HYDRA GROUPS
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AsstracT. We give examples of CAT(0), biautomatic, free—by—cyatinge—relator groups
which have finite—rank free subgroups of huge (Ackermanniéstortion. This leads to
elementary examples of groups whose Dehn functions ardasiynextravagant. This
behaviour originates in manifestations ldércules—versus—the—hydra battles string—
rewriting.

2010 Mathematics Subject Classification: 20F65, 20F10, 26F
Key words and phrasedree—by—cyclic group, subgroup distortion, Dehn functibydra

1. INTRODUCTION

1.1. Hercules versus the hydra.Hercules’ second labour was to fight the Lernaean hy-
dra, a beast with multiple serpentine heads enjoying mhggganerative powers: when-
ever a head was severed, two grew in its place. Hercules etiedavith the help of his
nephew, lolaus, who stopped the regrowth by searing thepstuvith a burning torch after
each decapitation. The extraordinarily fast—growing figrs we will encounter in this
article stem from a re-imagining of this battle.

For us, ahydrawill be a finite—lengthpositiveword on the alphabet;, ay, as, ... — that

is, it includes no inverse lettess ™, a7, a3 72, . . .. Hercules fights a hydra by strikingfo

its first letter. The hydra then regenerates as follows: eactaining letter;, wherei > 1,
becomesa_; and thea; are unchanged. This process — removal of the first letter and
then regeneration — repeats, with Hercules victoriwben(notif!) the hydra is reduced

to the empty word:.

For example, Hercules defeats the hyasagza; in five strikes:
dpazd; — azgadpad; — a3 — A1y & Ad41 — &
(Each arrow represents the removal of the first letter andl tbgeneration.)

Proposition 1.1. Hercules defeats all hydra.

Proof. When fighting a hydra in which the highest index preserk, iso a with i > k
will ever appear, and nor will any neak. The prefix before the firsi is itself a hydra,
which, by induction, we can assume Hercules defeats. Hesawill then remove thedy,
decreasing the total numberaf present. It follows that Hercules eventually wins. o

However these battles are of extreme duration. Defif{e/) to be the number of strikes
it takes Hercules to vanquish the hydvaand for integer& > 1,n > 0, defineHy(n) =
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H(a"). We call theHy hydra functionsHere are some values #fi(n).

1 2 3 4 n
111 2 3 4 n
2|11 3 7 15 e 201
31 4 46 32%6_-2
ki1l k+1

To see thatH,(n) = 2" — 1 for all n, note that
H (a™) = H (") + H (aay @) = 20 (a") + 1.
And H3(n) is essentially am—fold iterated exponential function because, fomaH 0,
Ha(n+ 1) = 3.2H3(N) _ o,
by the calculations

ﬂ(a3n+l)

7‘((83”) +1+H (azal a2a12 . agalﬂ(a3n)) ,

H(apay apay? ... aa™) = 32"-m-3.

Extending this line of reasoning, we will derive relatiosh(15) and (L9) in Section3
from which it will follow that

Hy3) = 3.28%77 g

So these functions are extremely wild. The reason behine:xtreme fast growth is a
nested recursion. What we have is a variation on AckermdnnstionsA¢ : N — N,
defined for integerk, n > 0 by:

Ao(n) = n+2forn>0,

0 fork=1
0) =
AdO) {1 fork > 2,

and Ag1(n+1) = A(Ak1(n)) fork,n> 0.

So, in particularAy(n) = 2n, Ax(n) = 2" andAg(n) = exp” (1), then—fold iterated power
of 2. (Definitions of Ackermann’s functions occur with minaariations in the literature.)
Ackermann’s functions are represent the successive le¥ele Grzegorczyk hierarchy,
which is a grading of all primitive recursive functions — sé& example, 31].

We will prove the following relationship in Sectid Our notation in this proposition and
henceforth in this article is that fdr, g : N — N, we write f < g when there exist€ > 0
such that for alh we havef(n) < Cg(Cn+ C) + Cn+ C. This gives an equivalence relation
capturing qualitative agreement of the growths rdte: g if and only if f < gandg < f.

Proposition 1.2. Forall k > 1, Hy ~ Ax.

Other hydra dwell in the mathematical literature, partielylin the context of results con-
cerning independence from Peano arithmetic and otherdbgystems. The hydra of Kirby
and Paris 22], based on finite rooted trees, are particularly celebratgicilar, but yet
more extreme hydra were later constructed by Buchhtli. [ And creatures that, like
ours, are finite strings that regenerated@capitationwere defined by Hamano and Okada
[20] and then independently by Beklemish&}.[They go by the name afiorms are de-
scended from Buchholz’s hydra, involve more complex reggien rules, and withstand
Hercules even longer.
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1.2. Wild subgroup distortion. The distortion function Diﬁ : N — N for a subgroup
H with finite generating sef inside a grous with finite generating se5 compares the
intrinsic word metriady on H with the extrinsic word metrids:

Dist(n) := max{ dr(L,g) | g€ Hwithds(1,g)<n}.
Up to= it is does not depend on the particular finite generatingusssd.

A manifestation of our Hercules—versus—the—hydra bagde$ to the result that even for
apparently benig® andH, distortion can be wild.

