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Transition to uniform turbulence in cylindrical pipe ow oc curs experimentally via
the spatial expansion of isolated coherent structures cadld “slugs', triggered by localised
nite-amplitude disturbances. We study this process numeiically by examining the pre-
ferred route in phase space through which a critical disturkance initiates a “slug'. This en-
tails rstidentifying the relative attractor - “edge state ' - on the laminar-turbulent bound-
ary in a long pipe and then studying the dynamics along its lowdimensional unstable
manifold leading to the turbulent state. Even though the fully turbulent state delocalises
at Re 2300, the edge state is found to be localised over the rangee = 2000 6000,
and progressively reduces in both energy and spatial extenas Re is increased. A key
process in the genesis of a slug is found to be vortex sheddinga a Kelvin-Helmholtz
mechanism from wall-attached shear layers quickly formed fthe edge state's upstream
boundary. Whether these shedded vortices travel on averagister or slower downstream
than the developing turbulence determines whether a pu or sug (respectively) is formed.
This observation suggests that slugs are out-of-equilibtim pu s which therefore do not
co-exist with stable pu s.

1. Introduction

The laminar ow of a Newtonian uid inside a straight pipe of ¢ ircular cross-section
is known to undergo a transition to turbulence as the ow rate is increased, producing
a dramatic rise in skin friction. Reynolds (1883) was the rst to identify the "Reynolds'
number Re := UD= as the sole controlling parameter for the ow, where U is the
bulk velocity, D the diameter and the kinematic viscosity. Reynolds reported that
transition typically occurs for Re 2000, a commonly quoted value in textbooks and
widely reproduced ever since (criticalRe reported vary across the range 1760-2300 e.g.
Binnie & Fowler 1947, Lindgren 1958, Leite 1959, Wygnanski &Champagne 1973, Dar-
byshire & Mullin 1995). Reynolds was also aware that if extracare was taken to reduce
the amplitude of disturbances at the inlet, transition could be delayed (reportedly to

12,000), emphasizing the dependence of transition on the ambig noise level present
and hence the inherently nite-amplitude nature of the process. By way of con rmation,
Pfenniger (1961) managed to keep the ow laminar in a very wdl controlled experiment
untii Re 10°.

When transition is triggered, turbulence rst appears at isolated locations (not neces-
sarily at the inlet), before expanding (Re & 2300) to contaminate the whole downstream
domain (Reynolds 1883, Lindgren 1958, 1969, Wygnanski & Chapagne 1973, Mullin
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2010). These growing patches of turbulent motion, which Il the whole cross-section of
the pipe and are separated from each other by laminar regionsvere called ~ ashes' by
Reynolds. Later a distinction was drawn between two di erent states christened “pu s'
and ‘slugs' (Wygnanski & Champagne, 1973). Turbulent pu s correspond to a turbu-
lent region with a sharp upstream boundary - the trailing edge - but whose downstream
border - the leading edge - is much less well-de ned, containg more large-scale struc-
tures which appear to decay away. They are observed experimélly for Re . 2700
(Wygnanski & Champagne, 1973) provided a large enough distibance is applied to the
ow, and for Re 1750 2200 tend to keep a constant length of about 20 pipe diam-
eters as they propagate downstream. FolRe & 2700, slugs can be clearly identi ed in
which the downstream boundary is reported to be as sharp as th upstream one. The
enclosed turbulent motion, which lls the whole cross-secion of the pipe, then looks
indistinguishable from fully turbulent pipe ow (Wygnansk i & Champagne 1973). The
upstream front moves slower than the mean ow speed whereashe downstream moves
faster, so that the slug grows in length as it is advected dowrthe pipe (Lindgren 1969,
Wygnanski & Champagne 1973, Nishi et al. 2008). Little is knavn so far about the
intermittent regime, intermediate between the pu and the slug regime . It is charac-
terised by the disordered co-existence of laminar and turblent domains in which pu s
split and merge and possess sharpened slug-like leading edgMoxey and Barkley 2010).

Given this background, two key questions are the followingWhat are the mechanisms
by which pu s and slugs are formed? And what are the important processes which allow
a pu to adopt an “equilibrium' length but forces a slug to aggressively expand? E orts to
explain the observed behaviour initially concentrated on etablishing the linear stability
of the laminar Hagen-Poiseuille ow (Hagen 1839, Poiseui#t 1840). Stability was proven
under the assumption of axisymmetry (Herron 1991), and demostrated in the general
case up toRe = 107 (Meseguer & Trefethen 2003). At the other end of the spectrum
Joseph & Carmi (1969) also proved thatany disturbance would decay monotonically
provided Re < 81:49. The next logical step was to search for the emergence oftaina-
tive solutions between these two extremes, with the hope thathis would make sense of
the O(2000) transition point. Despite some early success byNagata (1990), who identi-
ed a steady state solution in plane Couette ow, it wasn't un til Wale e uncovered the
“self-sustaining cycle' (1997, 1998) that it became cleardw to nd these new states. In
pipe ow they take the form of travelling waves (TWs) (Faisst & Eckhardt 2003, Wedin
& Kerswell 2004, Pringle & Kerswell 2007, Pringle, Duguet & Kerswell 2009). Experi-
mental observations (Hof et al. 2004) and numerical experirants in short periodic pipes
(Kerswell & Tutty 2007, Schneider, Eckhardt & Vollmer 2007) demonstrated that these
solutions appear eetingly as coherent structures in pipe tirbulence.

Work directed at establishing the role of these states in transition has tended to fo-
cus on the theoretical model of a short (typically © long) pipe along which periodic
boundary conditions are imposed. Not only does this eliminte the issue of co-existence
of turbulent and laminar ow regions, but it is much more e ci ent to simulate numeri-
cally. Following the work of Itano & Toh (2001) in plane Poiseuille ow, a key advance by
Schneider, Eckhardt & Yorke (2007), was to realise that the &minar-turbulent boundary

| the separatrix between the two local attractors | could be traced numerically. By
studying the dynamics restricted to this boundary, it became clear that “lower branch’
TWs are embedded within it (Duguet, Willis & Kerswell 2008), so that initial conditions
arbitrarily close to one of these TWs could either lead to turbulence or relaminarise (e.g.
see Kerswell & Tutty 2007, as well as Viswanath 2007 and WangGibson & Wale e 2007
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Figure 1. Schematic view of the neighbourhood of an unstable exact stae (e.g. travelling
wave) on the laminar-turbulent boundary . For Re > 2700, the part of the unstable manifold
which is not tangent to and points towards the turbulent sta te is expected to correspond in
physical space to a slug. The symbolic axis Esp refers to the energy contained in the strictly
three-dimensional part of the ow.

for plane Couette ow). Considerable progress has been madey viewing this restricted
form of pipe ow and other shear ows as a huge dynamical syste (see the review by
Eckhardt et al. 2007 for pipe ow, Viswanath 2007, Gibson et d. 2008, 2009 and Halcrow
et al. 2009 for plane Couette ow).

