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Abstract

In this study we consider a wave energy farm consisting of a large number of bottom-hinged paddles. The paddles
are arranged in a doubly-periodic manner, with a finite number of identical rows and each row containing an infinite
number of paddles. Each paddle is attached to its own damper and spring, allowing power to be generated through its
pitching motion. Unlike previous studies into paddle arrays, we envisage compact arrays consisting of small devices
arranged across a large number of rows. The mathematical analysis of this proposed configuration is best suited to
methods that exploit the periodicity of the array. It is shown that the velocity potential everywhere within the array
can be described by an expansion in terms of suitably-defined Floquet-Bloch eigenmodes and this allows the solution
to the scattering problem involving waves incident upon the array to be determined by a simple low-order system
of equations. The method used in this study is exact within the setting of linearised water waves and has all of
the advantages of classical low-frequency multi-scale homogenization without the low-frequency restriction. It may
also be regarded as a natural extension of the well-known wide-spacing approximation without the large separation
restriction. Although the focus of this paper is on the mathematical approach to the solution of the problem, we
provide a range of results to illustrate the performance of this proposed wave energy converter concept.

Keywords: Floquet-Bloch theory, Periodic array, Wave energy

1. Introduction1

One of the earliest concepts for a wave energy harvesting device consisted of a paddle partially immersed through2

the water surface [1], which could extract power from propagating waves through the damping of its pitching motion3

about a hinge located above the surface. This initial idea rapidly evolved into a more sophisticated design, which4

became known as Salter’s Duck [2]: a long device, cam-shaped in cross-section, able to pitch about a central axis.5

The flat front of the cam acts as a paddle to absorb plane incident waves and its rounded behind suppresses downwave6

radiation. Subsequently, a variety of competing design concepts for wave energy devices have been developed whose7

operation is often underpinned by theoretical principles (for a detailed description see [3]). For example, a symmetric8

paddle operating in pitch motion symmetrically about a vertical plane was theoretically shown to have a maximum9

efficiency in converting incident wave power of 50% whereas the asymmetry of Salter’s Duck allowed it to become,10

in principle, 100% efficient at certain frequencies [4]. It was some time later, in the mid-2000s, that the original11

hinged paddle concept returned, being developed into “Oyster” [5] a single device tested at full scale and capable12

of generating 800kW peak power. Despite the shortcomings of a paddle-like design in a two-dimensional setting,13

it has been demonstrated theoretically, computationally and experimentally that a long paddle could take advantage14

of three-dimensional end effects allowing it to possess broadband energy capture characteristics [6, 7, 8]. Always15

conceived as being deployed in arrays, work was also performed towards array optimisation [9, 10, 11, 12, 13, 14] as16

well as shape optimisation [15].17

A sharp drop in the cost of solar and wind renewables and a reduction in the support needed to sustain the18

commercial development of wave renewables sadly ended the Oyster project. One of the many challenges faced19

by Oyster and other wave renewables is the cost of installation, reliability of operation and maintenance. One means20

of mitigating this is to develop wave energy harvesting devices which are small and modular and which are employed21

in large compact arrays. In this paper we consider the operation of large periodic arrays of submerged hinged paddle22
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devices in which we imagine each element being narrow in relation to the original Oyster units conceived in [5].23

This makes the work distinct from previous studies on arrays for example, [13] whose work is related to just two24

periodic rows of flaps or [12, 14] who consider the optimal placement of a finite number of full-sized Oyster devices25

(approximately 25m in width and 12m in height).26

Water wave interaction with regular arrays of fixed marine structures has been a subject of interest to engineers27

and researchers in the context of, for example, sand bars [16, 17], supporting columns of offshore structures [18, 19],28

coastal breakwater schemes [20], and as a water wave metamaterial for the bespoke manipulation of waves [21]. If29

the elements in the array move in response to the fluid motion as in [22, 23], the situation becomes more complicated,30

and direct methods of solution, in which multiple scattering and radiation of waves between every pair of elements31

in the array are exactly accounted for, become increasingly computationally expensive as the number of elements32

grows. It is therefore not surprising that methods have been developed to reduce the effort in making calculations for33

large arrays. Efficient and stable methods, such as the scattering matrix method [24], and the transfer matrix method34

[17], can simultaneously transfer propagating and evanescent modes information between adjacent elements of the35

array, thus allowing the connection between the incident, reflected and transmitted waves to be made. If the distance36

between the elements is large compared to the wavelength so that the evanescent modes can be assumed to have37

decayed sufficiently, one can further reduce the complexity to develop approximations referred to as wide-spacing38

and/or point absorber assumptions [25]. This approach has been recently adopted by [26] in a study similar to the one39

being undertaken in this paper. For arrays without the periodicity, approaches can be algorithmic such as [27] who40

approaches array interaction in hierarchical clusters or numerical such as [12, 14] who modelled flap-type oscillating41

wave surge converters by using Green’s integral theorem.42

Alternatively, one may be able to exploit a contrast in physical lengthscales in the problem (typically between43

the wavelength and the array spacing) and employ homogenisation methods as in [21, 22, 23] to replace the effect44

of fixed/moving structures by simpler effective medium equations/boundary conditions. For example, [19, 22, 28]45

considered wave attenuation due to viscous damping of the fluid motion triggered by eddy-induced vorticity, through46

flexible marine vegetation, and modelled using linearised Reynolds Average Navier Stokes equations. Also, [23]47

investigated wave energy absorption by large compact arrays of buoys floating on the water surface generating power48

through their heave motion, using homogenisation to derive an effective free surface condition.49

In this study we will consider a periodic array consisting of vertical paddles bottom-hinged on the sea bed. It50

should be noted that for our array of narrow paddles operating in regular waves close to the coastline, the length scales51

are different from the work mentioned above. The paddles are envisaged to be 1-2 m in width rather than 10-20 m52

across and with a close spacing (roughly 2 m apart) in contrast to the assumptions adopted by [26]. Whilst there will be53

turbulent energy shed into the fluid especially from the edges of the paddles, we assume that the damping mechanism54

due to the mechanical power take-off acting on the paddles will be dominant. With the purpose of simplifying the55

problem, we are therefore going to assume in this work that the fluid is inviscid and its motion irrotational and energy56

is only lost to the power take-off mechanism attached to the paddles, without including viscous effects considered in57

