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Abstract

In this paper we present new results which illustrate the existence of trapped modes on a thin

elastic plate, which is infinitely long, of finite uniform width and simply-supported along the two

parallel edges. The plates contain a circular cut-out on the centreline of the strip whose edges

are either free or clamped. The trapped waves describe time-harmonic vibrations of a frequency

below a cut-off frequency which are localised to the circular cut-out and decay along the strip.

Results show that whilst no trapped waves occur for a circular hole with a clamped edge, for a

hole with a free edge trapped waves occur in all four possible modes of symmetry.
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1. Introduction and background

Trapped waves are a ubiquitous feature in all types of wave theories from gravity water
waves, acoustics, electromagnetics, optics, quantum mechanics and elasticity.

The term ‘trapped wave’ is used broadly to describe any oscillation or vibration in a
system which is localised in space by some feature (geometric or otherwise) of the govern-
ing system. The particular mechanism giving rise to a trapped wave, and the subsequent
form the trapped wave takes can be very different depending upon the type of problem
being considered. For example, in its basic form, Anderson localisation proves the exis-
tence of localised waves in a system of randomly-placed scatterers in a one-dimensional
waveguide. Fabry-Perot resonantors exploit stop-bands in infinite periodic structures to
trap waves between two semi-infinite periodic structures (see [1], for example). In water
waves, ‘edge waves’ travel along the shoreline of a plane beach, but not away from it
(see [2]; there are many other examples of trapping in water wave theory). Similarly, in
elasticity, Rayleigh-waves are confined close to the surface of a semi-infinite elastic solid,
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whilst edge waves have been shown to occur on thin semi-infinite elastic plates (see later
discussion).

In some examples, the possibility of the existence of trapped waves can be motivated
by some relatively straightforward arguments; there may be a ‘cut-off’ frequency below
which waves cannot radiate to infinity (often associated with waveguides) or some decon-
structive interference between scatterers in infinite arrays (as in Anderson localisation
or Fabry-Perot resonators). In other examples trapped waves are much more difficult to
argue. For example, in the two-dimensional water wave problem, [3] demonstrated a new
type of trapped wave; previously much effort had been directed towards trying to prove
the non-existence of such trapped waves.

In nearly all cases, the presence of a trapped wave can have significant implications.
In certain circumstances, it is something that can be exploited (Fabry-Perot resonanters
being a good example) and in other cases, it should be avoided (acoustic resonances in
turbomachinery, for example).

In this paper, we focus upon trapped waves in elastic plates which are confined to lie
within a strip of uniform width. We briefly draw the attention of the reader to the recent
work of researchers such as [4], [5] and [6]. These authors (also see references therein)
have considered trapped waves in elastic waveguides which are either bent or which vary
topographically. This body of work uses the full equations of elasticity to formulate the
problem and the trapping is in the form of two-dimensional compressional or shear waves
within the waveguide, which is used as a representation of the cross-section of a thin plate.
In contrast, in this paper we consider the out-of-plane vibrations of a thin elastic plate
described by Kirchhoff theory, in which variations in physical quantities across the plate
are averaged.

Using classical Kirchhoff theory (see [7]), the equation of motion of a thin elastic plate
is described in terms of its displacement, W (x, y, t), perpendicular to the (x, y)-plane it
occupies in equilibrium is given by

−D∆2W = mWtt

where ∆ = ∂xx +∂yy is the two-dimensional Laplacian and t is time. The flexural rigidity
of the plate is D = 1

12Eh
3/(1 − ν2), and its mass per unit area is m = ρh, where E, ρ,

h are Young’s modulus, the plate density and plate thickness and ν is Poisson’s ratio.
Assuming a time-harmonic variation of angular frequency ω, and writing W (x, y, t) =

<{w(x, y)e−iωt} we have

(∆2 − k4)w = 0 (1)

where k4 = mω2/D and k is the wavenumber of free waves on the elastic plate.
Trapped waves are known to exist along the edge of a thin semi-infinite elastic plate

