POSSIBLE WORLDS SEMANTICS FOR PREDICATES
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Abstract. We develop possible worlds semantics for [ as a predicate rather than
as an operator of sentences. The unary predicate symbol O is added to the language of
arithmetic (or an extension thereof); this yields the language £4. Every world in our
possible worlds semantics is the standard model of arithmetic plus an interpretation
of 0. We investigate possible—worlds models where 0" A7 is true at a world w if
and only if A is true in all worlds seen by w. The paradoxes exclude certain frames
from being frames for [0 as a predicate. We provide some sufficient and also some
necessary conditions on frames that are allowed to act as frames for the predicate
approach. Completeness results for certain infinitary systems corresponding to well
known modal operator systems are established. We draw some conclusions concerning
the current state of the predicate approach to modalities.

§1. Modalities as Predicates. Modalities like necessity and possi-
bility, may be analysed logically in essentially two ways: either as predi-
cates, or as operators. In the first case they are applied to singular terms,
whereas in the second case they are applied to formulz, but in both
cases the application gives us new formulae. Thus the distinction between
the operator and the predicate conception of necessity is made on the
syntactical level at first. Both conceptions are tied to certain semantics
respectively. If “necessary” and “possible” are regarded as predicates,
they are interpreted as properties of objects and a decision has to be
made concerning what precisely they should be predicates of: syntactical
entities like sentences, or contents of syntactical entities like propositions
(let us ignore further options like utterances or mental objects). In either
case, necessity and possibility are properties of such entities, or, perhaps,
relations between such entities and further objects. If “necessary” and
“possible” are regarded as operators, they do not express properties or
relations like predicate and relation expressions; necessity does not apply
to anything — much like the logical connectives or the quantifiers. In this
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sense the operator conception of necessity is radically deflationary. Sim-
ilar considerations apply not only to necessity but also to the notions of
knowledge, belief, future and past truth, obligation and so on, which have
been treated in analogous fashions as necessity.

There are various arguments in favour of, or against, each of these op-
tions of logical representation, but we shall not dwell on the pros and cons
in more detail because this would require a careful analysis (see Bealer [4]
and Halbach [16]). Instead we are going to concentrate on a particular
problem affecting modalities if regarded as unary predicates of sentences,
i.e., according to the extensionalist version of the predicate view from
above. This position has been held and defended most notably by Quine
[25, 24]. We think that there would be very good reasons for preferring
this account if it was not threatened by inconsistency: Montague [22] was
the first to notice that the predicate version of the acknowledged modal
system T is inconsistent if it is joined with arithmetic. This is due to the
existence of self-referential expressions, which is a consequence of Godel’s
diagonalisation lemma, which is in turn derivable from even weak systems
of arithmetic. From this Montague concluded:

Thus if necessity is to be treated syntactically, that is, as a
predicate of sentences, as Carnap and Quine have urged, then
virtually all of modal logic [ ... ] must be sacrificed.

Note that the intensionalist version of the predicate view on modality,
i.e., where necessity is considered a predicate of intensional entities, is not
necessarily affected by analogous problems. Propositions might e.g. be
much more different from their syntactical counterparts than sometimes
thought of, and therefore there might not be any self-referential propo-
sitions; perhaps self-referential sentences do not express propositions at
all (for a recent account following that line of thought see Slater [31]).
On the other hand, if propositions have a syntactical structure similar to
sentences, and if every well-formed sentence expresses a proposition, then
inconsistency strikes again (as has been pointed out by Asher and Kamp
2)).

According to the operator account of modality, there are simply no
self-referential sentences rising from the use of modal expressions, since
in order to be self-referential the sentences with operators would have to
contain themselves as a proper part, which they certainly do not in the
standard operator languages (below we shall make a remark on opera-
tor languages with additional devices like propositional quantification).
Thus self-reference is abandoned from the start by suppressing referential
clauses and by that move also the inconsistencies are avoided. This is one
of the reasons why the majority of philosophers and logicians have opted
to reject the predicate view altogether.
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For the security from inconsistency, however, one has to pay a high
price: quantification is not expressible in operator languages unless one
adds further devices like propositional quantifiers. For instance, there is
no way of expressing “All tautologies are necessary” in a single sentence
of the operator language. If auxiliary devices like propositional quantifi-
cation are employed, we expect that these additional devices reintroduce
the difficulties of the predicate approach (Grim [12] argues for this view).

We doubt that the inconsistencies justify the general preference of the
operator view over the predicate conception. We shall sketch some argu-
ments for this claim but leave a thorough discussion of these matters to
another paper.

First of all, by far not every system of modal logic has an inconsis-
tent predicate counterpart. E.g. the predicate version of the minimal
normal operator system K is indeed consistent. Secondly, des Rivieres &
Levesque [27] and Belnap & Gupta [5, p. 240ff] have shown that sentences
of modal operator systems can be translated into sentences of correspond-
ing and consistent predicate systems such that provability is preserved.
Thus, roughly speaking, everything that can be said with operators can
(consistently) be expressed with a predicate. Ounly if the provability of
axiom schemes is to be preserved, troubles are emerging: we can have
O"A7 — A for any translation of a modal operator formula into the lan-
guage with [ as a predicate, but we cannot have it for all sentences of
the predicate language. The translations of operator sentences are always
grounded in the set of sentences which are modality-free, and therefore
self-referential instantiations of the T-scheme are excluded.

