G+(A):
Assume that in the ξth move, each of II’s previous moves (if any) has the form Xζ = Hull(Ȧ)G(Iζ) for

some Iζ ∈ [[I]]<ω1 , with Iζ P Iζ′ whenever ζ < ζ ′ < ξ, and G is P-generic over Xζ = Hull(Ȧ)G(Iζ).
Suppose that I’s ξth move is λξ = λ. Now, it is immediate from the definitions that G is P-generic over

X∗
ξ =df

⋃

ζ<ξ

Xζ =
⋃

ζ<ξ

Hull(Ȧ)G(Iζ) = Hull(Ȧ)G(I∗ξ ),
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where I∗ξ =df

⋃
ζ<ξ Iζ . So, by Lemma 6.15, there is Y ∈ [[I]]<ω1 such that G is P-generic over X =df

Hull(Ȧ)G(Y ), sup(Y ) > λ, and Y Q I∗ξ .
By Lemma 6.14, for all ζ < ξ:

X ∩ ω1 = Hull(Ȧ)G(Y ) ∩ ω1 = HullB(Y ) ∩ ω1 = HullB(Iζ) ∩ ω1 = Hull(Ȧ)G(Iζ) ∩ ω1 = Xζ ∩ ω1.

II’s play is Xξ = X . It is now clear (inductively) that the strategy defined above is a winning strategy.

6.2.2. Equiconsistency

Theorem 6.17. (¬0¶). Set λ = ω2. If CC+ holds then λ is Ramsey in K.

Proof. LetA ∈ K be a λ-structure. We shall show that there is a forcing extension containing a set of g.i.’s
for A, and apply the Jensen Indiscernibles Lemma and the fact that K of the forcing extension is the same
as K of the the ground model.

Note that by Theorem 6.7 (λ+)K = ωV
3 . Let M0 ≺ 〈K|ω3,∈,A, {ω1}〉 be a substructure with

|M0| = λ2 ∧ Trans(M0) ∧ cfV (OnM0) = λ. Then |M0| = K|λ̄ for some λ̄ ∈ (λ, ω3) and cfV (λ̄) = λ.
Let g : λ → λ̄ be a monotone cofinal map witnessing this.

Let M ′ = 〈M0,∈, g〉. Let σ be a winning strategy for II in G+(M ′) of V (this exists by Theorem 6.6
and Lemma 6.4).

Let P = Col(ω1, {λ}). Just as in Theorem 6.7 there is j, Y, M with j : M ∼= Y ≺ M ′, with
A ∈ ran(j), and if µ = crit(j) < ω1, then ω1 ∩ Y = µ, j(µ) = ω1 and j(ω1) = λ. Moreover, by the
presence of g On ∩M has cofinality ω1. Lastly M |= “ωV

1 is the largest cardinal.”
We now apply Theorem 2.26 (in V [G]) with κ as ω1 to conclude that there is a mouse N that iterates past

M . Let Ñ , M̃ be the models at the ω1’st stage of this coiteration, with maps i : N −→ Ñ , k : M −→ M̃ .
Then we shall have that k“ω1 ⊆ ω1, and k“OnM ⊆ OnM̃ . On the N side let the critical points of the
coiteration be κi for i < ω1. Then we shall also have ω = cf((ω+

1 )Ñ ) (as (ω+
1 )Ñ is the supremum of

the continuous image of a successor cardinal κ+
i of critical points κi. Whilst ω1 remains cf((ω+

1 )M̃ ) since
(ω+

1 )M̃ = OnM̃ . Since in this coiteration there can be no truncation on the M side, by the Dodd-Jensen
Lemma, this ensures that (ω+

1 )Ñ > (ω+
1 )M̃ . Hence we see that the very next ultrapower (if any) to be taken

on the N side will be to truncate Ñ .
Let δM̃ = OnM̃ = (ω+

1 )M̃ and δÑ = (ω+
1 )Ñ . Then δÑ > δM̃ . It suffices to find a set IÃ of

g.i. unbounded in ω1 for Ã. Because then we may take the copy construction to copy up the iteration
k : M −→ M̃ via j to yield a map j̃ ⊇ j with j̃ : M̃ −→ M̃0 with copy iteration k̃ : M ′−→ M̃0. Recall
that |M ′| is K|λ̄, and so the ultapowers used in the copied iteration yielding k̃ are all total, and on critical
points below λ. Hence we can construe this iteration as a simple one of k̃ : K −→ K̃. However then j̃“IÃ
is a set of g.i.’s for j̃(Ã) = k̃(A) which is unbounded in λ. By Theorem 2.3, the Jensen Indiscernibles
Lemma for the universal weasel K̃, there is a set I ⊇ j̃“IÃ also of g.i’s for k̃(A), with I ∈ K̃. By
elementarity of k̃ there is such a set in K for A, and so we are done.