Theorem 1.3. For each integer k> 1, there is a finitely generated group@at

is free—by—cyclic,

can be presented with only one defining relator,
is CAT(0),

is biautomatic,

and enjoys the rapid decay property,

and yet has a rank—k free subgroup tHat is distorted like the k—th of Ackermann’s func-
tions — that isDistﬁt ~ A

This distortion of a free subgroup of a CAT(0) group standstamk contrast to that of any
abelian subgroup — they are always quasi—isometricallyesided (see Theorem 4.10 of
Chapter IlIT" in [9], for example) and so no more than linearly distorted. Thstodiion
we achieve exceeds that found in the hyperbolic groups afaM6] and the subsequent
2-dimensional CAT£1) groups of Barnard, Brady and Dar?|{ first, for all k, they give
examples with a free subgroup of distortisrexg¥(n), and then they give examples with
free subgroups whose distortion functions grow faster thaif (n) for everyk. However,
our examples contaifi? subgroups and so are not hyperbolic.

Explicitly, our examples are
1) G = (a,...,a0t | tlait = ay, ttait = aa_1 (Vi > 1))
and their subgroups
Hy :=(aat, ..., axt).
So Gy is the free—by—cyclic group(ay, ..., a) = Z whereZ = (t) andt acts by the au-

tomorphism off(a, . . ., &) that is the restriction of the automorphighof F(a;, ay, .. .)
defined by

_ a1 i=1,
@ o) = {ml o

Fori < j, the canonical homomorphis@® — G; is an inclusion as the free—by-cyclic
normal forms of an element @; and its image irG; are the same. So the direct limit of
theG; under these inclusions is

G = (taya,... | tlagt=a, tlat=aa_1 (Vi > 1)).
Also, the subgroupl := (ait, ast,...) of Gis lim H; andHyx = Gy N H.
Our convention is thata,b] = a‘b'ab. By re—expressing the original relations as

[ai,t] = 1 anda_; = [&;,t] for i > 1 and then eliminatingy, . .., a1, One can preseiy
with one relation, a left-normed commutator:

Gk = (a,t | [at,....,1] =1).
e e
k
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As we will explain in Sectior, Gy can also be presented as
(a1,...,aS|ar tsey = s, @i tsay = @iy (i>1)).

By checking the link condition (see, for exampl, [I.5.24]) one finds that the Cayley

2-complex of this presentation (that is, the universal c@fghe associated presentation
2—complex), metrized so that each 2-cellis a EuclideanreqisaCAT(0). Gersten & Short

[18] proved that all such groups are automatic, and later NibReves27] proved that

a more general class of groups, those acting geometricalyAT (0) cube complexes, are
biautomatic.

The group$ enjoy the property afapid decayas a consequence &7, Corollary 2.1.10].

We remark that a corollary of our recursive upper bound omfpis that the membership
problem forHy in Gy is decidable.

The familyGg have received attention before. The gr@igpwas shown by Gersten ii7]

to be CAT(0) with quadratic divergence function. He gave filee—by—cyclic, the one—
relator, and the CAT(0) presentations@f we have described. In Example 1.3.3 24]
Macura identifiedsz as being CAT(0) and used it to give a CAT(0) complex which has ¢
bic divergence function and admits a discrete cocompaitirably a group of isometries.
Macura also mentiong, andGs in [23] as examples in the context of Kolchin maps and
guadratic isoperimetric functions. It is stated #) (Example 4) thatG; is biautomatic.
Bridson use&y in [8] as a starting point to construct free—by-free groups wighbfunc-
tions that are polynomial of degr&e- 1 and he shows them to be subgroups of Bjtfor
suitablen. Additionally he shows his example are asynchronouslyraat via normal
forms which have lengtk n¥, but by no shorter normal form. En route he shows (Section
4.1(3)) that free—by—cycliEy < Z groups, such a§y, embed in Autfy).

Examples of yet more extreme distortion are known, even dibgsoups of hyperbolic
groups. Arzhantseva & Osirl[ §3.4] and Pittet 29] explain an argument attributed to
Selain [L9, §3, 3K{]: the Rips construction, applied to a finitely presentabteug with
unsolvable word problem yields a hyperbolic (inde€q}1/6) small-cancellation) group
with a finitely generated subgropsuch that Disﬁ is not bounded above by any recursive
function. The reason is that whéhis a finitely generated normal subgroup of a finitely
presented grouf, there is an upper bound for the Dehn functionGyN in terms of
the Dehn function ofG and the distortion oN in G — see [L4, Corollary 8.2], P9.
Ol'shanskii & Sapir in P8, Theorem 2] provide another source of extreme examples —
using Mikhailova’s construction as their starting poihigy show that the set of distortion
functions of finitely generated subgroupgofx F, coincides (up te) with the set of Dehn
functions of finitely presented groups. However, it seemsérato gauge what distortion
functions arise for finitelypresentedgubgroups of CAT(0) or hyperbolic groups.

1.3. Extreme Dehn functions. The Dehn function Arean) of a finitely presented group
(A'| R) is related to the group’s word problem in that Angais the minimalN such that
given any wordw of length at mosh that represents the identity; freely equals some
productf[i’\‘:'l u~triu; of N’ < N conjugates of relatons € R*1, or, equivalently, one can
reducew to the empty word by applying defining relations at mds¢imes and removing or
inserting inverse pairs of letters. At the same time, therfehction is a natural geometric
invariant (in fact, a quasi—isometry invariant up=tp of a group: Areaf) is the minimal
N such that any edge—loop of length at mosh the Cayley 2-complex ofA | R) can be
spanned by a combinatorial filling disc (a van Kampen diagnaith area (that is, number
of 2-cells) at mostN. This geometric perspective is related to the classicabnaif an
isoperimetric function in Riemannian geometry in thatAf| R) is the fundamental group
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of a closed Riemannian manifol, then its Dehn function is—equivalent to the minimal
isoperimetric function of the universal cover ldf

Theoreml.3 leads to strikingly simple examples of finitely presentedugps with huge
Dehn functions, namely the HNN—extension<Gfwith stable letter commuting with all
elements of the subgroul.