Along the main stream of the operator conception of the modalities
there has been some work on the predicate approach. Omne ‘modality’,
however, has even been treated as a predicate by most authors, namely
truth. The motivation for preferring the predicate approach in this case
is obvious: the trivial modal system with the ‘T-sentences’ [(Ip <> p as
axioms for 00 will hardly qualify as a satisfying analysis of truth. Again
we leave a discussion of the involved relations holding between the truth
predicate, modal operators, and substitutional quantification to another
paper. For our present purposes, however, it is important that several
logicians have provided various models for axiom systems with predicates
of sentences (or their codes). Friedman and Sheard [11], for instance, have
studied a variety of systems built over an arithmetical base theory plus
axioms for an additional unary (truth) predicate. Although the additional
predicate is usually labelled as a truth predicate, some systems rather
resemble systems for necessity or other typical modalities. We think that
this applies, e.g., to one important derivative of the Friedman & Sheard
systems, namely Cantini’s [7] system VF. Therefore we surmise that some
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work on axiomatic theories of truth is also relevant for the predicate
conception of other notions.

Truth theorists have investigated a variety of axiom systems (see, e.g.,
Cantini [8], Halbach [15] and Sheard [30] for overviews). Consistency
proofs for these systems have been provided by model constructions. One
aim of the present paper is a generalisation of these model constructions:
we do no longer consider a single system and construct a model for this
system. Rather we investigate a natural family of systems and provide
a general pattern for generating models. And vice versa we aim at a
generalisation of the inconsistency results. By showing that there is no
model of a certain kind, we shall be able to conclude that a (semiformal
— in the sense of Schiitte [29],Sect.28) system is inconsistent or that a
certain formal system does not have an w-model.

Of course, we cannot hope to capture all the sophisticated model con-
structions found in the literature in a single approach, simply because
they are too varied. Here we take some inspiration from the operator
approach. Modal logicians do not investigate arbitrary modal systems
(i.e. logic plus arbitrary axioms and rules for the modal operator OJ) but
they restrict their focus on certain well behaved theories. The most com-
mon class of such well behaved theories is known as the set of normal
modal systems (see, e.g., Boolos [6]). We follow exactly the same route
for predicates. In this way we shall obtain results on the semantics of a
comprehensive and important class of systems with a modality predicate.

Opting for possible world semantics in a more or less standard form
implies certain restrictions. For instance, necessitation holds in all normal
modal systems. Our possible world semantics for predicates will verify
an analogous rule. Thus axiom systems which are not compatible with
necessitation (like the Kripke-Feferman system Ref(PA) of Feferman [10]),
which is also known as KF, fall outside the scope of our present paper.
We want to claim by no means that these systems are less interesting or
natural than ‘normal’ systems, but it makes sense to restrict attention to
a class of well behaved system, that is, ‘normal’ systems first. Just as
in the case of modal logic one finally can go on and explore non-normal
systems and their semantics in a general framework.

Our approach does not only include a restriction to normal modal sys-
tems or, more exactly, to the predicate analogues of normal modal systems
(see Lemma 2.3), but also a restriction to systems consistent in w-logic.
This restriction is brought about by our choice of the standard model
of arithmetic as the basis for our model constructions. First of all this
restriction serves the purpose of avoiding the intricacies of nonstandard
models of arithmetic, but furthermore systems consistent in w-logic are
certainly quite natural. (However, there are natural and philosophically
significant w-inconsistent systems like the system F'S mentioned below).
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In our approach we want to stick as closely as possible to the common
possible worlds semantics for operators, i.e. we use frames of worlds such
that every world is a classical model. Since we shall apply the predicate
O to numerical codes of sentences, we assume that every world is actually
a standard model of arithmetic which is only extended by assigning some
extension to the Box — thus we restrict ourselves at first to just the arith-
metical vocabulary plus a unary modal predicate. Later we are going to
extend this language by non-arithmetical and non-logical vocabulary. Our
treatment of necessity by means of a predicate extends to other modali-
ties as well, but for the sake of simplicity we shall only speak of necessity
and not enumerate all other modalities to which our approach may be
applied.

On the semantical level, and as is common in modal logic, necessity
is considered as truth in all accessible worlds, i.e., (" A" is true in w if
and only if A is true in all worlds accessible from w, where accessibility
is a binary relation (defined by the frame) on the class of worlds. At this
point the fundamental difference between possible worlds semantics for
modal operator and modal predicate languages shows up: according to
the operator conception, the satisfaction clause for (0" A™ can be turned
into a proper definition, but not so in the predicate case. If a frame is
given and a function that assigns a model for the [-free language to any
world, then truth or falsity for all sentences without [ extends to truth
for all sentences with [ as an operator in the usual recursive way. Thus
one can always build a model on any given frame if the operator con-
ception is presupposed. But if [0 is treated as a predicate, the recursive
definition of truth at a world cannot be carried out anymore, because
a sentence (1" A7 is atomic, while on the operator account [JA has the
complexity of A plus one. There is also no way to provide a definition of
the (possibly transfinite) complexity of a formula that would allow for a
recursive definition of truth at a world. The satisfaction clause for modal
sentences now works just as a condition on models, such that every model
that meets the conditions counts as a proper instance of a possible worlds
semantics for predicates. For some frames a recursive definition of truth
at a world is not only impossible, but there is not even a model based on
the frame at all due to self-referentiality. Montague’s [22] Theorem, for
instance, shows that one cannot build possible worlds models on reflexive
frames (see Example 3.1 below) if necessity is expressed by a predicate.
This means that there is no way to assign truth and falsity to all sentences
in such a way that 00" A™ comes out as true if and only if A holds at any
world (and if some conditions are met which will be explained below) .
Another example is provided by McGee’s [21] theorem on w-inconsistent
systems. It is a direct consequence of this theorem that a frame consist-
ing of the natural numbers ordered by the predecessor relation (so that
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OR1R2R3R...) does not support a possible worlds model (see Example
3.2 below).

Our question from above may finally be stated in the following form:
which frames support a possible worlds model, if 0 is a predicate, and
if the object language allows for self-referentiality? We call the problem
of characterising the frames which support possible worlds models for
predicates the Characterisation Problem.