[19, 22].58

In Section 2, we consider plane waves obliquely incident upon an array of paddles which extend indefinitely and59

periodically in the longshore direction and consist of a finite number, M, of parallel rows that extend periodically in60

the perpendicular direction. The fluid is assumed to extend to infinity in all directions with a constant depth which61

is assumed to be sufficiently shallow for the paddles to be connected, via hinges, to the bed. Thus various practical62

considerations affecting a real wave farm including finite-size effects, variable bathymetry and shoreline effects are63

overlooked.64

The method developed in this study is based on the recent work of [29, 30] who showed that the solution through-65

out the domain occupied by the paddle array can be expressed exactly, and without approximation, in terms of the66

eigenvalues and eigenmodes of a suitably specified Floquet-Bloch problem corresponding to the corresponding infi-67

nite periodic array (this is considered in Section 3). In allowing the paddles to pitch in response to the fluid motion68

under the resistance of springs and dampers, we encounter some additional complexity when compared to the problem69

considered by [30] in which the paddles are fixed. In particular, the addition of damping implies that the eigenvalues70

of the Floquet-Bloch problem are no longer located along certain lines in the complex plane and locating eigenvalues71

in the complex plane is the main computational difference and challenge.72

The mathematical approach used here has all of the advantages of classical low-frequency multi-scale homoge-73

nization in that the solution everywhere within the periodic array is determined by a fundamental “micro-scale” cell74
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Figure 1: A periodic array of submerged hinged paddles: (a) bird’s-eye view; (b) plane view.

problem (e.g. [23, 30]), but without being restricted to low frequencies. It also encodes all of the array propagation75

information included in transfer matrix methods referred to earlier without the associated linear algebra. Otherwise,76

the formulation and solution to the fundamental cell problem including a single paddle as specified by Floquet-Bloch77

theory are quite different from the approaches described in, for example, [8, 10, 12, 13, 17, 20, 24]. First, by com-78

bining the kinematic and dynamic boundary conditions that apply to the paddle we are not required to develop and79

combine solutions for separate diffraction and radiation problems which is the traditional approach (e.g. [25]) to80

determining the hydrodynamic response of oscillating bodies. Secondly, we avoid the complications associated with81

having to solve hypersingular integral equations that result from the use of Green’s functions by instead using simple82

separation solutions in the rectangular domain of the fundamental cell of the Floquet-Bloch problem and solving the83

resulting integral equations using a standard Galerkin approximation.84

The solution to the problem of a finite array under the excitation of incident waves requires the matching of85

the solution within the periodic array with solutions that hold in the two semi-infinite exterior domains, which is86

considered in Section 4. Here, certain orthogonality relations relating to the Floquet-Bloch eigensolutions, established87

in Appendix A facilitate this matching in a manner as natural as using standard eigenfunction expansions. This results88

in a simple low-order system of equations whose solutions determine the reflection, transmission and absorption of89

wave energy. In Section 4 we also produce results which focus on how absorption is affected by array spacing,90

incident wave angle, spring and damper settings and the number of arrays, M, included in the array. Finally, the work91

is concluded in Section 5.92

2. Modelling and assumptions93

Three-dimensional Cartesian coordinates (x, y, z) are chosen with z directed upwards and z = 0 coinciding with94

the rest position of the free surface of a fluid of density ρ and constant depth h. As shown in Fig. 1, we consider an95

array of identical buoyant paddles of width 2c attached to the sea bed via hinges located on the sea bed at regular96

spacings in both the x and y directions. The paddles extend uniformly through the depth of the fluid and are assumed97

to be thin from back to front, relative to their other dimensions, and thus the thickness of the paddle, t, is neglected in98

the following boundary conditions. We consider the case where the distribution of paddles is long in the y direction99

relative to its extent in the x direction, so we assume that there are M rows of paddles located at x = (2m − 1)b for100

m = 1, 2, · · · ,M while they extend indefinitely in the y direction with a period 2d > 2c such that the gap between101

two adjacent paddles is 2a. We also assume that the paddle is formed by a homogeneous material of density ρp < ρ,102

allowing the buoyancy to be altered. The axes of the hinges are aligned with the y direction so that the paddles can103

move in pitch. A mechanical spring with linear spring constant κ is used to provide an additional restoring moment104

to the paddle, whilst another moment is supplied at the hinge by a linear damper with the damping rate, γ. A plane105

wave of angular frequency ω is incident on the array from x = −∞ directed an angle θ to the positive x-axis. Under106

the action of waves, energy can be extracted from water waves through the damper.107

The fluid is incompressible and inviscid and the motion is assumed to be irrotational and of small amplitude,108

allowing it to be described by a velocity potential Re[ϕ(x, y, z)e−iωt]. The time-independent velocity potential thus109
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satisfies the Laplace equation, i.e.110

∇2ϕ = 0, in the fluid, (1)

with the combined linearised kinematic and dynamic conditions on the free surface enforced by111

∂ϕ

∂z
=
ω2

g
ϕ, on z = 0, (2)

and no-flow condition on the fluid bottom described by112

∂ϕ

∂z
= 0, on z = −h. (3)

On both sides of the paddle surface S ±mn = {x = (2m − 1)b±,−c + 2nd < y < c + 2nd,−h < 0 < z} for m = 1, 2, · · · ,M113

and N ∈ Z, the velocity potential ϕ(x, y, z) also satisfies the corresponding kinematic and dynamic conditions. We114

consider small-amplitude motions of the paddle about z = −h, described by the pitch angle σmn for each paddle. The115

linearised kinematic condition is thus given by116

∂ϕ

∂x
= −iωσmn f (z), on S ±mn, (4)

where117

f (z) = z + h. (5)

The dynamic condition is expressed as118

(−ω2I − iωγ + κ +C)σmn = Fmn, on S ±mn, (6)

where I = 2ρpcth(h2/3 + t2/12) is the inertia moment and C = ρgct(h2 + t2/6) − ρpgcth2 is the hydrostatic moment119

due to buoyancy. In this study, we choose ρp = ρ/2 and t = h/10 as representative values of a real device. The120

hydrodynamic moment on the corresponding paddle is121

Fmn = −iωρ
∫ 0

−h

∫ c

−c
∆ϕmn(y, z) f (z)dydz, (7)

where ∆ϕmn(y, z) = ϕ((2m − 1)b+, y + 2nd, z) − ϕ((2m − 1)b−, y + 2nd, z) representing the potential jump across the122

paddle. Eliminating the paddle’s angular displacement σmn between Eqs. (4) and (6) results in the following combined123

kinematic and dynamic conditions124

∂ϕ

∂x
= −

τ f (z)
dh4

∫ 0

−h

∫ c

−c
∆ϕmn(y, z) f (z)dydz, on S ±mn, (8)

where125

τ =
ρω2dh4

−ω2I − iωγ + κ +C
. (9)

The incident wave can be written in the form126

ϕinc = eik(x cos θ+y sin θ)N−1/2
0 cosh k(z + h) = ei(γ00 x+α0y)N−1/2

0 cosh k(z + h), (10)

where γ00 = k cos θ, α0 = k sin θ and N0 = (1 + sinh 2kh/2kh)/2 . Since the paddles are arranged with periodicity 2d127

in the y direction, the fluid at y + 2d only differs from that at y by e2iα0d, being a shift in phase of the incident wave.128

This implies129

ϕ(x, y + 2d, z) = e2iα0dϕ(x, y, z), (11)

such that we only need to consider the solution in the strip {−∞ < x < ∞, |y| < d,−h < z < 0} provided that130

ϕ(x, d, z) = e2iα0dϕ(x,−d, z) and ∂ϕ(x, d, z)/∂y = e2iα0d∂ϕ(x,−d, z)/∂y. (12)
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The most general solution satisfying Eqs. (1)-(3) and (12) is131

ϕ =

∞∑
p=0

∞∑
q=−∞

(
apqeiγpq x + bpqe−iγpq x

)
Ψq(y)Zp(z), (13)

where k0 = −ik (k > 0) and the positive real numbers kp (p > 1) are the roots of the dispersion equation132

ω2 = −gkp tan kph, (14)
133

αq = α0 + qπ/d, (15)

and134

γpq =



√
k2 − α2

q, k ≥ |αq|, p = 0,

i
√
α2

q − k2, k < |αq|, p = 0

i
√
α2

q + k2
p, p ≥ 0.

