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Abstract

The interaction of flexural waves with the edge of a thin semi-infinite elastic plate which is

pinned at points along its edge is considered. In particular, it is shown how energy can be fed

into edge waves when a plane incident wave is diffracted by points along the edge. Finally, we

demonstrate the existence of a new type of Rayleigh-Bloch edge wave for a plate periodically

pinned along its edge.
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1. Introduction

It is well-known that a thin semi-infinite elastic plate in vacuo is capable of supporting an
edge wave propagating without change of form along its free edge and decaying exponentially in
a direction away from the edge. See, for example, [1] for an early reference. The wavenumber l of
this edge wave satisfies k < l where k is the wavenumber of free waves in the plate (in the body
of this paper we write l = kte, with te > 1). It follows that the edge wave cannot be excited
by an incident plane wave from infinity which would have a component wavenumber along the
edge which is less than k. The simplest mechanism for generating the edge wave is some local
disturbance such as the prescribed vibration of a given point. To construct this solution we need a
Green’s function for the semi-infinite half-plane. The Green’s function for an infinite thin elastic
plate is well-known and is given, for example, by [2]. Less well-known is the Green’s function for
an elastic semi-infinite plate with a free edge which has been derived by Gunda [3]. A property
of both Green’s functions is that they are bounded at the source point because of the high order
of the differential operator which they satisfy. This property enables problems involving given
displacements or forcing of certain points, or the scattering of an incident wave in the presence
of one or more pinned points, to be solved in terms of linear combinations of Green’s functions
at the points in question with or without the incident field.
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In this paper we shall sketch out the derivation of the semi-infinite Green’s function and use it
to show how either the prescribed forcing of a given point, or the force required to hold a point
pinned in the presence of incident waves, gives rise to outgoing cylindrical waves as well as edge
waves. By considering the scattering of incident waves by a finite periodic arrangement of points
held fixed along the edge, we show how it is possible, for certain combinations of frequencies and
point spacings, to increase the amplitude of edge waves which propagate along the remainder of
the free edge.

The scattering of incident waves by a periodic infinite array of pinned points along the edge
is considered and used to derive a new Rayleigh-Bloch edge wave travelling along the edge and
decaying outwards having a wavenumber lying between k and the free edge wavenumber, l,
determined by [1].

The simplicity of using a single Green’s function to represent the application of a force, pre-
scribed or otherwise, at a point on the plate allows us to derive simple expressions for quantities of
interest. For example, the condition for the existence of Rayleigh-Bloch edge waves is in expressed
mathematically as a real infinite series summing to zero.

2. Reflection of plane waves by a free edge and the existence of edge waves

In this section we introduce the governing equations and set up some notation and useful ideas
for later sections by reviewing two basic problems namely the reflection of plane waves from, and
the existence of edge waves along, the straight edge of an elastic plate.

A thin elastic plate plate occupies the half plane −∞ < x < ∞, y > 0 with its free edge
along y = 0. There are no external forces acting on the plate. As is usual, we factorise a har-
monic time dependence of angular frequency ω from the out-of-place displacement U by writing
U(x, y, t) = ℜ{u(x, y)e−iωt}. The complex-valued time-independent displacement u(x, y) satisfies
the Kirchhoff-Love equation

(∆2 − k4)u(x, y) = 0, −∞ < x <∞, y > 0 (1)

where ∆ is the two-dimensional Laplacian, k4 = mω2/D with m = ρh the mass per unit area
of the plate and D = 1

12Eh
3/(1 − ν2) its bending stiffness in terms of the plate density and

thickness, ρ and h, and the Young’s modulus and Poisson ratio E and ν. It is convenient to
rescale lengths on the wavenumber k, so that the non-dimensional version of (1) reads

(∆2 − 1)u(x, y) = 0, −∞ < x <∞, y > 0. (2)

Along the free edge, the vanishing of bending moment and shearing stress requires that

B(u) ≡ uyy + νuxx = 0, on y = 0 (3)

S(u) ≡ uyyy + (2 − ν)uyxx = 0, on y = 0. (4)

