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Abstract

In this technical report we describe the method of solution to a variety of two-
dimensional problems involving semi-immersed cylinders of rectangular cross-section
piercing the free surface of a fluid of constant finite depth h. The aim is to be able
to calculate the various components of added mass and radiation damping coefficients
which can be used to characterise the two-dimensional time-harmonic oscillations of a
cylinder in waves. The problems of a single cylinder making forced oscillations in sway,
heave and roll in fluid of unbounded horizontal extent are considered first. Similar
calculations are then made for a cylinder in forced motion placed next to a vertical
wall.

1 Introduction

In this technical report we consider the forced motion of a cylinder of rectangular cross-
section which extends through the free surface of a heavy fluid. The fluid is of finite depth
and the motion of the cylinder and surrounding fluid is two-dimensional.

In the first part we consider a cylinder in isolation, meaning that there is a free surface
either side of the cylinder extending towards infinity. In the second part, we place the same
cylinder to the right of a vertical wall exteneding through the depth of the fluid. In both
situations, we are interested in calculating the hydrodynamic coefficients that can be used to
characterise the small-amplitude time-harmonic motion of the cylinder. These are the non-
dimensional added-mass and radiation damping coefficients, being the real and imaginary
components of the complex hydrodynamic force (or moment) on the cylinder. They apply to
each of the three independent modes of motion of the cylinder in a two-dimensional plane are
(in the terminology of ship hydrodynamics) sway, heave and roll. These refer, respectively,
to translational oscillations in the horizontal and vertical directions with respect to a fixed
frame of reference and the rolling oscillations about a fixed point.

The report has been written to accompany the paper of Evans & Porter (2008) in which
approximations are developed for the hydrodynamic coefficients for a cylinder next to a wall
in terms of those in the absence of a wall. The theoretical expressions derived in Evans
& Porter (2008) are tested numerically in the cases of circular semi-immersed cylinders in
addition to cylinders of rectangular cross-section.



This report contains the solution to six different problems. They are the forced sway,
heave and roll of a cylinder in isolation and in the presence of a wall. The method of solution
in each of the six problem is similar to the other five. The details do, however, vary to the
extent that the solution to each problem but must presented separately. The solution to the
first problem is outlined in some detail, and thereafter it is assumed that the reader should be
able to follow the general approach that has been adopted and apply that approach to later
problems. Though the mathemtical details become increasingly sparse towards the end of
the report, there should be enough detail given to be able to reproduce results. It should be
noted that the problem of rectangular cylinders in heave only has previously been the subject
of a paper by Porter & Evans (2008), although we report a slightly different formulation of
the solution here. Though we present an outline of the numerical method used to produce
results, we do not present any results within this report. Some typical results are available
in the paper of Evans & Porter (2008).

1.1 Definition of the problem

Cartesian coordinates are used with the origin in the undisturbed free surface, and y
vertically downwards. When at rest, the submerged cross-section of the cylinder occupies
b—a<z<b+a,0<y<d Thefluid is of density p and of finite depth, h. The mass of
the cylinder is M = 2pad (by Archimedes’ principle). The roll axis of the cylinder is given
by (z,y) = (b,c). In section 2 when we consider a cylinder in isolation, we take b = 0. In
section 3, in which the cylinder is situated next to a wall, the wall is located along x = 0,
for 0 < y < h, with b > a, so that the cylinder is separated from the wall.

The motion is two-dimensional and time-harmonic with angular frequency w so that
the velocity potential is given by R{¢(z,y)e *!}. The linearised free surface condition is
¢y + K¢ =0ony=0 where K =w?/g and g is gravity. At the bottom of the fluid, y = h,
we impose ¢, = 0. In the fluid, ¢ is harmonic. Other boundary conditions apply on the
cylinder and are stated at the appropriate point in the text.

2 A swaying, heaving and rolling cylinder in isolation

As a reminder, we take b = 0 throughout this section so that the cylinder occupies the
region —a < =z < a, 0 < y < d of the fluid when at rest. When in motion, the linearised
kinematic boundary conditions apply on x = +a, 0 < y < dand y = d, —a < = < a.
In the construction of each of the solutions below, advantage is taken of the geometric
symmetry of the rectangular cylinder to divide the solution to the hydrodynamic problem
into components which are symmetric and antisymmetric about the centreline x = 0. For
swaying and rolling cylinders, only the antisymmetric problem features and for the heaving
cylinder, it is only the symmetric problem which features. Thus boundary conditions need
only be placed on half of the cylinder surface in x > 0 with the appropriate condition placed
on the line x = 0, d < y < h extending vertically throughout the fluid. That is, for symmetric
(antisymmetric) solutions about z = 0, we impose Neumann (Dirichlet) conditions on z = 0
for d < y < h. Accordingly, solutions are sought only in x > 0, and can be extended into
x < 0 appropriately.

The superscripts s, h and r are used to identify problems associated with sway, heave
and roll. Functions X, Y and Z with F', G and H and coefficients P,;, S;; and T;; (in section
3, matrices P;;, S;; and T;;) are used respectively for the sway, heave and roll problems.
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2.1 Boundary conditions

For a swaying cylinder, we require

ol =1, onzr=a,0<y<d,
¢, =0, ony=d,0<zx<a,
¢° =0, onz=0,d<y<h;

for a heaving cylinder we require

o =0, onx=ua,0<y<d,
gb];:l, ony=d,0<zx<a, (2.5
gb];:(), onz=0,d<y<h; (2.6)

for a cylinder rolling about y = ¢ we have

¢h = (y —c), onzr=a,0<y<d, (2.7)
o, = —x, ony=d,0<x<a, (2.8)
o' =0, onzx=0,d<y<h, (2.9)

2.2 Notation and definitions

Before embarking on the solutions we introduce the reader to some standard notation
associated with water wave problems in finite depth. See Linton & Mclver (2001) for more
details.

The depth eigenfunctions associated with water of depth h with a free surface are defined
by

(2.10)

1 in 2k, A
Un(y) = Ny coskn(h—y),  Na=3 (1 + = )

2k, h
with K = w?/g = —k, tan k,h defining real k,, € ((n — 3)m,n7) for n > 1 and ko = —ik, k
positive and real defined by K = ktanh kh.

In the region under the rectangle, the eigenfunctions associated with a homogeneous
Neumann condition on y = d and y = h are given by ¥,(y) = /% cos tn(y — h) and
pn =nm/(h—d), g =1, €, =2, n>1.