The spatiotemporal dynamics of real pipe ows is, however, éss clearly amenable to
dynamical systems thinking as the ow is no longer in either the laminar nor the turbu-
lent state globally. As a result, our understanding is much nore modest, yet only here
is true contact with experimental observations possible. Brtunately, direct numerical
simulation is now feasible in su ciently-long computation al pipes (& 30D long) to re-
alistically capture 'pu ' and “slug' structures in pipe ow (Leonard & Reynolds 1985,
Priymak & Miyazaki 2004, Shan et al. 1999, Reuter & Rempfer 204, Willis & Kerswell
2007, 2008, Willis et al. 2009, Shimizu & Kida 2008, 2009, Mébovsky et al. 2009, Moxey
& Barkley 2010).

Very recent investigations (Shimizu & Kida 2009, Hof et al. 2010) have proposed a
mechanism for the sustenance of a turbulent pu, thereby opaing the way for active
control strategies. The suggested mechanism focusses onethiole of local instabilities
occurring upstream of the turbulent ow, triggering turbul ent uctuations which are
convected downstream into the pu to presumably reenergisethe vorticity eld in the
pu against slow viscous decay. These uctuations initially take the form of rolled-up
vortices emanating from the shear layer upstream of the pu Bandhyopadyay 1986).
Numerical simulation at higher Re appears to be an adequate tool to investigate what
becomes of this suggested mechanism in a non-equilibriumtsation like that of an ex-
panding slug. The purpose of this paper is therefore to invefgate how a slug is formed
and to examine the relevance of this mechanism in the proces$he key to this is identify-
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ing a natural starting point for detailed simulations. The edge state provides just such an
initial condition because a) its unstable manifold directed across the laminar-turbulent
boundary must lead to a slug being formed and b) arbitrary initial conditions close to
and “above' the threshold for triggering a slug will rst shadow the laminar-turbulent
boundary, being attracted towards the edge state, before heg ung o along its unstable
manifold (see the sketch in Figure 1). Choosing to initiate air simulations in the neigh-
bourhood of the edge state thus ensures that the evolution othe ow is least a ected by
the shape of an arti cally prescribed initial condition. Fo llowing a ow trajectory started
very near the edge state also corresponds in phase space toetlexperimental situation
when the amplitude of a disturbance is increased just enouglo trigger turbulence. Our
rst (preliminary) objective, therefore, is to compute the edge state at su ciently high
Re (& 2700) appropriate for slugs to exist. Then the second (mainpbjective is to study
how the ow metamorphosizes to an expanding slug along the ustable manifold of the
edge state.

The plan of the paper is as follows. In Section 2 we present thaumerical tools used
throughout the paper. Section 3 details the computation of elge states up toRe = 6000
extending previous recent computations (Willis & Kerswell 2009, Mellibovsky et al. 2009)
which reported that the edge state stays localised even whethe turbulent state is not.
An interesting new observation made here is that the edge st@ becomes progressively
smoother in both a spatial (as noted in Mellibovsky et al. 20®) and temporal sense
with increasing Re, culminating, if the dynamics are suitably restricted as wel, in what
appears to be a simple spatially-localised travelling wave Section 4 then studies the
generation of a slug when the edge state is perturbed. Partidar attention is paid to
the shear instability occurring along the edge turbulence route, and to the role of the
subsequent vortical uctuations appearing at the trailing edge in determining whether
an equilibrium pu , intermittency or a slug is set up. A discu ssion follows in Section 5.

2. Numerical Procedure

We consider the incompressible ow of Newtonian uid in a straight pipe of cylindrical
cross-section and adopt the usual set of cylindrical coordiates (s; ;z) aligned with the
pipe axis and velocity componentsu = u$ + v" + w2. The domain considered here is
(s;;z)2]0: %] [0:2 ] [0:L], where lengths are in units of the diameterD and the
pipe length is L diameters. The uid density is chosen to be unity. The ow is described
by the incompressible three-dimensional Navier-Stokes emtions:

@ _ 1 5.
@t+(u ryu= r p+ R—er u; (2.1)
r u=0: (2.2)

where, recall, that Re := UD= , with  the kinematic viscosity and U the bulk axial

velocity. U is held xed to maintain constant mass- ux as in recent experiments (e.g.
Peixinho & Mullin 2006). Energies integrated over the pipe wlume are expressed in units
of U?D?3 and time in units of D=U. The boundary conditions are periodicity along the
pipe length u(s; ;z) = u(s; ;z + L) and no-slip on the Wallsu(%; ;2)= 0.

2.1. De nitions

We use the mixed nite-di erence/spectral code described n Willis & Kerswell (2009) for
time-stepping of the incompressible Navier-Stokes equatins. De ned on a non-equispaced
grid, variables are expanded in the form
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XM .
(sj;;z;t; ;mo)= jkm (t)@l(mem + k) (2.3)

The resolution of a given calculation is described by the trplet (N; M; K ), and the set of
all complex coe cients de nes a phase-space of dimensio®(8MNK ), which is typically
around 2 million. The positive integer mg refers to the discrete rotational symmetry

Rme : (U;viswsp)(s; ;z) ! (u;v,w;p)(s; + 2—;z) (2.4)
Mo

which can optionally be imposed (np > 1) or not (mg = 1). The positive real number
isdened by = . The coecients j m, forinstance, can also be linked to impose
the mirror symmetry

Z:(uviwip)(s;iz) ! (Ui viwip)(s; ;z): (2.5)

Using the notation his to denote averaging over the subscripted variableA, we de ne
the following energies to describe the perturbations (;v;w) to the parabolic laminar
ow:

212,
Eron (z;1) == > (u hui )2+(v hvi )? d sds; (2.6)
0
Estreak (Z;1) := > (w hwi )2d sds; (2.7)
o o
E(t) = > (u?+ v2+ w?)d sdsdz; (2.8)
0 0
z.2,
1z 02 2 2 i
Eoq(t) := > o (huiz + hviz + hwiz) d sds; (2.9)
Eaq(t) := 3. . (u huiz)?2+(v hviz)2+(w hwi;)? dsdsdz: (2.10)

Eron (z;t) represents the kinetic energy associated with the non-asiymmetric cross-
stream ow and Egeak (Z;1) is the kinetic energy associated with the non-axisymmetre
axial component of the ow at a given cross-section of the pig. E is the total kinetic
energy associated to the perturbation,E,q is the two-dimensional counterpart associated
with the streamwise-averaged ow, andEgq is the part of E associated with streamwise-
dependentmodes.

2.2. Tracking the laminar-turbulent boundary: bisection

In order to constrain a phase-space trajectory to stay on thdaminar-turbulent boundary

, we use the shooting method introduced by Toh & Itano (1999) and more recently
re ned by Schneider, Eckhardt and Yorke (2007). A long turbulent trajectory is simulated

and a snapshotu of relatively low three-dimensional disturbance energyEs4(t) selected.
An initial condition is then constructed using this eld:

u =hui + (u hui); (2.11)

parameterised by a real positive number . (the method also works with axial averaging).
The initial condition u - is axisymmetric and hence cannot trigger turbulence, wheras
u =3 isthe original turbulent state (or more generally an initia| state state which leads to
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turbulence). This interval, 2 [0;1], is bisected until its width is close to that of machine

precision, such that at the upper limit the initial conditio n develops into turbulence, and
at the lower limit it relaminarises. This forces the trajectory to stay close to the laminar-

turbulent boundary for typical times of O(300D=U). For the values of Re used here, the
values ofE3q4(t) on are one or several orders of magnitude below those of théurbulence

state, thus making the determination of unambiguous. After bisection, this process can
be restarted from nearby states saved near the end of the edgeajectory.