A satisfying answer to the characterisation problem would exhibit a
graph-theoretical description of the frames supporting possible worlds
models. The restrictions imposed by theorems like those due to Montague
and McGee should be consequences of such a characterisation result. A
system with a modal predicate might thus be checked for consistency (or
rather consistency in omega logic) by investigating what its corresponding
possible worlds semantics would look like and whether the latter satisfies
our characterisation criteria. In this way paradoxes and inconsistency
results for modalities as predicates can be modelled in a systematic and
informative way.

Our development of possible worlds semantics for predicates also yields
some further insights: it sheds new light on hierarchies of metalanguages;
some results of provability logic and modal logic show up in a different
fashion; we can state the sound and complete systems for necessity as
a predicate corresponding to certain types of frames; our treatment of
transitive converse wellfounded frames can be seen as a variant of the
revision theory of truth.

We regard this paper as a preliminary view on the issues sketched above.
We also omit the more involved proofs, which we shall give in [17], but
we outline some of the essential ideas.

§2. Formal Development. In this section we develop formally the
account set out in the previous section.

Lpya is the language of arithmetic; £ is Lpa augmented by the one-
place predicate symbol 0. We shall identify Lpa with the set of all arith-
metical formule and L with set of all formule that may contain O.
We do not distinguish between expressions (like formule and terms) and
their arithmetical codes. We use uppercase roman letters A, B, ... for
sentences of L. If a formula may have a free variable we always indicate
this by writing A(v) etc.

We shall assume that the language Lpa features certain function sym-
bols. This will render the notation somewhat more perspicuous. Of
course, these function symbols can be eliminated in the usual way and
thus are not really required.

On our account all arithmetical truths come out necessary. Thus one
might wish to include further vocabulary that allows for more contingent
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sentences, but we shall only do so later, in order to keep the exposition
of the main definitions and results as simple as possible. Once they have
been established they can be carried over easily to languages with addi-
tional vocabulary.

We shall consider standard models only, i.e., worlds with the set of
natural numbers in the domain and the standard interpretation of the
arithmetical vocabulary. Hence models for £ have the form (N, X') where
N is the standard model of arithmetic and X C w the extension for [I.
Since models differ only in the extension of [, we may identify such a
model with an extension for 0. Thus we write X = A for (N, X) |= A.

Ox is defined as —[d—z where — is a function symbol for the function
sending the code of a sentence of £ to the code of its negation.

The definition of frames and possible worlds models (PW-models, for
short) parallels the usual definitions for the operator approach as given,
e.g., in Hughes and Cresswell [19, p. 37f.] Boolos [6].

DEFINITION 2.1. A frame is an ordered pair (W, R) where W is nonempty
and R is a binary relation on W.

The elements of W are called worlds, R is the accessibility relation. w
sees v if and only if and only if wRwv; alternatively we say that w is below
.

DEFINITION 2.2. A PW-model is a triple (W, R, V) such that (W, R)
is a frame and V assigns to every w € W a subset of L such that the
following condition holds:

V(w) ={A4 € Lg|Vu(wRu = V(u) = A)}

If (W,R,V) is a model, we say that the frame (W, R) supports the PW-
model (W, R, V') or that (W, R, V) is based on (W, R). A frame (W, R)
admits a valuation if there is a valuation V such that (W, R, V) is a PW-
model.

V assigns to every world a set of sentences, the extension of [ at that
world. The condition on the function V in the definition says that a
sentence is in the extension of [J at a world w if and only if it is true in all
worlds seen by w. Thus if (W, R, V) is a PW-model, the following holds:

V(w) EOA™ iff Vo € W(wRv = V(v) = A)

If we had to include further ‘contingent’ vocabulary, the valuation V' had
not only to interpret (I but also this additional vocabulary. Since we are
only concerned with the language L4, V needs to interpret only O at
every world and therefore it needs to assigning only a set of sentences to
every world, i.e., the extension of [J at the world.

As pointed out above, the definition of truth at a world cannot be
carried out recursively as in the operator case. On the operator account
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one can build models on every frame. Thus the question whether a frame
supports a model does not arise for [ as an operator. For this problem is
trivial: every frame admits a model for [ as an operator. However, if [J
is a predicate, there are restrictions and the following question is sensible:

CHARACTERISATION PROBLEM. Which frames support PW-models?

An answer to this problem exhibits the restrictions imposed by the
‘paradoxes’ (like Montague’s) on possible worlds semantics for predicates.
We are only able to present partial solutions to the Characterisation Prob-
lem in this paper.

We shall now show that possible worlds semantics for predicates is in
many respect similar to the usual possible worlds semantics for operators.

Analogous definitions of frames and models for operators lead to the so
called normal systems of modal logic with the minimal system K (see, e.g.,
Boolos [6]). These systems are closed under necessitation and the neces-
sity operator [ distributes over material implication. For the predicate
account something similar can be shown.

LEMMA 2.3 (Normality). Suppose (W,R,V) is a PW-model, w € W
and A, B € L. Then the following holds:

(i) If V(u) = A for allu € W, then V(w) = 0OA™.

(i) V(w) FO"A - B"— (O"A" - 0O"B")

Since we are dealing with standard models only, we do not only obtain
schemata like (ii) but also their universal closure, that is

(1) VzVy(Sents (z) A Sentz (y) — O(z—y) — (Oz — Oy))

— represents the function that yields, when applied to two codes of sen-
tences, their material implication. Sent,(z) represents the set of sen-
tences of L. In order to avoid confusing notation, we shall state schemata
like (ii) instead of the universally quantified sentences like 1. This does
not make a difference because of the use of standard models.

§3. Some Limitative Results. In order to illustrate the limitations
imposed by the main condition in Definition 2.2, we present some exam-
ples of frames that do not support PW-models.

As has been noted in the introduction, several restrictions on the class of
frames supporting a PW-model are known. These restrictions correspond
to several well known inconsistency results.