For a plane wave incident from infinity which makes an angle ψ with the positive x-axis and is
reflected from the edge, the solution is straightforward and is given by

u(x, y) = uinc(x, y) + us(x, y) (5)

where the incident wave is described by

uinc = e−iy sinψeix cosψ ≡ eγ(ts)yeitsx (6)

whilst the reflected wave is

us = (Reiy sinψ +Be−y(1+cos2 ψ)1/2

)eix cosψ ≡ (Re−γ(ts)y +Be−λ(ts)y)eitsx (7)
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where we have written ts = cosψ and introduced the notation

λ(t) =
√

1 + t2, γ(t) =











−i
√

1 − t2, |t| ≤ 1
√

t2 − 1, |t| > 1.
(8)

Satisfaction of the two edge conditions (3) and (4) provides complicated but explicit expressions
for the coefficients R and B in terms of ψ. Thus the reflection coefficient can be expressed as

R = −E∗(ts)/E(ts) (9)

with the asterisk denoting complex conjugation (since |ts| < 1) so that |R| = 1, as expected. The
amplitude of a wave decaying exponentially away from the edge is found to be

B = 2γ(ts)L+(ts)L−(ts)/E(ts) (10)

where

E(t) = λ(t)L2
−(t) − γ(t)L2

+(t), with L±(t) = (1 − ν)t2 ± 1. (11)

In the absence of an incident wave, it is possible to construct a solution for a wave travelling
along the edge of the semi-infinite plate and decaying exponentially away from it. This is the so-
called Konenkov edge wave solution (after [1]) and is well-documented elsewhere in the literature
– see for example [4].

In order to construct such a solution consider we replace ts, associated with the scattering
angle ψ with a value of te > 1 in the general solution (5) and discard the incident wave. Then
the general form for the displacement of the edge wave is given by

u±e (x, y) = (Ce−γ(te)y +De−λ(te)y)e±itex. (12)

in terms of coefficients C and D, to be determined. It now follows after some algebra that the
conditions (3) and (4) are satisfied if and only if E(te) = 0 where E(t) is real for t > 1. The
value of te can be determined explicitly as the real positive root of

t4e =
1 − 3ν + 2

√
2ν2 − 2ν + 1

(1 − ν)2(3 + ν)
(13)

and is a function of ν only. It is interesting to note that if ν = 1
3 – a reasonable value for Poisson’s

ratio – that te = (81/80)1/8 = 1.0015 . . .. More generally, te ∼ 1+ 1
16ν

4+O(ν5) and so te is always
only just above unity. Since te > 1 its associated (dimensional) wave speed ce = ω/kte < c = ω/k,
the free wave speed in the elastic plate. For this reason it is called a subsonic or slow wave.

The edge wave is a solution to a homogeneous boundary-value problem, and so the coefficients
C and D are not determined uniquely. For the purposes of this paper, we make a particular
choice for C, and hence D, and refer to this as being an edge wave of unit amplitude. We write

u±e (x, y) = F (te, y)e
±itex (14)

where

F (t, y) = 1
2

(

L+(t)e−γ(t)y − L−(t)e−λ(t)y
)

. (15)

such that F (t, 0) = 1 for all t. The symbols ± refer to edge waves propagating 1 in the positive
and negative x-directions (respectively) along the edge.

1 in the sense that the group velocity is positive
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3. Scattering of incident waves by pinned points

Clearly, an edge wave cannot be excited by a plane incident wave (te > 1 whilst ts < 1).
However, if one or more points of the plate are pinned in the presence of an incident wave, or
given a prescribed time-harmonic displacement in the absence of an incident wave, the periodicity
of u defined by (5) in the x-direction is destroyed and there is no reason why energy cannot be
fed into edge wave solutions proportional to u±e defined in (14).