3. Flow on the laminar-turbulent boundary
3.1. Edge states forRe = 2000; 3000and 6000

Calculations are now presented for edge trajectories in a p@dic domain of length
L = 33:51D corresponding to = = 3=32 at Re = 2000;3000 and 6000. A nu-
merical resolution of (N;M;K ) = (40;24;256) for Re . 4500 and (6048;384) for
4500. Re 6 6000 proves su cient to ensure that the power spectrum dropsby at
least 7 decades from lowest to highest-order modes for bothhe edge regime and the
turbulent regime. The computational domain is also long enaigh to simulate localised
turbulence (pus) at Re = 2000 and expanding slugs forRe > 3000. Figure 2 shows
typical time traces of Esq(t) during the application of the bisection algorithm, for ini -
tial conditions consisting of various turbulent pu snapshots calculated at Re = 2000.
Two features are immediately clear asRe increases: the traces display smoother (lower
frequency) oscillations with more prominent dips, and the nean value ofE3y decreases.
These observations are consistent with previous work in shi pipes (see g. 5 of Schnei-
der & Eckhardt 2009 and g. 7 Willis & Kerswell 2009) where it i s also clear that the
edge energetically approaches the laminar state and divess away from the turbulent
state when Re increases (see gs 5 and 7 of Schneider & Eckhardt 2009). Thdtgation
is not so simple in a longer domain as Figure 3 indicates. Heranapshots of the axial
vorticity are plotted after the edge has been tracked forO(150D=U) showing that the
ow stays localised in the axial direction for all three Re. Localisation is to be expected
for Re = 2000, where the turbulent state is also localised, but is réatively surprising for
Re & 2300 where turbulence expands spatially once triggered. Tih edge state localisa-
tion has already been noted in a 2+ dimensional model of pipe ow (Willis & Kerswell
2009) and for Re 6 2800 in fully-resolved computations (Mellibovsky et al. 2®9). It
was observed as well in plane Couette ow (Duguet et al. 2009Schneider, Marinc and
Eckhardt 2010). Figure 4 con rms that a localised edge stateis still reached, even if the
starting state for the bisection process is a delocalised tbulent velocity eld computed
at Re = 3000. Figure 4 also shows that the local level oEgyeak (2) of the edge state in
the most energetic region has the same order of magnitude a®rf the turbulent state,
whereasEq (z) is everywhere at least one decade lower. The plots in gure 3ndicate
that the vorticity uctuations are more and more exclusivel y located in the vicinity of
the walls as Re increases, culminating forRe = 6000 in a radially and azimuthally lo-
calised distribution. This is a persistent feature of other edge trackings, after a short
transient in which information from the initial state is los t. The implication is clearly
that there is an attracting “edge state' within the edge manifold, as occurs in a short D
pipe, but here in addition the edge state is axially localisél. Its energy E3q as well as
temporal complexity all decrease asfRe increases. The spatial structure becomes simpler
as well in the sense that the edge state is more and more radigllocalised asRe increases.

The edge state atRe = 2000 has a sharp trailing edge and a less-abrupt leading edy
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Figure 2. Esq(t) of the edge trajectories for Re = 2000 (red solid), 3000 (green dashed) and
6000 (blue dotted). The lled circles indicate the edge stat es shown in gure 3 (time is in units

of D=U). Filled (resp. open) circles also correspond to the crosssections on Figure 6, left (resp.
right).

Figure 3. (s;z) cut of the axial vorticity eld at snapshots on the edge traj ectories shown in
gure 2 (lled circles). From top to bottom, Re=2000 (t=125 D=U), Re=3000 (t=162.5 D=U),
Re=6000 (=145 D=U). The axial dimension has been scaled by a factor of two and only 25D
of the 33.51D computational domain is shown.

so that it resembles a turbulent pu . The heart of the edge state, however, looks less vig-
orous than that of the pu . This is borne out in the associated perturbation energy which
is an order of magnitude lower in the edge state than for the pu A useful diagnostic for
the axial structure of a spatially-inhomogeneous ow strudure is to project onto the 2d
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Figure 4. The result of an edge calculation at Re = 3000 to show localisation starting from a
globally turbulent initial condition.  Eo (z;t) and Espeak (z;1) plotted at t = 0 (red solid lines)
and t = 84 D=U (green dashed lines).

space of Esyeak ; Eron ) (for a pu see g. 5, Willis & Kerswell 2008). If the structur e is
axially localised, far upstream and far downstream, both these quantities go to zero as the
ow is laminar. Otherwise, the size of the ratio E s =Estreaks iS @ good indicator of the
underlying dynamics: small values of. O(0:05) are representative of streak-dominated
transitional ows and the host of all exact travelling wave solutions known so far (see
for instance Pringle et al. 2009), whereasO(0:3) values (e.g. the ratio peaks at 0.6 for
z = zre in g. 5, Willis & Kerswell 2008) indicate signi cantly more cross-stream dynam-
ics as seen in developed pipe turbulence. Willis & Kerswell2008) found that the trailing
edge region of the pu corresponds energetically to fully deeloped turbulence, implying
the existence of regions upstream and downstream where theow is transitional. Here
the ow associated to the edge state is found to eetingly reemble the regular arrange-
ment of slow and fast streaks reminiscent of the exact TW soltions. The equivalent plot
for the edge state atRe = 2000 ( gure 5) shows that the trailing edge (indicated by
Z = z1e ) has Erois =Estreaks 0:03 as opposed to & for a turbulent pu (Willis &
Kerswell 2008) and hence is rmly in the transitional regime as should be expected. In
fact, for z = zrg 2D, there is a striking similarity between the roll and streak energies of
the edge state and those of the travelling waves (of much smkdr wavelength and traced
out in Kerswell 2005). This match is more than fortuitous. Cross-sectional velocity elds
at z = zyg, corresponding to the two near-minima of E3q4(t) marked with dots in gure
2, are shown in gure 6 (top). The cross-sectional ow in gure 6 (top left) has the co-
herent arrangement of 4 high-speed streaks near the walls @ low-speed streaks in the
core of the ow, while that in gure 6 (top right) displays an a rrangement of 2 streaks.
This suggests two travelling waves with rotational symmetries ofR 4 and R , respectively.
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Figure 5. Instantaneous phase-space projection on a Esyeak (2); Eron (2))-plane for Re=2000.
Short-domain travelling wave solutions (parametrised by t heir wavelength , in thick/red), edge
state (dashed/green). The axial coordinate is indicated al ong the trajectories, along with the
position of the trailing edge zre .