([8] and [9]). It proves useful to briefly revisit this problem. The general solution, in
terms of unknown constants A and B, satisfying the plate equation (1) in x > 0 is

w(x, y) = e±ily(Ae−(l2−k2)1/2x + Be−(l2+k2)1/2x) such that w → 0 as x → ∞ provided
that the wavenumber l is chosen to satisfy l > k. If the edge, x = 0, is clamped, implying
the application of the conditions w(0, y) = wx(0, y) = 0, then it immediately becomes
clear that no non-trivial solutions exist. However, if the edge is free, the conditions to be
applied on x = 0 are wxx + νwyy = 0, wxxx + (2 − ν)wxyy = 0, and subsequent (more
lengthy) calculations reveal that non-trivial solutions do exist and are defined by the
dispersion relation
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(
l

k

)4

=
1 − 3ν + 2

√
1 − 2ν + 2ν2

(1 − ν)2(3 + ν)
. (2)

For example, with ν = 1
3 (a realistic value for many materials) l = (81/80)1/8k ≈

1.00155k. More generally, (l/k)4 ∼ 1 + 1
16ν

4 + O(ν5) follows from (2), and the value of
k is generally only just below that of l. By superimposing two waves with variation in y
of e±ily, we get

w(x, y) = A sin(ly)

(
e−(l2−k2)1/2x +

(
k2 − (1 − ν)l2

k2 + (1 − ν)l2

)
e−(l2+k2)1/2x

)
. (3)

This is a trapped mode, in which the wave energy is localised along the edge x = 0,
and decays exponentially (albeit very slowly) away from it. Such trapped waves (in this
context often referred to as edge waves) are important in scattering by cracks in plates,
see [10], for example. They have also been shown to exist for more complex plate theories
(see [11], [12], [13]) and for plates with fluid loading [14], [15].

By choosing l = π/2d or l = π/d in (3), the trapped wave is equivalent to the vibrations
on a thin elastic plate confined within a semi-infinite waveguide of width 2d, and upon
whose parallel sides y = 0, y = 2d the plate is freely supported (i.e. w = wyy = 0). For
l = π/2d, the modes described by (3) are symmetric across the centre of the guide (y = d)
whilst, for l = π/d, the modes are antisymmetric across the guide. The corresponding
values of kd for trapped modes defined by (2) are less than 1

2π or π for the cases of
symmetric and antisymmetric modes, a point that is pertinent later.

This problem therefore represents the most trivial example of the existence of trapped
modes in elastic plates in a uniform strip. The fact that a free edge at x = 0 supports
trapped waves whilst a clamped edge does not has relevance to the new results we present
here.

Another possibility, considered recently by [16] is to constrain a point in the centre of
the guide. [16] assumed the point is attached by a mass/spring system to a fixed mooring
point. Within this model, the point can be pinned by letting the mass or spring constant
tend to infinity. It was proved in [16] that trapped modes do not exist for a pinned point
on the centreline of a waveguide, but a combination of finite non-zero mass and spring
constants constraining the motion of a point on the centreline would give rise to trapped
modes. This type of trapped mode in which the inhomogeneity giving rise to trapping has
its own dynamic properties has a recent analogue in water waves, where [17] has called
them motion trapping modes (buoyancy and hydrodynamic forces providing spring and
added-mass terms), as opposed to the more traditional trapping modes in water waves,
in the presence of a fixed structure, as exemplified by [3].

In this paper, we consider a strip of uniform width, 2d, freely-supported on its parallel
sides and which extends to infinity in both directions. We consider the possibility of
trapped modes when some alteration is made to the elastic plate within the guide. In the
example of trapped waves along a semi-infinite plate described previously, this alteration
is simply to divide the guide in two by a cut along x = 0, perpendicular to the sides of
the guide. In contrast, clamping along this line does not give trapped modes, nor does
pinning a point at the centre of the guide.

We aim to broaden the range of examples in which trapped waves can be found, and
this is done by considering removing a circle from the centre of the strip and considering
the effect of either clamping the edge or having a free edge. Circular cut-outs or inclusions
are common in engineering to assist in weight-saving or reinforcement. For example, [18]
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Fig. 1. Geometry of the problem.

consider plane wave scattering by circular cut-outs and inclusions in an infinite plate.
Whilst the freely-supported conditions on the edges of the strip considered here are more
artificial in terms of engineering applications than clamped or free edges, the principles
used here allow us to speculate as to the existence of trapped modes in those cases. The
method presented in the paper uses so-called multipole expansions (terminology derived
from water wave theory) and follows most closely the work of [19] who investigated
trapped modes due to vertical cylinders on the centreline of a channel.

2. Formulation of the problem

We consider an infinitely-long rectangular strip −d < y < d, −∞ < x < ∞ occupied
by a thin elastic plate whose time-harmonic vibrations described by the function w(x, y)
are perpendicular to the plane it occupies in equilibrium. In the strip (1) is satisfied by
w(x, y).