Case 1 The coiteration of Ñ with M̃ continues with a truncation of Ñ to Ñ |η, so that δM̃ = (ω+
1 )Ñ |η ,

followed by an ultrapower of Ñ |η.
The topmost filter F of Ñ |η which measures P(ω1)M̃ is weakly amenable with Ã ∈ Ñ |η. However

then, as cf(δM̃ ) = ω1, a set of g.i.’s IÃ can be constructed inside Ñ |η from F , that is IÃ ∈ P(ω1)M̃ in
this case.

Case 2 M̃ is already a proper initial segment of Ñ .
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Suppose there was a proper initial segment Ñ |η, so that δM̃ < (ω+
1 )Ñ |η but with cf((ω+

1 )Ñ |η) > ω.
Then we could argue as in Case 1 to find a suitable IÃ ∈ P(ω1)Ñ |η ∩ F . The difference now is only that
IÃ /∈ P(ω1)M̃ . However the existence of IÃ is sufficient to still complete the plan above of finding a set
of g.i.’s for A.

So consider the possibility that the supposition fails and there is no such η < OnÑ as above. There is
a cub set C ⊆ ω1 of critical points of the coiteration with Ñ as the direct limit of Ni with the measures
used in the ultrapower at that stage on κi ∈ C. For such i we have, on a tail of i ∈ C, some fixed r so
that ωρr

Ni
≤ κi. Either we have in the direct limit Ñ that δÑ < OnÑ and there is thus a normal measure

with critical point ωV
1 in Ñ to provide a set of g.i.’s for Ã inside Ñ ; we may then finish as before. Or

else δÑ = OnÑ and the topmost measure F is of “measure of order zero” type. Moreover Ni has topmost
measure Fi say on κi, also of measure of order zero type, and it is this filter and its images that have been
used to form the ultrapowers Ult(Ni, Fi) for i ∈ C. As the same filter has been used along C to form the
direct limit, the critical points form a set of g.i’s for M̃ and so a fortiori for Ã. Again we finish in the same
way.

6.3. A Milder Strengthening of Chang’s Conjecture

If, as in the forcing extension of Theorem 6.10, ω2 is ω1-remarkable then the set

{α < ω1 : (∃X)(X ≺ A, |X| = ω1 and X ∩ ω1 = α}

is closed unbounded in ω1 for any ω2-structure A. We look at whether

{α < ω2 : (∃X)(X ≺ A, |X| = ω1, X ∩ ω1 ∈ ω1, and sup(X) = α}

can be ω1-closed unbounded.

Definition 6.18. Say that the Intermediate Chang’s Conjecture (ICC) holds iff for any ω2-structureA, and
stationary sets S0 ⊆ ω1 and S1 ⊆ ω2 ∩ Cofω1 , A has a substructure B ≺ A such that sup(B ∩ ω1) ∈ S0

and sup(B ∩ ω2) ∈ S1.

The original motivation to consider the principle ICC came from the theory of mutually stationary sets,
first developed in [13]. This theory in general aims to generalise some of the properties of stationary sets to
sequences of sets, typically below a singular cardinal. This is just a junior two cardinal version.

6.3.1. Upper Bounds on Consistency Strength

Definition 6.19. A cardinal κ is virtually Ramsey iff for any κ-structure A, there is a set C ⊆ κ such that
C ⊆ tA(κ), C is unbounded and (> ω)-closed. (Recall Definition 4.1.)

Remark 6.20. Any Ramsey cardinal is virtually Ramsey: just take C = lim(I), where I is a cofinal set of
good indiscernibles for A.

In fact an elementary application of Π1
1 indescribability yields the non-trivial direction of the following:

Lemma 6.21. κ is virtually Ramsey and weakly compact if and only if κ is Ramsey.

