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Analyzing known elementary relations between U(p) operators and Picard
functoriality of the Jacobians of each tower of modular curves of p-power
level, we get fairly exact control of the ordinary part of the limit Barsotti-
Tate groups and the (p-adically completed) limit Mordell-Weil groups with
respect to the weight Iwasawa algebra. Computing Galois cohomology of
these controlled Galois modules, we hope to get good control of the (ordinary
part of) limit Selmer groups and limit Tate-Shafarevich groups.



0. Exotic [1-type congruence subgroups:

Let T ;= fo/up—1 = 1+ pZy,, for a prime p > 5. Fix an exact
sequence of profinite groups 1 — Hp — [ x I o 1, and
regard Hp as a subgroup of ' x I'. This implies nr(a,d) = a®d =9
for a pair (o, 8) € Z2 with aZy~+6Zy = Zp. Let H be the pull-back
of Hp to Zy x Z; . Define, for Z = [1;:primesZ; and 0 < M, N € Z,

Fo(M) :={(24) € GL2(Z)|c € MZ},

Fi(M) :={(24) €To(M)|d—1€ MZ},

(M) = {(g g) c I_1(M)|a,— 1¢ MZ}
Fo=Fusi={(2}) € o) N F1(V)|(ap, dy) € H/1E |
M =rh,=To(@) Ny (s>r ptN).

The group Iy := T -NSL>(Q) is independent of H almost M1 (Np").

1



51. Exotic modular tower.
Let X, @ and X;“/@ be Shimura’s canonical models associated

with [ and .. They are geometrically connected curve canoni-
cally defined over Q and the moduli of elliptic curves with certain
level structure (which can be defined over Z(p)).

We have an adelic expression of their complex points.
XI(C) = GLo(Q)\GLo(A) /TR SO (R) = I\,
where I =TTNSL,(Q) and I = »-NSLo(Q). Note that I and

" is independent of the choice of (a, §).

Write J;“/@ and Jr/@ for the corresponding Jacobian varieties.



§2. Galois representation.

Let f € So(I'r) be a Hecke eigenform and p; be its p-adic Ga-
lois representation, taking the choice («,6) = (0,1). Note that
det pf= wa for a p-power order character 3 which has a unique
square root \/If of p-power order. Then the same f gives rise to

pr® \Joy 1 if (@, 8) = (1,1) and we regard fdz € H(Xr, Qx, /c)-

If we write the Mazur-Kitagawa p-adic L-function (interpolating
L(s,f)) for f in a two variable nearly ordinary family as L(k,s)
for the weight variable £ «— f and the cyclotomic variable s, the
tower {X,}, for (a,9) gives the one variable variation the one
variable p-adic L-function k — L(2k 4+ 2,ak + 1). In particular,
if (a,8) = (0,1) gives the ordinary variation: the one variable
p-adic L-function &k — L2k + 2,1), and («,8) = (1,1) gives
the central critical variation: the one variable p-adic L-function
k— L(2k+ 2,k+ 1) (which can be identically 0).



§3. Ordinary N\-BT group.

Define G = G, 5 := lim_ Js[p>]°"9 sometimes over Q sometimes
over Z(p)[,upoo]. Here “ord” indicates the image ofEheAidempotent
e := lim U(p)™. Since I = (I x MN)/H = |im /T3 naturally
acts on ¢, ¢ has natural action of the weight Iwasawa algebra
N = Zplll]] = Zp[[T]] with t =1+ T generating I.

The A-BT group G satisfies
(CT) For Gs := Js[p>]°"9, we have

Ge=G[t" " — 1] :=Ker(” " —1:G— Q)
(in particular, Gs/r — YR s a closed im_mersion for R = Z,) [1poe]);
(DV) The geometric generic fiber G(K) is isomorphic to (A*)"

for the Pontryagin dual AV := HomZp(/\,Qp/Zp); SO,
TG = Homa(AY,G(K)) is A-free of finite rank.