Theorem 1.4. For k > 2, the Dehn function of the group
I = (ag,...,at, pltlat=a, tlat=aa_ 1 (i > 1), [pat] =1 (> 0)).
is ~—equivalent to A

So, together with";, which has Dehn functior—equivalent ton — n? (see Proposi-
tion 10.1), these groups have Dehn functions that are representstigach graduation
of the Grzegorczyk hierarchy of primitive recursive fucts. Details of the proof are in
Sectionl0.

These are not the only such examples (but we believe theyharérst that are explicit
and elementary): Cohen, Madlener and Oftg, [L3, 25] embedded algorithmsrodular
Turing machinegn fact) with running times lik& — Ay(n) in groups so that the running of
the algorithm is displayed in van Kampen diagrams so as terntekDehn function reflect
the time—complexity of the algorithms. They state thatrttethniques produce yet more
extreme examples as they also apply to an algorithm withingntime liken — A,(n),
and so yield a group with Dehn function that is recursive lmitgrimitive recursive. More
extreme still, any finitely presentable group with undebidavord problem is not bounded
above by any recursive function.

Elementary examples of groups with large Dehn function asedbed by Gromov inl[9,
§4], but their behaviour is not so extreme. There is the family

(X0 X | X XiXie1 = X2 (I < K)),

which has Dehn functios—equivalent tan > exp,®(n). [We write exg(n) to denote 2.]
And Baumslag'’s groudd

©) (ab | (bta'b)a(bab) = a*),

which containg Xo, ..., X« | X+1 1%X+1 = %2 (i > 0) ) as a normal subgroup, was shown
by Platonov 0] to have Dehn functior—equivalent tan - expl®%")(1). (Prior partial
results towards this direction are i@, [L5, 16].)

1.4. The organisation of the article. We believe the most compelling assertion of The-
orem1.3to be the existence of groupt andGy with Hy free of rankk, Gy enjoying the
bulleted list of properties, and Df};tbounded below byA. In particular, this shows that
there is no uniform upper bound on the level in the Grzegdedugrarchy at which the
functions Disﬁt appear. The reader who is primarily interested in these oompts of
Theoreml.3 need only read up to the end of Secti@nThe contents of this half of the
article are as follows. In Sectidhwe derive a collection of elementary properties of the
Ackermann functions that will be used elsewhere in the papection3 contains a proof
of Propositionl.2 comparing the hydra functions to Ackermann’s functionsSéetionst
and5 we prove, respectively, that the groupg are CAT(0) and that the groupé are
free. And in Sectiorb we prove that each function Dﬁgtis bounded below by, —
combining this result with Propositiah2 gives the lower boung.

Our proof that each function D&;tlies in the same:-equivalence class of functions Ag

— i.e.that A¢ is an upper bound for Dig‘kt — is considerably more involved than that of
the lower bound and occupies most of the second half of theerSections?, 8 and9.
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In deriving the upper bound, a key notion will be that of pagsh power ot through a
word w on the lettersy;. We explain this idea in Sectiofhy where we also identify some
recursive structure that will be crucial in facilitating amductive analysis. In Sectio®
we focus in detail on the situation wheneis of the form6"(a,*) and derive preliminary
result that will feed into the main proof, presented in Set$, that Disﬁi < A

Finally, in Sectionl0, we prove Theorerh.4, which gives the Dehn functions of the groups
Ik

We illustrate some of our arguments using van Kampen diagjrparticularly observing
theircorridors (also known avand3. For an introduction see, for example, 1.8A.4 and the
proof of Proposition 6.16 in IIT. of [9].

We denote the length of a womd by £(w). We writew = w(ay, ..., a) whenw is a word
ona*t, ... a*t.

1.5. Acknowledgements.We are grateful to Martin Bridson for a number of conver-
sations on this work, to Indira Chatterji for pointing outththe groupssk enjoy the
rapid decay property, to Volker Diekert for a discussion arké&rmann’s functions, and
to John McCammond for help with some computer exploratidriidescules’ battle with
the hydra.

2. ACKERMANN'S FUNCTIONS

Throughout this article we will frequently compare functioto Ackermann’s functions
and will find the following relationships useful.

Lemma 2.1. For integers kI, m, n, the following relations hold within the given domains:

4) Ad(Ac:1(n) = Aca(n+1), k,n>0,

() A(l) = 2, k> 1,

(6) A(2) = 4, k>0,

(7) An) < Aca(n), k>1:n>0,
(8) An) < A(n+1), k.n>0,

(©) n < A(n), k.n>0,

(with equality holding in(9) if and only if(k, n) = (1, 0))

(10) mA(n) < A(nm), k,n>1;m> 0,
(11) mALMn) < AL (), k>1;l,mn>0,
(12) Ac(n) + Ac(m) < Ag(n+m), k,nm>1,

(13) A(n)+m < A(n+m), k,n,m> 0,

(14) (AM)™ < Ax(nm), k>2;n,m> 0.