Lemma 6.22. If κ is virtually Ramsey and P = Col(ω1, < κ), °P ICC.
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Proof. The proof of Lemma 6.22 is similar to that of Theorem 6.9. We shall use the slightly modified
versions of Baumgartner’s lemmas above. Suppose G is P-generic. Let A = (Ȧ)G ∈ V [G] be an ω2-
structure, and set B = B(Ȧ) ∈ V . Further, let S0 = (Ṡ0)G ⊆ ω1 and S1 = (Ṡ1)G ⊆ ω2 ∩ Cofω1 be
stationary sets in V [G]. Now, there exists an unbounded (> ω)-closed set C ⊆ κ such that

(∀γ ∈ C)(∃I ⊆ γ)(I is a set of g.i.’s for B, cofinal in γ).

Let δ ∈ C ∩ S1, and I a set of g.i.’s for B, cofinal in δ, w.l.o.g. I ∩ ω1 = ∅.
Since I is a set of g.i.’s, the set C0 = {γ < ω1 : HullB(I ∪ γ) ∩ ω1 = γ} contains a club. Let

α ∈ C0 ∩ S0.
Using Lemmas 6.14 and 6.15, it follows that there is J ⊆ I , J ∈ V [G] with sup(J) = δ and

Hull(Ȧ)G(J ∪ α) ∩ κ = HullB(J ∪ α) ∩ κ. Hence Y = HullA(J ∪ α) ≺ A satisfies sup(Y ∩ ω1) =
α ∈ S0 and sup(Y ∩ ω2) = δ ∈ S1.

6.3.2. A Lower Bound on Consistency Strength

We give an easy equivalent of ICC, followed by a lower bound on its consistency strength.

Lemma 6.23. ICC holds iff for any α-structure, A, with α > ω2, and stationary sets S0 ⊆ ω1 and
S1 ⊆ ω2 ∩ Cofω1 , A has a substructure B ≺ A such that sup(B ∩ ω1) ∈ S0 and sup(B ∩ ω2) ∈ S1.
Moreover, B may be chosen such that otp(B ∩ ω2) = ω1.

Proof. Just as in Lemmas 3.28 and 6.4. To prove the nontrivial implication, assume ICC and let α, A =
〈J ~A

α ,∈, ~A, . . .〉, S0, and S1 be as above. C ⊆ {γ < ω2 : HullA(γ) ∩ ω2 = γ} is closed unbounded in
ω2. For any γ, δ ∈ C with γ 6 δ, let πγ : Aγ ≺ A be the inverse transitive collapse of HullA(γ) and
πγδ = π−1

δ ◦ πγ : Aγ ≺ Aδ . Let A′ = 〈JC,Π,A,B
ω2

,∈, C, Π, A, B〉 where Π = 〈πγδ : γ, δ ∈ C, γ 6 δ〉,
A = 〈Aγ : γ ∈ C〉, and B = 〈gγ : γ < ω2〉, where each gγ : |γ| → γ is a bijection.

By ICC there is Y ≺ A′ such that sup(Y ∩ ω1) ∈ S0 and sup(Y ∩ ω2) ∈ S1. Let γ = sup(Y ∩ ω2).
Set B = HullA(Y ). It is sufficient to show that B ∩ ω2 = Y ∩ ω2. Let ε = fAϕ (a0, . . . , an−1) ∈ B ∩ ω2,
where fAϕ is one of the (uniformly definable) Skolem functions of A, and a0, . . . , an−1 ∈ Y . C ∩ Y is
unbounded since Y ≺ A′, so there is δ ∈ C ∩ Y such that ε, a0, . . . , an−1 ∈ A′ ¹ δ. However then

ε = π−1
δ (ε) = π−1

δ (fAϕ (a0, . . . , an−1)) = fAδ
ϕ (π−1

δ (a0), . . . , π−1
δ (an−1)) = fAδ

ϕ (a0, . . . , an−1) ∈ Y

since δ, a0, . . . , an−1 ∈ Y .
For the final sentence of the lemma, note first that otp(Y ∩ω2) > ω1 since cf(Y ∩ω2) = ω1. However

if γ ∈ Y ∩ ω2, gγ ¹ min{|γ|, Y ∩ ω1} : min{|γ|, Y ∩ ω1} → Y ∩ γ is a bijection, so otp(Y ∩ γ) < ω1.
Hence otp(Y ∩ ω2) = ω1, as required.

Theorem 6.24. If λ = ω2 and ICC holds then K ² “λ is greatly Erdős.”

Proof. We may assume that K ² D =df {α < λ : α is measurable} is nonstationary. Otherwise, the
theorem follows from Corollary 4.26 (since any measurable cardinal is Ramsey).