84. The U(p)-operators.

Since 'L >[5, consider the cyclic quotient group C 1= I':—E of order
p°~". By the inflation restriction sequence, we have the following

commutative diagram with exact rows:

HY(C,T) = HY(,T) — HYr,T)" =1 — H2(C,T)=0

T ‘| | T

7 —  JHC) — LORW T -1 — 7.
Since C is a finite cyclic group of order p*~" (with generator g)
acting trivially on T, we have H}(C,T) = Hom(C,T) £ C and

H2(C,T)=T/(14+g+--+g¢> H=T/p°"T =0.



§5. The U(p)-isomorphism. By a cocycle computation, we
confirm that U(p) acts on H1(C, T) via multiplication by its de-
gree p, and hence U(p)*~" kill HY(C,T).

Hence JI — Jsis an U(p)-isomorphism over C (meaning its kernel
and cokernel are killed by a power of U(p)) and hence over Q.
We record what we have proven:

U(p)* "(H*(C,T)) = H*(C,T) = 0.
This fact has been exploited by the speaker to show (CT) and
(DV).
By (DV), for any factor w|tp8 — 1, we have an exact sequence

0 — Glw] — G = G — 0 (the first fundamental sequence)

of fppf abelian sheaves.



§6. The U(p)-identity.
Note a simple identity:

UR(r* ) = FATE (8,20 ) T v = { (8, ) [ mod 57}
= M (Np")\F1(NP") (g oo ) T2 (NP) =1 U*™")

which implies the relation of U(p®*~")-operators:

where the middle «’ is given by US(p*~") and uw and v are U(p*~").
Then the above diagram implies

ocojord ~ g7 ocoyord ord ~ qr,ord
Jr ol 7 = S/Q[P ] S0 = s



§7. Replace H'(X;,T) by H!'(Xs,0% ).

Note prpf(X O>< @) = Pch/@ for a smooth geometrically ir-
reducible curve X. Thus we have the following commutative
diagram with exact rows and columns for X = X5 and Y = X|:

0 — 7, S 7, — 0

T degTonto degTonto T

HY(HY) — Picy;s(T) = AO(SL,Picy,s(T)) — H2(HY)

| | E |
71— (D) —  HOFL (D) — 7

C

Here J, is the Jacobian of the curve 7, and HS = H‘(Gm/y)(u) =

prpf(u Ou) for a Y-scheme U/ as a presheaf. By Cech cohomol-
ogy computation, one can easily show e(H‘(H )) =0.



§8. Arithmetic points.

Define h = h, s := A[T(n)ln = 1,2,...] C EndA(TG). Take a
connected component Spec(T) and assume that T is a unique
factorization domain (this is usually the case).

Define Ar for the set of points in Spec(T)(Q,) with P|(tP" — 1)
for some » > 0. Then we have an abelian varieties Ap C Jr and
Jr — Bp associated to P and a Hecke eigenform fp associated
to P. Write Hp = Q(fp) C End(Ap/@) ® Q for the Hecke field of

Ip-

We then put

Qr = {P € Ag|Ap has potentially good reduction modulo p}.



§9. Second fundamental exact sequence

Define an fppf sheaf JOI(R) := e(lim Js(R) ®z Z/p"Z) and put
Jord = lim_ JO'd. Since T is a UFD, each prime P € Ag is
generated by w € T associated to a Hecke eigenform fp € SQ(I‘T)
and an abelian subvariety Ap C Jr and an abelian quotient J, —»
Bp isogenous to Ap. We get the following exact sequence of
fppf sheaves:

O_>Aord Jord w Jord Bord ®Z Qp—>0,

where X°'4(R) = e(lim X (R)®zZ/p"Z) for an abelian variety X
and JorT = J994 @, T. In other words, AYd = Jord[w] = Ker(w :

Jord — Jord) for all s > r and B9 = Jord/w(Jord) but the limit
lim Jord/w(Jord) is isomorphic to Bord ®7, Qp.

—s>Tr



§10. Arithmetic cohomology groups.