Both sets of eigenfunctions are orthogonal, satisfying the relations

R . h N . h
(s ) = / Dn()dn(@)dy = (h—d)Spm,  and / ()b ()Y = R, (2.11)

Of continued use in this report are the quantities

d . _ . _ T
I, E/ Goly)dy NO_1/2 {smh kh s;{nh k(h —d) (2.12)
0
and ; i
ink,h — si h —
L, E/ bn(y)dy = N2 {Slnk‘n S;nk’n( d) (2.13)
0 n |



in addition to

Moztéw—dwwmy

-1 , , coshk(h —d) coshkh
= m {(d — ¢)sinh k(h — d) + csinh kh + . B } (2.14)

and

d
MzElA@—d%@My

-1
N2 {(d — ¢)sink,(h — d) + csink,h —

cos kn(h — d) . cos knh
ky kn

] . (2.15)

2.3 A single cylinder in sway

Central to the method of solution are the particular solutions that we employ to deal
with the inhomogeneous boundary conditions in each of the problems above (see equations
(2.1)-(2.9)). These are designed in a piecewise fashion to fit in with the decomposition of the
potential into rectangular subdomains of the fluid. We label region [, 0 < z < a, d <y < h,
and region I, x > a, 0 < y < h and use superscripts I and II to denote that the potentials
are being defined in these regions.

For the swaying problem, we define a potential

iL — Lo poea
X' = ——0% elklr=a) Z_h Fin ¢n( ) (2.16)

which satisfies X7 = 1 on z = a, 0 < y < d (as required by (2.1)) and also X7 = 0 on
x = a, d <y < h (this is not required by the problem, but chosen because it assists later
algebraic manipulations) in addition to the required free surface and bottom conditions. In
addition, note that on x = a,

X (a,y) = —1L—01/10( )+ F(y), where FH(y ZL—h : (2.17)

With this we define the potentials in I and I1 for the swaying cylinder as, in II

¢*(,y) = X" (z,y) + (a§ +1Lo/kh)e™ ™~V (y) + Z se =Dy (y) (2.18)

and in I .
¢°(x,y) = bz + > _ b5 sinh (1) P (y) (2.19)

n=1

where p, = nm(h—d). These expansions are ‘general solutions’ to the problems, in which the
inhomogeneity has been taken care of by the particular solution. It remains to determine the
coefficients a; and b;. This is done by matching pressure and velocity across the common
interface * = a, d < y < h and by application of the boundary condition along x = a,
0 < y < d of the cylinder.



Equating velocities gives

XM (a,y) +ik(al +iLo/kh)o(y Z kna; i (y
U(y) = ¢3(a,y) = (2.20)
bibo(y) + Z b3y cosh ()b, (y)

n=1

where U®(y) is an unknown function representing the horizontal component of velocity
through the depth. Application of the orthogonality conditions gives

ikhal — Lo = (U, 00),  —knha® = (U*, ) (2.21)

and
by(h—d) = (U 0),  piallh — )b cosh(pa) = (U*, i), (2.22)

Next, matching pressures gives

biato(y +Zb sinh (f,a) 0, (y) = FX(y) + adwbo(y —|—Za8¢n (2.23)

and then substitution for the coefficients in the above from (2.21), (2.22) gives

h PN
/d U () Ko (3, D)t = aliboly) — biadho(y) + df3(9) (2.24)
where .
L Bul(y)
asym y7 Zl [ mrcoth,un (225)

and f3(y) = F(y)/d, with £ = ¢o(y), f5 = 1o(y). Thus we have an integral equation for
U*(y); one forced by a linear combination of three linearly-independent functions and two
unknown coefficients.

We proceed by letting

U(t) = d{asus + bius + us} (2.26)
where @ = ao/d and b = —bya/d in which the functions uf(y) satisfy
h
[ w0 K a0t = ). =123 (227)
d

We define P;; = (f7,u5). Then we insert (2.26) into the first equations in (2.21) to give
ikha = (Lo/d) + a5Piy + b Pry + Pis (2.28)
and, similarly, into the first equation in (2.22) to give
—b3(h —d)/a = a3 Pyy + b Py + Pas. (2.29)

These two equations (2.28), (2.29) can be solved for the unknown coefficients a3 and bg.



The sway component of the sway induced added-mass (A;;) and radiation damping (Bi1)
is defined as

d
(A + 1By fw) = —2iwp / #*(a, y)dy (2.30)

(the factor of 2 on the right-hand side is because we need to include the contribution from
x <0).

We do not evaluate the right-hand side integral above directly Instead, we apply Green’s
Identity over region II to ¢* and X!/, employing all the appropriate boundary conditions on
the four sides of the semi-infinite rectangle. The contribution all but one side, x = a and
hence we are left with the identity

h
| exit-xte
0

dy = 0. (2.31)

Using the appropriate definitions of ¢, X!/ and their derivatives on each section of the
interval from 0 < y < d and d < y < h gives

/0 ¢s(a,y)dy=9€”+/ U*(y) X" (a,y)dy (2.32)

d

where, from using (2.17) with (2.12), (2.13),

72 72
iLg Lz

xXM=——2_ . 2.33
kh <= kyh (2:33)
The final integral in (2.32) above evaluates, using (2.17), to
" r Lo
| U)X gy = 2 ) AU £, (2.34)
d
Bringing (2.33), (2.34) together in (2.32) and substituting in to (2.30) now gives
. 2 |~ = n/d ~s 1s
(A1 +iBu/w) = —2pd” |ag(Lo/d) — Z + ag Py + by P32 + Pss | (2.35)
n=1
The non-dimensional added-mass and damping are defined as p;; = A /M and vy =

By1/(wM) where M has dimensions of mass (we use the mass of the cylinder, assumed to
float when at rest so that M = 2pad by Archimedes’ principle).

2.4 A single cylinder in heave

We define a particular solution for the heaving problem, in region I, by

L(h—y? 1(*—a)
o (h—d) 2 (h—a)

Yi(z,y) = — (2.36)

(this is not a unique definition, but one which serves to simplify the algebra later on) and is
such that
1(h—y)?

Yi(a,y) = -G (y) where G'(y) = Sth—d)

szl(a?y) — (237)

(h—d)’



Then the expansion for the potential in region I is written
¢"(x,y) =Y (w,y) + b6 + Y bl cosh(pna)ibn(y) (2.38)
n=1

where Y/ accounts for the inhomogeneous boundary condition on y = d and the remain-
ing terms satisfy homogeneous boundary conditions there and elsewhere. In region II, the
potential is expanded as

¢ (x,y) = ahe* @ Dapy (y) + Za e Fn@=a)y (). (2.39)

n=1

The remainder of the solution follows in a manner very similar to in the previous section for
sway. Thus, after defining U"(y) = ¢"(a,y), for d < y < h, we have

ikhal = (U™ 4y), —kphal = (U" 4,), n>1 (2.40)

with
fin(h — d)b" sinh(pna) = (U™ 4h,),  and — (U", 1) = a (2.41)

(the latter equation incidentally an expression of conservation of flux). Then, matching ¢"
across r = a, d <y < h gives

/d UM () K sy (3, )t = alibo(y) — Hidholy) + GT(9) (2.42)

where Ky, (y,t) is

Kop(.1) Z[wn n@) | Gaaly) | (2.43)

— mr tanh p,a

Now we write

U"(t) = a{agui () + bz (1) + ((h — d) /a)us(t)} (2.44)

where @ = a//a and b = bl /a and solve

[ 0Kt = i), =123 (2.45)
d

with fI(y) = to(y), f(y) = Yo(y) = 1 as before and f# = GX(y)/(h — d). Then, defining

Sij = <fihau?>7 1,7=1,2,3 (2.46)
we have
lkhdo = CLOSH -+ b 512 + ((h - d)/a)513 (247)
with
1= CLgSQl + thQQ + ((h d)/a)5’23 (248)

these two equations are used to determine the non-dimensional coefficients af, bh.