On the lateral boundaries of the strip the elastic plate is simply (freely) supported, so
that

w = 0, and ∆w − ν1wxx ≡ ∆w = 0, on |y| = d, −∞ < x <∞ (4)

where ν1 = 1 − ν. The elastic plate contains a circular cut-out r < a, 0 < θ ≤ 2π in
terms of polar coordinates (x, y) = r(cos θ, sin θ) and on the boundary of the cut-out we
may either apply clamped-edge conditions of

w = wr = 0, on r = a, 0 < θ ≤ 2π (5)

or free-edge conditions, expressed by

∆w − ν1
r2

(∂θθ + r∂r)w = 0

∂r∆w +
ν1
r2

(∂r − r−1)∂θθw = 0



 (6)

representing the vanishing of bending moment and shear stress.
Finally, we need to specify radiation conditions as |x| → ∞. Since we are seeking

trapped modes, in which the vibrations are localised in the vicinity of the circular cut-
out, we impose the condition

w,∆w → 0, as |x| → ∞, |y| < d. (7)
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The field equation can be decoupled into two second-order equations by writing

−∆v = k2w, −∆w = k2v

and then defining φ = w + v = w − k−2∆w and ψ = w − v = v + k−2∆w, so that
w = 1

2 (φ + ψ) and v = 1
2 (φ− ψ) we have

(a) (∆ + k2)φ = 0, and (b) (∆ − k2)ψ = 0 (8)

which are uncoupled equations for φ and ψ, satisfying the Helmholtz and modified
Helmholtz equations respectively. In general, boundary conditions provide a coupling
between φ and ψ, but in the case of simply-supported conditions on |y| = d, where
w = ∆w = 0 (or v = 0), the conditions remain uncoupled, via

φ = 0, ψ = 0, on |y| = d, −∞ < x <∞. (9)

Thus, we may seek independent functions φ and ψ satisfying (8) and (9); this is crucial
to our approach. These functions will ultimately be combined to satisfy the coupling
boundary conditions (5) or (6) on r = a. The simplicity of the method outlined below
is lost if the simply-supported conditions on |y| = d were replaced by, say, clamped edge
conditions (w = 0, wy = 0) on |y| = d.

Due to the symmetry in the geometry, we may consider either solutions satisfying the
conditions

w = 0, and wyy + νwxx ≡ wyy = 0, on y = 0 (10)

or
wy = 0, and wyyy + (2 − ν)wyxx ≡ wyyy = 0, on y = 0 (11)

hereafter referred to as antisymmetric and symmetric modes (respectively). In terms of
the uncoupled functions φ and ψ these are

(a) φ = ψ = 0, or (b) φy = ψy = 0, on y = 0. (12)

The conditions in (10) represents physically the fact that the displacement and bending
moment vanish along the centreline of the waveguide, whilst in (11) it is the gradient
and the shear which vanish.

It proves useful to consider separation solutions for the uniform strip in the absence of
any circular cut-out. For example, the solutions in the regions a < |x| < ∞ exterior to
the cut-out could by represented by superposition of separation solutions, although we
do not employ this strategy in our solution.

In the first (antisymmetric) case, separation solutions for φ and ψ are given, respec-
tively, by

{sin(pny)e
±iknx} and {sin(pny)e

±κnx}, for n ≥ 1

where pn = nπ/d and kn = (k2 − p2
n)1/2 = −i(p2

n − k2)1/2 whilst κn = (k2 + p2
n)1/2.

Thus, propagating modes only exist provided kd < π. The frequency ωc defined by the
relationship kd = π (i.e. ω2

c = Dπ4/md4) is called the cut-off frequency, and thus kd < π
implies ω < ωc, or that the frequency is below the cut-off frequency. In the second
(symmetric) case, separation solutions for φ and ψ are given, respectively, by

{cos(pny)e
±iknx} and {cos(pny)e

±κnx}, for n ≥ 0

where we have reused the variables pn = (n+ 1
2 )π/d and kn = (k2−p2

n)1/2 = −i(p2
n−k2)1/2

whilst κn = (k2 + p2
n)1/2. Now the cut-off frequency ωc is defined by the relationship
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kd = 1
2π and for frequencies below the cut-off (i.e. for kd < 1

2π), no bounded waves are
able to propagate to infinity along the strip.

We briefly remark that in the case of a strip with clamped edges along |y| = d, the
separation solutions are much more complicated, although cut-off frequencies do exist
for both modes of symmetry about y = 0.