EXAMPLE 3.1 (Montague). If (W, R) admits a valuation, then (W, R)
is not reflexive.

The trivial proof resembles Montague’s proof showing that the predicate
version of the modal system T is inconsistent.
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Montague’s theorem is a generalisation of Tarski’s theorem which says
that the scheme (0" A7 <> A for all sentences A € L is inconsistent with
a theory proving diagonalisation. The possible worlds analogue of the
scheme [1" A7 <+ A is a frame with only one world that sees itself. Of
course, such a frame does not admit a valuation, because the frame is
reflexive, and thus Example 3.1 implies the possible worlds analogue of
Tarski’s theorem which states that a frame with one single reflexive world
seeing itself does not support a PW-model.

The arguments showing that a frame does not admit a valuation proceed
by diagonal arguments (in our last example by a Liar sentence).

McGee’s main theorem in [21] on the w-inconsistency of a certain theory
of truth imposes a restriction on the existence of PW-models based on
a non-transitive frame. Pred is the predecessor relation: for any natural
number 7 it holds only between n and n + 1.

0
EXAMPLE 3.2 (McGee, Visser). (w,Pred) does not support a PW-model.

In order to prove this, one can adapt McGee’s proof in [21]), which uses
a certain self-referential sentence with quantification. Instead of McGee’s
theorem Visser’s theorem [33] on illfounded hierarchies of languages can
be used for deriving the above result. The relations between the different
w-inconsistency results and their implications is studied by Leitgeb [20].

Also Godel’s Second Incompleteness Theorem can be rephrased in terms
of possible worlds semantics. One may prove an analogue of Lob’s Theo-
rem, which will be very useful in latter sections.

Transitivity yields the predicate analogue of the 4 axiom:

LEMMA 3.3. Let (W,R,V) be PW-model based on a transitive frame.
Then
V(w) EOTAT - OO AT
obtains for all w € W and all sentences A € L.

LEMMA 3.4 (Lob’s Theorem). For every world w in a PW-model based
on a transitive frame and every sentence A € L the following holds:

V(w) EOTOTAT — A7 — [ A”
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The proof is just the usual proof of Lob’s Theorem with the provability
predicate replaced by the primitive symbol .

Lo6b’s Theorem is a kind of an induction principle (see Boolos [6]). Since
we cannot assign arbitrary truth values to the sentences of £ in any given
world, we cannot conclude that R is converse wellfounded in general.

We shall also use the following version of Lob’s Theorem:

COROLLARY 3.5. Assume (W, R) is transitive and A € L. If V(w) |=
OA™ — A for all w € W, then also V(w) | A for all worlds w.

From (the modal version of) Lob’s Theorem 3.4 (the modal version of)
Godel’s Second Incompleteness Theorem can be derived by setting A = L

for a fixed contradiction 1. A dead end is a world that does not see any
world. V(w) =0 L™ holds if and only if w is a dead end. It follows:

EXAMPLE 3.6 (Godel’s Second Incompleteness Theorem). In a transi-
tive frame admitting a valuation every world is either a dead end or it
can see a dead end.

PRrROOF. Since the frame is transitive the predicate analogue of the 4
axiom scheme holds. This suffices for a proof of the formalized incom-
pleteness theorem and we obtain V(w) =O" L7 v OrO" L™, =

In the sequel we shall provide a theorem (Theorem 6.1) that implies
all the above results and does away with the need for all the different
diagonal sentences.

§4. Inductive Definitions of Valuations. A world w is converse
wellfounded in a frame (W, R) if and only if every subset of {v|wR*v}
has an R-maximal element, where R* is the transitive closure of R. A set
of worlds is converse wellfounded if and only if all its elements are converse
wellfounded. Consequently, a set of worlds is converse wellfounded if and
only if it is wellfounded with respect to R~*.

So far we did not show that there are any PW-models. As Belnap and
Gupta [5, Theorem 6E.5] have shown, the extension of O can easily be
defined by recursion on R~! in converse wellfounded frames. It applies
also to frames that are not transitive.

THEOREM 4.1. If (W, R) is converse wellfounded, then (W, R) admits
exactly one valuation V.

PROOF. The extension for [J is defined by transfinite recursion on R~1.
Assume V' (v) has been defined for all v such that wRv. Then V(w) is
defined in the obvious way:
V(w) := {4 € Lg|Yv(wRv = V(v) = A}

Clearly there is no choice in the definition of V (w), which is thus uniquely
determined. -
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As we shall show later, there are frames that admit more than one val-
uation. Of course, these frames are converse illfounded (i.e., not converse
wellfounded) .

We turn to the transitive frames and investigate the following special
case of Characterisation Problem: which transitive frames support PW-
models? Throughout the rest of the section we assume that (W, R) is
transitive.

In order to fit the present definition in the general framework of induc-
tive definitions, it is convenient to define the extension of < rather than
the extension of (1. The choice of < as the basic predicate does not make
a difference, because [1 and < are interdefinable in the following way:

Oz <= -Ooz
Oz <= —-Ox(x)

We employ the following operation ¢ turning an extension of [ into the
corresponding extension of & and vice versa:

X ={AeLn|-A¢X}

We have X©© = X for deductively closed X.
We define a satisfaction relation =o:

(N, X) =6 A= (N,X°) =4

Thus (N, X°) =o A holds if and only if (N, X) &= A. Usually we shall
write Y o A for (N,Y) o A.

DEFINITION 4.2. We define an operator ® : X — ®(X) for all sets of
natural numbers.

O(X) = XU{A € Lo (N, X) |zo A}

LEMMA 4.3. Assume (W,R,V) is a PW-model based on a transitive
converse wellfounded frame. If w has rank a, then V(w)® = ®*(Q®) holds
for all ordinals a.