All that remains is to calculate the heave component of the heave induced added mass
and radiation damping, Ass and B, defined as

iw(Agg +1Bgy /w) = —inp/ " (z,d)dx. (2.49)
0
Application of Green’s Identity to the harmonic functions ¢" and Y7 in region I (i.e. d <

y < h, 0 < x < a) gives, after using the known definitions of those functions and their
derivatives on the boundaries of the rectangular domain,

/ " (x,d)dx —/0 Y(2,d)dx + ——r (h 2 ———— (¢ aho) + (h— d) (U, 1. (2.50)

In the above the first term evaluates to

I — ‘T 2 (h—d) a
V= /0 Y (z,d)dz = —a 5t 50h—d) (2.51)
whilst the middle term is
a ~ ~ ~ ~
0 d) (¢" o) = —a?bl — 0 d) (G', o) = —a’b}y — La(h — d). (2.52)

Then we find that
(h —d)

[agsgl 4 b8y + ((h — d)/a)Sss + §H
(2.53)

. 1 a A
(Azs + 1B /w) = 2pa’ [5 (m) +bg —

and the non-dimensional coefficients are pige = Ago/M and 9y = Bag/(wM).
2.5 A single cylinder in roll

This is more complicated than the previous two problems, because there are inhomo-
geneous boundary conditions on all both vertical and horizontal sides of the rectangular
cylinder.

In the region I, {0 < z < a, d < y < h} we define a particular solution accounting for
the inhomogeneous boundary condition on y = d, Z!(z,y), satisfying V2Z! = 0, in I with
the four boundary conditions Z(z,h) = 0, Z}(x,d) = —z, Z'(0,y) = 0 and Z[(a,y) = 0.
The solution is readily determined by separation of variables and is given by

"sin(A,2) cosh A, (h — y)
=2 2.54
) Z )\3as1nh)\ N (2:54)

where A, = (n+ 3)7/a. Quantities of specific interest are

h A, (h—y)
H! Z(a,y) = 2 § o3 9.
(y) = 2"(a,y) )\3asmh)\ (h —d) (2.55)
in addition to
th A(h —d
(z,d) = 2§ j “co ( ) sin(a2) (2.56)



In region II, being {z > a, 0 < y < h}, the function Z'(z,y) is designed to absorb
the inhomogeneous boundary condition on z = a is harmonic and satisfies the conditions
ZH(a,y) = (y—c)onz = a for 0 < y < d whilst Z!1(a,y) =0 ford <y < h. As z — o0,
only outgoing waves are possible. Again, the solution is straightforward to determine via
separation of variables and we find

iM, M, _ (e—a
21wy = e = D e ) (2.57)

where M,, are defined by (2.14), (2.15).
We shall be interested in

o0

—iMo 11 11 M,
o Vo) + H(y),  where  H (y):_;ﬂ

7" (a,y) = Unly)  (2.58)

Armed with these two functions, we now expand the potential in each of the regions I and
I1, using Z! and Z! to take account of the inhomogeneous boundary conditions (2.7), (2.8)
that ¢" must satisfy and expanding the remaining part of the potential in terms of functions
satisfying the homogeneous boundary conditions. In the region II (z > a) we write

¢ (,y) = 2" (x,y) + (ag + 1Mo k)™ (y) + Y - ape™™ Dy, (y) (2.59)

and in region I (0 < x < a) we write

¢ (x,y) = Z (x,y) + bhw + Z b7 sinh (), (). (2.60)
n=0
It follows that
U'(y) = dhlay) = Z3'(a,y) + ik(ag +iMo/kh)io(y Zk apthn(y), 0 <y 2H61)

= Zl(a,y) + by +Z (bl cosh(pna)hn(y)  d <y < h. (2.62)

n=1
Using orthogonality of 1, (y) and ), (y) gives
ikhal, — Mo = (U", o), and — knha, = (U", n), (2.63)

and
b(r](h - d) = <UT7 77Z}0>7 and Nn(h - d)b; COSh(/lna) = <UT7 ¢n>’ (264>

in which the conditions on the vertical face of the rectangular cylinder have been used.
Next, matching ¢" from each region across z = a gives

H(y) + bhatbo(y) + Zb’" sinh (@)t (y) = H (y) + alio(y) + Zarwn (2.65)



Inserting the definitions of a] and 0] from above, gives
h
[ U0 K008 = G5 £70) = B3 0) + 5 ) (2.60)

where f7(y) = ())7 5(y) = doly) = L, fi(y) = (H"(y) — H'(y)) /&

Now we let u[(t) be the solution of

h
/ (O Koy 00 = [1(y),  d<y<h, i=123 (2.67)
d

such that X
U™ (t) = d*{aguy (t) + bous(t) + us(t)} (2.68)
and a = afy/d?, by = —bha/d?. We also define
Ty=(flu),  ij=123 (2.69)
and substituting (2.68) into (2.63) and (2.64) we find
ikhao = CLOTH + b T12 + T13 + (M(]/dQ) (270)

and

d B
- d6T21 —|— b6T22 + T23. (271)

These two equations are used to determine the non-dimensional coefficients a;; and ZA)S

Again, we calculate the roll component of the roll-induced added inertia and radiation
damping, A3z and Bss, defined as the real and imaginary parts of the complex torque on the
rectangular cylinder about (0, ¢). Thus we have

d

w(Ags + Ba ) = —2iwp / ()6 (2, d)da — 2iwp / - (wmydy  (2.72)

We deal with each of the integrals on the right-hand side in turn, but in much the same way

as one another. First, we apply Green’s Identity in region I to the functions ¢"(z,y) and
Z!(z,y) and find

/0 (o) () = /0 ()2 (@, d)de — (U7, HT (2.73)

on account of the way that the function Z/(z,y) has been defined upon its boundaries.
The integral above can be evaluated directly from the definition of Z! to give

zfz/oa( 2)Z (z, d)d _—QZCOthA (h=d) (2.74)

Moving onto the second integral in (2.72. We again use Green’s Identity, this time in region
IT with ¢" and Z!! and find

/0 (v — )" (a, d)dy = / (v — 2" (a,y)dy + (U7, H') — (Mo/k)(U” o). (2.75)
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The first integral in (2.75) can be evaluated directly from the definition of Z! to give

d —iM2 e M2
ZI - —)ZM(a,y)dy = ——0 " L 9.
[ =02 = =g =3 g (2.76)

where (2.14), (2.15) have been used. Combining (2.73)—(2.76) and inserting in (2.72) we
obtain

(Ass +1Bss/w) = —2p [2" + 2T +1M7 /kh + d*(U", f3) + d*afM,] (2.77)
after using ikhal, — My = (U",1bo). Then finally,
: 4 Ar 2 - M /d 1 AT ir
(A33 =+ 1333/&)) = —2pd M /d Z + Z -+ {CLOT31 -+ bOT32 + ng}
n=1

(2.78)
These are to be non-dimensionalised by a moment of inertia, I, having dimensions equal to
the fourth power of length. Thus, non-dimensional coefficients 33 = Ass/I, v33 = Bss/(wl).