Proof. Equation 4) follows immediately from the definition of the Ackermanmftiions.
Equations %) and @) follow from (4) by an easy induction ok

Before proving {), (8) and @), we first prove that non—strict versions of these ineqjiealit
hold. The proof is by induction ok andn. It is easy to check thaf) holds ifk = 1 or
if n =0 and that8) and @) hold if k = 0, if Kk = 1 orif n = 0. Now letk’ > 1 and
n" > 0 and suppose, as an inductive hypothesis, thai8) and Q) hold (not necessarily
strictly) if k < kK’ or if k = k" andn < n’. We prove that the inequalities holdkf= k’
andn = n'. For (7), we calculate thaty () = Av_1(Aw (N’ — 1)) < Ax_1(Avs1(n” = 1)) <
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A (Ag(n = 1)) = Aeia(n’), where we have appliedt) and the inductive hypothesis
versions of {) and @). For 8), we calculate thafy (') < Av-1(Ax (1)) = A (1 + 1),
where we have used) and the inductive hypothesis version 8j.(For (9), we calculate
thatn’ < 2n” = A;(n’) < Ae(n’), where we have used the inductive hypothesis version of
(7). This completes the proof thaf)( (8) and ©) hold in non-strict form. Now observe
that equality in ) at (k, n) = (K’, ) requiresY = 2n’, whencen’ = 0. SinceA(0) = 1 for

all k > 2, equality in @) holds if and only if k, n) = (1,0). It follows that equality in §)

at (k,n) = (k’,n") would require thath, (n") = 0 andk’ — 1 = 1, whenceAx(n’) = 0. But
Ax(n) = 2" > 0 for all n and so the inequalityg] is strict.

We now prove inequalityd(0). This clearly holds ifm = 0, so suppose that > 1. The
proof is by induction ork andn. It is clear that 10) holds ifk = 1. The inequality also
holds ifn = 1 since, applyingg) and (7), we calculate thanA(1) = 2m = A;(m) < Ac(m).
Now letk’,n” > 1 and suppose, as an inductive hypothesis, th@tiolds ifk < k' or if
k = k" andn < r'. We calculate thanA. (n") = mAc_1(Aw (' = 1)) < Av_1(MA(' —1)) <
Av_1(Ac(mn = m)) < Ae_1(Ac(mnf = 1)) = Ac(mr), where we have used) and @).
Thus the inequality holds ik(n) = (k’, n"), completing the proof of1(0).

For inequality (1) observe that, by9), mAL (n) < Aci(MAL(N) = A DAL (). It
also follows from ) that A,"(1) > 1 for alli > 0. We can thus applylQ), together with
(8), to show thats™ (L)AL (n) < AM(AD(N)) = AL+ ().

We prove (2) by induction onk. It is clear that the inequality holdskf= 1, so suppose
thatk > 1 and that the result is true for smaller valueskofWithout loss of generality
suppose thah < m. It follows from (9) that A ;@ > 1 for alli > 0, and so we can
apply the induction hypothesis to calculate tAgin) + A(m) = A1 ™ (1) + A1 (M(1) <
A 1™+ A1 M (1)) = A1 ™ (1 + A(m— n)). Applying (8) gives that this quantity is
at mostA,_1 W (A(m-n+ 1)) = Acm+ 1) < A(m+ n).

We now prove inequalityl3). This clearly holds ik =0, k=1orm=0. Ifk > 2 and
n = 0, thenAx(n) + m=m+ 1 < A(m) = Ac(n + m) by (9). It remains to proveld) if
k,n,m> 1. But in this cas&\(n) + m < Ax(n) + Ax(m) < Ac(n+ m) by (9) and (2).

Finally, we prove 14) by induction onk. It is clear that the inequality holds if = 2, so
suppose thak > 3 and that the result holds for smaller valuesofit is also clear that
the inequality holds ih = 0 or if m = 0; suppose that,m > 1. Applying the induction
hypothesis, together withl), we calculate that(n)™ = A1 (Ax(n—1))™ < Ac.a(MmA(n—
1)). Applying @), (8) and (L0), we see that this quantity is at mo&t 1 (Ax(nm—m)) <
Ac-1(A(nm— 1)) = A((nm). o

3. COMPARING THE HYDRA FUNCTIONS TO ACKERMANN’S FUNCTIONS

In this section we prove Propositidn2 comparing Ackermann’s functions to the hydra
functions. The proof will proceed via a third family of fuimmis¢y. In this sectionpy(n)

will will be defined forn > 0; subsequently we will give a more general definition with an
expanded domain.

For integerk > 1 andn > 0, definegk(n) := H(0"(ax)). The functionsH satisfy the
recursion relation

(15) Hi(n+ 1) = Hi(n) + ¢ (Hi(n))

since afterH(n) strikes the wordy ™! has becomé” (" (a,). We will need the following
elementary properties of the functiops
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Lemma 3.1. For integers k> 1and n> 0,

(16) #(0) = 1,

17) $2(n) = n+1,

(18) #x(n) > 1,

(19) 1N +1) = Prra(n) + PlBrea(n) + ).
For integers k> 2and n> 0,

(20) P(n) < ¢u(n+1),

(21) ok(n) > n.

Proof. Assertions 16), (17) and (L8) are straightforward. Forl@), note that, by induction

onn, 0™ (ag1) = aaad(ay)...0" (@) and hence™(ak,1) = 6"(a1)6"(a). Thus,
after ¢y, 1(n) strikes, 6™ (ax,1) has become?®(M(g"(a,)) = 61" (q,). Inequality Q0)
follows immediately from{8) and (L9) and inequality 21) follows from (18) and @0). O

It is easy to check thap; ~ Ag and¢, ~ A;. As such, the next result is Sicient to
establish thapy ~ A1 fork > 1.

Lemma 3.2.

(i) Forintegers k>3 and n> 0, ¢x(n) > Ax_1(n).
(ii) Forintegers k> 2and n> 0, ¢x(n) < Ac1(n+K) - n—k.

Proof. We prove (i) by simultaneous induction &randn. It is immediate from 16) that

the inequality holds ih = 0. Solving the recursion relatiod$) with the initial condition
given by (L6), one checks thatz(n) = 3-2"—n-2. SinceAy(n) = 2", itis easy to check that

(i) holds ifk = 3. Now letk’ > 3 andn’ > 0 and suppose, as an inductive hypothesis, that
the result is true ik < k' or if k = k andn < n’. Applying (4), (18) and @0), we calculate
thatgie (n') = g (W' =1)+dr-1(de (W =1)+1=1) > die_1(die (N'—1)) > Pr-1(A-1(n"-1)) >

A _2(Aw-1(n” = 1)) = Aw_1(n’). Thus the result holds ak,(n) = (k’,n"), completing the
proof of (i).