The operator ® is not monotone, that is, X C Y does not generally
imply ®(X) C ®(Y). For instance =0T0 = 07 is an element of ®(0), but
it fails to be an element of ®({0 = 0}). In the following, ®*(X) designates
the a-fold application of ® to X; at limit ordinals A, ®*(X) is defined as
the union J,, ®*(X) of all previous stages.

The hierarchy of sets ®*(@) of sentences for all ordinals o may be
seen as a transitive version of revision semantics as introduced by Gupta
[13] and Herzberger [18] (see Belnap and Gupta [5]). For finite levels we
can model revision in our possible-worlds semantics in the following way.
Consider the frame (w,Suc) where Suc is the successor relation. This
frame is converse wellfounded because there is no infinite chain

n+1Sucn Suc...Sucl SucO
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Now think of our ¢ as the truth predicate. Actually we could also take
0. This does not make a difference because the extensions of & and O
coincide in worlds that see exactly one other world. The only exception
is 0. Taking [ as the truth predicate corresponds to starting with all
sentences in the extension of the truth predicate at level 0, while taking
<& corresponds to starting with the empty set. In the revision semantics
the revision operator yields applied to a set X the set of sentences that
are true if the truth predicate is interpreted by X. Thus in our notation
the revision operator I' may be rephrased as

Ael(X) = X o A

In contrast to the situation with ®, X C I'(X) does not hold. The liar
sentence, for instance, will be in I'™(Q) if n is odd and it will not be
in any I'?"(@). Thus the sequence (I"™(®)),cw of sets of sentences does
not converge, while (®"(Q))ne. converges to ®“(0) = J,,, 2"(X). We
state this important property for further reference as a lemma.

LEMMA 4.4. If a < B3, then ®*(Q@) C ®4 (D). Thus there is an ordinal
K such that ®*(Q) = ®*(Q) for all a > k.

The definition of the limit stages I'*(@) for the revision operator is the
central controversial problem of revision semantics. If we force (I"™(9)),cw
to converge by taking not I'(z) but I'(X) U X at every step we obtain our
operator ®.

This kind of situation is encountered also with other operators ¥ pro-
ducing sequences of sets that do not converge. Of course, one can always
force convergence by passing from X not to ¥(X) but to X U ¥(X). If
this operation is iterated, convergence is guaranteed as long as the image
of the function U is a set.

A set X C Ln is a fixed point (of @) if and only if &(X) = X.

Since ® is not monotone, ®*(() is not necessarily the smallest fixed
point.

REMARK 4.5. X C L is a fixed point if and only if X = OTAT — A
(or, equivalently, X =0 A — OTA") for all A € L.

The existence of fixed points implies that there are frames that are
converse illfounded but which admit a valuation nevertheless, as we shall
show in the following theorem.

In order to state the theorem, we need some definitions. The well-
founded part of a set of the form {v| wRv} is the largest R-upwards closed
set X (i.e., the largest X such that Vy € X(yRz = x € X)) on which
R~ is wellfounded. The depth of a world w is the rank of R™! restricted
to the converse wellfounded part of {v|wRv}. Obviously the depth is
defined also for converse illfounded worlds. We shall apply these notions
only to transitive frames.
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THEOREM 4.6. Assume (W, R) is transitive and every converse illfounded
world in (W, R) has depth at least k. Then (W, R) admits a valuation.

PROOF. The definition of V for converse wellfounded w is forced by
Lemma 4.3. If w € W has depth at least k we put V(w) = ®*((). This
holds in particular for all converse illfounded worlds.

By Lemma 4.4 the condition

V(w) ={A € Lg|Vu(wRu = V(u) = A)}
is satisfied by all worlds w € W. -
This and Lob’s Theorem imply the following corollary:

COROLLARY 4.7. If (W, R, V) is a transitive converse illfounded model,
then there is no formula A that holds exactly in the converse wellfounded

worlds of (W, R).

Using an ordinal notation system for the ordinals below wtX, the first
non-recursive ordinal (see Rogers [28]), it is possible to construct sentences
that hold at a world w of a transitive frame if and only if the world is
converse wellfounded and w has depth a < w$¥. However, in general one
cannot express converse wellfoundedness in £ according to Corollary 4.7.

In the following we determine the exact size of the closure ordinal s of
® and thereby show that there is a gap between w?K and k.

We abbreviate by setting X, = ®*((). The function § — X can be
defined by a 3Ji-recursion over any sufficiently closed model M containing
the standard model N of arithmetic. In particular this is true over any
model M of Kripke-Platek (KP) set theory containing the integers as
a standard set. Models of KP are called admissible sets. An ordinal
is admissible if L, is a model of KP. ADM is the set of all admissible
ordinals greater than w.

The idea of the proof of the following theorem is that below the clo-
sure ordinal x of this operation, the sets X5 can be construed essentially
as truth sets for the §’th level of the L-hierarchy. The point where this
identification breaks down is precisely where the L-hierarchy requires pa-
rameters in the first order definitions that are required to make up the
elements of the next level.

Let v be least so that L, has a transitive ¥;-end extension. Then one
may show that L, <sx, L,y and that L, is an admissible set that is the
Skolem Hull of 3; parameter free terms inside itself. Thus any element z
of L., is named by a parameter free 3J; Skolem term, and the €-diagram of
L., is essentially given by the ¥X;-truth set for L,. This fails first at L.
(For background on the theory KP and on admissible sets, see Barwise
3))

It is also well known that -y is least so that L, is first-order reflecting,
that is, for all n, if ¢ is any II,, formula (with parameters from L. allowed)
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in the language of set theory, then the following holds (see Aczel [1]):
Ly = Ja<yLafEy

The proof theoretic strength of this ordinal lies strictly between ACA +
Bar Induction + Al-Comprehension Scheme, and the latter strengthened
with the I13-Comprehension Scheme — see Rathjen [26].