Figure 3 also shows in which sense the spatial structure of # edge state becomes
smoother asRe is increased. The strong large-scale uctuations Il the whole pipe cross-
section at Re = 2000, but the fraction of the cross-section lled by such u ctuations
clearly shrinks from Re = 2000 to Re = 6000. In the last case (see gure 6, bottom left),
the vorticity of the perturbation seems to be concentrated dso in the radial and azimuthal
directions, with a predominantly laminar ow near the centerline. Cross-sectional velocity
elds for Re > 3000 at the trailing edge @ = zte ) (gure 6, centre and bottom) - again
show a large degree of coherency with fast and slow streaks pgaring together as large
scale structures. The velocity eld at Re = 6000 is particularly interesting as it looks like
a ‘'minimal coherent state': a pair of streamwise vortices poducing a single high-speed
streak sandwiched between two low-speed streaks (see gui® bottom). This is remi-
niscent of, but complementary to, a larger scale structure éund in short pipes through
edge tracking (Schneider, Eckhardt & Yorke 2007, Duguet et & 2008, Mellibovsky &
Meseguer 2009) and to the travelling waveS; obtained by direct computation (Pringle
& Kerswell 2007, Pringle et al. 2009). The ow at t 150 (in gure 6 bottom left)
has vortices in the opposite sense compared t8;- a slow streak is sandwiched between
two fast streaks - and remains larger scale (e.g. see g. 3, ¥wanath 2009). The ow at
t 220 (gure 6 bottom right) resembles very closely the traveling wave S;. Figure 7
indicates that the peak axial roll energy decreases more shgly than the corresponding
streak energy asRe increases. At all three Re, the edge states travel in the streamwise
direction with a time-dependent velocity which is larger than the bulk velocity U.

3.2. Edge states in reduced symmetry subspaces

It is natural to ask what form the edge state will ultimately t ake given that it simpli-
es in both space and time asRe increases. TakingRe much larger than 6000 proves
expensive with the danger that the bisection algorithm can ke misled by numerical insta-
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Figure 6. Edge states: shapshots of the axial velocity of the perturbation in a cross-section
z = zre located at the trailing edge. The snapshots correspond to low-E3q4(t) elds marked by
lled and open circles in gure 3 for t 6 200 (left) and t > 200 (right). From top to bottom,
Re=2000, Re=3000, Re=6000. Distances are here in radii D=2.

bilities imitating trajectories becoming turbulent. A par tial alternative is to restrict the
ow dynamics to dynamically-consistent subspaces to explee the issue there (Duguet et
al. 2008). Edge states found in these subspaces are embeddeihin the “unrestricted'
edge but may not be relative attractors with respect to the full-space dynamics. An edge
calculation was performed in anR 3- and Z-symmetric subspace aiRe = 8000, using a res-
olution (50,8,256) (i.e. the azimuthal wavenumbers inclucged are Q 3; 6; 9;:::; 24).
It does indeed show evidence for an edge state with a very lonumber of active temporal
frequencies: see gure 8. The temporal oscillations here gigest the possible existence of
relative periodic orbits embedded in a relative attractor on (as a localised counterpart



Transition in pipe ow 11

0.01 ¢
0.001
le-04
1le-05

le-06

1e_07 1 ] | 1 | |
0 5 10 15 20 25 30 35

z

Figure 7. Eai (2) and Esweak (2) energies for the edge state atRe = 2000 (red solid) 3000 (blue
dashed) and Re = 6000 (green long dashed). Also shown (magenta dotted) are the corresponding
quantities (multiplied by 100) for the localised TW found in the 2+ model. Black dots on these
curves at 14:3; 16:8; 19:3 and 328 indicate the locations of the snapshots shown in gure 10.

of the orbit found in Duguet, Pringle & Kerswell, 2008).

A more severe truncation was also adopted, following the "2+ dimensional model
of Willis & Kerswell (2009) - which allowed many more computaions to be done. This
model, which is invoked by choosing a truncation {; 1;K) (and a value for mp), is the
minimal 3-dimensionalisation of an axisymmetric simulation which can reproduce quali-
tatively the observed ow dynamics in full 3d. (e.g. subcritical transition, localised pu s
and expanding slugs). Willis & Kerswell (2009) revealed a loalised edge state for the
rst time (their gure 9) up to Re 6 4000. Like in that study, mo = 3 was imposed,
corresponding to retaining only the azimuthal Fourier modesm = 3;0; 3 in the simula-
tion. Despite this, the resolution in the radial and axial directions still needs to be high
(N =35 and K = 256) to reproduce the radial and axial expansion of the turbulent
structures, as well as for accurately capturing the steep iterfaces expected in slugs. The
trade-o of the modelling is a shift in the values of Re characterising the appearance of
these structures. For instance, whereas pu splitting was dserved to occur forRe > 2300
in the fully-resolved case, this is delayed to 3200 in (2 +) d.

For the 2+ model, the bisection algorithm was run at Re = 104, where expanding
(‘global’) turbulence is expected. The initial condition, either localised or delocalised, has
no in uence on the asymptotic edge results, as mentioned in Wlis & Kerswell (2009).
Figure 8 shows the evolution ofE3q4(t) during a bisection process. After a transient of
duration 300 D=U, the signal E3q4(t) on the edge trajectory converges towards a steady
value, which stays constant over very large observation tines ofO(10°) D=U. This is the
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Figure 8. Eszq(t) during the bisection process at Re = 8000 restricted to a R 3- and Z-symmetric
subspace using a resolution (50,8,256) (red, solid) and forthe (2 + )d model (mo = 3) at
Re = 10* (blue, dotted).

Figure 9. Axial vorticity of the localised edge state in the (2+ ) d model: Re = 10* and
11:2D is shown of the 3351D computational domain.

signature of convergence towards a relative attractor of costant energy, i.e. a travelling
wave solution in the context of pipe ow (for analogous plots see g. 12 in Duguet et
al. 2008 for pipe ow and g. 1 in Schneider et al. 2009 for plare Couette ow). The

phase velocity of the edge state is estimated as = (1:06 0:01)U, i.e. slightly faster

than the bulk velocity. To quantify how well the edge state resembles a travelling wave,
the deviation r (t) de ned as

ju(x c t2t+ t) u(x;t)j.
tju(x;1)j '

= |j A
r=lm_ (3.1)
steadily decreased below 10* as the edge trajectory was tracked. Using the Arnoldi
code of Kerswell & Tutty (2007), it was con rmed that this sta te only has one unstable
direction as expected for an edge attractor.

The spatial structure of the localised edge solution is show in gure 9, along with
the axial distribution of Egyeak and Eoy in gure 7. The axial vorticity is located in
a ring-like region of nite radial and axial extent indicating localisation in both senses.
Figure 10 shows that the radial concentration is centred on he critical layer at a radius
s 0:69 consistent with the observed phase speed= 1:06U. At the energy peak, the
ow is characterised by a strong azimuthal circulation and a double ring - one inside and
one outside the critical layer - of alternating slow and faststreaks. There the streamwise
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Figure 10. The localised edge state in (2+ )d at Re = 10*: velocity eld of the perturbation

in cross-sectionsz = 6:5D near the trailing edge (top left), z =9 D in the center of the active
region (top right), z =11:5D near the leading edge (bottom left) and z =25 D (bottom right).
Contours indicate the axial velocity di erence from the lam inar ow with the same mass ux
(light/dark indicating faster/slower moving uid) and the arrows represent the cross-stream ve-
locity (length proportional to speed). The amplitude scale s are as follows: top left, (cross-stream
maximum speed, streamwise maximum speed)=(1.3e-3, 3.3e-2; top right (3.1e-2, 7.3e-2); bot-
tom left (1.5e-3, 4.5e-2); bottom right (1.7e-4, 1.2e-2) all in units of U. Distances are here in
radii D=2.