The Green’s function for a semi-infinite elastic plate

To consider such problems in which a point (or points) on a semi-infinite elastic plate is given a
prescribed force, either to hold the point pinned or to provide it with a required displacement, we
need an expression for the Green’s function for a semi-infinite plate satisfying the free edge condi-
tions. Such a Green’s function has been derived previously by [3] using an elegant method which
merits a brief description here. First, we consider the Green’s function g∞(x, y; ξ, η) describing
a point forcing at the point (ξ, η) on a plate of infinite extent, satisfying

(∆2 − 1)g∞(x, y; ξ, η) = δ(x− ξ)δ(y − η) (16)

and describing outward travelling waves at large distances. This is well known and given by

g∞(x, y; ξ, η) = 1
8 i(H

(1)
0 (r) −H

(1)
0 (ir)), (17)

where H
(1)
0 (·) is the Hankel function of order zero, and r = ((x − ξ)2 + (y − η)2)1/2. A useful

alternative to (17) is the integral representation

g∞(x, y; ξ, η) =
1

8π

∫ ∞

−∞

ei(x−ξ)t

(

e−γ(t)|y−η|

γ(t)
− e−λ(t)|y−η|

λ(t)

)

dt (18)

where γ and λ are given by (8). It follows, from the asymptotic properties of the Hankel function
for small and large arguments that

g∞(x, y; ξ, η) ∼ 1
8 i +O(r2 ln r), as r → 0 (19)

which is bounded at the origin, whilst

g∞(x, y; ξ, η) ∼ 1
8 i

(

2

πr

)1/2

ei(r−π/4), as r → ∞. (20)

The desired Green’s function, g(x, y; ξ, η) for the semi-infinite plate must satisfy the edge condi-
tions (3) and (4) in addition to the governing equation (16) in y, η > 0. We write

g = godd + w, where godd = g∞(x, y; ξ, η) − g∞(x, y; ξ,−η) (21)

and clearly godd = B(godd) = 0 on y = 0. It follows that g will satisfy all the required conditions
provided w is regular in y > 0 and satisfies

B(w) = 0, and

S(w) = −S(godd) ≡ − 1

2π

∫ ∞

−∞

ei(x−ξ)tF (t, η)dt











on y = 0, −∞ < x <∞ (22)

with F (t, y) defined by (15). By choosing

w(x, y; ξ, η) = − 1

π

∫ ∞

−∞

ei(x−ξ)t
(

A(t)e−λ(t)|y−η| +B(t)e−γ(t)|y−η|
)

dt (23)
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Fig. 1. Edge wave amplitude coefficient |Ae| against incident wave angle ψ (in degrees) for a pinned origin and
with ν = 0.33 (upper curve), 0.3 (centre) and 0.27 (lower).

where A(t) and B(t) are determined from the conditions (22) it is found, after some algebra,
that

w(x, y; ξ, η) = − 1

π

∫ ∞

−∞

ei(x−ξ)tF (t, η)F (t, y)

E(t)
dt. (24)

The path of integration passes above the pole at t = −te and below the pole at t = te to ensure
the radiation condition (that edge waves carry energy towards infinity) is met. Like g∞, the
Green’s function g is bounded at (ξ, η) and can be used to solve a variety of problems involving
pinned or forced points.

Scattering by a pinned point on the edge

In the simplest example we assume the origin is pinned. Then g reduces to

g(x, y; 0, 0) ≡ ĝ(x, y) = − 1

π

∫ ∞

−∞

eixtF (t, y)

E(t)
dt. (25)

The displacement of the plate when a plane wave is incident from infinity making an angle ψ
with the positive x-axis on an edge pinned at the origin is written as

u(x, y) = uinc(x, y) + us(x, y) +A0ĝ(x, y) (26)

where uinc and us are given by (6) and (7) with ts = cosψ as before. The free edge conditions
are already satisfied by u(x, y) and it is simply the imposition of the condition u(0, 0) = 0 that
determines the constant A0 (which may be regarded as the force required to hold the point fixed)
as

A0 = −(1 +R+B)/ĝ(0, 0) (27)

where R and B are given by (10) and (11) whilst

ĝ(0, 0) = − 2

π

∫ ∞

0

1

E(t)
(28)

the contour being indented below the pole at t = te. The integral is convergent, since

E(t) ∼ −|t|t2(1 − ν)(1 + 3ν), as |t| → ∞. (29)

The amplitude of the edge waves generated from the pinned origin is evident from letting
|x| → ∞ with y bounded in (25) where the dominant contribution comes from poles at t = ±te.
It follows that

u(x, y) ∼ Aeu
±
e (x, y), x→ ±∞, where Ae = − 2iA0

E′(te)
(30)
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Fig. 2. Plot of the diffraction coefficient |D(θ;ψ)| for a pinned point at the origin.

is the edge wave amplitude coefficient, proportional to A0 defined by (27). A plot of |Ae| against
ψ is given in figure 1 for a range of values of Poisson’s ratio, showing the largest amplitudes
occurring for ψ close to normal incidence.