(16)

In Eq. (13) Ψq(y) represent the eigenfunctions in the y direction, i.e.135

Ψq(y) = eiαqy, (17)

satisfying the orthogonality relation136

1
2d

∫ d

−d
Ψq(y)Ψ∗p(y)dy = δpq, (18)

in which δpq is the Kronecker delta symbol and the asterisk (*) denotes the complex conjugate. Also in Eq. (13), Zp(z)137

denote the eigenfunctions in the vertical direction, i.e.138

Zp = N−1/2
p cos kp(z + h), (19)

with139

Np =
1
2

(
1 +

sin 2kph
2kph

)
, (20)

satisfying the orthogonality relation140

1
h

∫ 0

−h
Zp(z)Zq(z)dz = δpq, (21)

Then we can write the general solution for ϕ(x, y, z) in two semi-infinite exterior regions as141

ϕ0(x, y, z) = ϕinc +

∞∑
p=0

∞∑
q=−∞

rpqe−iγpq xΨq(y)Zp(z), for x < 0, (22)

and142

ϕM+1(x, y, z) =
∞∑

p=0

∞∑
q=−∞

tpqeiγpq(x−2Mb)Ψq(y)Zp(z), for x > 2Mb, (23)

where rpq and tpq are the reflection and transmission coefficients to be determined.143

From Eq. (16), we can see that γpq has s− + s+ + 1 real solutions, which represents the number of propogating144

modes, with145

−s− ≤ q ≤ s+, (24)

where146

s− =
[
kd
π

(1 + sin θ)
]

and s+ =
[
kd
π

(1 − sin θ)
]
, (25)
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in which [x] denotes the integer part of x. Thus, in the exterior regions there exist at least one propagating mode147

(q = 0) in the x direction and higher order modes will be cut on at kd = qπ/(1 ± sin θ) for q = 1, 2, · · · .148

Furthermore, we can also define the total reflected and transmitted energy ratios, R and T , as149

R =
s+∑

q=−s−

γ0q

γ00
|r0q|

2 and T =
s+∑

q=−s−

γ0q

γ00
|t0q|

2. (26)

Based on the conservation of energy, the dimensionless power that can be generated by M paddles in a single period150

−d < y < d, i.e. the efficiency of power capture, is151

E1(M) = 1 − R − T. (27)

In addition, the total energy absorption of M paddles can also be determined by the sum of the power absorbed by152

each paddle, i.e.153

E2(M) =
1

Einc

M∑
m=1

E(m) (28)

which is an alternative expression for the efficiency of power capture, where Einc = ρωdkh cos θ represents the incident154

wave power contained in the width 2d and the power generated by the mth paddle E(m) can be obtained by integrating155

the time-average product of pressure and velocity over the corresponding paddle surface156

E(m) =
ρω

2
Im

∫ 0

−h

∫ c

−c
∆ϕm0(y, z)

∂ϕ∗((2m − 1)b, y, z)
∂x

dydz. (29)

By comparing the results of E1 and E2, we will be able to check the accuracy of the present semi-analytical model.157

Next, we will show how to determine the general solution for ϕ(x, y) in the paddle array in order to obtain the158

reflection and transmission coefficients rpq and tpq in Eqs. (22) and (23).159

3. Infinite paddle array160

To determine the solution in the interior region {0 < x < 2Mb, y < |d|,−h < z < 0}, we follow the work of161

[29, 30] and first consider a homogeneous problem where the distribution of the paddle is extended to infinity in162

the x direction with period 2b (see Fig. 2). This allows us to use the Floquet-Bloch theory to consider a single163

fundamental cell in the infinite array and determine the corresponding eigensolutions. The single cell is defined by164

D = {0 < x < 2b, |y| < d,−h < z < 0} with the outer boundary S .165

The eigensolution ψ(x, y, z), in addition to Eqs. (1)-(3), (8), (12), also satisfies the following Floquet-Bloch peri-166

odicity conditions167

ψ(2b, y, z) = e2iβbψ(0, y, z)

ψx(2b, y, z) = e2iβbψx(0, y, z)

 for |y| < d and −h < z < 0, (30)

where β ∈ C is the eigenvalue (or Floquet-Bloch wavenumber) to be determined. It is clear that if β is the solution to168

the above problem, so is −β since we can replace x with 2b − x.169

3.1. Solution for ψ(x, y, z)170

In view of Eq. (13), the general solution for ψ(x, y, z) satisfying Eqs. (1)-(3) can be written as171

ψ(x, y, z) =



∞∑
p=0

∞∑
q=−∞

(
apqeiγpq x + bpqe−iγpq(x−b)

)
Ψq(y)Zp(z), 0 < x < b,

∞∑
p=0

∞∑
q=−∞

(
cpqeiγpq(x−b) + dpqe−iγpq(x−2b)

)
Ψq(y)Zp(z), b < x < 2b.

(31)
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Figure 2: Infinite periodic paddle array.

Substituting Eq. (31) into Eq. (30) results in that172

cpq = e2iβbe−iγpqbapq and dpq = e2iβbeiγpqbbpq. (32)

Since ∂ψ/∂x is continuous across x = b for all |y| < d and −h < z < 0, we have173

eiγpqbapq − bpq = cpq − eiγpqbdpq. (33)

We define174

∆ψ(y, z) = ψ(b+, y, z) − ψ(b−, y, z) =
{

P(y, z), |y| < c,
0, c < |y| < d, (34)

where P(y, z) is the difference of the eigensolution over two sides of the paddle. If P(y, z) is expanded as175

P(y, z) =
∞∑

p=0

Pp(y)Zp(z), (35)

then we can get176

apq =
1

4d(e2iβbe−iγpqb − eiγpqb)

∫ c

−c
Ψ∗q(y)Pp(y)dy, (36)

after substituting Eq. (31) into Eq. (34) and using orthogonality relations (18) and (21). Applying the combined177

kinematic and dynamic condition (8) and substituting for apq by Eq. (36) gives178

∞∑
p=0

∞∑
q=−∞

γpq sin(2γpqb)
cos(2βb) − cos(2γpqb)

Ψq(y)Zp(z)
∫ c

−c
Ψ∗q(y′)Pp(y′)dy′ =

4τ f (z)
h4

∫ 0

−h

∫ c

−c

∞∑
p=0

Pp(y)Zp(z) f (z)dydz. (37)