LetA = 〈J ~A
λ ,∈, ~A, . . .〉 ∈ K be a λ-structure. The idea here is to show inductively that, in the notation

of Corollary 4.11, (XA)β contains a ω1-club for each β < λ+. Then the result would follow from that
corollary. At successor stages of the induction, via the argument of Theorem 6.17, we obtain indiscernibles,
I , for A and use the fact that (XA)β contains a club to ensure that I ⊆ (XA)β .

This strategy is complicated by the fact that ICC does not give a club, but only an ω1-club, of suprema
of Chang substructures. We shall prove that for each β < ν =df (λ+)K , there is an ω1-club Cβ ⊆ λ such
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that Cβ ⊆ (XA)β and for each γ ∈ Cβ there is a club Cβ,γ ⊆ γ such that Cβ,γ ⊆ (XA)β . As above, the
result then follows from Corollary 4.11. Suppose this holds for all δ < β.

If β = 0, the result is trivial. Suppose β = δ + 1, so ((XA)β)K = (tA(((XA)δ)K))K . Let

Aβ = 〈JE, ~A,B,D,((XA)δ)K ,Cβ
ν ,∈, E, ~A,B, ((XA)δ)K , Cβ〉,

where ~A = 〈 ~A, . . .〉, Cβ = {〈ξ, ζ〉 : ξ ∈ Cδ and ζ ∈ Cδ,ξ} and B = 〈gγ : γ < ω2〉, where each
gγ : cf(γ) → γ is monotone cofinal. By ICC and Lemma 6.23, there is an ω1-club C ⊆ ω2 such that for
every α ∈ C there is Yα ≺ Aβ such that sup(Yα ∩ λ) = α and otp(Yα ∩ λ) = ω1.

Let α ∈ C, j0 : A′β ∼= Y = Yα ≺ Aβ be the inverse of the transitive collapse, and let j = j0 ¹
(K)A

′
β : (K)A

′
β −→ K|ν. If we set D̄ = j−1

0 “ D then it is club in ω1 and consists of ordinals that are
non-measurable in (K)A

′
β . Consider the coiteration of the latter with K. Assume for the moment that the

(K)A
′
β side of the coiteration is trivial and no ultrapowers are taken. Then, as we have seen above, there

is a countable mouse N0 that iterates past (K)A
′
β . By virtue of the fact that no γ ∈ D̄ is measurable in

(K)A
′
β , on a club subset of points C ′ ⊆ D̄ the ultrapower taken must be by the same measure/filter and its

images. As N0
∗> (K)A

′
β we have that A′β ∈ Nω1 . Consequently, C ′ generates a set of g.i.’s for A′β . By

shortening C ′ if necessary then we shall assume all of C ′ form g.i.’s.
Thus j“C ′ is a set of good indiscernibles for A _ 〈((XA)δ)K〉. We show that j“C ′ ∩ ((XA)δ)K 6= ∅

(hence, by indiscernibility, j“C ′ ⊆ ((XA)δ)K). Let η ∈ lim(j“C ′) ∩ Cδ,α ∩ lim(Cδ ∩ Y ) ∩ α (the
predicate Cβ ensures that Cδ ∩ Y is unbounded in α), and let η′ = min((Y ∩ λ)\η) > η. Note that
η′ ∈ j“C ′ since C ′ is closed. If cf(η′) = ω then, using the predicate B, Y must be unbounded in η′, so
η′ = η ∈ (j“C ′) ∩ Cδ,α ⊆ j“C ′ ∩ ((XA)δ)K . Now suppose cf(η′) = ω1. Since Cδ ∩ Y is unbounded in
η, it follows by elementarity that Cδ is unbounded in η′. However Cδ is ω1-closed so η′ ∈ j“C ′ ∩ Cδ ⊆
j“C ′ ∩ ((XA)δ)K .

By the Jensen Indiscernibles Lemma, there is I ∈ K ∩ P (α), a set of g.i.’s for A _ 〈((XA)δ)K〉
with I ⊇ j“C ′. Since we have just shown j“C ′ ⊆ ((XA)δ)K we conclude by indiscernibility that I ⊆
((XA)δ)K , thence α ∈ (tA(((XA)δ)K))K = ((XA)β)K . Moreover, lim(I) ⊆ (tA(((XA)δ)K))K =
((XA)β)K . Thus, setting Cβ = C, and Cβ,α = lim(I), the successor stage is complete.