For a finite set of places S of a number field K containing all
places above Np and oo, write KS/K for the maximal extension
unramified outside S. For a topological Gal(K*/K)-module M
and v € S, we write H*(K°/K,M) (resp. H®*(Ky, M) for the
v-completion K, of K) for the continuous cohomology for the
profinite group GaI(KS/K) (resp. Gal(K,/K,) for an algebraic
closure K, of K,). Define

M(K°/K, M) = Ker(H'(K®/K, M) — [] H'(Kv, M)) @ Zp.
veS
In addition to the Mordell=Weil group Jr(K) ®z, Qp/Zp, we study

the Tate—Shafarevich group LI (JO'), Il (K° /K, J-[p>]°"®) and
the Selmer group

Sel g (J2') = Ker(HY(K5/K, J-[p®]°") — [[ H(Ky, JO)).
vES




311. Theorem for Tate—Shafarevich groups.

Theorem III. Suppose that T is a unique factorization domain.

1. If HIg(K® /K, Ap,[p>]°"?) is finite for a single point Py € Qr,
then I (K° /K, Ap[p>]°"?) is finite for almost all P € Q.

2. IfMK(A%Bd) is finite and dimHPO Ap,(K)®7Q < 1 for a single
point Py € Q, then MK(A?JC’) is finite for almost all P € Q.

3. If | g (AZY)| < oo and dimr, Ap,(K) ®zQ < 1 for a single
point Py € QT, then dimy, AP(K) ®7Q = 0 or 1 independent
of P for almost all P € 2.



§12. Theorem for Selmer groups.

Theorem S. Suppose that T is a unique factorization domain.

1. IfSeIK(A%Bd) is finite for a single point Py € Q, then Selg (A¥Y)
is finite for almost all P € Q2.

2. Suppose that all prime factors of p in K has residual degree 1.
If SeIK(A%Bd) = 0 for a single point Py € Q1 such that Ap g

has good reduction modulo p with Ap (Fp) = O, SeIK(A%rd)
is finite for all P € Q21 without exception.

This type of control has been studied by other people, notably,
J. Nekovar.



§13. Abelian variety of GL(2)-type.

A Q-simple abelian variety (with a polarization) is “of GL(2)-
type’ if we have a subfield H4 C EndO(A/@) = End(4,g) ®7 Q
of degree dim A (stable under Rosati-involution).

Then, for the two-dimensional compatible system p, of Galois
representation of A with coefficients in H4, H4 is generated by
traces Tr(pg(Frob;)) of Frobenius elements Frob; for primes |
of good reduction (i.e., the field H,4 is uniquely determined by
A). We always regard Q as a subfield of the algebraic closure
Q. Thus O = End(A,p) N Hy is an order of Hy. Write Oy
for the integer ring of H,. Replacing A by the abelian variety
representing the group functor R — A(R) ®Oj40Av we may choose

A so that O’A = O 4 in the Q-isogeny class of A.



314. Congruence among abelian varieties.

To reformulate the result, we introduce congruence among abelian
varieties.

For two abelian varieties A and B of GL(2)-type over Q, we say
that A is congruent to B modulo a prime p over Q if we have
a prime factor py (resp. pp) of p in O4 (reso. Opg) and field
embeddings o4 : Og/pa — Fp and o : Og/pp — F, such that
(A[pé] ®OA/pA,aAFp)SS = (B[pg] R05/p o5 [F,)%% as semi-simplified
Gal(Q/Q)-modules.

We call that A is of py-type («,9) if the py-adic Tate mod-
ule produces a local representation pp, of Gal(@p/Qp) such that

aY

ppA|]p = <’/pg_5 Z) for a character e¢ : Ip — ppo Of the inertia
€
group Ip at p.



§15. Rational elliptic curves.

Let E/@ be an elliptic curve. Writing the Hasse—Weil L-function
L(s, E) as a Dirichlet series >, —1ann™ % (an € Z) (i.e., 14+p—ap =
|[E(Fp)| for each prime p of good reduction for E), we call p
admissible for E if E has good reduction at p and (ap mod p) is
notin Qg := {£1,0} (so, 2 and 3 are not admissible). Therefore,
the maximal étale quotient of E[p] over Z, is not isomorphic to
Z,/pZ, up to unramified quadratic twists.