If we multiply Zp(z) on the both sides of Eq. (37) and integrate over −h < z < 0, it results in the following scalar179

homogeneous integral equation180

∞∑
q=−∞

γpq sin(2γpqb)
cos(2βb) − cos(2γpqb)

Ψq(y)
∫ c

−c
Ψ∗q(y′)Pp(y′)dy′ =

4τVp

h

∞∑
l=0

Vl

∫ c

−c
Pl(y)dy, (38)

where181

Vp =
1
h2

∫ 0

−h
Zp(z) f (z)dz. (39)
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3.2. Numerical approximation182

In order to solve Eq. (38), we can expand Pp(y) in a series of orthogonal polynomials with weighted coefficients.183

Since the velocity potential at the two edges of the paddle, (b,±c,−h < z < 0), behaves as the square root of the184

distance to the edge, we choose (see [31])185

Pp(y) =
∞∑
j=0

wp j p j(y), (40)

where186

p j(y) =

√
c2 − y2U j(y/c)
( j + 1)πc2 , (41)

in which U(·) is a second-kind Chebyshev polynomial.187

Substituting the approximation (40) into Eq. (38), multiplying through by pk(y) and integrating over −c < y < c188

leads to the following linear system of equations for the expansion coefficients wp j189

(L(1) − τL(2))W = 0, (42)

where W =
{
w00,w01, · · · ,wp j, · · · ,wPJ

}T
for p = 0, 1, 2, · · · ,P and j = 0, 1, 2, · · · ,J , and L(i) =

{
L(i)

p(J+1)+k+1,q(J+1)+ j+1

}
190

for i = 1, 2, q = 0, 1, 2, · · · ,P and k = 0, 1, 2, · · · ,J , whose entries are given by191

L(1)
p(J+1)+k+1,p(J+1)+ j+1

=

∞∑
q=−∞

γpqb sin(2γpqb)
cos(2βb) − cos(2γpqb)

FqkF∗q j and L(2)
p(J+1)+k+1,q(J+1)+ j+1

= δk0δ j0
b
h

VpVq, (43)

in which192

Fqk =

∫ c

−c
Ψq(y)pk(y)dy = ik

Jk+1(αqc)
αqc

, (44)

(see [32]) and Jk(·) is the kth order Bessel function of the first kind. The system of equations (42) has been truncated193

by the parameters J and P, where J denotes the number of terms used to approximate the difference of the velocity194

potential over the two sides of the paddle andP represents the number of vertical modes used to simulate the oscillation195

in the cell.196

The solution to the Floquet-Bloch wavenumber β is obtained by identifying the non-trivial solution to the system197

of equations (42). This requires198

det
(
L(1) − τL(2)

)
= 0. (45)

Although the entries L(1)
uv in L(1) satisfy L(1)

uv = (−1)u+vL(1)
vu and L(2) is real symmetric, it is still difficult to locate β in199

the complex plane directly from Eq. (45) because τ is complex. So here we first find the solution when Im[τ] = 0,200

which is denoted as β0.201

If we denote e2iβ0b as λ0 for the moment, it can be seen that λ−1
0 is also the solution of the corresponding problem202

after using 2b − x to replace x. We can also see that if ψ0 is the solution corresponding to λ0, then ψ∗0 is the solution203

corresponding to λ∗0. As a consequence, λ0 will lie either on the real axis in reciprocal pairs or on the unit circle in204

complex conjugate pairs. Returning to β0, this implies that the pair values of ±β0 are either real numbers representing205

the waves propagating in opposite directions or can be expressed as complex numbers nπ/2b ± iβ̃0,n (where n ∈ Z206

and β̃0,n ∈ R) representing the evanescent waves decaying in opposite directions. Since replacing β0 by β0 + nπ/b207

leaves the problem unchanged, we only need to find the real values of β0 ∈ [0, π/2b] and the complex values of208

β0 = nπ/2b ± iβ̃0,n for n = 0, 1. Now whether β0 is real or complex, the matrix L(1) + Re[τ]L(2) is hermitian such that209

its determinate is always real. A standard root-finding method thus can be applied to find β0.210

Next, taking β0 as the initial value and gradually including the imaginary part of τ, we can track the path of each β211

in the complex plane until τ reaches the required value. Newton’s method is used in the process of iteration. However,212

we find that compared to the case of the bottom-fixed plate given in [30], which is equivalent to letting τ = 0 and213

P = 0 in Eq. (42), more pure imaginary values of β0 appear, and these values are very close to each other at some214

frequencies (see Fig. 3(b)). Besides, we also find that there exist repeated values of β0 for some cases. Therefore,215

significant numerical effort is used accurately determining all possible values of β0.216
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Another numerical strategy that avoids this effort involves finding roots β0 at a single low frequency and using217

and then tracking values of β as the frequency increases. However, this method also encounters difficulties in some218

special cases. As the frequency increases, some values of β will be close to the origin (see Fig. 4(c)) or π/2b (see219

Fig. 4 (a)), which means that β will become a near stationary point for the function f (β) = det
(
L(1) + τL(2)

)
, i.e.220

d f (β)/dβ ≈ 0. As a result, the value of β at the chosen low frequency will give a poor initial estimate which may221

result in the failure of Newton’s iteration algorithm. Therefore, in the actual numerical calculation, the two methods222

outlined above will be employed in combination; if one method fails, the other will be used. Additionally, in order to223

guarantee high computational efficiency a self-adaptive method is adopted when making small increments in Im[τ] or224

frequency, which can be referred to the Appendix B in [33].225

3.3. Results226

In this section, we first perform a convergence test of the numerical scheme for determining the Floquet-Bloch227

wavenumber β by varying the parameters P and J in the system of equations (42). We consider a paddle of length228

c/d = 0.5 with the dimensionless damping rate γ = γ/
√

ghρdh3 = 0.4 and spring constant κ = κ/ρgdh3 = 0.4 in229

a fundamental cell with the spacing b/d = 0.5 and water depth h/d = 2.0 subject to an incidence with θ = π/6.230

Tabs. 1-3 list the first three non-dimensional Floquet-Bloch wavenumbers β(k)h for k = 1, 2, 3, respectively. We can231

see that for both P and J only a few terms are needed to determine the results with nearly five significant figures.232

Note that for higher frequencies or β(k) with larger k, more terms are generally required to obtain the results with the233

same accuracy.234

kh = 1.0 kh = 3.0 kh = 5.0
P = 2,J = 4 1.0537 + 0.022252i 3.1467 + 0.42999i 3.7662 + 0.11020i
P = 4,J = 4 1.0537 + 0.022255i 3.1464 + 0.42988i 3.7657 + 0.11034i
P = 6,J = 4 1.0537 + 0.022256i 3.1464 + 0.42986i 3.7657 + 0.11035i
P = 8,J = 4 1.0537 + 0.022256i 3.1464 + 0.42986i 3.7657 + 0.11035i
P = 4,J = 2 1.0537 + 0.022255i 3.1464 + 0.42988i 3.7654 + 0.11034i
P = 4,J = 6 1.0537 + 0.022255i 3.1464 + 0.42988i 3.7658 + 0.11034i