2.6 The remaining hydrodynamic coefficients: the cross terms

Cl@&l‘ly, we have A21 = A23 = Alg = A32 = 0 and B21 = B23 = Blg = B32 = 0, as
heave motion is symmetric and sway and roll are both antisymmetric about the geometric
line of symmetry, x = 0. That is, symmetric motions cannot induce antisymmetric forces
and moments and vice versa.

The first of the non-zero terms to consider is the roll-component of added mass and
radiation damping due to forced sway motion. Thus we have

d a
iw(A13 +1B3/w) = —inp/o ¢*(a,y)(y — c)dy — Ziwp/o ¢°(z,d)(—z)dx. (2.79)

We use Green’s Identity to for the first integral, in region II with ¢, and Z! to give

d d h
| otan-aw= [ 2@+ / U2 )y, (280)
0 0
The first integral is
d o (o)
| 2 anay = =5 - 2.81)
0
The second integral is
" I —iMo I
/ U(y)Z" (a,y)dy = W(ikhag — Lo) +(U®, H"). (2.82)
d
Thus
d N = M,L, R
0 n=1 """

In a similar manner, we use Green’s Identity in region I with ¢* and Z! to give

/0 (o) (o, ) = — /d U () 2 (a0, y)dy = —(U°, HT). (2.84)



The net outcome is that

M, /d?)(Ln/d)
h

Aps+iBis/w = —2pd® | a5 (Mo /d*) — Z ( p
n=1 n

+{ag(us, f5) + b5 (us, f5) + (us, fé")}]

(2.85)
Non-dimensional coefficients are defined by jus = Ay3/v/MI and 115 = Bis/(wvIM). Sim-
ilarly for the 31 components below.
Next, consider the reciprocal terms, which represent the sway component of added mass
and radiation damping due to forced roll motion. In other words,

d
iw(Asz) +1B31/w) = _inp/o ¢"(a,y)dy. (2.86)

We use Green’s Identity with ¢” and X! to give

| @y = [ =X @ty - L0 v+ 0T @)

Doing the same things as before we get

= n d M d? R -
Agy+iBay oo = 20" [ Lofd) 3 Ll DOBIE) i, iy + Byt ) + (5, 1))
n=1
(2.88)

2.7 Numerical solution of the integral equations

The numerical procedure for solving the integral equations is as follows and is based on
the Galerkin method in which we write

N
u(y) = > adi o (2.89)

n=0
(the notation here is a little awkward) for given functions v, (y), n = 0, ..., N and, by making
the residual of the integral equation orthogonal to the space spanned by the functions v,,(y),
m =20,..., N we derive the system of equations
N
> ayiKEwm = Fer m=0,... N (2.90)
n=0
and
N
> ah Ky =FW, m=0,...,N (2.91)
n=0
for i = 1,2,3 whose solutions determine a;""". In the above
o0 (1) (2) 2(2) o0 (1) (2) 2(2)
K(asym Z Tm Fr’n F'nm and K(Sym) _ Z Fr7n Fr,m F’I‘,n F’r,m
o — r7r coth p.a o — rmtanh p,.a

(2.92)
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and

- | o)y, FE) = / o) (9)1, (2.93)
with .
Fhrs®) = /d v () 5 (y)dy. (2.94)
Then finally
N N N
e AR, SR, Te SR e
n=0 n=0 n=0

We choose the standard sets of function for v,,(y), defined by

(=1)"252m)IN(E) O ((h —y)/(h - d))
7l'(2m + %)(h —d)1B[(h—d)?— (h—y)?]/3

um(y) = (2.96)

where CT(,’{ )() is the ultraspherical Gegenbauer polynomial. The normalisation is chosen to
give the simplest form for FT(QL Thus we find that

1o Ty (ke (h = d)) Jom1/6(1)
PO N-1/2 2m+1/6 d 2 — /oZemT /0L T f > 1.
= N e BV,
(2.97)
Next,
. 1o Lamyo (k(h = d)) oy 20
Flhr — (Z1)™ N, 1/222m+1/6 , and  FEhrD = S5, (2.98)
[k(h — d)]1/6 T'(3)
Finally
, = (L,/d
PO = 3 ( k/h ) pm. (2.99)
r=1 T
and

g 92716 . 54 271/6 .
(hi8) — F8) = and  F") =0, form>2  (2.100)

T TTR) TSV m
and
- M/d2 )" Iomi1/6(Ar(h — d))
W/ d) oy _ : 2.101
Z nm Z )\3ad2 h d)]'/6 sinh \.(h — d) ( )

r=1

2.8 Low-frequency asymptotics

We consider the result on v;;, the non-dimensional radiation damping, of letting the
frequency w tend to zero. Accordingly, the dimensionless wavenumber kh — 0, whilst all
other length scales are held fixed with respect to h.

As will be shown, we can ascertain the leading order behaviour of v;; as kh — 0 with-
out having to solve the integral equations, although the arguments given below are not
particularly rigorous. We start by looking at vss.
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As a result of letting kh — 0, we note from (2.10) that
No—1,  toly) = 1+ O((kh)?) (2.102)
Hence f{(y) = f2(y) + O((kh)?). Accordingly, we have from (2.43)
ui(y) = uz(y) + (kh)*a(y) + ... (2.103)
to where 4(y) is some function we are not concerned with. It follows that
Si1 = Si2 + O((kh)?), Si1 = Sa1 + O((kh)?), Si1 = Say + O((kh)?) (2.104)

and also that Si3 = Sp3 +O((kh)?). Using these estimates in (2.47) and (2.48) we can easily
obtain leading order estimates on the coefficients af, b so that

/\h i /\h i
ag ~ ——, and by ~ — 2.105
0 kh 0 Lh ( )
It is important to note that, inspite of any approximations being made, S;; are real and
symmetric. Using (2.105) in (2.53) and equating imaginary parts gives the estimate

2pwa’

kh ~

B22 ~ as kh — 0 (2106)

In non-dimensional terms, with M = 2pad, we have vy ~ a/(khd) as kh — 0. Follow-
ing similar arguments for the other non-zero components of the radiation damping, it is
straightforward to see that v;; — 0 as kh — 0 for ¢, j # 2.
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3 A swaying, heaving and rolling cylinder next to a
wall

In this section we repeat the calculations of section 2, but now the cylinder is centred on
x = b # 0 with a wall at + = 0. The problems are now more complicated, since there
is no line of geometric symmetry. Accordingly, the fluid domain is now divided into three
rectangular subdomains, being the region between the wall and the cylinder, under the
cylinder and from the right of the cylinder. This inevitably makes the solution process
more complicated. Moreover, the effect of the wall means that none of the nine pairs of
hydrodynamic coefficients are trivially zero.
In this section, we re-use the notation of the last section.