By the Hasse bound |ap| < 2,/p, p > 7 is not admissible if and only
if ap € Q2. Thus if £ does not have complex multiplication, the
Dirichlet density of non-admissible primes is zero by a theorem
of Serre as L(s,E) = L(s, f) for a rational Hecke eigenform f.



§16. Vanishing of III proliferates.

Let £/ be an elliptic curve with HIx(E)| < oo and dimg E(K)®z
Q < 1. Let N be the conductor of E, and pick an admissible
prime p for E. Consider the set AE,p made up of all Q-isogeny
classes of Q-simple abelian varieties A/@ of pa-type (a,d) with
prime-to-p conductor N congruent to E modulo p over Q.

Theorem B. There exists an explicit (computable) finite set
S of primes depending on N but independent of K such that
if p & Sg, almost all members A € Ag, have finite I (A)[p7]
and constant dimension dimpy, A(K) < 1. If further E(K)p =
I (E) =0 (i.e., Selg(FE) = 0 in short) and E can be embedded
into J, for some r > 0, then as long as p totally splits in K/@,
every A € Ag , has finite Il (A) [p%’] and Seli (A)[pY] as long as

p & SE.



§17. More concrete statement.

Corollary C. Let N € {11,14,15,17,19,20,21,24,27,32,36,49}
(all the cases when Xq(IN) is an elliptic curve with finite Xo(N)(Q) ).
Pick an admissible prime p for Xqo(N). Then |HIg(A)[pF]] < oo
and |Selg(A)[pF]| < oo for almost all A in Ax V) p- If further
Xo(N)(Q)p = HIg(Xo(N))p = 0, Selg(A)[p] and Hg(A)[p] are
both finite for all A in Ax (N, Without exception.

If E is the factor of Jo(37) with root number —1 (so, rank E(Q) =
1), for an admissible prime p for E, we have |Lln(A)[pF]| < oo
for almost all A in Ag .



§18. Conjecture.

Here is a conjecture:
Conjecture 1. Let Spec(l) be a new irreducible component of
SDeC(ha,(;), and pick a totally real field K.

(1) Suppose («a,8) = (1,1) and that the root number of 1 is
e .— 4+1 over the totally real number field K. Then for almost
all P € Q, we have dimy, Ap(K) ®7Q = 15¢.

2
(2) Suppose (a,6) = (1,1). Then for almost all P € 21, we have

dimHP AP(K) ®ZQ = 0.

Combined with the solution of the parity conjecture by Nekovar
and Dokchitser/Dokchitser with our result, the above conjecture
holds in many cases.



§19. Start of the proof for III(G) := III(Q°/Q,G) for K = Q.
Recall the 1st fundamental sequence: 0 — Ap[p>®] — G = G —

0. Then we get a commutative diagram with exact bottom two
rows and exact columns:

Ker(us) — — LI(AX9pe]) 2% m(g) 22 m(g)

| | | |

E¥p(K) = HYAZIp™®]) = HY(G) =5 HL(9)

l | | |

Moes Br(in) — HI(AXIp™]) % HL(G) —2% HL(G),
where E%-(k) = Coker(w : G(k) — G(k)) and HS(?) = [ljes HY (K, 7).



§20. Conclusion of the proof for III(G).

If ap Z# 1 mod p, we have G(Q) = G(Qp) = 0. If the residual
representation of Pfp is irreducible, again G(Q) = 0. It is easy to
show E%-(K) and [[,cs EFr(Kv) are finite. Thus the sequence

0 — HI(AZ[p™]) — II(G) — LI(G)

is exact up to finite error. Thus if M(A%gd[poo]) is finite, the
Pontryagin dual III(G)V is a torsion T-module of finite type; so,
for most P € Qr, JHI(A¥Y[p™>])| < co. ]



§21. Start of the proof for Sel(A¥Y) := Selx (AYY) for K = Q.