The existence of cut-off frequencies below which no propagating waves exist for a
uniform waveguide implies the possibility of trapping modes for frequencies ω < ωc

represented by local vibrations in the presence of an inhomogeneity within the strip. This
is being provided here by a circular cut-out. We already have four different permutations
to consider due to the two choices of boundary condition on r = a combined with the
choice of symmetry/antisymmetry condition on y = 0. A further set of combinations may
also be introduced by exploiting the symmetry of the geometry about x = 0. Thus, we
may either choose to impose φ = ψ = 0 or φy = ψy = 0 on x = 0. Previous work on
trapping modes suggests that the latter condition is more likely to result in the existence
of a trapping mode, and we concentrate on this case in what follows.

3. A solution using the multipole technique

In this section we consider just one particular symmetry configuration in detail and in
the next section, all possible remaining symmetry combinations are briefly outlined.

In accordance with the earlier decomposition of w = φ + ψ, we may write the total
displacement, satisfying (1), (4), using superposition as

w(x, y) =
∞∑

n=0

an
φa

2n+1(r, θ)

Y ′
2n+1(µ)

+ bn
ψa

2n+1(r, θ)

K ′
2n+1(µ)

, µ = ka (13)

where φa
2n+1 and ψa

2n+1 are so-called multipole potentials defined to satisfy, respectively
(8a) and (8b) in addition to the boundary conditions (9). The superscript a refers to the
fact that the antisymmetry condition (12a) is being applied. The expansion coefficients
an, bn will ultimately be determined by imposing boundary conditions on r = a, which is
the only point at which the separate parts of the solution become coupled. The normalis-
ing factors involve derivatives of the modified Bessel function K2n+1 and the second-kind
Bessel function Y2n+1 whose argument is µ = ka.

The multipole potentials are constructed to be modifications to include the conditions
(9) to the singular solutions of (8) which apply the absence of any boundaries. These are

Hn(kr){cosnθ, sinnθ}, and Kn(kr){cosnθ, sinnθ}, n ∈ N

where Hn(z) = Jn(z) + iYn(z) is the first-kind Hankel function and Jn(z) is the Bessel
function. In the case of modes antisymmetric about y = 0 (θ = 0, π) and symmetric about
x = 0 (θ = ± 1

2π), we select the functions H2n+1(kr) sin(2n+1)θ and K2n+1(kr) sin(2n+
1)θ. Because of the symmetry, we need consider functions and modifications to them in
0 < θ < 1

2π.
The multipole method involves using integral representations of the singular solutions

to express them in terms of Cartesian coordinates which then allows them to be modified
to include the lateral boundary conditions. Thus, we use (see, for example, [20] , p.20)

Hn(z) =
1

π

∫ β−i∞

α+i∞

eiz cos sein(α−π/2)ds
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for −π < α < 0, 0 < β < π and make the change of variable s = −i(v− iθ) for 0 < θ < π.
Then it can be shown, following Appendix A of [19] (but noting a series of obvious
typographical errors in that paper), that

H2n+1(kr) sin(2n+ 1)θ = − i(−1)n

π

∫ ∞+iπ

−∞

eγye−(2n+1)v cos(kx cosh v)dv (14)

where γ = k sinh v. This representation is only valid for y > 0 or 0 < θ < π; antisymmetry
about y = 0 provides the extension into y < 0 (alternatively eγy could be replaced by
sgn(y)eγ|y|.) Noting the form of the above expression, we define the multipole by adding
to (14), a function satisfying (8a), and the required conditions on y = 0 and x = 0, such
that (9) is now also satisfied,

φa
2n+1(r, θ) = −iH2n+1(kr) sin(2n+ 1)θ

+
(−1)n

π

∫ ∞+iπ

−∞

eγd sinh γy

sinh γd
e−(2n+1)v cos(kx cosh v)dv (15)

(the multiplicative factor of −i is included for later convenience). We note that the
denominator in the integrand is zero if sinh(kd sinh v) = 0, which can only happen on
the segment v = iu, 0 < u < π of the integration contour. That is, when kd sinu = nπ,
n ∈ Z so and for frequencies below the cut-off when kd < π, there are no poles in the
denominator of the integrand and the integral is well-defined.