roll pattern undergoes a phase shift ofm—0 as the critical layer is crossed radially. The
presence of the critical layer is less marked 2:5D upstream and downstream, where
only one ring of streaks is present. Further away from the hed of the edge state, the
cross-sectional velocities are much smaller and the ow bemmes almost streamwise inde-
pendent. However the ow is still dominated by a roll and streak pattern and cannot be
confused with Hagen-Poiseuille ow. The existence of crittal layers within lower-branch
TW solutions in shear ows was mentioned in Wang et al. (2008)in the context of plane
Couette ow, and by Viswanath (2009) in the context of pipe o w. It seems to be a
generic property of lower-branch solutions whenRe ! 1 . The streamwise localisation
is, however, a striking new discovery. E orts to understand its structure and to nd
similar localised TWSs in 3d pipe ow are currently underway.
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3.3. Summary

For all values of Re between 2000 and 6000, the spatial structure of the edge statis rem-
iniscent of a turbulent pu with a three-dimensional core region dominated by streaks
and streamwise rolls, a sharp arrow-shaped trailing edge terface and a more diuse
leading edge. AsRe is increased, the temporal behaviour of the edge state becags more
regular and the energy concentrates in a narrow region towats the wall so that the cen-
tral radial region becomes nearly laminar. These trends argarticularly exaggerated by
the edge state atRe = 10# in the (2+ ) d model introduced by Willis & Kerswell (2009).
Here the edge state resembles a localised travelling wave wh is steady in a Galilean
frame travelling at 1:06U. Its spatial structure mimicks that of the fully-resolved edge
state obtained at Re = 6000 in being localised in both the radial and axial direction.
The localisation is more intense, however, as the energy ioacentrated near a ring-like
critical layer of nite axial extent, in which the azimuthal shear is relatively intense. This
critical layer in the (2 + )d edge state smears out when it is disturbed evolving into a
delocalised turbulent state. Since the edge state is a stegdrelative attractor on a hyper-
surface which is the laminar-turbulent boundary, it only has a one dimensional unstable
manifold. This indicates that the shear instability of the critical layer corresponds to
the unstable direction in phase space from the edge state léiéng to the turbulent state.
The ow dynamics corresponding to this unique trajectory in the unstable manifold then
represents the purest form of slug genesis for the (2+) d model. Other initial conditions
will approximate this generation albeit with di erences re ecting the precise nature of
the starting ow.

An extension of this thinking to the fully-resolved case is elatively straightforward
albeit with a couple of nuances. The rst is created by the edg state's apparently com-
plicated temporal dynamics, conjectured to be created by a bteroclinic tangle between
various TWSs (Duguet et al. 2008). If the edge state has am-dimensional dynamics (e.g.
n = 0 for a steady state and n = 1 for a periodic orbit), its unstable manifold leading
to the turbulent state will be n + 1-dimensional. Trajectories in this manifold are then
not formally unique but linked by symmetries of the edge stae. It still makes sense to
consider any one of these trajectories as de ning a charactestic slug evolution for the
edge state. The other nuance revolves around whether the edgstate is unique or not.
Certainly, starting the bisection process o with a variety of di erent starting conditions
leads to what looks to be the same edge state but formally thids di cult to con rm
due to its complicated behaviour. Non-uniqueness, howevemerely implies that each
relative attractor supplies its own route to a globally turb ulent state and therefore each
has its own corresponding slug evolution. Figure 1 shows a Bematic representation of
the topology of the neighbourhood of a exact state on . Itis close to gure 14 in Duguet
et al. (2008) with the notable di erence that the edge state mrresponds to a localised
state, whereas the turbulent state is delocalised. The slugorresponds to an escape of
the exact unstable solution (here plotted as a generic sadédlpoint) towards the turbulent
state.

4. Slug Initiation

In this section, initial conditions close to the edge state ae used to study the genesis
of a pu at Re = 2000 and of slugs atRe = 3000, 4500 and 6000. Simulations are
started with the initial conditions u(x;0) = (1+ )Uedge, Where = 0:01 and Uegge iS
a snapshot of the edge state with relatively lowEsq (to prolong the evolution phase).
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Figure 11. Slight perturbations of the perturbation energy E (t), starting from a state on the
edge trajectory for a pu, Re = 2000 (red, solid) and the expanding slug Re = 3000 (green,
dashed), Re = 4500 (pink, dotted)and Re = 6000 (blue, dashed). Upper trajectories lead to
turbulence, while the lower trajectories undergo direct re laminarisation.

Those states have been described in Section 3.1, and plotted Figure 3 and 6 (left).
In both cases > 0 or < 0, the perturbation energy stays close to that of the edge
trajectory for a time of about 10 D=U and then diverges from it (see gure 11). For

< 0, the ow smoothly relaminarises: the active region loses eergy until the ow is
dominated by elongated streamwise vortices and streaks wbhih monotonically decay with
time. By contrast, for > 0 the perturbation gains energy and reaches a turbulent stag.
Those simulations are discussed in what follows.

4.1. Pu genesis at Re=2000

We rst examine the genesis of a turbulent pu at Re = 2000, later to be compared to the
process of slug genesis. Figure 12 shows, (z;t) and Espeax (z;t) after the edge state
is disturbed at t = 0. The ow initially ebbs away slightly in its central regio n reaching
alowatt 10 (recall all times are in units of D=U) before both energies start to grow
back for t > 20. This means that the ow stays close to the edge state fot < 15, and
that only after this period is a pu starting to form. By t = 30, the core energies have
grown to, and stabilised at, larger values than initially. T here is a small deceleration of
the trailing edge (TE) and an even slower deceleration of thdeading edge (LE), so that
the ow structure slightly expands. Both processes stop att  50. At this time, the pu
looks fully formed and of stable length, with a velocity very close to the bulk velocity U.
The main feature of the evolution is clearly the intensi cation of the core region, which
is consistent with the ndings of Mellibovsky et al. (2009). The edge state is very similar
in shape to the turbulent pu, except in the core energy level so adjustment is small
(e.g. the gradients ofE,, are largely constant over time during both the edge and pu
stages at either the TE or LE).

Animation of the axial and azimuthal vorticity elds (avail able online) in a (s; 2)-
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section shows a steady vortex sheet attached near the pipe Waupstream of the trailing
edge. The vorticity gradient across this vortex sheet is clarly observed to increase in
magnitude during the edge! pu transition. Vortices constantly roll up on top of the
vortex sheet, forming wavepackets propagating downstreanfaster than the turbulent pu
(Shimizu and Kida 2009). These vortical structures were aleady pointed out in exper-
iments by Bandyopadhyay (1986). They are qualitatively and quantitatively very remi-
niscent of the early stage of the Kelvin-Helmholtz (KH) instability for a two-dimensional
vortex sheet.

4.2. Slug genesis aRe = 3000

At Re = 3000, once away from the edge state, the evolution di ers stongly from the
Re = 2000 case. Figure 13 shows that the ow initially (t  5) starts to change with
a core intensi cation of Eq; reminiscent of pu formation. This is followed by a sud-
den deceleration of the TE ¢ & 10), as indicated by E,q, , a feature which is absent
in the Re = 2000 case. The main evolutionary stage is the interval 20< t < 40, when
the core region immediately downstream of the TE sees stealyi increasing gradients in
both roll and streak energies. This leads byt 35 to high energies downstream and
in the centre of the evolving structure. At t = 40, the roll energy has stabilised at a
high level at the centre of the slug while its axial gradientsare slowly weakening at
the LE. For t > 40, local maxima of E,oy and Egyeak are both to be found near the
TE. Downstream of the TE, the average level ofEgyeak IS comparable to the level in the
active region of the edge state, whileE o is everywhere larger than its edge counterpart.

