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Abstract

In this technical report we describe the method of solution to a variety of two-
dimensional problems involving semi-immersed cylinders in the free surface. These
include: (i) determining the reflection and transmission coefficients for the scattering of
incident waves by a single fixed cylinder; (ii) determining the added mass and radiation
damping for a cylinder forced to move with unit velocity in both heave and sway
motions; (iii) determining the heave and sway added mass and damping coefficients for
a cylinder in forced motion next to a vertical boundary on which either a Neumann or
Dirichlet condition is posed, equivalent to a pair of cylinders forced to move in-phase
or out of phase with each other.

In each case, the fluid is assumed to be of infinite depth and the fluid motion is
two-dimensional.

The description of the method of solution for parts (i) and (ii) follows that of Martin
& Dixon (1983). The formulation of the solution for the final third problem is similar
to that performed by Wang & Wahab (1971) for catamarans in heave oscillation only.

1 Scattering by a fixed cylinder

Cartesian coordinates (z,y) are chosen with y directed vertically downwards and y = 0 coin-
ciding with the mean free surface of the fluid. A time harmonic wave of angular frequency w
is incident from x = —oo upon a fixed semi-immersed cylinder of radius a. Polar coordinates
based on the centre of the cylinder (r,#) are also used with y = rcosf and z = rsinf so
that # = 0 coincides with the positive y axis.

In the fluid the time-independent complex-valued velocity potential ®g(x,y) satisfies

V20 =0 (1.1)
with |[V®g| — 0 as y — oo and
%—FK@s:O, y=0, with K = w?/g (1.2)
On the cylinder, we have
%:O, onr=a, —ir <0< imw (1.3)



is the potential for the incident wave, propagating from left to right. The radiation conditions
are

(elX” + ReiK@)e=Ky T — —00
Pg(,y) ~ { TeKre—Ky, T — 00 (1.4)
It is the purpose of this section to determine R and 7.
We decompose &g by writing &g = ®; + & where
o, — ein—Ky o f: (_Kr)me—imG (1 5)
= N m! ’

m=0

is the potential for the incident wave, propagating from right to left, whilst the diffraction
potential, responsible for the waves outgoing from the cylinder is written as

Op =Y {a @ +al®s}. (1.6)
n=0

In the above, a)* are as yet unknown coefficients associated with the sets of expansion
functions for the cylinder, described by @3¢ forn = 0, 1,.... The superscripts s and a identify
those functions which are symmetric and antisymmetric (respectively) about the vertical
line # = 0. This set of functions involve a fundamental source at the origin (symmetric),
horizontal dipole at the origin, and an infinite set of symmetric and antisymmetric wave-free
potentials, all singular at 7 = 0. Ursell (1949) first introduced the symmetric set of potentials
when looking at a the heave motion for a single cylinder semi-immersed in the free surface.
The symmetric source in the free surface given by

[e'e) —ky k
PG(r, 0) = ][ %dkjtﬁie_l{y cos Kx (1.7)
0

with symmetric wave-free potentials
Ka (a

5 = (9)" cos2nb 4 0
n—(—) cos 2n +(2n—1)

r >ch%@n—wa (n>1). (1.8)

r

Antisymmetric functions are given by a horizontal dipole, defined by

oG(r, 0) =

1 09 in6 ® e gin k
0% _ sin ][ O 4k + mie KV sin Ko (1.9)
0

K 0z Kr + k—K
and antisymmetric wave-free potentials

a\ 2n+1 Ka ra\2n
a__ (2 : N 1 > . .
o (7‘) sin(2n + 1) + o (r) sin 2n#, (n>1) (1.10)

As |z| — oo, @ ~ mie KVl Klel and ¢ ~ sgn(x)me KVelkIZl All wave free potentials decay

to zero at infinity. It follows from Yu & Ursell (1961), Appendix A, we can write
®3(r,0) = R{f1(K2)} + miR{e 7} (1.11)

and )
sin 6

@y(r,0) =

— 3{fi(K2)} — miS{e 7} (1.12)



where z = rel? and where

f1(¢Q) = (v +1n(¢) —<+Z m, <1+1+ +i). (1.13)

m

and v = 0.5772 ... is Euler’s constant. Note the presentation here is slightly different to that
used in Yu & Ursell (1961). It follows that