Table 1: The convergence of the first Floquet-Bloch wavenumber β(1)h against the truncation parameters P andJ for the case of c/d = 0.5, γ = 0.4,
κ = 0.4, b/d = 0.5, h/d = 2.0 and θ = π/6.

kh = 1.0 kh = 3.0 kh = 5.0
P = 2,J = 4 −0.0077218 + 3.3895i −0.0018183 + 3.0886i 4.4697 + 1.6828i
P = 4,J = 4 −0.0077230 + 3.3895i −0.0018187 + 3.0886i 4.4722 + 1.6789i
P = 6,J = 4 −0.0077231 + 3.3895i −0.0018187 + 3.0886i 4.4725 + 1.6785i
P = 8,J = 4 −0.0077231 + 3.3895i −0.0018187 + 3.0886i 4.4726 + 1.6784i
P = 4,J = 2 −0.0077230 + 3.3895i −0.0018187 + 3.0886i 4.4723 + 1.6789i
P = 4,J = 6 −0.0077230 + 3.3895i −0.0018187 + 3.0886i 4.4722 + 1.6789i

Table 2: The convergence of the second Floquet-Bloch wavenumber β(2)h against the truncation parameters P and J for the case of c/d = 0.5,
γ = 0.4, κ = 0.4, b/d = 0.5, h/d = 2.0 and θ = π/6.

Before showing the results of the Floquet-Bloch wavenumber β, we first present the variation of the initial value235

of the iteration β0 for the same case given in above. In Fig. 3(a), the blue line is the real value of β0 and the red dashed236

line is the imaginary part of the complex values of β0 = π/2b + iβ̃0,1. Fig. 3(b) gives the imaginary part of the first six237

pure imaginary values of β0. As described in [30], as the frequency increases, the value of β0 on the imaginary axis238

will move along the negative direction until it reaches at the origin, and then a new real value of β0 or propagating239

mode will cut on. The corresponding frequency is the cut-off frequency kd = qπ/(1 ± sin θ) for q = 1, 2, · · · , which240

is consistent with Eq. (25), since the eigenfunction ψ(x, y) also satisfies the periodicity conditions (12). For the real241
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kh = 1.0 kh = 3.0 kh = 5.0
P = 2,J = 4 −0.031489 + 6.6251i −0.50521 + 4.4833i −0.010413 + 3.5449i
P = 4,J = 4 −0.031493 + 6.6251i −0.50511 + 4.4830i −0.010383 + 3.5449i
P = 6,J = 4 −0.031494 + 6.6251i −0.50510 + 4.4830i −0.010380 + 3.5449i
P = 8,J = 4 −0.031494 + 6.6251i −0.50509 + 4.4830i −0.010379 + 3.5449i
P = 4,J = 2 −0.031366 + 6.6227i −0.50479 + 4.4826i −0.010383 + 3.5449i
P = 4,J = 6 −0.031493 + 6.6251i −0.50511 + 4.4830i −0.010383 + 3.5449i

Table 3: The convergence of the third Floquet-Bloch wavenumber β(3)h against the truncation parameters P and J for the case of c/d = 0.5,
γ = 0.4, κ = 0.4, b/d = 0.5, h/d = 2.0 and θ = π/6.

value of β0, it will increase on the real axis until it is equal to π/2b, where the transverse standing mode will occur242

in the cell (see [30]) and the corresponding frequency is defined as the critical frequency (illustrated by the vertical243

dashed line in Fig. 3(a)). When the frequency exceeds the critical frequency, the values of β0 will move off the real244

axis and follow the semi-infinite line β0 = π/2b + iβ̃0,1 where β̃0,1 > 0. Unlike the case of the bottom-fixed paddle245

(i.e. τ = 0) (see [30]), the complex value of β0 = π/2b+ iβ̃0,1 does not only exist above the first critical frequency and246

we have another complex value of β0 for all frequencies. This value should be taken into account in some cases when247

considering the scattering problem.248
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Figure 3: The variation of the initial value β0 against the non-dimensional wavenumber kh for the case of c/d = 0.5, γ = 0.4, κ = 0.4, b/d = 0.5,
h/d = 2.0 and θ = π/6: (a) the real value (blue line) and the imaginary part of the complex value of β0 = π/2b + iβ̃0,1 (red dashed line); (b) the
imaginary part of the first six pure imaginary values of β0 = iβ̃0,0.

Next, in Fig. 4 we give the variation of the first three non-dimensional Floquet-Bloch wavenumbers β(k)h against249

the non-dimensional wavenumber kh at different angles of incidence. Again, the same paddle and fundamental cell as250

above are considered. It should be noted that in principle we require Im[β(k+1)] > Im[β(k)] if following the labelling251

rule given in the last section, but for clarity here we have exchanged the results between β(1), β(2) and β(3) at high252

frequencies so that we can obtain the smooth curve for each β(k). Additionally, Fig. 4 also includes the results of the253

initial values β(k)
0 . We can see that β(k) moves off the real or imaginary axis or the semi-infinite line π/2b + iβ̃0,1 but254

still follows a similar variation trend of β(k)
0 . For β(1)

0 , if it is equal to π/2b, a transverse standing wave will occur in255

the corresponding cell. But when the paddle is connected to the damper, it is not possible for β(1) to be equal to π/2b256

and standing mode will no longer occur.257

Fig. 5 shows the variation of the first non-dimensional Floquet-Bloch wavenumber β(1)h for the paddle array with258

different spacings. From the cases of b/d = 0.75 and 1.0, we can see that with the increase of frequency, the value259

of β0 on the semi-infinite line π/2b + iβ̃0,1 will return to the real axis, decrease to the origin and then move along the260

negative imaginary axis. Thus, after the real part of the Floquet-Bloch wavenumber β reaches its maximum, which is261

around π/2b, both its real and imaginary parts will decrease with the frequency. For the case of b/d = 0.25, since β0262

will coincide with a branch of another complex root at kh ≈ 4.5, we no longer calculate the β0 from this frequency.263
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Figure 4: The variation of the non-dimensional Floquet-Bloch wavenumber β(k)h against the non-dimensional wavenumber kh for the case of
c/d = 0.5, γ = 0.4, κ = 0.4, b/d = 0.5 and h/d = 2.0: (a) k = 1; (b) k = 2; (c) k = 3.