During the escape from the edge state, the propagation speedf the trailing edge
cre drops from the initial value of 1:40U (the speed of the edge state) to B4U. In con-
trast, the speed of the leading edgec e , decreases slowly from #0U to approximatively
1:18U by the end of the simulation. Experimental measurements by lindgren (1969) at
Re = 3000 suggestc.g = 1:13U and crg = 0:83U. This is conrmed by later experi-
ments by Wygnansky & Champagne (1973), Hof et al. (2005) and khi et al. (2008),
and compares favourably with the present numerical measumaents. Note that even after
t = 40, the iso-contours of E;o; near the LE do not form a straight line in the (z  Ut;t)
diagram of Figure 13. This suggests that the slug expansiontaRe = 3000 is not strictly
continuous but occurs by jumps, as pointed out in the experinents by Lindgren (1969)
'just above the threshold for transition'.

The axial vorticity is shown in a series of snapshots acrosshe periodt = 10 40
in Figure 14. As for Re = 2000, vortical structures located on the vortex sheet behnd
the TE start to grow in amplitude at t = 25 on top of the vortex sheet. In their initial
stage, these vortical structures are again very reminiscerof the rolling-up vortex sheet
observed in the early stage of the Kelvin-Helmholtz instabiity. The presence of roll-up
uctuations is also evident in gure 15 at Re = 4500. While for Re = 2000 these uc-
tuations catch up with the active region, here some of the votices stay initially in the
laminar zone just upstream of the active region, as a sign thathey actually travel at
a slower velocity. During the later stage of their evolution, the vortices are frequently
ejected from the vortex sheet, with no sign of clear temporalperiodicity, and migrate
towards the centerline. In the later stage of their evolution, the vortices break down,
generating new turbulent motion which rapidly lls the lami nar zone located directly
upstream the TE interface and surrounded by the vortex sheet As a consequence, the
TE interface delimiting the laminar from the turbulent ow h as moved upstream relative
to the turbulent zone. Meanwhile, the dynamics at the leading edge and its propagation
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has stayed unchanged. This results in a streamwise elongati of the active region, whose
origin is clearly the shear instability near the trailing edge. The global elongation of the
turbulent structure results from a sequence of such repeatkvortex ejection events (see
video online).

The interfaces, though very unsteady, are best described bg long arrow-shaped lead-
ing edge, clearly detached from the wall, and a sharp concaveailing edge. While the
strongest vorticity is located dominantly at the trailing e dge, and to a lesser extent near
the leading edge, a more quiescent region forms in the core.hE vorticity and the roll
energy in this central region occasionally reach low localalues, close to that of the lam-
inar ow, suggesting that the localised structure is close b splitting into two (see Eq
in gure 13) which is actually observed experimentally for dightly lower values of Re.

4.3. Slug genesis aRe =4500 and 6000

Slug genesis aRe =4500 and 6000 consists of the same phases as f®e = 3000, however
the duration of events is considerably shortened. The corrgponding space-time diagrams
are displayed respectively in gures 16 and 17. Focusing her on Re =6000, the inten-
si cation of E,y within the core of the edge state starts att 9, quickly followed by
the intensi cation of Egreak att 12. The intensi cation of energy gradients at the TE
is faster than at 3000, being largely over byt = 20 compared tot = 40 there. Similarly
the time for the slug to Il the (computational) pipe is 35 rather than 50 at 3000.
Interpolation of the nal front velocities from E,q in Figure 17 yieldscrg = 1:58U and
ce =0:56U at Re =6000. Similar interpolation from Figure 16 yields crg = 1:47U and
cLe = 0:68U at Re =4500. This is in very good agreement with experimental estinates,
given the di culty in measuring the speed of the leading edge experimentally. However
the most striking feature of the Eoy and Esyeax  €Volution plots is now the large gradient
of E;oy at the LE. This is consistent with experimental observations, but is nevertheless
eye-catching compared to the more di use leading edges faRe = 2000 and 3000.

A typical sequence of plots visually representative of the bbngation mechanism of the
slug is shown in Figure 18 forRe = 4500. The quantity displayed is the azimuthal vortic-
ity of the perturbation to the base ow. As for Re = 3000, intense vortical structures start
to develop near the vortex sheet behind the TE. Again, these wrtical structures clearly
resemble a rolling-up vortex sheet observed in the early s@ge of the Kelvin-Helmholtz
instability. Their propagation velocity is initially slow er than the overall speed of the
turbulent region from which it originates, thus inducing a t ime delay: the vortical uctu-
ations are left behind the passing slug. The destabilisatio of these vortical uctuations
results in an ejection process, leading to the formation a loal blob of turbulence. Initially
this blob is clearly distinct from the turbulence in the acti ve region already developed
at earlier times, however its vortical intensity becomes quckly comparable! to the levels
observed at the trailing edge. This localised blob of turbuence migrates towards the
centerline, invading the whole cross-section of the pipe.rhmediately after it aggregates
to the existing slug. The global elongation of the turbulent structure apparently results
from an intermittent sequence of such repeatedtjection ! destabilisation! aggregation
events (see video online).

For Re =6000, the azimuthal vorticity of the perturbation to the ba se ow is shown in
Figure 19. Just like the evolution at Re = 3000 and 4500, the ow departs from the edge
state through a clear roll-up of the vortex sheet att  12. However, the vortical motion
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Figure 14. Axial vorticity for the edge-to-slug evolution shown in gu re 13, Re = 3000 (top
to bottom, t=10,15,20,25,30,35,40 D=U). Top colourbar indicates logio values.

associated to the edge state atRe = 6000 was shown in Figure 6 to be o -centered
and predominantly located in one angular sector near the pig wall. Consequently, its
linear instability phase (intensi cation of the vorticity gradients across the vortex sheet),
as well as the nonlinear phase (roll-up and destabilisatiorof the vortex sheet) are also
very localised near that wall. Visualising the vorticity in a (s; z)-plane again reveals the
repeated formation of Kelvin-Helmholtz vortices. This calls for a detailed study of the
dynamical evolution of these coherent structures, and an eploration of their possible
relation to hairpin vortices (see for instance Adrian 2007) The average size of those
vortices appears smaller than those found aRe = 3000. These vortices instantaneously
break down to generate a localised pocket of turbulence neahe wall, visually analogous
to the formation of spots in at boundary layers. As the roll- up process repeats itself
over time, turbulent motions invade the pipe in the axial dir ection but also azimuthally,
until the whole cross-section is lled at aroundt  20. The expanding slug eventually
takes a neat cylindrical shape with arrow-shaped ends, anabjous to theRe = 3000 case,
but with considerably smaller internal scales. Ejection ofKH vortices is also evident near
the leading edge, and to a lower extent throughout the ow though it is obscured by
multiple events. This is consistent with Figure 17 and with the fact that strong gradients
of E;oy Occur also at the leading edge, compared to th&e = 3000 case where only the
trailing edge can trigger strong vorticity uctuations.
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Figure 15. Azimuthal vorticity focusing on the instability of the edge  state leading
to the early formation of a slug as shown in gure 16, Re = 4500 (top to bottom,
t=5,12.5,15.75,20.3,25,27.5,35.25D=U). (same scale as in gure 14). Animation available online.