Now note how little of the above argument is affected by allowing (K)A
′
β to move in the coiteration:

on a club subset of C ′ (which we shall continue to call C ′) we shall have the ordinals are inaccessible but
not measurable in (K)A

′
β and its iterates; these are thus unmoved by the ultrapowers on this side. We may

form the copy construction of this iteration, π′′ : K → K ′′ (using again the notation of Figure 1) in a way
that we hope is now familiar. We let π′′(A _ 〈((XA)δ)K〉) = A′′ _ 〈((XA′′)δ′′)K′′〉. The argumentation
of the last two paragraphs is then transferred to this latter structure, obtaining g.i.’s I ′′ ∈ K ′′ ∩ j′(α) for
it, with I ′′ ⊇ j′ “ C ′. We deduce the existence of a C ′′β,j′(α) = lim(I ′′) ∈ K ′′ which is contained in

((XA′′)δ′′)K′′
. By elementarity we have such a Cβ.α ∈ K contained in ((XA)δ)K as required.

Suppose β is a limit ordinal. This case is essentially a generalisation of the successor stage. Fix a
surjection g : λ → β with g ∈ K such that ((XA)β)K = ∆δ<λ((XA)g(δ))K . Setting ~A = 〈 ~A, . . .〉, let:

Aβ = 〈JE, ~A,B,X,((XA)β)K ,Cβ
ν ,∈, E, ~A,B, D, X, ((XA)β)K , Cβ〉,

Cβ = {〈δ, ξ, ζ〉 : δ < λ, ξ ∈ Cg(δ), and ζ ∈ Cg(δ),ξ},
X = {〈δ, ξ〉 : δ < λ and ξ ∈ ((XA)g(δ))K},

and let B be as before.
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We shall first prove that the induction hypothesis holds for β + 1, then infer that it holds for β. As
above, by ICC and Lemma 6.23, there is an ω1-club C ⊆ ω2 such that for every α ∈ C there is Yα ≺ Aβ

such that sup(Yα ∩ λ) = α and otp(Yα ∩ λ) = ω1.
Again, let α ∈ C, let j0 : A′β ∼= Y = Yα ≺ Aβ be the inverse transitive collapse, and let j = j0 ¹

(K)A
′
β : (K)A

′
β ≺ K|ν. Again, to keep the notation simpler, we shall assume that (K)A

′
β does not move

in its coiteration with K.
As for the successor case, there is a club C ′ ⊆ ω1 such that j“C ′ is a set of good indiscernibles for

A _ 〈X〉. In this case again, we aim to show that j“C ′ ∩ ((XA)β)K 6= ∅.
Let C∗ = ∆ξ∈Y ∩λCg(ξ),α, and note that this set is club in α since otp(Y ∩ λ) = ω1 = cf(α). Let

η ∈ lim(j“C ′) ∩ C∗ ∩ lim(C∗∗ ∩ Y ) ∩ α,

where C∗∗ = ∆ξ<λCg(ξ) (C∗∗ is definable over Aβ , using the predicate Cβ , so is unbounded in α). Let
η′ = min((Y ∩ λ)\η) > η. Again, η′ ∈ j“C ′.

Just as previously, if cf(η′) = ω, then η′ = η ∈ (j“C ′) ∩ C∗. However then, η′ ∈ Cg(ξ),α ⊆
((XA)g(ξ))K for all ξ ∈ Y ∩ η, so Yα ² η′ ∈ ((XA)β)K , hence η′ ∈ ((XA)β)K .

If cf(η′) = ω1 then, since C∗∗ ∩Y is unbounded in η, it follows by elementarity that C∗∗ is unbounded
in η′. However C∗∗ is ω1-closed so

η′ ∈ j“C ′ ∩ C∗∗ = j“C ′ ∩∆ξ<λCg(ξ) ⊆ j“C ′ ∩∆ξ<λ((XA)g(ξ))K = j“C ′ ∩ ((XA)β)K .

Just as in the successor stage, it now follows that there exists an ω1-club set Cβ+1 ⊆ ((XA)β+1)K such
that for each α ∈ Cβ+1, there is a club subset of α, Cβ+1,α ⊆ ((XA)β+1)K .

To see that the same holds for β, recall that 〈((XA)ξ)K : ξ < ν〉 is decreasing modulo club. Let D ⊆ λ
be a closed unbounded set such that ((XA)β)K ⊇ D ∩ ((XA)β+1)K . Setting Cβ = Cβ+1 ∩ lim(D) and
Cβ,α = Cβ+1,α ∩D for each α ∈ Cβ concludes the argument.

If (K)A
′
β does move in the coiteration, we appeal to the same thinking as in the successor case using

the copied iterate K ′′ of K, and the reasoning is identical. This concludes the proof.