We now make the following claim: for ak > 2, n > 0 andc > k,
(22) &) < Aci(n+¢)—n+k-2c.

Assertion (i) will follow by settingc = k. The proof of this inequality is by simultaneous
induction onk andn. SinceA;(n) = 2nand, by (7), ¢>(n) = n+ 1, it is straightforward to
check that22) holds ifk = 2. The inequality also holds far = 0 since, by ) and (6),
#k(0) =1 < k= Ag(c) + k—2c < Ac1(c) + k—2c. Now letc > k' > 2 andn’ > 0 and
suppose, as an induction hypothesis, t@&) polds ifk < k' or if k = k andn < n’. We
calculate that

P () = g (N = 1)+ i1 (M = 1)+ n - 1) by (19)
< ge(M = 1)+ Ac—2(pe(W —1)+n" +c—1)
— (M =1)—-n"+kK —2¢c
Av_o(pe(n =1)+n +c-1)-n"+k - 2c

< Avo(Aca(W +c-1)+K —c)-n +K - 2¢c by (8)
< Avoo(Ava(W +c-1)—n +K - 2c by (8)
= Ak’—l(n, + C) — n/ + k/ — 2C by (4)

Thus the inequality holds ik(n) = (k’, n"), completing the proof ofZ2). O
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SinceAq(n) = 2n, Hi(n) = n, Ax(n) = 2" andH,(n) = 2" — 1, the next result is sficient to
establish Propositioh.2

Proposition 3.3.

(i) Forintegers k> 3and n> 2, Hy(n) > Ac(n).
(i) Forintegers k> 1and n> 0, Hy(n) < Ac(n + k).

Proof of Propositior3.3 We prove (i) by induction om. The inequality certainly holds
for n = 2 since, by 6), Hk(2) = H(akak-1ak-18x-2) = 4 = A«(2). Now letn’ > 2 and
suppose that (i) holds far < n’. Applying (4), (15) and @0), together with Lemma&.2(i),
we calculate thatH(n') = Hi(n' — 1)+ ¢ (He(n' = 1)) > d(Hi(n' = 1)) > o (A(n’ = 1)) >
Ac1(A(n” = 1)) = Ac(n’). Thus the inequality holds far = n’, completing the proof of
().

For (ii), we prove the stronger claim that, for &l 1,n > 0,

(23) Hi(n) < A(n+K) -k

The proof is by simultaneous induction &randn. SinceAi(n) = 2nandHi(n) = n, itis
straightforward to check tha8) holds ifk = 1. The inequality holds ifi = 0 since, by
(7), Hk(0) = 0 < k = Ag(k) — k < A(k) — k. Now letk’ > 1 andn’ > 0 and suppose, as an
inductive hypothesis, tha28) holds ifk < k' or if k = k" andn < n’. We calculate that

Hie(n') = Hie(n = 1) + ¢ (Hie (0" = 1)) by (15)
< Hie (0 = 1) + Ac-a(Hie (W = 1) + K)
- He(n -1)-K by Lemma3.2 (ii)
= Av1(Hie(n =1)+K)-K
< Ava(Ac(n +K =1) =K by (8)
= Av(nM +K)-K by (4).
Thus the inequality holds ik(n) = (k’, n"), completing the proof ofZ3). O

4. A PRESENTATION THAT REVEALS Gy T0 BE CAT(0)
In this section we will establish th&y admits the presentation which, as we explained in
Sectionl.2 has a CAT(0) squared complex as its Cayley 2-complex.
One checks that the automorphigraf Sectionl.2 satisfies

. 15 -1 A} fori
(24) Gl(ai):{aa_g...alag .. 81 or i odd,

aa_o...a0a1 tag .. a1t fori even,
and that, foreach> 0,i > 2,

(25) 0'(@)=a 6 (@) @) 0 (@)
inF(ag,...,a&).

Proposition 4.1. The group G can be presented as

1 1 .
(ag,...,aSlar s =S @ S = aj_1 (I > 1)).

Proof. Foreachr = 1,..., k, let Px(r) be the presentation with generators

ag, ..., 8, U1, ..., Q, S
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and relators

sas ! =d(a) (i=1,...r),
ara1 tSaps = Grik(ar)s,
a’iflSa'i = @j_1 (I = r+2,...,k).

We will show that theP(r) all presenGy. Indeed,
Puk) = (a1,....a.s | sast =6(a)(i>1))

is equivalent to our original presentatial) (inder the substitutios = t~*. We will show
that, for eachr = 2,...,k, the presentatio®(r) can be converted t®«(r — 1) by the
substitutiony, = 6" %(a,)s.

It follows from (25) that " ¥(a;) = a,w, wherew; = 67 1(a,_1)*...6"¥(a,_1)"%. Since
W; is a word onay,...,a—_1, we may eliminatea, from P(r) using the identitya, =
a;s'w-t. Observe thag, occurs in precisely two of the defining relatorsRd(r), namely
ars1 tsary1 = 07 %(a;)sandsg st = ara,_1. Substitutingy, = 8 (a)s converts the first
to ary17tsari1 = ap. Substitutinga, = a;s7w;! converts the second s 'wilst =
ars'w; ~1a,_1, which can be rearranged to givg'se, = s'w, ~a,_1SWs.