THEOREM 4.8. 7 =K.

In particular, this shows that x > w ¥, Thus the characterisation of
the class of transitive frames admitting valuations yielded by Lemma 6.1
below and Theorem 4.6 is incomplete because it does not say whether
worlds of depth a with wa < «a < K have to be converse wellfounded.
We shall now show that these worlds may be illfounded, too.

For A an admissible set we let WFP(A) denote the wellfounded part
of A, that is, the largest structure B such that A is an end extension of
B. If « is the ordinal rank of the wellfounded part WFP(A), then it is
known that L, = KP. If A is a model of KP, On(.A) denotes the class of
ordinals in the sense of .A. We identify the standard part of On(.A) with
the standard ordinals. Hence On(WFP(A)) O w + 1 holds if and only
if the integers of A are standard. We shall only consider in what follows
admissible sets in which the integers are standard.

We can prove the following existence theorem for valuations, which
yields valuations for converse illfounded frames if it is applied to nonstan-
dard models A of KP.

THEOREM 4.9. If (W, R) is transitive, A is a model of KP, R € A and
“every converse illfounded world in (W, R) has at least depth xk” holds in
A, then (W, R) admits a valuation.

The statement of this theorem is not completely precise because we have
to say how the condition in quotation marks is expressed in the language
of set theory and how the relation R is represented. This may be done in
a standard way and we do not go into the details.

§5. A Necessary Condition for the Existence of a Valuation.
As above, we let ADM be the class of admissible ordinals without w, that
is, the class of ordinals @ # w so that L, = KP. ADM* is the class of
ADM together with its limit points.

As we have explained above, we cannot prove that a frame must be
converse wellfounded if it admits a valuation. However, Lob’s Theorem
can be employed for showing the following;:

THEOREM 5.1. Let (W, R, V) be a transitive model. Then the following
must hold for the depth o of every converse illfounded world in (W, R):
either « € ADM* or a > k.
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Theorem 5.1 and Theorem 4.6 yield the following incomplete characteri-
sation of the class of transitive frames that admit valuations: above depth
wP (the first non-recursive ordinal) all worlds have to be wellfounded,
while below k everything, i.e., arbitrary loops and infinitely descending
chains are possible. Thus for depths smaller than w{¥ and larger than
k the Characterisation Problem for transitive frames is settled. Between
these two ordinals the depth of every converse illfounded world of a tran-
sitive model must be admissible or a limit of admissibles according to
Theorem 5.1. In the next proposition we shall see that there actually
are models with converse illfounded worlds of depth w{¥. Thus converse
illfounded worlds occur as low as possible by Theorem 5.1. However, we
are not able to provide exhaustive information on the converse illfounded
worlds between w{¥ and &.

In the following proposition WFP(R™!) denotes the largest wellfounded
initial segment of R~1.

PROPOSITION 5.2. For any a € ADM there is a frame (W, R) with
R~ illfounded, with WFP(R™!) = «a and V(w) is a fized point for some
weW.

This follows from Barwise’s [3] Compactness Theorem and the fact that
for any countable ordinal & € ADM there is a illfounded model with a
wellfounded initial part of order type ce. We omit the proof.

In particular, it follows that the minimal depth of an illfounded world
in any model is exactly w{K.

We conclude this section with a note on the uniqueness of valuations.

Are there two distinct PW-models based on the same frame? That is,
are there frames that admit at least two distinct valuations? Converse
wellfounded frames have exactly one valuation by Theorem 4.1; thus the
valuation is always unique. Therefore two valuations for the same frame
can differ only on converse illfounded worlds. One can show the following
by employing illfounded models of KP.

THEOREM 5.3. There is a linearly ordered frame (W, R) which admits
two different valuations V,V'.

§6. The General Characterisation Problem. So far we have fo-
cused on transitive frames. In this section we generalise some results to
other frames.

Theorem 5.1 yields information also on frames that are not transitive.
For the transitive closure of R can be defined within the language £g.

THEOREM 6.1. If (W, R) supports a PW-model, then in the transitive
closure of (W, R) every converse illfounded world in W has depth o with
a € ADM* or a > k.
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Theorem 6.1 can be used for demonstrating that the frame (w, Pred) in
Example 3.2 does not admit a valuation. Thus Theorem 6.1 implies all
negative results in § 3. Therefore, in a sense, Lob’s Theorem implies the
possible worlds analogues of Tarski’s, Montague’s, McGee’s and Visser’s
theorems. In § 7 we shall show how to get from these analogues back to
w-inconsistency results.

By Theorem 4.6 a transitive frame admits a valuation if every converse
illfounded world w € W has at least depth k. One might hope to gen-
eralise Theorem 4.6 by showing that a frame admits a valuation if all
converse illfounded worlds are of depth at least « in the transitive closure
of the frame. However, this generalisation fails. Thus there is no char-
acterisation of the class of frames that admit valuations in terms of the
transitive closure of the frames.

THEOREM 6.2. There are frames that do not support a PW-model, al-
though their transitive closure does.

Obviously, if (W, R,V) is a PW-model and wRw, then V(w) is a fixed
point of ®. So far we have used only the fixed point ®*(()). However,
other fixed points of ® are required for valuations of certain frames that
are not transitive. There is a model with two reflexive worlds v and w
such that V(v) # V(w). Again we omit the proofs.

§7. Completeness. In modal logic completeness theorems play a cen-
tral role. For instance, the sentences valid in all frames at all words under
any valuation are exactly the theorems of the modal system K. Similarly,
the system K4 is associated with the class of transitive frames, the Godel
system G with the class of converse wellfounded frames (see Boolos [6]).
Can we obtain analogous results in our setting?

Since we are dealing with standard models only, the set of all sentences
valid in all PW-models (W, R, V) contains all arithmetical truths and is
closed under the w-rule. Of course this set is not recursively enumerable.