Recall the following second fundamental exact sequence:
O_>A0rd(K) _>J0rd(K) Jord(K) _>Bord(K/) ®Zp Qp_>07

where J$I¢ = lim _J9' and K’ = Q° and Q;. We separate it into
two short exact sequences:
0 _)AOI’d(K/) R Jord(K/) N w(JOI’d)(K/) -0,
O_>w(JOrd)(K) _>J0rd(K) _)Bord(K/) ®Zp Qp—>0



§22. The proof for Sel(A%9) continues.
Look into the following commutative diagram of sheaves with
exact rows:

A1 = gape) ZEL ] — o
J ! : J
A%rd . Jgord . Jgord N Bgrd R Qp.

Since B4 ® Q, is a sheaf of Qp-vector spaces and JY9[p>®] is p-
torsion, the inclusion map ¢ factors through the image Im(w) =
w(JY); so,

w(JLD P> = I P™.



§23. Injectivity of Sel(w(JYY)) — Sel(J29).,

From the exact sequence, w(J°d) — jord _, gord ®7, Qp, taking
its cohomology sequence, we get the bottom sequence of the
following commutative diagram with exact rows:

0 — HY(w(ILNP>*]) — H'(IZp™])

l /| l
Mies B&e(Q) —  Hi(@w(ZD) —  HUILY,
where we have written Hi(X) :=[[,c5 H!(Kv, X) and

EZe/(Q)) 1= Coker(JZU(Ky) — BY(Ky) ®7, Qp).



§24. Conclusion for injectivity.

By the snake lemma, we get an exact sequence

0 — Selg (w(JL)) — Selg(JLY) — [ Bée (Ko),
v|p

since it is easy to see BYI(Q)) Rz, Qp = B (Q) =0 if 1 # p.



§25. Hard part.
We |look into:

Ker() %  Sel(AZ9) 4 sel(J29) T Sel(w(J9%))

| |a | |

Epr(Q) — HY(AYIp>]) = HY(G) = HY(G)

| | | |

s LS x
EX(Qp) —>  Hg(AFY)  —= HUZD) — H(@(ILD).

o(gerd
Here E°(k) = lim (oo 2) ()

0 . :
Hm a(Jgg%(k))' The error E°(Qp) injects into

H? (Qp [,Upoo] /Qpa A%rd (Qp [,upoo] ).



§26. Conclusion.
If Ap has good reduction modulo p, by a result of P. Schneider

on universal norm, |E®(Qp)| < |HY(Qplup=]/Qp, AFI(Qplup=])| =
|Ap(Fp)|?. If Ap has good reduction over Zp[u,], we have an

exact sequence for Ky = Qp[uyr]:
HY (K /K, AFYKr)) — HY (Koo /K, A4 (Ko))
— HY(K, /K, HY (Koo /Ky, AAYK0)) — H? (K, /K, AYY(K,)),
we get the finiteness of E°°(Qp).

As already seen, Eppr(Q) is finite, we get an exact sequence
0 — Sel(AZY) — Sel(JIT) = Sel(JLT)

and hence if SeI(A%gd) is finite, Sel(Jgﬂr)V is T-torsion, so, Sel(AY9)
is finite for most of P.



§27. Case where SeI(A%gd) = 0.

If SeI(A%gd) = 0 and Ap, has good reduction modulo p with
A%gd(lﬁ‘p) — 0, again by Schneider, the sequence

0 — Sel(AZY) — Sel(JIT) — Sel(JLT)

is exact, and hence Sel(Jg%'F) = 0. This shows that finiteness of
Sel(A¥Y) for all P € Q.



§28. Sketch for II(A°Y). Assume that Il (Ap, [p*>]°"9) is finite
(this follows from dimyy, A%gd(K) ®Q <1 and |mK(A%gd)| < 00
by Kummer theory). Then from the sheaf exact sequence:

O_>Aord[poo] _)Aord@w(Jord) Jord — 0,
by a diagram chasing, we get the finiteness of the kernel of
Mg (w(JLE)) — M (JID).

Then similarly to the control of the Selmer group, we get the
following exact sequence up to finite error:

0 — M (AZ) — M (JET) > M (JET):

Then in the same way as Selmer group, we get T-torsion prop-
erty of mK(JOO,T)Ord'V, and by some more argument finiteness of
i (AY9) with dimp, Ap(K) ® Q < 1 for most P.