Away from the edge, we may determine the diffraction coefficient being a measure of the
amplitude of the outgoing circular waves generated by the pinned origin. Again, attention focuses
on (26), but we now work in the limit of r → ∞, 0 < θ < π, where x = r cos θ and y = r sin θ. A
standard application of the steepest descent method gives

u(x, y) ∼ D(θ;ψ)
( π

2r

)1/2

ei(r−π/4), r → ∞, 0 < θ < π (31)

where

D(θ;ψ) = −A0γ(to)L+(to)

2E(to)
, to = cos θ (32)

defines the diffraction coefficient (sometimes called the directivity) which measures the amplitude
factor for the observation angle θ in terms of the incident angle ψ. The dependence on ψ is
incorporated in A0, defined by (27) which can also be written as

A0 =
4γ(ts)L+(ts)

E(ts)ĝ(0, 0)
. (33)

Hence, it can be seen that the diffraction coefficient satisfies the reciprocity relation, D(θ;ψ) =
D(ψ; θ), a result which can be established independently with the use of Green’s theorem. The
symmetric diffraction coefficient D(θ;ψ) is plotted in figure 2 for ν = 1

3 .
Clearly, the asymptotic form given in (31) does not hold in the limits θ → 0 or π as the nature

of the outgoing waves changes from circular waves with algebraic decay with distance from the
origin to edge waves with no decay along the edge. Mathematically, this manifests itself in the
steepest descent method with the poles at t = ±te close to the points ±1 having an increasingly
significant effect as the saddle point in the integral at t = to tends to ±1. Formally, an extra
corrective term needs to be added to (31) which accounts for the influence of the poles associated
with the edge waves. For a recent detailed description of this procedure, see [5]. For example, as
θ → 0 (or to → 1), the correction to the far-field (31) is given by

uc(r, θ) = 1
2Aee

ir
{

W
(√

2r eiπ/4 sin 1
2 (θ − ive)

)

− eiπ/4 csc 1
2 (θ − ive)/

√
2πr
}

(34)

where te = cosh ve defines ve > 0, Ae is the edge wave amplitude defined in (30) and W (z) =

e−z
2

erfc(−iz) is a scaled complementary error function – see [6]. Note that uc itself is a solution
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Fig. 3. Plot of the wave field due to the effect of the pinned origin for a wave incident normal to the edge y = 0.
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Fig. 4. Plot of the wave field along the edge y = 0 for normal incidence.

of the Helmholtz equation and therefore the plate equation. For θ → π, simply replace θ by π−θ
in (34).

Using W (z) ∼ i/(z
√
π) for |z| → ∞ when − 1

4π < arg(z) < 5
4π, it can be easily verified that

the leading order contribution of uc for 0 < θ < π is zero. That is to say, that for any θ not equal
to 0 or π, there is no contribution from uc to the diffraction coefficient. However, in the limit
θ → 0 or π, the relation W (z) = 2e−z

2 −W (−z) can be used to show that the leading order
contributions from uc are just the edge wave solutions Aeu

±
e (x, y). Thus, the correction uc to

(31) provides a uniform description of the far-field displacement for all values of θ between zero
and π.

As an example of the wave field created by the pinned point, we plot in figure 3 the real part
of the complex surface displacement due to the final term in (26) for a wave normally incident
on the edge (ψ = 1

2π). This snapshot in time of the wave field is symmetrical in x and drawn
only for values of x ≤ 0. The wavelength of free waves is 2π, whilst the wavelength of the edge
waves excited by the point source at the origin is fractionally larger at 2πte. The effect of the
superposition of edge waves which decay with a slow exponent away from y = 0 and the circular
diffracted waves from the origin manifests itself in the interference patterns in figure 3. A more
panoramic view of the wave field along this edge is given in figure 4 in which the persistence of
a wave travelling along the edge, with slow decay away from the edge, can be seen.
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Fig. 5. Intensity plot of |An| with pin number n and against non-dimensional spacing, a, with N = 25 pinned
points: (a) ψ = 90◦; (b) ψ = 45◦.