The final part of the procedure is to re-expand the integrand in (15) into polar coor-
dinates. Starting with the generating function for the Bessel function ([21], §9.1.41)

e
1

2
z(t−1/t) = J0(z) +

∞∑

m=1

(tm + (−1)mt−m)Jm(z)

and substituting t = iei(θ±iv), z = kr we find, using 1
2 (t − 1/t) = i cos(θ ± iv) =

i cos θ cosh v ± sin θ sinh v. Then, after some algebra,

eikx cosh v sinh γy= 1
2eikr cos(θ+iv) − 1

2eikr cos(θ−iv)

=−2i

∞∑

m=1

im sinhmv sinmθJm(kr) (16)

(whilst x → −x corresponds to θ → π − θ). The integrand in (15) can therefore be
expressed in terms of (r, θ) only and we have

φa
2n+1(r, θ) = −iH2n+1(kr) sin(2n+ 1)θ +

∞∑

m=0

Â2m+1,2n+1J2m+1(kr) sin(2m+ 1)θ (17)

(valid for r < 2d; see, for example, [22]) where

Â2m+1,2n+1 =
2(−1)m+n

π

∫ ∞+πi

−∞

eγd

sinh γd
e−(2n+1)v sinh(2m+ 1)vdv.

Dividing the contour of integration into three segments (−∞, 0) ∪ (0, πi) ∪ (πi, πi + ∞)

and rearranging we find, after some algebra, Â2m+1,2n+1 = iδmn + A2m+1,2n+1 where
δmn is the Kronecker delta symbol and
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A2m+1,2n+1 =
4(−1)m+n

π

∫ ∞

0

e−γd

sinh γd
sinh(2n+ 1)v sinh(2m+ 1)vdv

+
4

π

∫ 1

2
π

0

cot(kd cosu) cos(2n+ 1)u cos(2m+ 1)udu. (18)

Using this in (17) gives

φa
2n+1(r, θ) = Y2n+1(kr) sin(2n+ 1)θ +

∞∑

m=1

A2m+1,2n+1J2m+1(kr) sin(2m+ 1)θ (19)

which is real, provided kd < π.
Next, we have to carry out the same procedure to derive multipoles ψa

n corresponding to
singular solutionsK2n+1(kr) sin(2n+1)θ. Thus, we start with the integral representation,

Kn(z) = 1
2 i

∫ β−i∞

α+i∞

e−z cos seinsds

([20], p.24) for − 1
2π < α, β < 1

2π and make the substitution z = kr, s = −iv − θ + 1
2π

for 0 < θ < π with α, β chosen such that α+ θ = 0, β + θ = 0. This results in

Kn(kr)einθ = 1
2 in

∫ ∞

−∞

e−λye−ikx sinh venvdv

where λ = k cosh v. It then follows that

K2n+1(kr) sin(2n+ 1)θ = (−1)n

∫ ∞

0

e−λy cos(kx sinh v) cosh(2n+ 1)vdv. (20)

In this case the multipoles are defined to be

ψa
2n+1(r, θ) = K2n+1(kr) sin(2n+ 1)θ

− (−1)n

∫ ∞

0

e−λd sinhλy

sinhλd
cos(kx sinh v) cosh(2n+ 1)vdv (21)

in which the additional integral satisfies the modified Helmholtz equation, antisymmetry
on y = 0 and symmetry on x = 0. The function ψa

2n+1 now also satisfies the condition
ψa

2n+1 = 0 on |y| = d.
As before we aim to re-expand the integrand of (21) in terms of polar coordinates.

Starting with the generating function for the modified Bessel function ([21], §9.6.33)

e
1

2
z(t+1/t) = I0(z) +

∞∑

m=1

(tm + t−m)Im(z)

and substituting t = ie(v±iθ), z = kr we find, 1
2 (t+ 1/t) = i sinh(v ± iθ) = i sinh v cos θ∓

cosh v sin θ and then

eikx sinh v sinhλy = 1
2eikr sinh(v−iθ) − 1

2eikr sinh(v+iθ)

=−2i

∞∑

m=1

(−1)m sinh 2mv sin 2mθI2m(kr)

+2

∞∑

m=0

(−1)m cosh(2m+ 1)v sin(2m+ 1)θI2m+1(kr) (22)
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from which the integrand in (21) can be expressed in terms of (r, θ) only and we have

ψa
2n+1(r, θ) = K2n+1(kr) sin(2n+ 1)θ +

∞∑

m=0

B2m+1,2n+1I2m+1(kr) sin(2m+ 1)θ (23)

where

B2m+1,2n+1 = −2(−1)m+n

∫ ∞

0

e−λd

sinhλd
cosh(2m+ 1)v cosh(2n+ 1)vdv. (24)