To complete the proof tha®y(r) andPy(r — 1) are equivalent, it is therefore enough to
show that the relators

sast=6@) (i=1....,r-1)
suffice to converstw, ~ta,_1sw to 6 K"1(a,_1). Well, these relators define the gro@p.1,
which can be presented as

(ag,....a1]stas=0"(a) (Vi > 1)).
And in G,_; we calculate that
s'w tarasw = 07N (W tar)wr
=070 M(ar-1) 0N a-1) ... 07 A1) ar_1)Wr
=60 a1 0 @ar-1) ... 0 ()W
=6 ar_).

We have thus shown th& can be presented by
Pu(l) = (@, az,...,a S| Sast = a;, a;'s0z = &S o tsw = aig (i > 2)).
The substitutionr; = a; s converts this into the required form. O

5. FREENESS OF THE SUBGROUPS H AND Hy

In this section we prove:

Proposition 5.1. The subgroup KHof Gy is free with free basis4, ..., at, and the sub-
group H of G is free with free basig@ast, . . ..

To facilitate an induction argument, we will prove the felimg more elaborate propo-
sition. Propositiorb.1 will follow because ifw = w(ast, ..., at) is freely reduced and
represents 1 i@y (or, equivalently, inG), thenw = ¢ by conclusion (i), and sest, . . ., akt
are each not the identity and satisfy no non-trivial relagio

Proposition 5.2. Let u = u(aat,...,at) be a freely reduced word with free—by—cyclic
normal form vt — that is, u= vt in Gy, v=Vv(ay, ..., &) is reduced, and E Z.

(i) Ifv=g, thenu=e.
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(ii) 1fv =0(ax1 10" (ak.1) in F(ag, ay,...), then u= &.
(iii) If v is positive, then u is positive.

We emphasise that we are considenirgs a word on the;t — it is freely reduced if and
only if it contains no subwordst)*!(a;t)**.

Proof of Propositiorb.2. We first show that for all fixe# > 1, if (iii) holds, then so do (i)
and (ii).

For (i), note that ifu = t" in G, thenu™ = t™". Thus (iii) implies that both of the freely
reduced words andu! are positive. Henca = «.

For (ii), we will separately consider the cases- 0,r < 0, andr > 0. If r = 0, then
u=1inGand hencel = g by (i). If r <0, then 1-r > 1 and s " (ay,1) = a,1aW

in F(ay, ay, ...) for some positive wordv = w(ag, . .., a). It follows thatv is positive and
therefore (iii) implies thati is positive. Thus > 0, giving a contradiction. If > 0, one
calculates that™* = t7"6"" (a1 7")0(ak+1) = 6(awe1~)6™" (@)t in F(ay, @, .. ). Since
1+r > 1, the reduced form af(ax,171)6**" (ax.1) is positive, and so (iii) implies that*

is positive. Thus-r > 0, giving a contradiction.

We now prove (iii) by induction olk. SinceG; is free abelian with basi, t, it is easy to
check that (i) holds in the cade= 1. As an inductive hypothesis, assume that assertions
(i), (i) and (iii) all hold for smaller values ok. If u contains no occurrence of aac{)**,

then we are done. Otherwise, write= og(axt)o1(axt)% . . . (akt)mom, Where eachr; =
oi(at, ..., ax1t) and eacly € {+1}.

Eachoi has free—by—cyclic normal formits for somer; = 7i(ay,...,a-1) and some
s € Z. Direct calculation of the normal form af — moving all thet*! to the right-hand
end and applying the automorphigiit whenever a*! is moved past a lettex; — gives
thatv freely equals

Vo= 100 (&) 0 (11) 02 (&) . . . 0" (&™) 7 (Tm),
where

2= —(so+...+S1+e+...+6-1) if § =1,
L —(so+...+S1+€e1+...+¢6) if  =-1,

ui=—(So+...+S1+te+...+¢6).

We claim thatg = 1 for all i. For a contradiction, suppose otherwise. Observe that,
for eachs € Z, there are wordsvs = ws(ay, ..., a-1) andw, = wy(as,...,ak-1) such
that 65(ax) = aws and65(act) = wiact. Sincev is positive, there must be a subword
a1ty a ™t in v which freely equals the empty word and in whjgk x(ay, . .., a1). The
way this subword must arise is that for someither

(@) 6 =-1,6:1 =1ande¥(r;) = 1, or
(b) =1,6.1=-1 andgt (ak) QM (Ti)gxlm(akfl) = 1.

In the first case; = 1 and hence the induction hypothesis (assertion (i)) givatdt; =

£. But this contradicts the supposition thats freely reduced. In the second case, one
calculates that; — i = 1 anddi,1 — i = 1— s, and sor; = 6(a,1)8* 5 (ay). The induction
hypothesis (assertion (ii)) implies that = &, but again this contradicts the supposition
thatu is freely reduced.

To complete our proof of (i), we will show that all the; are positive. Since is positive
and eacls = 1, we have thaty is positive and each!' (ay) 6#i (r;) is positive. The inductive
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hypothesis (assertion (iii)) immediately gives thatis positive. Suppose we have shown
thatoo, ..., oj-1 are positive, for somg. It follows thats, ..., sj-1 > 0, whencel; <

0. Note that ifw = w(ay, ..., a) is positive ands > 0, then63(w) is positive. Hence
a@i~i(t)) = ad(rj) is positive. Sinc&}(rj) is a word onay*1, ..., a1*2, it follows
thatg1(r;) is positive, and hence that is positive. Applying the induction hypothesis
(assertion (iii)) gives that; is positive. O

6. A LOWER BOUND ON THE DISTORTION OF Hy IN Gy

In the following lemma we see the battle between Herculeslmtydra manifest iGx.