Scattering by multiple points

It is, of course, a straightforward matter to generalise the above analysis to consider scattering
by multiple pinned points. For example, if the edge is pinned at N equally-spaced points (na, 0)
for n = 1, . . . , N (remembering the dimensional spacing is a/k) we write

u(x, y) = uinc(x, y) + us(x, y) +

N
∑

n=1

Ang(x, y;na, 0) (35)

then the coefficients An are given as the solution to the system of equations

N
∑

n=1

Anĝ((m− n)a, 0) = −eitsma(1 +R+B), m = 1, . . . , N. (36)

An extension of the methods used for a single pin can be used here to calculate properties of
interest. For example, the amplitude of edge waves generated by the arrangement of N equally-
spaced points towards ±∞ is given by

A±
e = − 2i

E′(te)

N
∑

n=1

Ane
∓itena. (37)

Results showing the size of the coefficients |An| (normalised against the value of A0 in (27) for
a single pinned point), for 25 pinned points, against a for two incident wave angles of ψ = 90◦

and ψ = 45◦ are presented in figure 5. Key features to note are that for any given value of a
and ψ, the values of |An| do not vary much across most of the array, a fact we will exploit in
a moment. Secondly, there are values of a, depending upon ψ where the values of An become
relatively small, denoted by the dark vertical stripes in figure 5.

In figures 6 and 7, we show the variation of |A±
e | with a, being the amplitude of edge waves

generated by N points and computed using (37). In figure 6, the waves are normally incident
on the pins (ψ = 90◦) and the values of |A+

e | and |A−
e | are identical. The three curves are for

N = 25, 50 and 100 pinned points which appear to oscillate around a common path over nearly
all values of a, apart from at a = 2π, where the height of the peaks increase with increasing
values of N . In figure 7, a fixed number, N = 25, of points is chosen but now ψ is varied. The
values of |A+

e | and |A−
e | now differ, whilst the characteristic peaks occur at different values of a.

The value of a at which peaks occur can be predicted using some basic reasoning. We assume
that the coefficients An have approximately the same magnitude for all n, as suggested by figures
5. Indeed if the periodic array were infinite in extent, then this would be the case, and it would
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Fig. 6. Variation of |A±
e | with a for ψ = 90◦ with N = 100 (solid), N = 50 (long dash), N = 25 (short dash).

also follow that the only difference in the values of An+1 and An would be the phase difference,
eitsa of the incident wave. Thus, we assume for the large finite array that An ≈ Āeitsna in which
case

A±
e ≈ − 2iĀ

E′(te)

N
∑

n=1

ei(ts∓ite)na = − 2iĀ

E′(te)

(

eiβ±N − 1

1 − e−iβ±

)

(38)

where β± = (ts ∓ te)a. Thus, |A±
e | takes its maximum values when β± = 2pπ, p ∈ Z and

this translates to the condition a = 2pπ/(te ∓ cosψ) for the maximum values of |A±
e |, with the

bracketed term in (38) evaluating to N . The values of a predicted by this formula tally exactly
with those values of a in figures 7 at which the peaks occur, although the height of the peaks
(e.g. figure 6) do not scale linearly in N – evidently there is some dependence of Ā on N .

Other features in figures 6 and 7 can be explained from (38). For example, the curves oscillate
with with a period in a given by 2π/(N(te ∓ cosψ)), which increases with N . The dark vertical
stripes in figure 5 correspond to ‘resonance’ in figures 6 and 7. At these values of a, the force
required to pin each point in the array is relatively small on account of the superposition of edge
waves generated by each point being in phase with one another. In figure 8 we show the function
u − us − uinc which represents a snapshot in time of the deflection on the elastic plate due to
the N = 25 pinned points on the edge. The non-dimensional spacing between points is a = 3.66,
chosen to correspond to resonance in this case where ψ = 45◦. This diffracted field shows a
generally complicated pattern. Note the contrast between relatively large amplitude edge waves
along the edge y = 0 for x < 0 travelling to x = −∞, and those with small amplitudes for x > 88
(i.e. beyond the far right of the array of pinned points).