4.4. Vortical uctuations

Shimizu & Kida (2009) have analysed the propagation of thesevortical disturbances for
a turbulent pu and suggested a cyclic mechanism responsitd for its sustenance. The
vortex sheet at the TE consists of low-speed uid induced by he turbulent motion near
the wall and left behind the pu. It becomes unstable and triggers three-dimensional
vortices. Their study suggests that the ejection of KelvinHelmholtz vortices, resulting
from the large gradients across the vortex sheet, plays a keyole in the sustenance
mechanism of the turbulent pu : these vortices propagate davnstream with a velocity
greater than that of the pu, hence they represent the missing link to feed turbulent
uctuations back into the turbulent pu. The loop is plausib ly closed because the KH
uctuations travel at a phase velocity faster than that of th e pu itself.

We now wish to investigate how this mechanism is altered wherturbulent pu s are
no longer equilibrium states. Vortical structures growing on top of the vortex sheet near
the trailing edge are also detected by eye in Figures 14, 18 a@n19. Animation of the
caseRe = 6000 (expanding slug) clearly shows that all uctuations ejected from the
trailing edge interface travel slower than the vortex sheet from which they originate. In
contrast, at Re = 2226 in Shimizu's data (localised pu ), the KH uctuations are faster
than the pu at least in the radial region between the pipe axis and the vortex sheet.
Given this, we focus here on the axial propagation speed of #h vortical structures and
compare it with the corresponding speed of the turbulence afke varies. The main idea
here is that the value of crg (to be compared eventually to c g ) is controlled solely
by the vortex dynamics at the trailing edge, which in turns depends on both the initial
vortex propagation speedCky and a representative speed of the turbulence. Since in
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Figure 16. Genesis of slug from the edge state atRe = 4500. Top E;oi and bottom Esiyeax
(scales as in gure 12) The resolution is (60; 48; 384).
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Figure 17. Genesis of slug from the edge state atRe = 6000. Top E;oi and bottom Esiyeax
(scales as in gure 12) The resolution is (60; 48; 384).
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Re=4500

Figure 18. Azimuthal vorticity perturbation during slug expansion at Re = 4500,
focusing on one single ejection event upstream of the trailing edge (top to bottom;

t=47 :85 4805 4855 4905 4955 4985D=U) (same scale as in gure 14). Open circles are drawn
in order to facilitate the visual identi cation of ejected K elvin-Helmholtz vortices, as in the vor-

tex tracking method. Three parallel lines are drawn schemat ically as guidelines for the leading
edge velocity z = ¢ , another line symbolising the trailing edge velocity z = cre . Animation

available online.

a developed slug both interfaces travel at di erent velocities, the question arises which
quantity should be taken as a reference velocity of the bulk tirbulence. From gures 13,
16 and 17 as well as from the animations online, it is clear thiathe sudden deceleration
of the TE is responsible for the elongation, and that the ins&bility mechanisms acting
during the edge! slug evolution act at the upstream interface. On the contrary, the LE
behaves as a passive region connecting the turbulent zone the laminar upstream of it.
It is characterised by a front propagation speedc g which appears dependent only on
Re, independently of whether there is a upstream interface andf the possible dynamics
occurring there. For instance, in a highRe experimental pipe set-up where disturbances
would be injected continuously near the inlet, a propagatirg front delimiting the turbu-
lence and the laminar ow would plausibly travel downstream at the same velocity c.g ,
whereas in that case there is no such thing as a trailing edget thus appears natural, at
a given value ofRe, to regard c.g as the propagation speed of the turbulence through
a laminar environment. Note that understanding the experimentally-observed depen-
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Figure 19. Azimuthal vorticity perturbation for the edge-to-slug evo lution shown in gure 17,
Re = 6000. (top to bottom, t=9 :536 12522 13268 13783 16065 18235 20727D=U), (same scale
as in gure 14). Animation available online.

dence ofc.e on Re is an open issue, whose determination undoubtedly necesates full
knowledge of the distribution of the Reynolds stresses insie the turbulent zone. Ratio-
nalizing this is beyond the scope of the present investigatin. Instead, c.g as an observed
function of Re is adopted here as representative of the speed of the turbutee as a whole.

The method used to track each individual KH vortex is relatively simple: the location
of localised maxima of the azimuthal vorticity perturbation ! is tracked against time in
a given (s; z)-section. The axial velocity Cxy of each ejected vortex is then interpolated
numerically by a linear t. This method relies on an unambiguous identi cation of intense
peaks of! in the chosen plane. Such a condition is not ful lled in practice for all vortex
events, for instance if the chosen vortex drifts away from the chosen §; z)-plane, or if the
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Figure 20. Axial velocity of the Kelvin-Helmoltz vortices as a functio n of their radial position
(here in units of the radius 2), for Re = 2000; 3000, 4500 and 6000.

location of the maximum is too patchy to be accurately tracked. The number of in-plane
vortices which can be accurately tracked in our videos (avdable online) is O(15), which
appears just su cient to get useful statistics. The axial velocity of all tracked vortices
is shown in Figure 20 against their radial position for Re =2000, 3000, 4500 and 6000.
The spread in the data necessarily calls for a statistical dscription of the process. All
perturbations have their maximum located betweens = 0 and s = 0:28 (in units of D).
Their instantaneous axial velocity lies betweenU and 2U (respectively the pu veloc-
ity and the centerline velocity of the laminar ow) at Re = 2000. For Re > 3000, it
lies between 06U and 2U. Importantly, the distribution of Cgy resembles neither the
laminar parabolic pro le nor the turbulent one, which suggests that we are not trivially
measuring the passive advection of perturbations by the ow

The axial velocity Cky in the database was averaged over the whole vortex popu-
lation for each value of Re. The mean value hCky i varies with Re between 1.34 and
1.38, which essentially suggests thabCky i is independent ofRe, as should be expected
for the suspected underlyinginviscid Kelvin-Helmholtz mechanism. For comparison, we
have also used the data in Figure 14 by Shimizu & Kida (2009), wich corresponds in
our units to a ux-based Reynolds number of Re = 2226 in a smaller pipe of length
L = 25:13D. Those authors track the velocity Us (s;z) of perturbations by measuring
space-time correlations, and compare it to the pu velocity. The perturbations they also
identify with Kelvin-Helmholtz structures are located in t he central regionjsj 6 0:3, for
which the z-averaged quantity hJ; i ,(r) varies between 115U and 1:35U. Despite a di er-
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Figure 21. Axial velocity of the leading and the trailing edges as a func tion of Re (triangles),

compared with available experimental data. The velocity of the leading edge is always greater
(slugs) or equal (pu s) to that of the trailing edge. The mean axial propagation velocity hCky i

of Kelvin-Helmholtz vortical structures ejected from the t railing edge is indicated, plus or minus

its standard deviation Ckn (See section 3.4), as well as the minimum value minCgy among the
data at hand. The arrow at Re = 2226 indicates the statistical velocity of uctuations co mputed

by Shimizu & Kida (2009).

ent tracking algorithm, we consider this correspondence rassuring, especially given the
di erence in pipe lengths and the possible in uence of a shater pipe on the pu dynamics.