6.4. Closing the Gap: conclusions and open questions

We have now established that:

Con(ZFC+ CC+) ↔ Con(ZFC+(∃κ)(κ Ramsey )) →
Con(ZFC+(∃κ)(κ virtually Ramsey ) →
Con(ZFC+ ICC) →
Con(ZFC+(∃κ)(κ greatly Erdős)).

However all we have shown in this paper in Section 4 is that

Con(ZFC+(∃κ)(κ greatly Erdős))9 Con(ZFC+(∃κ)(κ Ramsey)),

so there is a gap here: we know that we cannot reverse all these arrows, but can we reverse any?
We don’t have an answer. These questions may hinge on the consistency strength of the existence of

a virtually Ramsey cardinal but, as it stands, it isn’t clear that we gained anything starting with a virtually
Ramsey, rather than Ramsey when proving Lemma 6.22. We conclude this section with some results on
virtually Ramsey cardinals that may hint at a solution.
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Lemma 6.25. Let κ be a cardinal.

i. If κ is Ramsey then κ is virtually Ramsey.

ii. If κ is virtually Ramsey then κ is greatly Erdős.

Proof. i. was proven in Remark 6.20. For ii., the same proof as Lemma 4.30, with (> ω)-clubs in place of
clubs, shows that if κ is virtually Ramsey then κ is greatly Erdős.

Lemma 6.26. Suppose V = K, where K is built from non-overlapping extenders, and κ is a regular
cardinal. Let P be an ω-closed, κ-c.c. forcing, and suppose V [G] ² ICC and ω

V [G]
2 = κ, where G is

P-generic. Then V ² κ is virtually Ramsey.
In particular, this holds if P = Col(ω1, κ) and κ is inaccessible.

Proof. (Sketch) We work in the forcing extension. Let A ∈ K be a κ-structure, and let

M =df K|(κ+)K _ 〈A〉.
Using lemma 6.23, let C be an ω1-club in κ such that for all α ∈ C, there is Y ≺ M such that Y ∩ω1 ∈ ω1,
sup(Y ∩ λ) = α, and otp(Y ∩ κ) = ω1. Then there is C ′ ∈ V , C ′ ⊆ C such that C ′ is (> ω)-closed,
using the fact that P is ω-closed and κ-c.c. However for any α ∈ C ′ ∩ Cof>ω , Y as above gives rise to an
elementary embedding j : M → M (the inverse of the transitive collapse). By the argument of Theorem
6.17 there is a countable N0 iterating past M and ultimately again a set of good indiscernibles forA, cofinal
in α. The result now follows by the Jensen Indiscernibles Lemma.

Another strategy for better understanding the consistency strength of the existence of a virtually Ramsey
cardinal would be to attempt to force a model of ZFC+(∃κ)(κ virtually Ramsey) from a model of ZFC
plus some better understood property.

Note, also, that the forcing destroys weak compactness of κ, if κ is weakly compact. Lemmas 6.21 and
4.32 suggest that this would necessarily be the case if we hope to force a virtually Ramsey cardinal from a
greatly Erdős cardinal.

It is consistently possible to separate virtual Ramseyness from Ramseyness, but to date only by starting
with a slightly stronger notion:

Theorem 6.27. (Gitman-Hamkins-Welch, [16]) If κ is a strongly Ramsey cardinal, then there is a forcing
partial order P, so that after forcing with P κ remains virtually Ramsey, but not weakly compact.

However the notion of κ being strongly Ramsey implies that κ is a limit of completely Ramsey cardinals,
(for which, see [15]), so this is not quite good enough. We should like to start with a simple Ramsey cardinal
but obtain the same conclusion (or know the reason why not).

Our final result suggests that such an approach might have potential to be successful for a greatly Erdős
cardinal if the right iterated forcing were chosen. It shows that it is possible to shoot a single club and retain
the greatly Erdős property.

Lemma 6.28. Assume V = K. Suppose κ is greatly Erdős, F witnesses this, and X ∈ F . LetP be the set
of closed bounded subsets of X , ordered by end-extension. Then in the forcing extension by P, κ remains
greatly Erdős and X contains a club.

Remark 6.29. It is possible to prove other results similar to Lemma 6.28. For example, if PX is Mitchell’s
forcing for shooting a club through a set X ⊆ κ ([21]), and X ∈ F , where F witnesses that κ is greatly
Erdős, then it may be shown that PX forces κ = ω2 and Chang’s Conjecture.
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