Lemma 6.1. For all k,n > 1, there is a positive wordyy = Uxn(aat, ..., akt) of length
Hy(n) that equals gt in Gy.

Proof. Consider the following calculation in which succesdiage moved to the front and
paired df with the ;. [We illustrate the calculation in the cake> 3 andn > 2 — for
k = 2, the letters_», would not appear and fde= 1, neither would they_;.]

Al = (ay) t i PO
(at) (@)™t O

(axt) (aut) t a1 (ayay )" 2t t7kn-2

(at) (Bt) a-18-2(Ad-18-18-2)" > tH42

A van Kampen diagram displaying this calculation in the dase2 andn = 4 is shown in
Figurel.

Ficure 1. A van Kampen diagram showing thag*t'® = up4 in G,
whereu, 4 = ast ast agt apt (agt) aot (ast)’.

One sees the Hercules—versus—the—hydra battle

a” - (@)™t - acrao(ad1dk1d2)"d > -

being played out in this calculation. The pairinff of at with ana corresponds to a
decapitation, and the conjugation byhat moves that into place from the right—-hand
end causes a hydra—regeneration for the intervening sub\8orby Propositiod.1, after
Hy(n) steps we have a positive word ag, = Ugn(aat, . . ., &t), andits length isHk(n). o
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Our next proposition establishes that IﬁEsE Hy for all k > 2. The cas&k = 1 is
straightforward:H; = Z is undistorted irG; = Z? and1(n) = n. The calculation in the
proof of the proposition is illustrated by a van Kampen déamgrin Figure2 in the case

k = 2 andn = 4 — the idea is that a copy of the diagram from Figlirfis together with

its mirror image along intervening— anday,—corridors to make a diagram demonstrating
the equality of a freely reduced word of extreme lengthagh. . ., axt with a short word
ona,...,at.

Proposition 6.2. For all k > 2and n> 1, there is a reduced word of leng8H(n) + 3 on
the free basis 4, . . ., akt for Hx which, in G, equals a word of lengtBn+4on &, . .., &, t.

Proof. The relationt—tat = a,a; can be expressed as 'ta, = ta;~*, from which one
obtainsa, 1t"Ma, = (ta; 1) M. Combined with Lemm&.1this gives

—1\7 N
(tay~ )M = a,71g "y nay.
So, asa; commutes with, we deduce thag; commutes witha, *a, "uy nap, and therefore
alatay e " = Ugnd tag @ Ut

in Gx. The word on the left-hand side of this equation has length 2. The word on
the right—hand side freely equalg, (axt) (ast) (axt)~* ugn 2, which, viewed as a word on
ant, ..., at, is freely reduced and has lengthfdn) + 3, sinceuy, is a positive word. O

Ficure 2. A van Kampen diagram demonstrating the equality
a24 azta1a271a274 = U4 (a2t) (ast) (azt)*luz(l in Go.

7. RECURSIVE STRUCTURE OF WORDS

This section contains preliminaries that will feed into fiv@of, presented in Sectid
that Disﬁt < Ax. In outline, we will bound the distortion dfly in Gy by first supposing
u = u(t,a,...,u) represents an element bl,. We will shufle all thet*! in u to the
start, with the &ect of applying*! to eacha;*! they pass. After freely reducing, we will
have a word"w wherew = w(ay, a, ...). We will then look to carry the" back through
w from left to right, converting all it passes to a word ajt, ayt, . .. which will represent
an element of3¢ since the indices of the; will be no higher than those occurring v
Estimating the length of this word will give an upper bound]istﬁt.

For convenience, we work with the gro@and its subgroup! defined in Sectiod.2

When carrying the power dfthroughw we will face the problem of whether a wotdv,
wherew = w(ay, ay, . ..), represents an element of a cokkt in G for somes € Z. We
will see that the answer is not alwayiamative — these cosets do not co@rHowever,
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if t'w = otS for someo = o(agt, ast,...) and somes € Z, theno is unique up to free—
equivalence sinc#l is free (Propositiorb.1) andsis unique by our next lemma. Indeed,
this implies thaHt® andHt*% are equal precisely whesj = s;.

Lemma7.1l.1f e Zand t € H, then¢ = 0.

Proof. Weret’ € H for some integef # 0, thenZ? = (ast, t") would be a subgroup df
contra to the freeness éf established in Propositidsn L O

Our next lemma will be the crux of our method for establishamgupper bound on distor-
tion. It identifies recursive structure that will allow usadoalyse the process of passing a
power oft through a wordv = w(ay, ay, . . .), SO as to leave behind a word ait, at, . . ..

For a non—empty freely—reduced wond= w(ay, ay, .. .), define therank of wto be the
highestk such thata,*! occurs inw. We define the empty word to have rank 0. For
an integerk > 1, define apiece of rank ko be a freely-reduced womrax~ where

m =n(ay,...,a 1) ande, e € {0,1}. Notice that a piece of rankwill always also be a
piece of rankk + 1 and that the empty word is a piece of rdafor everyk.

For a non—empty freely—reduced wortbf rankk, define thenumber of pieces in W be

the least integem such thatv can be expressed as a concatenatipn . wy, of subwords

w; each of which is a piece of rarkk (We say the empty word is composed of O pieces.)
Observe that

(i) eacha, anda, in wis the first or last letter of soma&, respectively;
(ii) fori=1,...,m-1, either the final letter of; is a,* or the first ofwi,1 is ax, but
never both; and
(iii) if ax‘yayis a subword ofvandy = y(ay,...,ax 1), theny = w; for somei.