Z r) G )cost—I—QZ%sian (1.14)
m=0 m=0 )
whilst
., sinf = (—Kr)"G,.(Kr) . = (=Kr)"
Of = o —mZ::l — smm9+9mz::oTcosm9 (1.15)

where we have defined

Go(2) = =(In(2) + 7 =7i),  Gp(2) = Gpal2) +1/p, (p=1)

Applying of the cylinder boundary condition (1.3) — representing no-flow on the cylinder
— and making the resulting expression, dependent on 6 € (——7r, éw) orthogonal to cos 2m#@

and sin(2m + 1), results in the decoupled systems of equations,

ZA;;,; sa— pse o =0,1,2,... (1.16)
2n —1)Ka
A = —L1r(2m)6m, — (—1)"" ( 1.1
= —Am(@m)3, — (<) (117
and (2n) K
A = —lr(2m+1 —1)mtn A 1.1
mn 1m(2m 4 1)omn + (=1) 4n? — (2m + 1)? (1.18)
form=20,1,...and n =1,2,.... For n = 0, things are more complicated. We have,
.  (—1) (Ka)¥™!
Ajy = —3mcos Ka — ; 2+ 1) Goj+1(Ka) (1.19)
with, for m > 1,
7 (Ka)*™ (1) (Ka)¥ Gy, (Ka)
A= ————Gop 1 (K /
M0 g 2m — 1) ° 1(Ka) = ; (2j + DI(1 — [2m/ (2] + 1)]?)
1o~ (=1 (Ka)
t35 > e (Sj+2m + Sj-2m) (1.20)
j=1
followed by, for all m,
s 7 (Ka)?mtt = (1) (Ka)¥ Gy (Ka)

a _
Am(]__

i T OO 2 G f@m o

1 & (—1) (Ka)’
Y2 oy S = Siame). (121)



where we have defined

sin(gpm) — (5p7) cos(3pm)
2 ;2 =, (p=1).

The right-hand sides of (1.16) are given by F§ = sin(Ka), with

So=0, §,=

T KCL 2m m—i—] (Ka)2j+l

s = >1 1.22
m =TI 2m =) +]Z 2]—1—1 1—[2m/(2j—|—1)]) (m=1) (122)
and
(Ka 2m+1 1)m+] (Ka)2j
F! = —i— > 0). 1.23
P Z G- emroep  E0 0
The reflection and transmission coefficients are given by
R = w(iag — ag), T =1+ w(iaj + ap). (1.24)

These expressions precisely those to be found in Martin & Dixon (1983), correcting a
single typographical error in their work (the power of Ka in their first sum defining A?,
should be 2j and not 25 + 1). Note also that our use of notation is slightly different to that
of Martin & Dixon’s.

2 The forced heave and sway motion of the cylinder

Next we consider a single cylinder, semi-immersed in the free surface undergoing forced
small-amplitude heaving or swaying oscillations of unit velocity. We denote the associated
velocity potentials ®; (sway) and ®, (heave) which will be symmetric and antisymmetric,
respectively.

The aim is to determine the heave and sway added-mass and damping coefficients, which
will be defined shortly.

The equations satisfied by ®;, j = 1,2 are the same as for ®g in the previous section,
apart that from on the cylinder boundary, the forced motion condition are

0P 0P
8—7“1 = sin 6, and 8—7“2 = cos b, —ir<f<in (2.1)
whilst in the far field,
®; ~ [sgn(z)] A;elKl=+EY, as |z| — oo (2.2)

and A; and A, are the far-field radiated wave amplitudes at x = +o00 due to sway and heave
motions respectively.
We write

o, = aibgcbz, Dy = aib;@; (2.3)
n=0 n=0

(the multiplicative factor of a is introduced for algebraic convenience) where b>® are coeffi-
cients to be determined and ®;>* are those functions defined previously in section 1.
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By imposing the boundary conditions (2.1) and making the result of these operations
orthogonal to sin(2m + 1)0 and cos 2m# (respectively) over —3m < 6 < im, we obtain the
uncoupled systems of equations

ZAmM: 4);:2, and ZAmM_ Omos, ~ m=0,1,...  (24)

where A% are defined by (1.17)-(1.21). The added-mass and damping, a;; and b;;, are

mn

defined by

w/2
by — i) = —ivp [ @y 0)cosl0 - 32— j)madd, (=12

—7/2

The non-dimensional added-mass and damping defined by p; = a;;/M and v; = bj;w/M
where M = %pwaQ is the mass of the cylinder are then