Alternatively, we use the β at the low frequency as the initial value to continue tracking the path of β.264

The effects of the damping rate and spring constant on the first Floquet-Bloch wavenumber for the same cell given265

in Fig. 4 are illustrated in Fig. 6. We can see that at low frequencies the waves decay more rapidly through the paddle266

array with a smaller damping rate or spring constant, and the situation is reversed at high frequencies.267

4. Wave scattering by multiple rows of paddle268

Before we set about considering the scattering problem, we first introduce two sets of orthogonality relations. By269

means of Eq. (45), we can determine many eigenvalues of β and thus many corresponding eigenfunctions of ψ. For270

convenience, we first label the different eigenvalues as ±β(k) (k = 1, 2, · · · ), which are ordered by their increasing271

imaginary parts, and label the corresponding eigenfunctions as ψ(±k,+)(x, y, z), where272

ψ(−k,+)(x, y, z) = ψ(+k,+)(2b − x, y, z). (46)
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Figure 5: The variation of the first non-dimensional Floquet-Bloch wavenumber β(1)h against the non-dimensional wavenumber kh for the case of
c/d = 0.5, γ = 0.4, κ = 0.4, h/d = 2.0 and θ = 0.
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Figure 6: The variation of the first non-dimensional Floquet-Bloch wavenumber β(1)h against the non-dimensional wavenumber kh for the case of
c/d = 0.5, b/d = 0.5, h/d = 2.0 and θ = 0: (a) κ = 0.4; (b) γ = 0.4.

In addition, we also introduce another two eigenfunctions, ψ(±k,−)(x, y, z), given by273

ψ(±k,−)(x, y, z) = ψ(±k,+)(x,−y, z). (47)

such that ψ(±k,−)(x, y, z) satisfy the governing equation (1) and boundary conditions (2), (3), (8), (12) and (30) but with274

α0 replaced with −α0. From Eqs. (46) and (47), we can see that ψ(±k,+) are the eigenmodes corresponding to the angles275

θ and π − θ and ψ(±k,−) corresponding to the angles −θ and π + θ.276

After some derivation (see Appendix A for the detailed derivation), we can find the following orthogonality277

12



relations278 ∫ 0

−h

∫ d

−d

[
ψ(+k,+)ψ

(+ j,−)
x − ψ(+ j,−)ψ(+k,+)

x

]
x=0

dydz =0, (48a)∫ 0

−h

∫ d

−d

[
ψ(+k,+)ψ

(− j,−)
x − ψ(− j,−)ψ(+k,+)

x

]
x=0

dydz =E(+k)δk j, (48b)

and279 ∫ 0

−h

∫ d

−d

[
ψ(−k,+)ψ

(+ j,−)
x − ψ(+ j,−)ψ(−k,+)

x

]
x=0

dydz =E(−k)δk j, (49a)∫ 0

−h

∫ d

−d

[
ψ(−k,+)ψ

(− j,−)
x − ψ(− j,−)ψ(−k,+)

x

]
x=0

dydz =0. (49b)

where E(+k) is the scaling factor.280

Now, we return to considering the wave reflection and transmission of M rows of paddles (see Fig. 1), which281

is a finite section of the assumed infinite array considered above. The general solution of the velocity potential282

in 2(m − 1)b < x < 2mb can now be written as a combination of the eigenfunctions ψ(±k,+)(x, y, z) of the above283

homogeneous problem, i.e.284

ϕm(x, y, z) =
∞∑

k=1

[
A(k)

m ψ(+k,+)(x − 2(m − 1)b, y, z) + e2i(M−1)β(k)bB(k)
m ψ(−k,+)(x − 2(m − 1)b, y, z)

]
, (50)

for m = 1, 2, · · · ,M, where A(k)
m and B(k)

m are undetermined coefficients. We first consider the following integrals, and285

it can be found that after substituting Eq. (50) into the integrals and using the orthogonality relations (48) and (49),286

the coefficients A(k)
m and B(k)

m can be separated out from the solution (50) and expressed explicitly, i.e.287 ∫ 0

−h

∫ d

−d

[
ϕm(2mb, y, z)

∂ψ(− j,−)

∂x
(0, y, z) − ψ(− j,−)(0, y, z)

∂ϕm

∂x
(2mb, y, z)

]
dydz = e2iβ( j)bE(+ j)A( j)

m , (51a)∫ 0

−h

∫ d

−d

[
ϕm(2mb, y, z)

∂ψ(+ j,−)

∂x
(0, y, z) − ψ(+ j,−)(0, y, z)

∂ϕm

∂x
(2mb, y, z)

]
dydz = e2i(M−2)β(k)bE(− j)B( j)

m , (51b)

If a similar procedure is applied to ϕm+1 and ψ(± j,−), we can obtain288 ∫ 0

−h

∫ d

−d

[
ϕm+1(2mb, y, z)

∂ψ(− j,−)

∂x
(0, y, z) − ψ(− j,−)(0, y, z)

∂ϕm+1

∂x
(2mb, y, z)

]
dydz = E(+ j)A( j)

m+1, (52a)∫ 0

−h

∫ d

−d

[
ϕm+1(2mb, y, z)

∂ψ(+ j,−)

∂x
(0, y, z) − ψ(+ j,−)(0, y, z)

∂ϕm+1

∂x
(2mb, y, z)

]
dydz = e2i(M−1)β(k)bE(− j)B( j)

m+1. (52b)

On the interface between two adjacent cells, continuity of pressure and velocity requires that289

ϕm(x, y, z) = ϕm+1(x, y, z) and ∂ϕm(x, y, z)/∂x = ∂ϕm+1(x, y, z)/∂x, on x = 2mb, |y| < d, −h < z < 0, (53)

for m = 1, 2, · · · ,M − 1. It should be noted that in this study we confine us to consider the case of M ≥ 2 due to the290

matching conditions in Eq (53). According to Eqs. (51)-(53), we can confirm the relations between the coefficients291

A( j)
m+1 = e2iβ( j)bA( j)

m and B( j)
m+1 = e−2iβ( j)bB( j)

m . (54)

Eq. (54) confirms that the Floquet-Bloch eigenmodes do not couple with each other as waves propagate through the292

periodic array. Consequently, the general solution in the interior region can be expressed in terms of a single set of293

coefficients, A(k)
m and B(k)

m , for any m. This implies that if we write294

ϕ1(x, y, z) =
∞∑

k=1

[
A(k)

1 ψ(+k,+)(x, y, z) + e2i(M−1)β(k)bB(k)
1 ψ(−k,+)(x, y, z)

]
, (55)

13



as the general solution in 0 < x < 2b, then the general solution in 2(M − 1)b < x < 2Mb can be expressed as295

ϕM(x, y, z) =
∞∑

k=1

[
e2i(M−1)β(k)bA(k)

1 ψ(+k,+)(x − 2(M − 1)b, y, z) + B(k)
1 ψ(−k,+)(x − 2(M − 1)b, y, z)

]
, (56)

In order to determine the coefficients rpq and tpq in Eqs. (22) and (23), we still need to impose the remaining matching296

conditions on the common boundaries, which are297

ϕ0(x, y, z) = ϕ1(x, y, z) and ∂ϕ0(x, y, z)/∂x = ∂ϕ1(x, y, z)/∂x, on x = 0, |y| < d, −h < z < 0, (57)

and298

ϕM(x, y, z) = ϕM+1(x, y, z) and ∂ϕM(x, y, z)/∂x = ∂ϕM+1(x, y, z)/∂x, on x = 2Mb, |y| < d, −h < z < 0. (58)