The general solution in (13) satisfying (1) and (4) can now be written entirely in terms
of (r, θ) using (19) and (23). We are therefore in a position to apply the final boundary
conditions of the problem which apply on r = a. In the simpler case of clamped edge
conditions, application of (5) and using the orthogonality of sin(2m+1)θ over 0 < θ < 1

2π
gives

am
Y2m+1(µ)

Y ′
2m+1(µ)

+ bm
K2m+1(µ)

K ′
2m+1(µ)

+

∞∑

n=0

an
J2m+1(µ)

Y ′
2n+1(µ)

A2m+1,2n+1 +

∞∑

n=0

bn
I2m+1(µ)

K ′
2n+1(µ)

B2m+1,2n+1 = 0

and

am + bm +

∞∑

n=0

an
J ′

2m+1(µ)

Y ′
2n+1(µ)

A2m+1,2n+1 +

∞∑

n=0

bn
I ′2m+1(µ)

K ′
2n+1(µ)

B2m+1,2n+1 = 0.

Trapped modes correspond to non-trivial solutions of the real infinite homogeneous sys-
tem of coupled equations above, for kd < π. It proves useful to express these equations
in a canonical form

∞∑

n=0

anC2m+1,2n+1 +

∞∑

n=0

bnD2m+1,2n+1 = 0 (25)

and
∞∑

n=0

anE2m+1,2n+1 +
∞∑

n=0

bnF2m+1,2n+1 = 0 (26)

in which

Cm,n =
Ym(µ)

Y ′
m(µ)

δmn +
Jm(µ)

Y ′
n(µ)

Am,n, Em,n = δmn +
J ′

m(µ)

Y ′
n(µ)

Am,n,

Dm,n =
Km(µ)

K ′
m(µ)

δmn +
Im(µ)

K ′
n(µ)

Bm,n, Fm,n = δmn +
I ′m(µ)

K ′
n(µ)

Bm,n. (27)

In the case of free edges, where we apply (6) to (13) with (19) and (23), the situation
is algebraically more complicated. We are aided by the fact that, by definition, ∆φa

n =
−k2φa

n applied. Similarly, ∆ψa
n = k2ψa

n. Thus, we end up with the same canonical set of
equations as above, but with (27) replaced by

9



Cm,n =

[
(−µ2 + ν1m

2)
Ym(µ)

Y ′
m(µ)

− ν1µ

]
δmn

+

[
(−µ2 + ν1m

2)
Jm(µ)

Y ′
n(µ)

− ν1µ
J ′

m(µ)

Y ′
n(µ)

]
Am,n,

Dm,n =

[
(µ2 + ν1m

2)
Km(µ)

K ′
m(µ)

− ν1µ

]
δmn

+

[
(µ2 + ν1m

2)
Im(µ)

K ′
n(µ)

− ν1µ
I ′m(µ)

K ′
n(µ)

]
Bm,n, (28)

and

Em,n =

[
−µ(µ2 + ν1m

2) + ν1m
2Ym(µ)

Y ′
m(µ)

]
δmn

+

[
−µ(µ2 + ν1m

2)
J ′

m(µ)

Y ′
n(µ)

+ ν1m
2 Jm(µ)

Y ′
n(µ)

]
Am,n,

Fm,n =

[
µ(µ2 − ν1m

2) + ν1m
2Km(µ)

K ′
m(µ)

]
δmn

+

[
µ(µ2 − ν1m

2)
I ′m(µ)

K ′
n(µ)

+ ν1m
2 Im(µ)

K ′
n(µ)

]
Bm,n. (29)

It should be noted that Am,n and Bm,n only depend upon kd and not µ = ka. This is
particularly useful for improving the efficiency of the numerical scheme, where most of
the effort goes into computing Am,n and Bm,n, which is independent of a/d.

4. Further solutions for alternative symmetries

In this section, we briefly outline the method of solution, based on that in the previous
section, for all remaining possible modes of symmetry.