3.1 Boundary conditions
For a swaying cylinder, we require

or =1, onx=bta,0<y<d, (3.1)
¢, =0, ony=d,b—a<xz<b+a; (3.2)

for a heaving cylinder we require

ot =0, onzx=bxa, 0<y<d, (3.3)
ngZ:L ony=d,b—a<x<b+a;

for a rolling cylinder we have

¢, = (y— o), onz=b+a, 0<y<d, (3.5)
¢, = (b—1), ony=d,b—a<xz<b+a. (3.6)

3.2 A swaying cylinder next to a wall

We start by defining the particular solutions in each case of the regions.
In region I, we have X/ (b —a,y) =1for 0 <y <dand X! (b—a,y) =0ford <y <h
in addition to the wall condition on = = 0, so that we write

L Ly,
Xz, y) = ~Them k(()b y cos(kx)yo(y) + Z o Trsinh b (b — a) cosh(k,x),(y)  (3.7)
1 'n n
so that
X (b—a,9) = — 2 cot K{b—a)o(y)+F' (), =3 om0, 6

Then in region II, we need X(b + a,y) = 1 for 0 < y < d and X (b + a,y) = 0 for
d < y < h and outgoing waves at infinity.

iL oa) = Ln 4 (oba
XM (a,y) = =2 00(y)e 070 4 ) T ey, (y), (3.9)
n=1""
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Then,

iL — Ly,
X"(h+a,y) = —1—0@/)0( )+ FH(y), where FH(y Z _h n(y).  (3.10)

With this we define the potentials in I, IT and III for the swaying cylinder as, in I

Ly
khsin(k(b — a))

o (x,y) = X (z,y) + (ag + ) cos(kx)o(y +Za cosh(k,x)Y,(y) (3.11)

in II

(2, y) = (B5(x — b) + ) o (y) + Y (bz sinh g, (x — b) + ¢ cosh pu, (x — b))%(y) (3.12)

n=1

and in III

iLg
¢ (,y) = X1 (3, y) + (ds+ﬁ) et ) +st Dy (). (313)

Then we let U (y) = ¢5(b — a,y) so that we obtain
—khagsin k(b — a) — Ly = (U7, vo), knhsinh k, (b — a)a;, = (U, ¥y) (3.14)
and
by(h —d) = (U, 4),  nm(b, cosh(pna) = ¢ sinh(pa)) = (UF, dn). (3.15)
Now letting Us(y) = ¢5(b+ a,y) we have
khdy — Lo = (U3, o), —kahds = (U3, 1) (3.16)
and
bi(h —d) = (Us, o),  nm(b: cosh(pma) + ¢ sinh(pna)) = (U3, ). (3.17)

Matching pressures across © = b — a for d < y < h gives

F'(y) + ag cos k(b — a)io(y +Za cosh ke, (b — )b (y) =

(=bga + )iho(y Z * sinh(pna) + ¢ cosh(pna))hn(y).  (3.18)

And matching pressures across x = b+ a for d < y < h gives

FIH( ) + Z S, (y) = (bia + ¢ qpo Z > sinh(pu,a) + ¢ COSh(Mna))r@n(y)'
(3.19)
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Using the relations (3.16), (3.17) in (3.18), (3.19) gives

h h
/d U3 (6) s (y, )t + / U3 (8) Koy, £)dt = —a cos k(b— a)o(y) — (B — c)o(y) — F'(y)
(3.20)

and

/d U3 (6) Kon (y, )t + / U3 (8) Kon(y, 1)t = d3o(y) — (B + e)do(y) + F1(y)  (3.21)

where .
b oo h(2u,a) - -
Fuw) =3 | PR + G 00| 62
and -
Koy, 1) = Kon,1) = = 3 SR Gy, ) (3.23)
n=1
and finally
n n h n 7 7
il = 3 [ L) B 1 )] (324

We can write the coupled integral equations in matrix/vector form by introducing some new
notation. Hence we define

Kll( ,t) KlQ( 7t) S Uls( )
K(y.1) = ( Koy t) Koyt ) - U= ( U () > (3.25)
We write
U*(y) = d (U3 (y)AS + Us(y) A3 + Us(y)) (3.26)
where
sey [ uily) ui(y) s ui(y) uz(y) s ug(y)
Uil) ( 3(v) UZ(y)>’ UZ”‘(ué(y) ué(y))’ Ui) (u%@))’ (3:27)
and
. a s (e
=) w=(528) 529

where a5 = —ag cosk(b — a)/d, b = —bSa/d, & = ¢5/d and d5 = d5/d.
Finally, we define

F ) F 2 , F = .
=" i ) B=(" a0 ) B = Fu

(3.29)
Then if Uj(t) are defined to be the solutions of the coupled integral equation system

h
/ K(y, ) US()dt = Fi(y), d<y<h i=1,23. (3.30)
d
it follows from (3.26) that U;(y), Us(y) satisfy (3.19), (3.20). Following on from this, we
define the matrices

P, = (F5,U3),  i,j=1,23 (3.31)
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whose dimensions are inherited from the definitions of the components of the inner product.
For example, Py; is a 2 x 2 matrix, whereas P33 is a 1 X 1 matrix (a coefficient). From a
vectorisation of earlier relations (3.13), (3.15) we have

khagtan k(b — a) Lo/d\ 1 " B
( ikhds ) B ( Lo/d |~ E/d U*(y)ho(y)dy = P1iAy + PiaAy + Prg (3.32)

and of (3.14), (3.16) we have
by(h —d 1 " )
- ( 52( e ) = 3/ U (y)vo(y)dy = Pa Ay + Py Ay + Pog. (3.33)
0 - d

These four linear equations contained in (3.32), (3.33) determine the coefficients a, l;f), 6
and cig.