We can easily estimate the effect of giving just one of the periodically pinnned points, say
(pa, 0), p ∈ {1, . . . , N}, a unit displacement in the absence of the incident wave. Thus the
displacement can be written

up(x, y) =

N
∑

n=1

Bpng(x, y;na, 0)

where Bpn satisfies
N
∑

n=1

Bpnĝ((m− n)a, 0) = δmp, m = 1 . . .N.

Then it easily follows that

An = −(1 +R+B)

N
∑

p=1

Bpne
itspa.
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Fig. 8. Snapshot of plate deflection generated by the pinned points only (u − us − uinc) in the case of N = 25
pinned points (shown as crosses) along the edge y = 0 at x = (n− 1)a, n = 1, . . . , N for a = 3.66 and ψ = 45◦.

Thus the scattering of an incident wave by N pins can be expressed in terms of the solution of
the unit displacement of each of the pins in turn when the remainder are fixed.

For an infinite periodic array of pinned points, located at (na, 0), n ∈ Z it follows from (35)
that

u(x, y) = uinc(x, y) + us(x, y) +

∞
∑

n=−∞

Ang(x, y;na, 0). (39)

In this case, the quasi-periodicity in x allows one to argue that there is only a phase factor, equal
to that inherited from the component of the incident wave in x, across any one period, and hence
it must follow that

An = A0e
itsna. (40)

Application of u(ma, 0) = 0, for m ∈ Z to now gives

−2A0

a
S(ts, a) = −(1 +R+B) ≡ 4γ(ts)L+(ts)/E(ts) (41)

as an equation determining the value of A0, where

S(t, a) = −a
2

∞
∑

n=−∞

e−itnaĝ(na, 0) (42)

and

ĝ(na, 0) = − 1

π

∫ ∞

−∞

eianu

E(u)
du (43)

10



follows from (25). Use of the Poisson summation formula,

∞
∑

n=−∞

∫ ∞

−∞

einuf(u)du = 2π

∞
∑

n=−∞

f(2nπ),

allows us to evaluate the slowly-convergent series in (42) to give

S(t, a) =

∞
∑

n=−∞

1

E(tn)
, with tn = t+ 2nπ/a. (44)

The summation in (44) is convergent, on account of the behaviour of E(t) for large argument,
as noted in (29).

It is convenient to define scattering angles, ψn, for n ∈ N , the subset of Z for which |tn| < 1 by
cosψn = tn. When, as in equation (41), t = ts = cosψ, the set N is non-empty for all values of a
since, by definition t0 = ts with |t0| < 1. As the non-dimensional spacing a increases the number
of values of tn such that |tn| < 1 increases and so the set N grows. Increasing a is equivalent, in
dimensional terms, to fixing the spacing and increasing the wavenumber, k, or vice versa.

To see the effect on the total scattered field we note from (39) that this is

u(x, y) − uinc(x, y) = us(x, y) +A0

∞
∑

n=−∞

eitsnag(x, y;na, 0)

=Reitsxe−λ(ts)y +Beitsxe−γ(ts)y − 2A0

a

∞
∑

n=−∞

F (tn, y)

E(tn)
eitnx

∼Rei(x cosψ+y sinψ) − A0

a

∑

n∈N

L+(tn)

E(tn)
ei(x cosψn+y sinψn) (45)

as y → ∞, where Poisson’s formula has been used again and exponentially decaying terms
have been neglected, whilst A0 is determined from (41). Thus, for large y the scattered field
only involves plane waves arising from n ∈ N and the periodic array of pinned points acts as
a classical diffraction grating would. The reflection coefficient corresponding to the scattering
angle ψn is Rn = Rδn0 −A0L+(tn)/E(tn)a. For small a (corresponding in dimensional terms to
small spacing or small k) there is just one scattered plane wave corresponding to n = 0.