For modes which are both antisymmetric about y = 0 and x = 0, the multipoles
are based upon the singular solutions H2n(kr) sin 2nθ, K2n(kr) sin 2nθ. In this case the
multipoles are given by

φa
2n(r, θ) = −iH2n(kr) sin 2nθ − (−1)n

π

∫ ∞+iπ

−∞

eγd sinh γy

sinh γd
e−2nv sin(kx cosh v)dv (30)

and

ψa
2n(r, θ) = K2n(kr) sin 2nθ + (−1)n

∫ ∞

0

e−λd sinh γy

sinhλd
sin(kx sinh v) sinh 2nvdv. (31)

Then, converting the integrands in (30) into polar coordinates, using (16) and (22) we
obtain

φa
2n(r, θ) = Y2n(kr) sin 2nθ +

∞∑

m=1

A2m,2nJ2m(kr) sin 2mθ

and

ψa
2n(r, θ) = K2n(kr) sin 2nθ +

∞∑

m=1

B2m,2nI2m(kr) sin 2mθ

10



where

A2m,2n =
4(−1)m+n

π

∫ ∞

0

e−γd

sinh γd
sinh 2nv sinh 2mvdv

+
4

π

∫ 1

2
π

0

cot(kd cosu) sin 2nu sin 2mudu. (32)

and

B2m,2n = −2(−1)m+n

∫ ∞

0

e−γd

sinh γd
sinh 2nv sinh 2mvdv.

As before the cut-off frequency is defined by kd = π and for ω < ωc, the multipoles above
are real. The general solution, in terms of the multipoles given above and reusing the
coefficients an and bn, is written

w(x, y) =

∞∑

n=1

an
φa

2n(r, θ)

Y ′
2n(µ)

+ bn
ψa

2n(r, θ)

K ′
2n(µ)

.

Application of the clamped edge conditions on r = a gives

∞∑

n=0

anC2m,2n +

∞∑

n=0

bnD2m,2n = 0 (33)

and
∞∑

n=0

anE2m,2n +

∞∑

n=0

bnF2m,2n = 0 (34)

using the definitions in (27), whilst the same system holds for the free edge conditions
on r = a, with matrix elements given instead by (28) and (29).

If symmetric modes are considered, so that (12a) is replaced by (12b) then a further
set of combinations is generated. We start with

φs
2n(r, θ) = −iH2n(kr) cos 2nθ +

(−1)n

π

∫ ∞+πi

−∞

eγd

cosh γd
cosh γy cos(kx sinh v)e−2nvdv

the additional integral ensuring the symmetry condition holds and such that the condition
on y = d is met. Using

eikx sinh v cosh γy = J0(kr) + 2

∞∑

m=1

im coshmv cosmθJm(kr)

gives

φs
2n(r, θ) = Y2n(kr) cos 2nθ +

∞∑

m=0

A2m,2nJ2m(kr) cos 2mθ

where

A2m,2n =
2εm(−1)m+n

π

∫ ∞

0

e−γd

cosh γd
cosh 2nv cosh 2mvdv

− 2εm
π

∫ 1

2
π

0

tan(kd cosu) cos 2mu cos 2nudu

11



is real provided kd < 1
2π. In the above ε0 = 1 and εn = 2 for n ≥ 1. Also,

ψs
2n(r, θ) = K2n(kr) cos 2nθ +

∞∑

m=0

B2m,2nI2m(kr) cos 2mθ

where

B2m,2n = −εm(−1)m+n

∫ ∞

0

e−λd

coshλd
cosh 2mv cosh 2nvdv.

Finally, for symmetry about y = 0 and antisymmetry about x = 0 we have

φs
2n+1(r, θ) = Y2n+1(kr) cos(2n+ 1)θ +

∞∑

m=0

A2m+1,2n+1J2m+1(kr) cos(2m+ 1)θ

where

A2m+1,2n+1 =
4(−1)m+n

π

∫ ∞

0

e−γd

cosh γd
cosh(2n+ 1)v cosh(2m+ 1)vdv

− 4

π

∫ 1

2
π

0

tan(kd cosu) sin(2m+ 1)u sin(2n+ 1)udu

whilst

ψs
2n+1(r, θ) = K2n+1(kr) cos(2n+ 1)θ +

∞∑

m=0

B2m+1,2n+1I2m+1(kr) cos(2m+ 1)θ

where

B2m+1,2n+1 = −2(−1)m+n

∫ ∞

0

e−λd

coshλd
sinh(2m+ 1)v sinh(2n+ 1)vdv.

Application of clamped edge or free edge conditions to either of the symmetric modes
considered above leads to systems of equations for the unknown expansion coefficients as
before.