Substituting Eqs. (22) and (55) into Eq. (57) gives299

δp0δq0 + rpq =

∞∑
k=1

2 cos(γpqb) sin(β(k)b)
sin[(β(k) + γpq)b]

a(k)
pq

(
A(k)

1 + e2iβ(k) MbB(k)
1

)
, (59a)

δp0δq0 − rpq =

∞∑
k=1

2 sin(γpqb) cos(β(k)b)
sin[(β(k) + γpq)b]

a(k)
pq

(
A(k)

1 − e2iβ(k) MbB(k)
1

)
, (59b)

after using the orthogonality relations (18) and (21). After eliminating rpq in Eq. (59), we have300

∞∑
k=1

K(k)
pq,1A(k)

1 +

∞∑
k=0

K(k)
pq,2B(k)

1 = δp0δq0, (60)

where301

K(k)
pq,1 = a(k)

pq and K(k)
pq,2 =

tan(β(k)b) − tan(γpqb)
tan(β(k)b) + tan(γpqb)

e2iβ(k) Mba(k)
pq . (61)

Similarly, using Eqs. (23), (56) and (58) results in302

tpq =

∞∑
k=1

2 cos(γpqb) sin(β(k)b)
sin[(β(k) + γpq)b]

a(k)
pq

(
e2iMβ(k)bA(k)

1 + B(k)
1

)
, (62a)

tpq =

∞∑
k=1

2 sin(γpqb) cos(β(k)b)
sin[(β(k) + γpq)b]

a(k)
pq

(
e2iMβ(k)bA(k)

1 − B(k)
1

)
. (62b)

Eliminating tpq in Eq. (62) leads to303

∞∑
k=1

K(k)
pq,2A(k)

1 +

∞∑
k=1

K(k)
pq,1B(k)

1 = 0. (63)

Note that if we write304

A(k)
s = A(k)

1 + B(k)
1 and A(k)

a = A(k)
1 − B(k)

1 , (64)

then the pair of equation systems above can be decoupled into305

K∑
k=1

K(k)
pq,s/aA(k)

s/a = δp0δq0, for p = 0, 1, 2, · · · ,P and q = −Q,−Q + 1, · · · ,Q (65)

where306

K(k)
pq,s = K(k)

pq,1 + K(k)
pq,2 and K(k)

pq,a = K(k)
pq,1 − K(k)

pq,2. (66)

Eq. (64) is equivalent to decomposing the problem into a symmetric (s) and an antisymmetric (a) problem of the307

paddle array about its geometric plane of symmetry at x = Mb from the outset. In order to solve Eq. (65) we set308
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K = (P + 1) × (2Q + 1), where P + 1 and 2Q + 1 represent, respectively, the eigenmodes in the z direction and y309

direction used to simulate the oscillation in the array. (It should be noted that the parameter P is identical to that310

given in Eq.(42).) Thus, we can see that the dimension of the systems of equations (65) depends on the number of311

eigenmodes considered and does not depend on the size of the array. Once the Floquet-Bloch wave number, β(k), and312

the corresponding eigenmode, ψ(+k,+)(x, y) or a(k)
pq , for the single cell are determined, we can quickly obtain the results313

for any array size M.314

4.1. Results315

In this section, we also first perform a convergence test for the numerical scheme for determining the reflection and316

transmission coefficients by varying the truncation parameters P and Q. An array consisting of five rows of paddles317

with the gap a/d = 0.5, spacing b/d = 0.5, damping rate γ = 0.4 and spring constant κ = 0.4 in the water of depth318

h/d = 2.0 at the incident wave angle θ = π/6 is considered. The results of the efficiency of power capture calculated319

based on Eqs. (27) and (28) are both included in Tab. 4, where the results of E2 are given in brackets. Comparison320

between E1 and E2 shows a high degree of accuracy of the present numerical method, and P = 4 and Q = 4 are321

generally sufficient to produce the results with an accuracy of about four significant figures.322

kh = 1.0 kh = 3.0 kh = 5.0
P = 2,Q = 4 0.10640 (0.10640) 0.84184 (0.84184) 0.58363 (0.58363)
P = 4,Q = 4 0.10642 (0.10642) 0.84181 (0.84180) 0.58439 (0.58439)
P = 6,Q = 4 0.10642 (0.10642) 0.84180 (0.84179) 0.58439 (0.58439)
P = 4,Q = 2 0.10642 (0.10642) 0.84180 (0.84184) 0.58429 (0.58441)
P = 4,Q = 6 0.10642 (0.10642) 0.84181 (0.84181) 0.58439 (0.58439)

Table 4: The convergence of the efficiency of power capture E1 (E2) against the truncation parameters P and Q for the case of a/d = 0.5, b/d = 0.5,
γ = 0.4, κ = 0.4, h/d = 2.0, θ = π/6 and M = 5.

We further validate our numerical model by comparing with results based on the wide-spacing approximation323

(WSA) proposed by [26] in which evanescent modes are neglected as waves propagate through the array and the324

method is valid only for the case of the normal incidence. From Fig. 7, it can be seen that the results of the two325

methods are in good agreement for spacings b/d ≳ 0.5. For the case of narrow spacing, the results of WSA remain326

remarkably good although tend to overestimate energy absorption.327
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Figure 7: Comparison of the efficiency of power capture, E1, between the present model and wide-spacing approximation (WSA) proposed by [26]
for the case of a/d = 0.5, γ = 0.4, κ = 0.4, h/d = 2.0, θ = 0 and M = 5.

Furthermore, [26] did not produce results that directly show the effect of plate array mechanics on efficiency and328

we continue with some results which illustrate different effects within the proposed wave energy device. The wave329

energy absorbed at different incident wave angles is shown in Fig. 8. At low frequencies, the array performs best at330

normal incidence and a small change in the angle of incidence will have little effect on the energy absorption efficiency.331
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At some high frequencies, the array subjected to a plane wave with a larger incident wave angle may generate more332

energy.333
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Figure 8: The variation of the efficiency of power capture, E1, against the non-dimensional wavenumber kh for the case of a/d = 0.5, b/d = 0.5,
γ = 0.4, κ = 0.4, h/d = 2.0 and M = 5.