Conservation of energy requires that the condition

∑

n∈N

γ(tn)

γ(t0)
|Rn|2 = 1 (46)

be met. This result can be shown to hold exactly from the formulation presented here. For
example, in the simplest case when there is only one mode propagating, use of the definitions
for R and A0 immediately give R0 = [−E∗(ts)E(ts)S(ts, a)+2γ(ts)L+(ts)]/E

2(ts)S(ts, a) which
can be rearranged to give R0 = −(1 + E∗(ts)S

′)/(1 + E(ts)S
′) where S′ = S(ts, a) − 1/E(ts)

is real. It follows that |R0| = 1. We do not present a proof of the general result (46) since it is
significantly more complicated and requires lots of tedious algebra.

4. Edge waves along a periodically pinned edge

In a manner similar to the way in which the edge wave solution was developed for an elastic
plate with a free edge, we can consider the possibility of edge waves travelling along a periodically
pinned edge. Thus, we write
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u(x, y) = A0

∞
∑

n=−∞

e−itpnag(x, y;na, 0) (47)

neglecting the components uinc and us in the scattering problem, but invoking the quasi-
periodicity in the coefficients An, the periodicity now associated with tp, a value to be determined,
rather than ts which was previously defined in terms of the scattering angle ψ. Application of
the pinned condition u(ma, 0) = 0 for m ∈ Z leads to the condition

S(tp, a) = 0 (48)

where S is defined by (44). It is satisfaction of this condition which determines the value of
tp, a task made easier if we place the restriction we 1 < tp < 2π/a − 1. Then it follows that
|tn| > 1 (tn is defined by (44)) and hence E(tn) is real for all n ∈ Z. Hence S(tp, a) is real and the
possibility of meeting the condition (48) is significantly enhanced. The requirement tp < 2π/a−1
implies the restriction a < π which, in dimensional terms, means the product of the spacing and
wavenumber k be less than π.

There are good reasons to suppose that (48) can be satisfied for values of tp lying in the interval
(1, te) where te is associated with the Konenkov edge wave along a free edge, defined by (13).
These come about from a detailed analysis of the components 1/E(tn), n ∈ Z, of the sum S(t, a).
Thus, we note that for |t| ≥ 1, 1/E(t) is an even function, with d/dt(1/E(t)) > 0 for t ≥ 1,
t 6= te. Also, E(1) =

√
2ν2 whilst E(te) = 0 and we note the large argument asymptotics of E(t)

expressed by (29). Then, provided 1 < tp < te and tp < 2π/a − te, there is just one positive
contribution to the sum S(tp, a) from the term 1/E(t0) (of course, t0 ≡ tp) the rest being all
negative. The values 1/E(t0) can take, as tp varies from 1 to te, range from (

√
2ν2)−1 to infinity.

Thus, it can be argued that an appropriate choice of tp in (1, te) can balance the remaining
negative contributions of 1/E(tn), n 6= 1 to S(tp, a) to give a net result of zero. However, all but
1/E(t−1) of the remaining terms in the series contribute a relatively small amount to S(tp, a).
A crude estimate, using the asymptotic form (29) for all but two of the terms in the series, gives

S(tp, a) ≈
1

E(tp)
+

1

E(tp − 2π/a)

− 1

(1 − ν)(1 + 3ν)

{

∞
∑

n=1

1

(1 + 2nπ/a)3
+

∞
∑

n=2

1

(2nπ/a− 1)3

}

. (49)

For realistic values of ν, the negative contribution from the second line above comes no where
near overhauling the much larger positive contribution from the first term and so any chance of
satisfying S = 0 relies on the second term being sufficiently negative. This requires tp − 2π/a
to be less than, but close to the value −te, and this then requires a to be close to but just less
than 2π/(1 + te) which itself is less than but close to π, on account of te being only just greater
than unity. Furthermore, if we consider the limit tp → te from below, the balance of the first and
second increasingly large terms in (49) requires tp − 2π/a → −te from below and so a → π/te
from below.