We now compare the propagation velocity of the KH vortices tothe velocity ¢.g and
cre of the leading edge and the trailing edge, (respectively), dduced by interpolation
from Figures 12, 13, 16 and 17 . Our values of ¢ and crg are shown in Figure 21 as
a function of Re. They compare very well with available experimental data by Lindgren
(1969), Wygnanski & Champagne (1973), Hof et al. (2005) and khi et al.(2008). Adding
now the data for the average speediCky i, the average speed plus or minus the standard
deviation iCxy i Cky , and the minimum value min Cxy as functions ofRe in Figure
21, a clear trend is noticeable which we summarise as follows

for Re=2000,c g = crg  1:03U, much belowhCky i  Ckn =1:26U and below
min Cxy = 1:05U. This is the case where turbulence stays localised inside aitbulent
pu structure. As can also be seen from Figure 21,all vortices travel faster than the
turbulent pu .

for Re = 3000, c.g 1:16U, below hCky i but slightly above hCxy i Cky and
clearly above minCgxy = 0:93U (note that we have omitted the possible rogue data point
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Ckn = 0:58U present in Figure 20, which would only exaggerate the trend) This is a
slug case where turbulence is expanding discontinuously tbugh the pipe. According to
the statistical description, we note that some of the vortices (the slowest ones) do not
catch up with the leading edge velocity.

for Re = 4500 and even more clearly forRe = 6000, c g is abovehCky i, close to
hCku i + Cku and much above minCgy . This is a case of continuous slug expansion.
Statistically, almost all vortices propagate at a velocity slower than the bulk turbulence.

The interpretation is straightforward: the turbulent stat e stays localised as long as all
Kelvin-Helmholtz vortices travel faster than the leading edge. Otherwise, it delocalises,
expanding spatially by accretion when at least some of the vdices do not catch up
with it. Our analysis for the pu case con rms the observatio n made by Shimizu & Kida
(2009): all KH vortices travel faster than the turbulent pu . In the slug case, the sequence
of events shown in Figure 18 is entirely representative of te dynamics shown in the online
videos for Re = 3000, 4500 andRe = 6000: slow KH vortices are ejected towards the
centerline, break down in the wake of the turbulent state travelling faster downstream.
The original turbulence then elongates through accretion.The process repeats itself until
turbulent ow has invaded the whole pipe. According to Figure 21, for largerRe, the
likelihood of a given KH vortex catching up with the turbulen t structures decreases and
the slug expansion can truly be described as continuous whe(statistically) all vortices
contribute through their early breakdown to the axial expansion of the slug.

5. Discussion

This paper has examined the likely route through which turbulent slugs are gener-
ated by focussing on how the relative attractor (the edge st&e) on the laminar-turbulent
boundary breaks down. If the edge state is unique, this can b&iewed in some sense as
the generic situation, since for all but the most drastic initial perturbations the disturbed
ow will, at least initially, evolve toward the edge state before being directed away by
its unstable manifold. As a result, experiments working with disturbances just above the
transitional threshold should see essentially this slug geesis. The ow development along
the unstable manifold of the edge state is also a natural way fode ning a slug since it is
a constantly-expanding, evolving state.

For all values of Re examined so far (1800 2800 in Mellibovsky et al. 2009 and up to
6000 here), these edge states are always found to be axiallyealised despite the fact that
the associated turbulent state delocalises beyond 2300. They appear to have chaotic
dynamics and look very similar to pu s albeit with less energy especially in their core
(Willis & Kerswell 2009, Mellibovsky et al. 2009). Their int ernal dynamics is found to
smoothen temporally and become even more localised spatiglwith increasing Re re-
ecting the fact that the edge state approaches the laminar rather than the turbulent
state energetically. Working within symmetric subspaces gaggerates this trend by re-
vealing an almost periodic state and, in 2+ d, the simplest state possible, which appears
to be a travelling wave.

Once the edge state is weakly perturbed atRe > 3000, slug genesis is observed to
occur through three distinct phases:
intensi cation of the core energy and subsequent front shapening,
shear instability of the wall-attached vortex layer set up at the trailing edge,
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spatial expansion through the contamination of the uid left behind the trailing edge.

The rst two phases are also seen during pu genesis atRe = 2000. In particular
at all Re studied, the instability of the edge state manifests itselfinitially by a local
increase of energy and sharper velocity gradients at the triéing edge which form an in-
tense vortex sheet near the wall at the trailing edge. This skar is unstable to what looks
to be a Kelvin-Helmholtz (KH) instability and rolled-up vor tices are shed, see for in-
stance gure 15. These travel downstream at a Re-independdraverage speed of 1:4U.
When Re is low enough, for instance from Figure 21 for approximativdy Re 6 2500, all
vortices travel downstream faster than the developing turtulence, and a pu of stable
length forms (Shimizu & Kida, 2009). The turbulence can thenbe considered in statisti-
cal equilibrium. For much larger Re, for instance Re = 6000 in our simulations, almost
all vortices ejected from the vortex sheet are slower than tle turbulence yet are intense
enough to break down themselves. Precisely because they astower, these new patches
of turbulence are sown behind the passing interface, and endp aggregating to the ex-
isting turbulence, creating the impression of an overall smoth elongation. The slug can
then be seen as a turbulent pu “out-of-equilibrium’. However the mechanisms through
which the vortical activity is sustained within the slug its elf are still unclear.

For intermediate values of Re, the propagation of the KH shed-vortices has to be in-
vestigated statistically; some of them travel faster than the turbulent pu, while the
slowest ones cause its spatial elongation. The turbulent puis still out-of-equilibrium
but its spatial elongation occurs now in jumps, as can be seefor instance in Figure 13
at Re = 3000. More extensive data is needed to answer the questionsato whether the
transition from discontinuous to continuous elongation isabrupt or happens continuously
when varying Re. A last regime of interest is de ned by min Cxy CLe - In this par-
ticular con guration, the pu is nearly in equilibrium but d eparts from the equilibrium
turbulent pu every time a rare statistical event occurs, un der the form of a slower KH
shed-vortex. The turbulent pu is expected to hesitate intermittently between keeping
his pu -like shape or expanding spatially.

The range of Re for this intermediate regime can be determined, to a rst approxi-
mation, by interpolation of min Cgy c.e from Figure 21, which yieldsRe 2500. A
more conservative estimate ofRe 2850 is given byhCxn i Ckn CLe , i.e. when
only rare statistical events travel slower than c g . This regime may well correspond to
the spatiotemporally intermittent dynamics identi ed by M oxey & Barkley (2010) for Re
between 2300 and 2600. A proper computational identi cation of this regime demands
much larger domains, for instanceL = 150D in Moxey & Barkley (2010), as well as a
more accurate way of getting statistics ofCxy . This regime bridges the gap inRe noticed
by experimentalists between pu s and slugs (see for instane Figure 2(b) in Wygnanski
& Champagne, 1973). The regime dependence on the relativezais of minCxy and c g
can be summarised as follows:

min Cxy > c g : equilibrium pu
min Cky  CLg : intermittent regime
min Cxy < cg : slug expansion

Finally, it would be interesting to investigate how this approach to spatio-temporal
intermittency can be extended to other shear ows, such as tke expansion of turbulent
spots in plane Couette ow or in the Blasius boundary layer.
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