+iv; = —— Zb‘”V“S (2.5)

where j = 1(2) correspond to the use of superscripts a(s). In the above,

= (—1)Y(Ka)¥Gyj(Ka) 1
Ka) — —(K K —
Vo = Go(Ka) 4( a)Gi( a+; @01 = 42) +2; Sj+1 + Sj-1)
(2.6)
and 1)
T _1\n
S — > .
% 1 (Ka)d, + T a2’ (n>1) (2.7)
whilst
Ve = s T(Ka)Gy(Ka) + 5, - 3 S 0G0 +1§: 5
0 4K 4 a 1 a 1 j:1 (2] _ 1) (1 _ 4] 2 ]:1 ]+1 ]_1
(2.8)
e (-1)"(Ka)
a_ > 7 v 7 > . .
ve= R o) (29)

The far field wave amplitude is determined from (2.2) and the and the far field behaviour
of the functions &7 expressed in the previous section, which gives A; = arwbf and Ay = awibj.

Various relations exist between the various problems considered in this and the previous
section. Thus, the Newman relations state

R+ (—1YT = —A;/ A (2.10)
which reduce to R+ T = /by’ and R — T = —b2/b,". Additionally, the relations

bjj = pwl Al (2.11)

translate to the non-dimensional versions vy = 27|b|?, and v, = 27|b5|>. These conditions

can be used to check the accuracy of the numerical procedure.

b}



3 Calculation of the hydrodynamic coefficients for a
cylinder next to a wall

In this section we detail the analysis needed to calculate the added mass and damping
coefficients in the jth direction due to forced motion in the ¢th direction for a cylinder placed
a distance b from a vertical boundary on which either a Neumann or Dirichlet condition is
to be placed. We continue this section as though it is the former of these two conditions
which is to be imposed, which is equivalent to having a wall along z = —b. The changes for
the case of a Dirichlet condition are simple and outlined at the end of this section.

The effect of the wall is modelled by an image cylinder centred on (—2b,0) which moves
in an equal and opposite manner. The potential for the radiation of waves due to unit forced
motion in the sway (j = 1) and heave (j = 2) directions is given by

Of =a)y {0 +dPV}, (j=1,2) (3.1)
n=0
where
U (r,0) = &2%(r,0) + &2 (r', —0") (3.2)

and 2/ = r'el? = 2 42ib define polar coordinates based on the point (—2b,0). The superscript
w makes @ here distinct from ®; used for the radiation potential for a cylinder in the absence
of a wall.

The functions U5 have been constructed so as to satisfy the condition 0¥ /0x = 0
on z = —b, Unlike the radiation problems in section 2, there is no longer symmetry or
antisymmetry in the fluid motion about a vertical line through the origin, hence the need
for a combination of both sets of singular solutions in the expansion above. There is no
particular significance in the use of superscripts s and a here; they merely serve to remind
us of the functions from which they were derived and act as a convenient labelling system.

Using the translation of variables expressed in complex form, we can expand the second
term above involving singularities at (—2b,0) in terms of (r,6) variables and after some
lengthy and detailed algebra we find that, for n > 1

Ue(r,6) = @) (r,0) + Z < ) (C35, cos jO + C39 sin j) (3.3)

provided r < 2b (this restriction holds for all subsequent definitions), where

e ., Ka
Co5 = (1) kgj 20, Coipin = —(=1)7 mkzﬂl,zn—l, (3.4)
+n Ka +n
Cojn = —(=1)"" mkzg‘zn—h Coferm = —(=1) " kaji1 20, (3.5)
and o (j "
_ (e tn—1)
in=(3) CESIR (3.6)
Similarly we have
Ul(r,0) =% (r,0) + f: <C> (CF5, cos jO + C15 sin jo) (3.7)
n Y n Y a



for n > 1 where

. - Ka
ngsn = _(—1)j+nk2j,2n+1a C§;+1,n = +(—1)J+n (2n) k2j+1,2n7 (3-8)
aa i+n KCL aa i+n
Cff = (1P 5 Shans Clfan = (D hyrrgnns (39)

We move onto the n = 0 terms: these require more effort. As above, we are only
concerned at how the image singularities at ©+ = —2b, y = 0 can be expanded about the
origin. From the integral expression for a source in the free surface we can write