DEFINITION 7.1. A set Th of sentences of L is O-closed if and only if
it satisfies the following conditions:
(i) Th contains PA and is closed under logic, necessitation and the w-
rule: B B B
A(0), A(1), A(2), . ..
VzA(z)
(i) O"A—-B"— (0O"A" - 0O"B") is in Th for all A and B in L.
(iii) All instances VzO" A(%)" — O"Vz A(z)™ of the Barcan formula (i.e.,
the formalised w-rule) are in Th for all formulae A(v) of L.

For a set T'h of sentences of L we write (N, S) = Th if for all sentences
A€ L (N, S) = A holds.
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THEOREM 7.2 (Completeness). If Th is O-closed and consistent, then
there is a PW-model (W, R, V) such that (N,V (w)) = Th holds for all
weW.

Our completeness proof resembles the usual proofs for operator modal
logic (see, e.g., Chagrov and Zakharyaschev [9, chapter 5]). However,
since we are dealing with standard models only, we have to employ w-
logic rather than pure first-order logic.

From the Completeness Theorem we can also derive several inconsis-
tency results. For instances, we can prove that the truth theory FS in
Halbach [14], which is equivalent to a system introduced by Friedman
and Sheard [11], is inconsistent in w-logic. Here we present still another
example.

D is the smallest [I-closed set containing all instances of " A7 — OFA™
for all A € Lg. Obviously D is the predicate analogue plus the w-rule of
the system D of deontic logic. Note that, according to the definition of D,
the w-rule and the rule of necessitation may be applied to consequences
of O"AT — OT A7 for all A € L.

EXAMPLE 7.3. D is inconsistent.

This follows from the Completeness Theorem and the fact that every
frame admitting a PW-model contains a dead end, which contradicts the
axiom scheme (0" A7 — OTA™ of D.

If the w-rule is dropped from D the system becomes consistent (though
w-inconsistent because of McGee’s [21] result) because it is a subtheory
of the consistent system F'S of Halbach [14].

We define the predicate counterparts of the operator modal systems K
and Ky.

DEFINITION 7.4. K is the smallest O-closed set. K4 is the smallest
O-closed set that contains all instances of O™ A7 — O™ A7

By applying the theorem to Th = K and Th = K4 we get the following
two corollaries:

COROLLARY 7.5. The following are equivalent for all A € L:

(i) A is valid at all worlds in all PW-models, i.e., V(w) = A for all
PW-models (W,R,V) and w € W.

(i) A is in K.

PROOF. In order to prove that (i) implies (ii), we apply our Complete-
ness Theorem. If A ¢ K there is a world w in the PW-model (W, R, V)
constructed in the proof of the completeness result such that A ¢ w, i.e.,
V(w) £ A.

The Normality Lemma 2.3 ensures that (ii) implies (i). =
We obtain also an analogous result for Xy:
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COROLLARY 7.6. The following are equivalent for all A € L:

(i) A is valid at all worlds in all transitive PW-models, i.e., V(w) E A
for all PW-models (W, R,V) and w € W.
(i) A is in Ky.

Not all completeness theorems known from operator modal logic carry
over to their predicate counterparts. For instance, the logic G obtained
from K4 by adding the operator version O(Cp — p) — Op is complete
with respect to the class of all transitive converse wellfounded frames. The
predicate system K4 has Lob’s Theorem already as a theorem. However,
it does not prove all sentences valid in all transitive converse wellfounded
frames, as we shall show now by recursion-theoretic considerations, more
precisely by comparing the complexities of K4 and the fixed point ®*(Q).

By Corollary 7.6 K4 is the set of sentences valid in all transitive PW-
models; ®%(@)® is the set of all sentences valid in a all transitive converse
wellfounded PW-models. Therefore ®*(Q) is a subset of £4. We shall
show that the converse does not hold: there are sentences that are valid
in all transitive converse wellfounded PW-models but that fail at a world
of some transitive converse illffounded PW-model. In particular, Corollary
7.6 does not hold if (i) is restricted to converse wellfounded frames.

K4 is obviously IIi. The following Theorem shows that ®*(() has a
much higher complexity than 4. Thus converse illfounded PW-models
really do matter.

THEOREM 7.7. The set ®%(Q) is A} but neither X1 nor I1}.

§8. Extensions to Other Languages and Ground Models. In
this section we generalise our approach and the methods developed so far
to languages extending L.

Our results carry over to acceptable models in a straightforward way.
Thus we can use other well behaved models M (with the appropriate
language L) instead of the standard model of arithmetic. In this case O
has to be conceived as a relation obtaining between formulas and variable
assignments. Thereby we introduce genuine de re-modality.

DEFINITION 8.1. Let M = (M, R, ...) be any structure. Let xq be the
least ordinal so that Ly, ((M,R,...)) is the first level of the relativised
Godel L-hierarchy built over M, using elements of M as urelemente, which
is first order reflecting.

The methods of § 4 can be used to show the following. Let M be a
countable acceptable structure (in the sense of [23], that is essentially M
has a definable coding scheme). Consider the class of frames where now
N has been replaced by M at each world of the frame. One may show:

(i) The fixed point ®*M(()) occurs in sufficiently long converse well-

founded frames (W, R) at the ordinal k4.
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(ii) We may look at admissible sets A over the structure M (much as
Barwise does in [3], and take orderings R € A with A = “R7! is
wellfounded” and construct valuations V for the worlds of W.

(iii) The Characterisation Theorem 6.1 of the wellfounded parts of frames
admitting valuations holds with x replaced by ka¢ and the class
ADM replaced by ADM(M) - the class of ordinals admissible with
respect to the structure M.

In general the results of § 4 and § 5 go through mutatis mutandis.