5. Results

Mathematically, trapped waves correspond to the vanishing of the infinite determinant
of the real matrix defined by combining the two systems of linear equations in either (25),
(26) or (33), (34), depending on the symmetry. In the computation of the trapped waves,
each system of equations is truncated to include N + 1 coefficients an and bn. In other
words we seek a zero of the real determinant of a (2N + 2)-square matrix. The elements
of the matrix require the computation of the coefficients Am,n and Bm,n, either via (27)
for clamped edges or via (28), (29) for free edges on the circle r = a and where m,n are
either even or odd, depending upon the symmetry being considered. We note that Am,n

and Bm,n depend only on kd and have symmetries in m and n, whilst the independent
parameter a/d is used only in defining the matrix elements. These facts can be used to
improve the numerical efficiency. The factors Am,n and Bm,n are evaluated numerically
using a basic Guassian quadrature scheme; the infinite integrals decay expontentially at
infinity.

The value of truncation parameter N used depends upon a/d. Numerical experimen-
tation suggests that for a/d < 0.75, a value of N = 12 ensures five place accuracy in the
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Fig. 2. Relationship between wavenumber, kd, and size of circle, a/d, for trapped waves with antisym-
metry in y. Solid/dashed lines refer to symmetry/antisymmetry in x

value of the trapped wave frequencies, whilst larger values of N are required for similar
accuracy as a/d→ 1.

No evidence of trapped waves were found for a hole which is clamped, for each of the
four symmetries. In contrast, when the hole has a free edge, trapped waves have been
located (numerically) in each of the four symmetries. The results, shown in terms of the
two paramaters kd and a/d are presented in figures 1 and 2. Thus, in the first figure,
we consider modes which are antisymmetric about the centre of the guide, and either
symmetric (solid line) or antisymmetric (dashed line) about the line x = 0. Also shown
is the non-dimensional cut-off wavenumber kd = π. The symmetric mode exists for all
a/d, whilst the antisymmetric mode only exists for a/d > 0.86. The two curves appear
to approach one another as a/d → 1. In this limit, the guide is divided in two by the
circle, and the notion of symmetry and antisymmetry is lost.

Similar qualitative results have been reported for circles in acoustic waveguides (equiv-
alent to circular cylinders in channels in the theory of water waves) by [19] and [23] who
computed the modes with symmetry and antisymmetry about the x = 0 line.

In figure 3, the same set of results are shown for modes which are symmetric about the
centre of the guide. Here, the cut-off wavenumber is kd = 1

2π (dotted line). Again, modes
with symmetry in x exist for all a/d, whilst those antisymmetric in x can only just be
seen in figure 3, in the top right hand corner, existing for a/d ≥ 0.99. Again, these two
curves appear to meet as a/d→ 1.

An illustration of the modal shape of the trapped wave is given in figure 4; see figure
caption for parameters. The amplitude of the deflection vanishes as |x| → ∞.

6. Conclusions

In this paper, we have provided numerical evidence for new examples of trapped waves
on thin elastic plates. It has been shown that trapped waves exist for circular cut-outs
with free edges, of all radii, centrally placed within a waveguide with simply supported
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Fig. 3. Relationship between wavenumber, kd, and size of circle, a/d, for trapped waves with symmetry
in y. Solid/dashed lines refer to symmetry/antisymmetry in x.

conditions placed upon the lateral boundaries. These conditions imply, using image ar-
guments, the existence of trapped waves for an infinite periodic array of circular holes in
an infinite thin elastic plate. In this context, the practical importance of trapped waves
is that large resonances can be expected to occur for large finite linear periodic arrays
of circular holes, in accordance with [24] work showing the relationship between trapped
waves in acoustic waveguides and acoustic scattering by large periodic arrays.

There are a range of extensions to the current work that can be considered. The simply-
supported conditions on the lateral boundaries of the waveguide could be replaced with
more realistic clamped or free edge conditions. It can be shown that, in either case,
there is a non-zero cut-off frequency. However, as pointed out in the text, the method
of solution would require a non-trivial modification. Secondly, we have shown that the
circular cut-out requires free edge conditions to support trapped waves, whilst in the
Introduction we describe wave trapping by dividing the guide in two with a free-edged
cut perpendicular to the guide. It might therefore be informative to consider the effect
of a cut perpendicular to the guide but which only partially extends across the guide, a
relatively simple problem to investigate mathematically. Finally, it should be possible to
provide rigourous existence and non-existence proofs for trapped waves, possibly using
variational methods similar to those used by [25] in proving the existence of trapped
waves in acoustic waveguides.
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