Correspondingly, the horizontal displacements and phases of the hinged paddles at the mean surface of the fluid334

under a regular incident wave of amplitude A are shown in Fig. 9. When a long wave propagates through the array, the335

oscillation amplitude of the paddle on the downstream is relatively large due to the interference effect. As frequency336

increases, the sheltering effect leads to a relatively small pitch angle of the downstream paddle. For the different337

incident wave angles, the normal incidence results not only in a high efficiency of energy absorption (see Fig. 8) but338

also in large oscillations of the paddles. Moreover, a large number of studies (e.g. [9, 20, 34, 35, 36]) have reported339

the spiky behaviour of hydrodynamic forces and coefficients occurring at cut-off frequencies, i.e. kd = qπ(1 ± sin θ)340

(q = 1, 2, · · · ), for a periodic array. In the present study, similar spikes can also be observed in Fig. 9(b)(c)(d), although341

the spring and damping considered in the configuration smooth the curves. However, the spikes are not obvious for342

the energy absorption when the incident wave angle is π/6 or π/4 (see Fig. 8). This can be attributed to the result of343

the superposition of the curve of each paddle.344

The effect of the damping rate and spring constant is shown in Figs. 10 and 11. Fig. 10 shows the effect on the345

motion of the paddle. When the damping and spring are ”switched off”, the paddle will resonate at the low frequency.346

As the damping rate and spring constant increase, the motion of the paddle is quickly suppressed. From Fig. 11, we347

can see that for the present case the optimal damping rate γ is between 0.1 and 0.2, and the array behaves with a high348

efficiency of wave absorption over a wide frequency. For the spring constant κ, its variation from 0.1 to 0.4 has a349

limited effect on the wave energy absorption efficiency.350

Finally, we change the number of rows to M = 2 and M = 8 so that a smaller and a larger array are considered.351

Fig. 12(a) shows the variation of the efficiency against the non-dimensional wavenumber kh and each array has the352

same setting as that given in Fig. 7. Besides, the results for the case of a single row array (M = 1) are also included in353

Fig. 12(a), which is based on the method of Section 3 without including periodic conditions (30). We can see that in354

the considered frequency range increasing the number of paddles can improve the total power absorption efficiency.355

In order to evaluate the energy generation performance of the entire array and each row of the array respectively, we356

follow [12] to define two following factors357

q̄ = E1(M)/ME1(M = 1), (67)

and358

q(m) = E(m)/EincE1(M = 1) (68)

such that Mq̄ =
∑M

m=1 q(m). q̄ > 1 implies that the multi-row paddle array produces a global constructive effect from359

the interference compared to the isolated single-row paddle array, and q(m) > 1 means that the mth row paddle array360

benefits from the interaction between multiple rows of paddles. It is not surprising that in most cases q̄ < 1. This is361

because as the waves propagate through the array, the energy is gradually consumed by the paddle in front of the array.362

The paddle on the downstream contributes less to power generation compared with the case of an isolated single-row363
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Figure 9: The horizontal displacements and phases of the hinged paddles at the mean surface of the fluid, σm0, against the non-dimensional
wavenumber kh for the case of a/d = 0.5, b/d = 0.5, γ = 0.4, κ = 0.4, h/d = 2.0 and M = 5: (a) θ = 0; (b) θ = π/6; (c) θ = π/4; (d) θ = π/3.
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Figure 10: The horizontal displacement of the first hinged paddles (m = 1) at the mean surface of the fluid, σ01 against the non-dimensional
wavenumber kh for the case of a/d = 0.5, b/d = 0.5, h/d = 2.0, θ = 0 and M = 5.
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Figure 11: The variation of the efficiency of power capture, E1, against the non-dimensional wavenumber kh for the case of a/d = 0.5, b/d = 0.5,
h/d = 2.0, θ = 0 and M = 5: (a) κ = 0.4; (b) γ = 0.4.

paddle array, resulting in a lower averaged value of q̄. For q(m), we can see that only the first-row paddle array could364

exhibit an enhanced performance, which can be attributed to the reflection of the downstream paddles. These results365

are consistent with those in [12] who considered two parallel wave farms, each consisting of 13 in-line oscillating366

wave surge converters.367

5. Conclusion368

In this study we have considered a periodic array consisting of a finite number of rows of vertical thin paddles369

hinged at sea bottom, each row including an infinite number of paddles arranged in a line. Each paddle is connected370

to its own damper and spring, allowing wave energy to be absorbed from water waves from the pitching motion.371

The mathematical approach to the solution of this problem has involved first determining Floquet-Bloch eigenso-372

lutions to a homogeneous problem which is represented by the corresponding infinite array problem. Since a linear373

damping mechanism is considered, Floquet-Bloch eigenvalues are found in the complex plane and locating these374

eigenvalues is the most numerically challenging part of the method. Two approaches are used in combination to375

track solutions from low frequencies and from zero damping where eigenvalues are easier to find. The eigenfunctions376

satisfy an orthogonality relation which works for waves propagating in geometrically opposing directions and which377

holds regardless of the geometry of the structure. Once the eigenvalues and eigenfunctions are determined, the general378

solution of the velocity potential can be written as a superposition of these eigenfunctions. After applying the match-379

ing conditions and orthogonality relations, we can obtain simple low-order systems of equations that are independent380

of the number of rows in the array.381
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Figure 12: (a) The variation of the efficiency of power capture, E1, against the non-dimensional wavenumber kh for the case of a/d = 0.5, b/d = 0.5,
γ = 0.4, κ = 0.4, h/d = 1.0 and θ = 0; The energy generated by the mth paddle for the array of (b) M = 2; (c) M = 5; (d) M = 8.

Our results for arbitrary incident wave angle and row-spacing have been compared with the approximation of [26]382

based on a wide-spacing assumption and normal wave incidence. Moreover, a parametric study has been carried out383

to investigate the power extraction efficiency. Multiple rows of pitching paddle devices show that a high broadband384

output across a wide range of frequencies is possible, particularly with low damping and larger numbers of rows.385

As the number of paddle rows increases, the efficiency of the whole array power generation improves, but only the386

first row can enjoy the beneficial effect and the gains from adding further rows diminish rapidly, resulting in a lower387

averaged energy absorption when compared to an isolated single row paddle array.388
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Appendix A. Orthogonality relations for the Floquet-Bloch eigenmodes of a single cell393

In this Appendix, we present two sets of orthogonality relations which will be widely used in the scattering394

problem. Applying Green’s second identity to ψ(+k,+) and ψ(± j,−), we first have395 ∫∫∫
D

[
ψ(+k,+)∇2ψ(± j,−) − ψ(± j,−)∇2ψ(+k,+)

]
dv =

∫∫
S ±00+S

[
ψ(+k,+)∂ψ(± j,−)/∂n − ψ(± j,−)∂ψ(+k,+)/∂n

]
ds, (A.1)
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where ds is the elemental arclength of S and S ±00 with outward normal derivative ∂/∂n. With the employment of the396

condition (8), we can see that the integral on S ±00 vanishes. Thus Eq. (A.1) becomes397

[
e2i(β(k)±β( j))b − 1

] ∫ 0

−h

∫ d

−d

[
ψ(+k,+)ψ

(± j,−)
x − ψ(± j,−)ψ(+k,+)

x

]
x=0

dydz = 0, (A.2)

after using Eqs. (30), (46) and (47). Since β(k) ∈ C, as long as k , j the factor in front of the integral in (A.2) will398

not be zero. Thus, we have the orthogonality relation (48). Similarly, applying Green’s second identity to ψ(−k,+) and399

ψ(± j,−) leads to another set of orthogonality relation (49). Using Eqs. (46) and (47), it can be found that E(−k) = −E(+k).400

From Eqs. (48) and (49) we can see that two eigenmodes with opposite directions are orthogonal to each other. Note401

that the orthogonality relations (48) and (49) hold regardless of the geometry of the structure.402
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