The analysis above is backed up by the numerical results in which solutions of (48) are found
to exist in only a small range of values, bounded below by al, given by S(1, al) = 0. For example,
with ν = 1

3 , we find that al = 3.13216, whilst the maximum value a takes is given by π/te with
te = 1.00155 . . . for this particular value of ν.

In figure 9 we show dispersion curves for the edge waves that exist along the periodically pinned
edge. The curves show the computed values of t = tp as a function of non-dimensional spacing,
a. The axes are arranged in this particular way to identify with the usual presentation of results
in terms of dimensional quantities (for example [7]), in which the vertical axis represents ka and
the horiztonal axis is βa (that is, t represents β/k), a now being the physical spacing, k the free
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Fig. 9. Dispersion curves, t = tp against dimensionless spacing a, for edge waves along a periodically pinned edge
of a semi-infinite plate for various values of ν. The dotted line is the cut-off, t = 1.

space wavenumber and β the ‘Rayleigh-Bloch’ wavenumber. This latter terminology arises since
this particular type of edge wave, which exists along a periodic array, are usually referred to in
the literature as Rayleigh-Bloch waves.

The form of the Rayleigh-Bloch edge waves can be determined from (47), where A0 is arbitrary.
Use of Poisson’s summation formula gives

u(x, y) = −2A0

a

∞
∑

n=−∞

F (tn, y)

E(tn)
eitnx (50)

with tn = tp + 2πn/a. The displacement is exponentially decaying in y, since |tn| > 1 by
construction, with the two terms n = 0, 1 dominating the series. Indeed, in the limit as tp → te
(as a→ π/te),

u(x, y) → 2F (te, y) sin(tex) ≡ u+
e (x, y) − u−e (x, y) (51)

where A0 → 0 in such a way as to scale out the effect of the denominator tending to zero. That
is to say, the Rayleigh-Bloch wave in this case is just a standing wave comprised of the difference
of two Konenkov edge waves travelling in opposing direction whose nodal lines, x = na, are
perpendicular to the edge and connect at the edge with the pinned points. The fact that A0 → 0
is no surprising, as no force is required to hold the nodal points of a standing wave.

The standing wave solution in (51) also applies to points pinned at x = 2na, for example
(more generally, for x = pna with p = 1, 2, 3, . . .), in which every other nodal point on the edge
is pinned. This solution requires a = 2π/te, which is beyond the range of values for a argued
earlier in order that S(tp, a) be real. However, the situation can be resolved mathematically by
constructing a standing wave solution from the outset, odd about x = 0, whilst insisting that
tp = 0, in which case we replace (47) with

u(x, y) = A0

∑

n6=0

{g(x, y;na, 0)− g(−x, y;na, 0)} (52)

which leads to the condition (48) with

S(0, a) =
∑

n6=0

1

E(tn)
, tn = 2πn/a,
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which is clearly real when a < 2π. The condition S(0, a) = 0 is only satisfied by a = 2π/te in
which case (52) reduces to (51), as required.

In other physical settings involving periodic arrays [8], [9], it has been shown that the pres-
ence of Rayleigh-Bloch waves can cause near-resonance in the corresponding scattering problem
involving large finite periodic arrays. We have been unable to produce any such results here,
although this may be due to the very limited range of values of a for which Rayleigh-Bloch
solutions may be obtained (figure 9).

5. Conclusions

It has been shown that the Green’s function for a semi-infinite thin elastic plate can be used
to investigate a variety of interesting problems involving pinned and forced points. In particular,
we have shown that plane waves incident on a pinned point on the straight edge of an elastic
plate can generate edge waves which radiate energy to infinity along the edge. We have also
demonstrated the existence of a new type of edge wave along a periodically pinned edge.

Besides those problems investigated here, problems involving semi-infinite periodic arrays can
be treated using methods such as those described in [11], where interest now lies in how much
incident plane wave energy can be fed into Rayleigh-Bloch edge waves.

It should also be possible to use distributions of the Green’s function and various combinations
of derivatives of Green’s function to investigate continuously pinned lines and narrows cracks with
free edges in the proximity of a free edge, although such problems are non-trivial (see [10] for
example).
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