The sway component of the sway induced added-mass and radiation damping, A}, and
B (the superscript w is used here to indicate the presence of the wall and distinguish from
the results of §2), are defined by

iw(AY, +1B}]/w) ——1wp/ ¢° b—i—aydy—Hw,o/ ¢°(b—a,y)dy. (3.34)

We apply Green’s Identity over region I to ¢°* and X’ and this ends up giving us the relation

d d h
/0 P —ay)dy = / X6~ a,y)dy + / X6~ a,9)Us(y)dy

L2 thk:
_ L0+Z © —) s F, (3.35)

Next, in region III, use of ¢* and X!/ gives, in much the same way
d . 0 12
/ ¢*(b+ a,y)dy = dd5 Lo — Z ﬁ + (Us, F1). (3.36)
0 n=1 "
Thus, finally,
(AT +iBjy/w) =

(dS + a3) (Lo /d) — Z

n=1

—pd? 1 + cothk, (b —a)) + ATP3; + A Psy + P3| (3.37)

The non-dimensional added-mass and damping are u¥) = A% /M and v}} = BY}/(Mw).
3.3 A heaving cylinder next to a wall

The particular solution is defined by Y,/'(z,d) =1, b—a < x < b+ a, and we define

II _ L(h—y)?  1(x—b)?—
YVew==0"0" s n-a

(3.38)
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This function is such that

L(h—y)
YiH(b+ = -G(y)=—-= :
(b+ay)=-G"y) =5 5= (3.39)
Y(btay)=+t——. 4
bt ay) =k (3.40)
Using this, we expand the potential in II as
¢"(w,y) =Y (2, ) + (b (2 = b) + c)dbo(y) + Z (b, cosh gy ( = b) + ¢} sinh gy ( — b)) (y).
n=1
(3.41)
In region I we have
" (z,y) = al cos(kx)o(y) + Za cosh(k,z),(y) (3.42)
and in region III we have
¢h _ dgeik(a:—b a) + Zdh (z— a)wn ) (343)
Then we let Ul'(y) = ¢"(b — a,y) so that we obtain
—khal sin k(b — a) = (U", ), knhsinh k, (b — a)al = (U, 4,) (3.44)
and
—a+b(h—d) = (UM ),  nr(" cosh(pna) — ¢ sinh(ppa)) = (UF,,).  (3.45)
Now letting Us(y) = ¢"(b + a,y) we have
ikhdy = (Uy, o), —kuhdy, = (U3, 9n) (3.46)
and
a+bi(h—d) = (U2, o), n(b" cosh(pna) + ¢ sinh(paa)) = (UL, 4,). (3.47)
Matching pressures across © = b — a for d < y < h gives
ap cos k(b — a)iy(y +Za cosh k, (b — a),(y) =
n=1
—G"(y) + (=bra + Mo (y) + Z — bl sinh(puna) + ! cosh(una))tn(y) (3.48)
n=1
And matching pressures across x = b+ a for d < y < h gives
dibo(y) + Z drbn(y) = =G (y) + (bya+ cf) oy Z sinh (j1na) + ¢ cosh(1ina)) P (y).
(3.49)
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Upon substituting in for a”, b, ¢, d" for n > 1 from (3.43)—(3.46) into (3.48), (3.49

above, we derive the coupled integral equations for the functions Ul(y) and Ul (y),

/d U3 (6) Ky, £)dt + / U3 (8) Kra(y, £)dt = —alt cos k(b—a)o(y) — (Ha—ch)io(y) — G (y)

(3.50)
and

/d U (1) Kt (9, 1)t + / UR(t) Ky, )t = diaio(y) — (Bha + ) do(y) + G (y)  (3.51)

where K11(y,t) Ki2(y,t), Ka1(y,t) and Kao(y,t) are as before in the swaying cylinder prob-
lem. We can write the coupled integral equations in matrix/vector form as

Uh<y>:(U1h<y>), U(y) = (h— d) (Ub(y) Al + Ub() AL + ULy))  (352)

U3 ()
where
o= (i o). o= (O 0. o= (),
and A ( ?Zg ) N ( lgz’:irgg ) (3.54)

where ah = —al cos k(b—a) /(h—d), b = —bla/(h—d), &b = i /(h—d) and d! = d'/(h—d).
Also, we let

wio)= (0 0 ) mw= (0 ),

woy _ ( —GM(y)/(h—d)
F3(y) = ( G”(y)/(h —d) ) . (3.55)

Then U’ (¢) are the solutions of the integral equations
h
/ K(y, ) UMt)dt = Fy), d<y<h, i=1,2,3 (3.56)
d
Following from this, we define the matrices
Sy = (FIHuly,  ij=1,2.3 (3.57)

From the earlier relations we have

( khaltan k(b — a) > 1

h
/ U"(y)vo(y)dy = S11A1 + S Ay +S13 (3.58)
d

ikhd: ~ (h—d)
and
—a/(h—d)=b(h—d)ja 1 h ) B
( a/(h—d) —b(h—d)/a ) ~h—d /d U (y)¢o(y)dy = S21A1 +S22A5+Sas. (3.59)
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These four equations are sufficient to determine the coefficients aff, b, ¢ and d.
The heave component of the heave induced added-mass and radiation damping is defined

as
b+a

iw(AY, +1B5, Jw) = —iwp " (z,d)dz. (3.60)

b—a

We apply Green’s Identity over region I to ¢" and Y/ and this ends up giving us the relation

b+a b+a
o(r,d)de = / Y (@, d)dz — (U, G + (U3, GM)
b

b—a —a

+ (h i d) /dh o(b+ a,y)dy + (ﬁ) /dh ¢(b— a,y)dy.(3.61)

Then we have

b+a I 2 aS
Y d)dr = —a(h —d) — =—. .62
| e = at-a) - St (3.62)
whilst .
(525) [ o oty = ath - (e %)~ jaln — (3.63)
- d
So altogether we get
ba 2 d a1
- ¢"(z,d)dr = —a(h — d) — 3= d) + 2a(h — d)ég — ga(h —d)
+(h — d)?{S31 A" 4+ S3 Al + S35} (3.64)
Thus, finally we get
2 a?
(A3, +1B3/w) = —a(h — d)p [(200 —3)— 3th—d)p + ((h—d)/a){Ss1 AT + S32A5 + S3} | .

(3.65)
The non-dimensional coefficients are pl, = A4 /M and vy, = BY,/(wM), where M is the
cylinder mass.

3.4 A rolling cylinder next to a wall

We start by defining the particular solutions in each case.
In region I, we have Z(b—a,y) = (y—c) for 0 < y < d and ZL(b—a,y) =0ford <y < h
in addition to the wall condition on z = 0, so that we write

A4b A4ﬁ

Fhsin k(b — a) OS(he)voly) + ; sk =g () (3.66)

Zj(x7y>:: o

where M,, are defined in (2.14), (2.15) so that

o

26— a,y) = 1 cot h{b — a)u(y) + H'(y), Z " coth ka(b — a)tia(y).
(3.67)
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Next, in region III, we need ZX'1(b+ a,y) = (y —¢) for 0 < y < d and Z1 (b +a,y) = 0 for
d < y < h and outgoing waves at infinity.