The formulee of the language L are interpreted in every world in
the same way. In particular, in the special case Loy = Lpa we have
considered in the previous sections, the arithmetical vocabulary does not
allow for any variation in its evaluation, at least not on our account: it is
interpreted in every world by the standard model.

Moreover, we could allow the universe to vary from world to world,
as long as the codes of sentences and codes of sequences of all objects
existing in the respective world are in the universe. However, we do
not go that far afield from our original approach and we illustrate the
effects of contingent vocabulary by considering a slight modification of our
approach with Lpa. For our simple examples we need only an extension
of Lpa by an additional propositional parameter.

Let L%, be the language Lpa of arithmetic extended by an additional
propositional variable p. By adding [0 we obtain the language E%. A
PW-model is defined as in Definition 2.2 except that V has also to tell
whether p is true at that world. More precisely V (w) is a pair (S, k) where
S C L is the extension of O and k is the truth value 0 or 1 of p at w. If
V(w) = (S, k), S has to satisfy the following condition:

S ={A e LY|Vu(wRu = V(u) = A}

Of course V(u) = A for A € L is defined in the obvious way.
In the following theorem we show that we are not completely free to
assign truth values to p if the frame is converse illfounded.

PROPOSITION 8.2. Assume (W, R) supports a PW-model. Then the
transitive closure of a frame (W, R) is converse wellfounded if and only if
it allows for arbitrary interpretations of p.

By the latter we mean that given a frame and given a functiong: W —
{0,1} we have a model (W, R,V) based on that frame such that for all
w € W and some S C LF the equation V(w) = (S, g(w)) holds.

PROOF. Assume that the frame is transitive.
Lobs Theorem 3.4 applies also to p, that is, the following holds for any
valuation V and world w:

V(w) =070 — p? — O7p"
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By stipulating V (w) |=p for converse wellfounded w and V(w) |=—p for
converse illfounded w, one can exclude converse illfounded worlds for tran-
sitive frames (see Boolos [6, p. 75f] and Corollary 4.7).

Since the transitive closure of R can be defined in £, the argument
can be generalised to non-transitive frames. -

Although we are not completely free to evaluate p in any world of a
converse illfounded model in any arbitrary way, we can use p in order
to express certain features of the frame (for instance, we can force a
frame to branch). Here we do not explore what can be expressed with
additional vocabulary, but it should be obvious that interesting conditions
are expressible with more propositional parameters and by quantifying
over these parameters.

If we allow also for additional objects in every world beyond the nat-
ural numbers and we change our setup accordingly, we shall encounter
the usual problems of quantified modal logic. In particular, the Barcan
formula will fail if we allow for increasing domains etc.

Each of these extensions is worth to be studied and philosophically rele-
vant — indeed these extensions are more relevant than the setting that we
have followed: it is certainly not satisfying, from a philosophical point of
view, to concentrate on worlds which are standard models of arithmetic
with an additional interpretation of the necessity predicate. But inde-
pendent of what language is chosen and what the set of worlds looks like
semantically, if a modality is to be expressed by a predicate, then every
world has to have an interpreted theory of syntax in the background, and
that means that every world has to comprise arithmetic (modulo coding).
Thus, we have actually concentrated on the minimal prerequisites of a
possible worlds semantics for predicates, and that is why our results also
apply to the philosophically more relevant cases.

89. Some Preliminary Conclusions. In this final section we try to
draw some conclusions from our results.

We have shown how all limitative results of § 3 may finally be reduced
to a single limitative result. The possible worlds analogues of Tarski’s,
Montague’s, McGee’s, Visser’s theorems, which have been mentioned in
§ 3, as well as the analogues of some results not mentioned here like
those by Thomason [32] and partially those by Friedman and Sheard
[11] may be reduced to the single condition on frames in Theorem 6.1.
Lob’s Theorem is the origin of all the inconsistency and w-inconsistency
results. On the semantical side this is mirrored by the condition that
any converse illfounded world must have a large depth; this condition
excludes all simple loops, reflexive frames etc. from being frames that
admit a PW-model. Thus we conclude that the mentioned paradoxes
flow from a common source.
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Our semantical investigations underline the central role of converse well-
foundedness of frames. Provability logic (see, e.g., Boolos [6]) thus ap-
pears in a new light, at least to us. The main results of provability logic
might be understood as suggesting that there is a profound relation be-
tween provability and converse wellfoundedness. In contrast, our results
show that, if one sets up possible worlds semantics for predicates, converse
wellfoundedness always plays an important role. All frames supporting a
PW-model have to be converse wellfounded — except for worlds of great
depth. Thus all predicates with reasonable possible worlds semantics are
much like the provability predicate. This holds even in the absence of the
transitivity axiom as Theorem 6.1 shows.

Surprisingly the condition of Theorem 6.1 does not rule out all con-
verse illfounded models. As Theorem 7.7 shows, our completeness result
Corollary 7.5 for K would fail, if we restricted our attention to converse
wellfounded models only. That is, K is incomplete with respect to the
class ®%(@)® of all converse wellfounded models. Consequently there are
sentences that hold in all converse wellfounded models but fail at some
converse illfounded model and are therefore not theorems of K. This
shows that the common semantical source of the paradoxes is not pre-
cisely converse illfoundedness of the frames but rather the failure of the
more complex condition stated in Theorem 6.1.

The condition of Theorem 6.1 implies that many frames familiar from
operator modal logic do not support PW-models. In particular, the
frames for T, S4 and Ss, i.e., all reflexive frames do not admit a valuation.
It seems that we have to sacrifice the core systems of modal logic for the
predicate approach. We do not conclude from this, however, that the
predicate approach is mistaken altogether. We recommend to approach
necessity and other notions much like truth in order to ban inconsistency
from these notions. For truth a wide array of semantical and axiomatic
approaches has been offered in the literature. For necessity there should
be even more.
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