W (r,0) = ®5(r,0) — R{ fo(K2)} + mie Kl K@+20) (3.10)
and
a a sin ¢’ Cx —Ky iK(z+2b)
Wi(r,0) = o5(r,0) — o S{fo(K2)} — me™ Ve (3.11)
where
sing r\2+1
— 0 — | — in(2j 12
7 2Kb Z {( ) cos 256 <2b> sin(2j + 1)9} (3.12)
provides the expansion of the horizontal dipole at (—2b,0) about the origin whilst
0o e—v((+2iKb)
RO= 1 v (3.13)
0 -

with 2z = y+iz = re'?, the contour being deformed below the pole. Then, assuming z > —20,
we deform the contour onto the negative imaginary axis to give

e 1v(e 2va 0
R A (3.14)
0 =0
with \ ( |
e n—1)!
I, = dv = i, 3.15
/0 v—1 T @rpr T (3.15)
for n > 1 whilst
00 e—2va )
Iy = / —dv = e 2K B (—21KD) (3.16)
o v—i
and FE; is an exponential integral (see Abramowitz & Stegun (1964)) defined by
Ei(z) = Z nn, . arg(2)] < 7. (3.17)
n=1
It follows from (3.15) that
nemimif2(j 1)
=i" oK) i V) +1i" 1, n>1 (3.18)

Jj=1



and so

X \n 0 n n —17r/2 _ pyn—i
f2(§):—10;(7§) _ZO<_2LK6) W, W, = ; s 1)(2K) ], n>1.

(3.19)
and Wy = 0. We note the convenient recurrence relation W,, = (2KbW,,_1 +1™™)/n. Note
also that the series above converges prov1ded r < 2() We decompose quantities above into
their real and imaginary parts via W,, = W+ i and Iy = I( D4 [( g

Thus we have

wo(r,0) = &(r,0)

o (- K T :
—l—(fér) + Tiek?) Z ( .'7“) cos jO + ( 11 4 re?ikd Z sin 76
7=0 J: Jj=0 '
> rN\J a\J . ) D ..
+ Z (a) <_2_b) (Wj( )008j9 — Wj( ) sin j6) (3.20)
=0
and
1 & , N\ 2j o\ 2741
v = &7 - — —1)/ — 270 — | — in(27 + 1
) = 050:0) 5 5 {(5)7 eos2io = ()" sntes + >9}
i) 2iKb - (—=Kr ) 21Kb - ' :
+(1" — me )Z T cosg@—i—( ) 4 e Z smj@
= j=0 :
+ Z (5) (—%> (Wj( ) cos j0 + Wj( )smjﬁ) (3.21)
=0
We impose the conditions
kY oY
88 L —sing, 88 2 — cos¥, onr=afor —im <0 <ir (3.22)
r r

and make the result of each equation orthogonal to sin(2m + 1)# and cos2mf, m =0, 1, ...

which gives a pair of coupled infinite systems equations for the coefficients Y ), dY¥) for
j=1,2.
The systems of equations we end up with can be written

o

1
D (D (A + Bi) + VB = 0w (3.23)
n=0
and .
> (VB +d(A;,, + B,)) =0 (3.24)
n=0

whilst the system for the coefficients ) , d'? differ from the above only in the right hand
side terms which are replaced by 0 and (—1)™/(1 — (2m)?).



The quantities A% are defined earlier in (1.17)—(1.21) for all m and n. For n > 1 and
m > 0 we have

Ka < Koji1.9n
Bss — (—1 m4+n E 2 k P — 27+1,2n—1 9
mn = (=1) [4( ka2 2n—1zj:01—[2m/(2j+1)]2 (3:25)
Ka ]{32 1,2n
B — (1 m+n 2 it 2

and

e e}

Ka ko: o
B — (=)™ | —Z(2m 4 Dkopar o 2,201 2
o = (=1) [ 7 2m 4 Dkamea +2n—1;1—[(2m+1)/(2j)]z (3.27)