ZII[(.CE',y) _%,¢ 1k:c b—a +Zk n —k (z—b— awn( ) (368)

Then,

117 _ iMO 117 III S M
2" ay) = == 2o(y) + H'(y),  where  H Z—h (y).  (3.69)

We also need a particular solution operating the region II. The harmonic potential Z!(x,y)
needs to satisfy Z)/(z,d) =b—x for b—a <z <b+aand Z'(b+a,y) = 0. Then, we have

An(z —b) cosh A, (h — y)
ZII _ 2 " sin '
(z,) Z /\3asmh Mo(h — d) (3:70)

which is a translated version of (2.54) and is such that

hn(h — y)
ZT b+ a. y) = +HT H (y) =2 cos . 371
( a“? y) (y)7 Z )\30/ Slnh )\ h d) ( )

With this we define the potentials in I, IT and III for the rolling cylinder as, in I

+ My
khsin(k(b —

(2, y) = ZN(x,y) + (ag a))) cos(kx)o(y —|—Za cosh(k,x),(y) (3.72)
in IT

O (z,y) = ZM (@, y) + (05 (x — b) 4+ §)iho(y +Z<b sinh p, (z — b) 4 ¢], cosh pu, (x — ))1/3”(3/)

"~ (3.73)
and in III
(o) = 27 g) + (0 ) ) ¢ i e, (374)
Then we let U (y) = ¢.(b — a,y) so that we obtain
—kha{sink(b —a) — My = (U], o), knhsinh k, (b — a)a), = (U], ) (3.75)
and
B(h—d) = (U3, 00), (b cosh(ima) — & sinh(ua)) = (U, 4h).  (3.76)
Now letting Uj (y) = ¢.(b+ a,y) we have
ikhdy — Mo = (U3, o),  —knhd;, = (U3, ¢n) (3.77)
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and
bi(h —d) = (U5, 4by),  na(b] cosh(pna) 4 ¢ sinh(pna)) = (US,y,). (3.78)

Matching pressures across © = b — a for d < y < h gives

H'(y) + af cos k(b — a)iy(y +Za cosh k(b — a),(y) =

—H"(y) + (=bpa + c)o(y +§j (=by, sinh (@) + ¢, cosh(pa))tn(y)  (3.79)

n=1

And matching pressures across x = b+ a for d < y < h gives

H'™(y) + dgtho(y) + Z da(y) =

H" (y) + (bpa + cf)dho(y) Z b, sinh (j1,a) + ¢, cosh(pna) ) (y) (3.80)

Using the relations above in these two equations gives

—ajycos k(b — a)io(y) — (bha — ¢j)do(y) — (H'(y) + H' (y)) (3.81)

and

/d UT(8) Koy, £)dt + / U3 (6) Konly, 1)t = ditbo(y) — (b + ) doly) + (H'" (y) — H' (3)

(3.82)
where Ky1(y,t) Ki2(y,t), Ko1(y,t) and Ky (y,t) are as before.
We can write the coupled integral equations in matrix/vector form as
r Ur r T r T T T
U= () ) U0 - OWAUOAT UG 68
where
" ui(y) us(y) > " (U’"(y) ut (y) ) . ( ug(y) )
i) = (40 S0 o = (50 ) vy = (90 e
=it i ) o= ) ww= () ) e
and .
ar br 4o
AT = 0 Al = 0 3.85
=(a) ~-(E8) (49

where @ = —ajy cos k(b — a)/d?, b, = —ba/d?, & = ¢ /d® and df} = df/d>.
Also, we let

Fi(y) = ( %éy) wo?w ) . Fiy) = ( l/zoéy) zﬁo(zy) ) :

vy (H (y) = H"(y))/d
Fi(y) = ( (Hlll(y) H(y))/d2 ) . (3.86)
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Then Ul () are the solutions of the integral equations
h
/ K(y, U (0dt = F1(y),  d<y<h i=1,23 (3.87)
d

Following from this, we define the matrices
T = (F;,U}),  i,j=1,23, (3.88)
From the earlier relations, (3.77), (3.78) we have

khajtan k(b — a) M/ d? 1
( ikhdy >_( My ) = @ /d U (y)o(y)dy = T A1 +T12As+Th3 (3.89)

and

~

() - oon-nan e

These four equations are sufficient to determine the coefficients a, by, & and d.
The roll component of the roll induced added-mass and radiation damping is defined as

d d
iw(Ag; +1Bg3/w) = —iwp/ ¢"(b+a,y)(y —c)dy + iwp/ ¢"(b—a,y)(y — c)dy
0 0
b+a
—iwp ¢ (x,d)(b— z)dz. (3.91)
b—a
We apply Green’s Identity over region I to ¢” and Z! and this ends up giving us the relation

/OW(b—a,y)(y—C)dy = /Zf(b—a,y)(y—C)der/ Z'(b - a,y)U} (y)dy

0 d

M? thk
— _Pa 6M0+Z = —Y L EYy. (3.92)

Next, in region III, use of ¢" and Z!/! gives, in much the same way

d N o MQ
/O ¢"(b+ a,y)(y — c)dy = d*dj M, — Z . 2 (Uy, H'1. (3.93)
In region II, we use ¢" and Z!! and get
b+a b+a
b ¢"(x,d)(b— z)dx = /b 7 (z,d)(b— z)dx — (U], H'Y — (U5, H'T). (3.94)

Using (3.92)—(3.94) in (3.91) gives

R 0 Mn d?)?
(A% +iBY% Jw) = —pd* | (d5 + a5) (Mo /d*) — Z %(1 + coth k, (b —a))
n=1 n

coth A, (h —d
B Z A5 ad? )+A1TT31+A§T32+T33 . (3.95)

The non-dimensional added-mass and damping are p4; = A% /I and v, = BY,/(Iw) where
I is the moment of inertia of the cylinder about its point of rotation.
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3.5 The remaining hydrodynamic coefficients: the cross terms

Having dealt with A} and B} for ¢ = 1,2,3 in each of the three preceding sections,
we move onto calculating the off-diagonal coefficients. It is easy to establish reciprocity
relations, namely that A} = A%} and B} = B for i,j = 1,2,3.

The components of added-mass and radiation damping in sway, induced by forced heave

motion, are defined as

d d
WA + B3 /w) = —iwp [ 06+ agidy+ivp [ S0y (39
0 0
For the first integral, we use Green’s Identity in region III with ¢" and X'/ to give
d h 1L N
/ ¢"(b+ a,y)dy = / Uy (y)dy = —;{—;(Ué’, o) + (Uy, F'') = (h — d)Lodg + (Uy, F'').
0 d
(3.97)
Next, in region I apply Green’s Identity to ¢" and X?. Then
d h Locotk(b—a
[ o-anar= [ vty = -2 =D g+ ot )
0 d
= —(h —d)Loal + (U, FT). (3.98)
Using (3.97), (3.98) in (3.96)
Ay + B3 fw = =d(h = d)p | (Lo/d)(d} + @) + (h — &) (F57, U")] (3.99)
The final inner product can be expanded as
(h— )y (F3T, UM = (F3T, UNAL + (F57, UL AL 4 (137, UL). (3.100)

The reciprocal of this is the added-mass and radiation damping in heave, induced by forced

sway motion
b+a

iw(AY, +iBj5/w) = —iwp ¢°(x,d)dz. (3.101)
b—a

Use of Green’s Identity in region II with ¢°* and Y/ gives

b+a

h h
e dd= (ﬁ) /d ¢*(b+ a, y)dy + (ﬁ) /d ¢°(b— a,y)dy
—(U:, Gy + (U3, Gy, (3.102)

It follows that

h—d
AY) +iBY/w = —adp {268 L — )<F§T, US>] . (3.103)

The final inner product can be expanded using
d7NFL U = (FY UL AL + (F) U3 A + (R, U3). (3.104)

Moving onto the heave components of added mass and radiation damping induced by roll

motion we have
b+a

iw(A%, +1B5, /w) = —iwp ¢"(z,d)dx. (3.105)
b—a
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Use of Green’s Identity in region II with ¢* and Y/ gives
b+a

h h
o= (72) [ oo ranas (;55) [ oty

b+a
+ / (b— )V (2, d)dz — (U7, G'1Y + (U2, G™1Y. (3.106)
b

The 3rd integral evaluates to zero, the first two are evaluated easily from the expressions for
¢"onz=>b=+ain (3.72)—(3.74) and so we get

ad?