Ka kos
B — (=1 | Zom +1 _ ¢ 25,20 2
mmn (—1) [4( m + )k2m+l,2n+l on ; 1—[2m+ 1)/(2))] (3.28)
The tricky terms are n = 0 where we have
. o (1) (/20 W,
Bty = —(I§) + me? ) F3 4+ = (2m) (a/26)>" W) — 2t (3.29
and
as mm(—=1)™ / a\2m
Brno=~"110 (27;)
' . ‘ 00 _1)m+j(a/2b)2j+1w(l
_ [(Z) . 2iKb ok z 2 2% omyy (9 ( 2]4_1 '
with
By = i([éi) — me?ikhy pa
™ 0 (—1)mt (a/zb)%w“
Z(2m +1)(a/20) W 2 3.31
and
wa (m—|- a \ 2m+1
Bino = 4Kb <_b)
. =, (—1)"4 (a/20) T Wy
(1 4 e E e _ T o 41 (a/20)2m W) 7 (3.32
1( 0 mTie ) m 4( m )(CI,/ ) 2m+1 Z; 1— [(2m_|_ 1)/(2])]2 ( )

where F* | % are defined earlier in (1.23) and (1.24).
The quantities of interest are the non-dimensional added mass and damping coefficients
which are defined as
2 w/2

iy, + i = - p Y (a,0) cos(f — (2 — k)m)do, (7,k=1,2) (3.33)



(having being non-dimensionalised by M and Mw as in Section 2). This gives

w - w 4 [ > aa ] sa
M T Wy = = Z_O (VY + Y (3.34)
and _ -
4 . .
w _ _ = § : (Dyas 1 q0) (Vs £ yss 3.35
,uj2 +ivjy [ [ Y+ d (V) +Y) ( )

for i = 7,2, where for n > 1 we have

ss n ™ KCL k2j 2n
Y =(=1) [ ] 12n1+21_2j ] (3.36)
T Ka = Kojont1
Y = (=1)" | =——Fki9, — T 3.37
s Ka ad (2j>k2j n—1
Yo =(=1)"|——kio, — : 3.38
T Ka s~ (25)kaj2n
sa _ (1) | = -7 =7 .
Y= (-1) [4k1,2n+1 + 5 ; ) (3.39)
Again, the calculations are more complicated for n = 0 where we find
o) 2j (r)
ss _ _(7(r) s 2iKb 4.7 ) (a/2b)% Wy
Yy' = —(1y" + mie®™”) [4Ka+H ] (a/20)W. +J§: = 2))2 (3.40)
and
as i i d i - a/2b)2JW2(Z
Y@ = (1 — ey [ZKH Hﬂ T a/2b w4 ; 1 —a - (341
where
= (=1 (Ka)¥ . .
H = ( , = —1(cos(Ka) +sin(Ka)/Ka + KaSi(Ka)) (3.42)
[ = 2 G-~ HeosKe) (o)
and Si(-) is the sine integral (Abramowitz & Stegun (1964)),
(a/20)% 1 2b
= 1 h™ 2 3.43
Ha = 2szl—2] 4Kb< +<a 2b)tan (af b)) (3.43)
Also,
) ) ) © (1) 2 (9 ‘)W(?)
sa _ (7() _ 2iKb z - z (@ ( l)J (CI,/Qb) ( J 27
Yoo = (19 — e )[4Ka+H1] + o/ =3 T (3.44)

J=1
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and

a/%) i(25) Wy

2 S
Y = mla/2b) _ (IS + mie2 Kb EK@ +H; } — Za/20)W + Z 2))?

8Kb

~ (3.45)

where

& (K
R DYy (Cr T

The changes required to consider a Dirichlet condition on the wall x = —b are simply
that the sign between the two sets of functions defining W3* are to be reversed. This has
the effect of reversing the sign in front of the matrix coefficients B:%** and Y,’***.

—=2(cos(Ka) —sin(Ka)/Ka+ KaSi(Ka)) (3.46)

l\’)l)—l

4 Low frequency asymptotics

In this section, we consider the effect of letting Ka — 0. For a single cylinder in isolation,
this was considered in infinite depth by Ursell (1949) and in finite depth again by Ursell
(1976). We can infer Ursell’s asymptotic results from our systems of equations by taking the
limit as Ka — 0 and retaining leading order terms only. Thus,

Ago ~ _ﬁv A(S]O ~ _g’
and - -
Ay~ =@M Doy Apyy > =7 (2m)0n, 1 A0
with
Fon—iZKa, FOmo(Ka), and  FS~Ka, Foo Ko 20
4 " " (1—1(2n)?)

Thus, we find that asymptotically, the coefficients defined by the solution of the heaving and
swaying problems are, as Ka — 0,
2 41 (-

by ~ —Ka, b ~0 and by ~ - by ~ T2 T = @)D

In order to work out the added mass and radiation we need the following estimates
Vgt ~m/(4Ka), V2 ~0, n#0

and Iy
Vg ~ —log(Ka) —y+mi, V)~ _=D

This now means that

,u1+w1~—é( Ka) (4; )—1

so that py ~ 1, 11 ~ 0. For the heave added mass and damping we have

4

i = g =) = 23 <2n>2>2]

n=1
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This latter sum is readily evaluated to % — log 2 so that

8 8
pa = (log(Ka)+7—%+210g2), and vy~
These are the results derived by Ursell (1949, 1976).
We move onto the consideration of the low frequency asymptotics for a cylinder in motion
next to a wall. First, we equip ourselves with estimates of certain terms, needed for later
calculations. For example

(-1

Wo=0, Wy =-i, W,~

0 War) ~ (=1)7/(20), Wiy ~ =(=1)"/(20 4 1) with W7k, ~ 0 and W) ~ 0.
Also, |
]ér) ~ —log(2Kb) — ~, Iéz) ~ /2

Using this, we find that, for n > 1,

ss man T (2m —+ on — ]_)' a \ 2m+2n

(2m)!(2n — 1)!
with
=\ (2§ +2n—1)! a \2+2m
BSS ~ _K TL (_)
0n o Z (27 + Dl(2n — D! \2b

Jj=

and, when n = 0, but m # 0,

SS mﬂ- a 2m
By~ (—1) 1 (ﬁ) :

else B = O(Ka). Next, forn > 1,

T (2m + Qn) a 2m—+2n+1
Bas ~ — _1 m—+n 2 A= = (_)
mn ~ — (D) Cm) S %
with
o (25 + 2n a \ 2j+2n+1
BCLS ~ K TL < >
o~ Kal Z (27 + 1)! 2

and, when n = 0,

By~ (-1 T (Y af20)

where

(1) (a/20)*"
7+ (1 - [(2m)/2 + DP)

fi(m,a/2b) =

1M

Moving on, for n > 1, we have

B3 _(—1)m+nz (2m + 271) <£>2m+2n+1
" 4 (2m)!(2n — 1)1 \2b
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and, when n = 0,

Finally, for n > 1,

T (2m+2n+1)! ( )2m+2"+2
2b

B ~ (_1)m+n4 (2m)!(2n)!

with

. 2m +1 2m+2
Byo ~ (=1)" 4( Ka )<25>

Inserting this into the system of equations for the coefficients for e and di and retaining
leading order gives the following. For m = 0, we have from the first equation

0 o
2 <(%)2 - 1) —dy (57) + Zl D (=1)"(2n + 1)(a/2)°"+2

= d(=1)"(2n)(a/2b)*" T =1 (4.1)
n=1
whilst for m > 1 we have

(1) 2m+2 1 2m+1
o (& O S _ (1D
Ka (Qb) do <(2m+1) <2b) ) (="

. (2m+2n+1)! 2m+2n+2
D ()
+ZC (2m + 1)/(2n)! \20
s (2m + 2n)! a \ 2m+2n+1
N (< (_> - 42
Zl n 2m—|—1)(2n—1)! 2b 0 (42)

Similarly, for the second system of equations, we have for m = 0,

o0 o0

c(()l) tanh ™ (a/2b) — gdé + Kaz )" Z

n=1

+KaZd(1 =0 KaZd(l "i 2”2”_1) (i)2n+2j=o (4.3)

(2n —1) p= (27 4+ 1)1(2n —1)! \2b

(27 + 2n ( a >2n+2j+1
(25 4+ 1)! 2b

and £(0,a/2b) = tanh™'(a/2b) has been used. In the above, we have retained terms to
O(Ka) for reasons which will become clear.
For m > 1 we have

- <—> (@—;) (5)") - ot

= (@m2n)l a2t 2””””‘1)' i
YA (5) +Z oon 1y ) = D)

In the system of equations for c(()z) and d((]z), the right-hand sides of (4.1), (4.3) and (4.4) are
replaced by 0, 1 and (4/7)/(2m(1 — (2m)?)) respectively
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What is immediately apparent is that c((]j )~ O(Ka) for both j = 1,2. It follows from the
homogeneous equation () when j = 1 that d(()l) ~ O(Ka) whilst the inhomogeneous version for
J = 1 immediately yields d(()z) ~ —2/m as Ka — 0. Beyond this immediate observation, the
systems of equations are still coupled and to complicated to produce explicit approximations
to the coefficients as we were able to do in the case of a single cylinder in motion.