The reciprocal of this is roll component of added-mass and radiation induced by heave motion
is

h—d
AY, +iBY Jw = —ad®p {2@5 y )<F§T, UU} . (3.107)

d d
(AL + 1B /w) = —iwp / (b4 a,y)(y — )y + iwp / (b a,y)(y — c)dy

b+a
—iwp : ¢"(z,d)(b — z)dx. (3.108)
b—a

We apply Green’s Identity over region I to ¢" and Z! and this ends up giving us the relation

d h
/ch"(b—a,y)(y—C)dy = /dZI(b—a,y)U{‘(y)dy

= —(h—d)agM,+ (U}, H'). (3.109)
Next, in region III, use of ¢" and Z!!! gives, in much the same way
/Od O"(b+a,y)(y — c)dy = (h — d)dp My + (U2, H'T). (3.110)
In region II, we use ¢" and Z!! and get
bb+a " (x,d)(b— z)doe = — (U, H'TY — (U}, H'T). (3.111)
Thus, finally, 7
AY +iBY/w = —p(h — d)d? [(cZg +ahy(My/d?) + (h — d)"HF5T, UM | (3.112)

The non-dimensional added-mass and damping are p& = A% /vV/MT and v = BY /(v MIw)
where M and I are the mass and moment of inertia of the cylinder. Similarly for pf, and
15, as well as the 13 and 31 components below.

Finally, the last set of two coefficients turn out, using similar methods to above, to be

= (M,L,/d

AW HBY Jw = —pd® | (dy + a5) (Mo /d®) = (14 coth k(b — a)) + d"Y(F3T, U*)

~  kuh
(3.113)
with
, > (M,L,/d
A HBY Jw = —pd® | (dy + af)(Lo/d) = %(1 + coth k(b —a)) +d Y (F5", U | .
n=1 n
(3.114)
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3.6 Numerical implementation of the solutions of section 3

In each problem, the solution is decomposed into ten unknown functions which we ap-
proximate in terms of a series solution as

N
wM(y) R Y i ealy), A<y <h (3.115)
n=0
(t=1,...,10). Here, v,(y) are the same as defined earlier towards the end of section 2.

We apply the Galerkin scheme as before. In matrix form, this process leads to a system
of linear equations for the ten sets of coefficients, which we write in the form

Kyl Ko
(Kr(?n) K,(,f%z shr = Fonr (3.116)

where
as,h,r as,h,r as,h,r O{S7h7r as,h,r
_ n,l n,3 n,5 n,7 n,9
Qs hr = < s,h,r s,h,r s,h,r s,h,r s,h,r ) (3117)
an,2 an,4 One Oén,S an,lO
and
shoril sh,r;2 shor9
PR (N N B I I (3.118)
s,h,r — s,h,r;1 s,h,r;2 s,h,r;10 :
I S I T S I 2
for m = 0,..., N (where summation is implied by repeated suffices). The partitioning

indicates the separation between, and the structure of, the three separate integral equations.
In the above,

K = 3 { R ey ey O g gl g
’ - 2 k) /’nﬂ- k) )
r=1
- h(2u,
K2 = K& = = % FE RO (3.120)
r=1
and
(1 th(2u,
K = S { e rry + M pe o | 121
=1 r

where F\L, F2 and FS™ D EEM are all defined as in section 2. The new terms here
are

: . L, cothk,(b— a) . .
F9) — r r O F(s10) — p(s;3) 122
m ; krh r,m’ m m (3 )
with
F0:9) = g3 pilo) — _ p(hs) (3.123)
and
. . M, coth k(b — a) - (=)™ Inpns1/6(Ar(h — d))
FU9 — _ 4 FY 124
m 2 koh 2 Nad2[\ (b — d))Y/6sinh A, (h — d)’ (3.124)

r=1 r=0
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and Fr(rf 10 Fr(,f ) These new terms are all expressed in terms of expressions defined in
section 2. The simplest way of expressing the matrices P;; is in the block partitioned form

Pll P12 P13
P21 P22 P23 = f;,ras (3125)
P31 P3 Pss

where the matrices are 5 X 5 and partitioned into a (2,2,1) row and column structure. For
example, P13 is a vector of two rows and one column, P33 is a 1 x 1 matrix (i.e. a coefficient).
Similarly,
Si1 Sz Si3
So1 Sz Sa | = fran (3.126)
S31 Ss2 Sa3
and
Ty T2 Ty
Ty Ty Tos | =fla, (3.127)
T3 T3 Ts

There are also other inner products lurking in amongst the expressions for the off-diagonal
hydrodynamic coefficients.

For example, the set of matrix inner products required in the calculation of Ay, By are
<F§T, UM for i = 1,2, 3. These can be extracted from the appropriately partitioned elements
of the bottom row of the 5 x 5 matrix formed by the multiplication of fSTah.

3.7 Low frequency asymptotics

We consider the exact results for the heave-induced heave radiation damping, given by
the imaginary part of (3.65), in the limit as kd — 0. This result is analogous to the one
considered for a single cylinder in heave in §2.8.

We follow the same initial reasoning as described in §2.8, which implies that F? ~ F%
(which means the terms ignored are order (kh)? and that the correspondance is element by
element) which implies that U? ~ U%. This in turn means that S;; ~ S ~ So; ~ Soy
whilst S13 ~ Sos.

These approximations are used in the four equations (3.57), (3.58) defining the four
coefficients al?, b, ¢l and d. By structuring the equations appropriately, one can form a
matrix equation for the vector of four unknowns in which the coefficient matrix is symmetric
and involves the four elements of S;; only (under this approximation). Using a symbolic
algebra package, this system is inverted and the imaginary part extracted. As a result, it is
then easy to confirm that, as kh — 0,

2ia —2ia —2ia
I AN S ~ 0 I {dM ~
Stat~ o=y St ~0 Slak~ =, St~ gEr—
(3.128)

Using this in (3.65) shows that voe ~ 2a/(khd) as kh — 0, exactly the same result as for an
isolated cylinder in
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