Instead, we assume use the fact that a/2b < % and propose an expansion in terms of
the parameter € = a/2b. This has been done using the symbolic algebra package Maple and

gives the following series

1
—C(())N—(1+e +e'+3e+..), EN—E(E—lGB—QGE’ﬂ“--) (4.5)
Ka Ka T 3 >
and
(2
Co 2 1.3, 6.5 (2) 2

We can also make leading order approximation estimate to the remaining coefficients, by
balancing terms in (4.2), (4.4) which gives

(2/m) (1!

(1) n 2n+2 Cg) ~
)~ (Tynent 2nti
D~ (— 1)t } ) o 4m(= (4.7)
" ((2n)(1 = (2n)?))

and we will also need the next order of approximation in dgl) ~ —e — €.

We turn to the expressions for the added mass and damping. Before this, we derive
estimates to various terms. Hence

Yo' ~ —log(2Kb) — v + wi+ fa(a/2b),  fo=) (2j)((a1/2—b)(2jj)2)

J=1

Yy~ “RKa’ H, = (a/2b)(% %((2b/a) (a/2b)) tanh™'(a/2b))
a
Y ~ —7(a/20)
Vi~ (/20
In addition to this,
- 2] + 2n — 1)! a2 +2i
Yss TL R
" ]Z 1—(24)?)(24)!(2n — 1)! <2b)
00 2] —|— 271,) a\ 2n+2j+1
Yas ~ — n —
" ]2: 1- 2)(27)!(2n)! (26)
sa a \ 2n+1
vt~ —(-1gen) ()

a ) 2n+2

Yo o (—1)" 4(2n+ 1) (%
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Now, we can use this to approximate the added mass and damping coefficients. Starting
with

: Al o (_m m ( a )2 ()T (@
w2 AN g X (_>
M+ i 7 {CO <4Ka T iKa \2p 01\

+% icnj)(—l)"@n + 1)(a/2b)*"+? — Zd(] "(2n)(a/20)*" !

(4.8)

after (4.1) has been used. We note that when considering the low frequency asymptotics of
a single cylinder in the absence of the wall in heave and sway, the result for sway was very
simple, but the result for heave required more work. The same occurs here in that the result
above in (4.8) is simple, but the next result much less so. Thus, we have

Al o H
w4+l o~ = {cg” <— 2) +dY) (—log(2K2ab) — 2y + 2mi + fo(a/2b))

s K
r (2m + 2n)! a \2mt2ntl
N z_:c g::o (1= (2m)?)(2m)!(2n)! (?b)
0o ; n o] 2m + 2n _ 1) a \ 2m+2n
+;dg)( ZO 1~ 2m)?)2m)I(2n — 1) (3)

(e}

S (=1
+ d,(f)i} . (4.9)
; (1= (2n)?)
Note that from taking (4.4), dividing by (1 —(2m)?) and summing over m = 1,2, ... we have

() = !
cO () J (=)
7o (Hy — a/20) + dg f>(a/20) - ;d( (1-(2n)?)

J & (2m + 2n)! a\ 2m+2n+1
ZC’(@ Z (1 (2m)?)(2m)!(2n)! (?b)

S j n (2m+2n—1). 2m+2n 4/7T
WY L T e = (3) “*ZZ @m)(1 -~ (2

This can be substituted into (4.9) above to eliminate many of the terms to give

‘ 4 i) ‘
W+ ~ _%{_ o (21) +dY (—log(2K%ab) — 2y + 2ri)
O 2n+1 2n
S () S ()
n=1
oo (Dt 4 |
+2;dn o) + 7T(4 log2)5]2} (4.10)

We can now put everything together and formulate approximate asymptotic expressions
for the added mass and damping coefficients, first using (4.5), (4.6) in (4.8) to give

pin~1+2(E+e+38+...) v ~0
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and 4
,ué”lw—;(e%—%e?’jtge‘r’...), vy ~ 0.

Now using both (4.5), (4.6) and (4.7) in (4.10) and retaining all terms to O(€®) gives
w 4 1.3 6.5 w
,umw—;(e%—ge +z€...), vy ~ 0.

confirming the reciprocity relations, and

8 16
Ly ~ — (log(QKzab) + 2 — % + 2log 2) , Vi ™~ —
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