In particularw, ..., wn, are uniquely determined by the locations of #&' in w, and so
we call the list of subworden, . . ., wy, the partition of w into pieces

For examplew := az~lajaraza, ‘aza;'as~! has rank 3 and its partition into pieces is
W = WiWoWsW, Wherew; = as™ L, w, = ajap, W = azay 1, andw, = aza; tag™t.

Lemma 7.2. Suppose W= W(ay, ..., a) is a nhon—empty freely—reduced word of rank k
and r and s are integers such thawnte Hts. Let w= w; ... w, be the partition of w into
pieces. Then there exist integers ro,rs,...,r, = s such that'tw;,; € Ht"+* for each i.

Proof. As t"w € HtS, there is some reduced wovd= v(ast, .. ., akt) such that'w = vt5.
Form the analogue of partition into piecedor v — that is, express as a concatenation
Vi ...Vny Of subwordsy; each of the formdyt)® 7 (axt) ™ wherer = (ast, ..., ax_1t) and
e, e € {0,1} andmis minimal.

Note thatv is non—empty as otherwisg would equalt>" in G and so be be the empty
word by the free-by-cyclic structure @&. Note also that ne; is the empty word sincen
is minimal.

One can obtainw from vt® by carrying all thet*! to the left and freely reducing. More
particularly, thets at the end o/t and all thet*! in v, can be collected immediately to the
left of vi,, and then those™! and thet*! in vy, can be carried to the left of, 1, and so
on. Accordingly, inductively definev,,...,w; andry, ..., ro by settingr,, := sand then
fori =m,...,1takingri_; andw = w/(ay,...,a) to be the unique integer and reduced
word such that;t" = t"*w/. Thenro = r andw is (a priori) the freely reduced form of
w; ... wy,. We claim that, in facty; ... wy, is the partition ofw into pieces of rank — that
is,m= nandw = w; foralli. This will suffice to establish the lemma.



HYDRA GROUPS 15

To prove this claim, we will show that for &llif vi = (axt)® 7 (axt) ™% wherer = 7(ast, . . ., ax-1t)
andeg, 2 € {0,1}, thenw is a reduced word® ma,~® for somern = n(ay,...,ak-1).
Moreover, ife; = e = 0, thenr is not the empty word. In particular, g is the empty
word.

Well, vit" = t-*w/. Consider the process of carrying edthin vit" to the front of the
word, applying?*! to eachg; they pass and then freely reducing, to givew,. Throughout
this process, no new*! are produced and, such s no a appear to the left of the
a, in v; (if present) or the the right of tha, ™! (if present) — see2) and @4). This
means that the only way, could fail to be a reduced word of the forag™ 7 a,~< where

n = n(as,...,a-1), would be fore; ande; to both be 1 andr be the empty word. But
in that casew, would be the empty word and spwould equal’-*~" in Gx andr;_1 - r;
would be 0 by Lemm&.1 But thenv; would be the empty word by Propositiénl which,
as we observed, is not the case. Likewise, wher e = 0, it cannot be the case that
7 =W is the empty word, as otherwisgwould again be the empty word.

So properties (i), (i) and (iii) all apply te7;, . . . ,w;,, as they are inherited the corresponding
properties fow, ..., vn. It follows from these properties together with the factttbach
w, is reduced, thatv; . .. wy, is reduced and is the partition wfinto pieces of rank. O

8. PASSING POWERs OF t THROUGH 6" (a*?).

The words?"(a,*1) will play a crucial role in our proof that DiSE < Ax. The next lemma
reveals their recursive structure. The first part is prowedrinduction om. The second
part is then an immediate consequence.

Lemma 8.1.
ag (ar-1) O (a-1) ... 0" (A1) n>0
(@) = {a n=0
a0 a1 ™) %) ... 0" (a1 ™) n<o,
0" a1 0" (k1Y) . P At n>0
() = jact n=0
0" (A1) 0™ H(ar) . .. 0 Y(a) axt n<o.

When attempting to carry a powertathrough a wordv = w(ag, ay, . . .), we will frequently
be faced with the special case whavds of the formé"(ac*t). We now focus on this
situation.

Definition 8.2. Define

A=[ JHt.
i€z
For each integek > 1, define

Sk={neZ : 0"(a) € A}
and define the functiogy : Sk — Z by settinggk(n) to be the unique integer satisfying
" (@t e H.
Note that this extends the previous definition of the funtigy given in Sectior since
ék(n) = H(0"(ax)) forn > 0.

Lemma 8.3.



16 W. DISON AND T.R. RILEY

(i) Sy =Zandgi(n)=1forallneS;.
(i) S;=Zandg,(n)=n+1forallneS,.
(iii) Ifk >3, then & =N.

Proof. Itis easy to check tha&; = S; = Z, ¢1(n) = 1, ¢2(n) = n+ 1 and thafN C S for
all k.

Let k > 3 and suppose that < 0 lies in Sx. Sinced"(a)t*™ lies in H, so does
(a) 10" (@)t* ™ = a 170 (a1 ) . .. 0 (a1 and hence, by Lemma2,
a_1 ! lies in Ht" for somer. It follows thatd" (a_1)t" € H and sor = ¢y 1(-r). If
k = 3, this is contradiction, since it implies= —r + 1. If k > 3, then-r € S¢_;, and so,
by the induction hypothesis, < 0. But thengx_1(-r) > 1, by (18), and hence > 1, a
contradiction. O

Letdy denote the word metric oA with respect to the generating sgt, ast, . . ..
Lemma 8.4. If n € S, and h= 6"(a)t*™, then (1, h) = ¢(In)).

Proof. If k = 1, then the result is obvious. kf= 2, thenh = a,a;"t""! = (a,t)(a;t)" so
du (1, h) = 1+n| = ¢k(In). If k > 3, thenn > 0. Thus the word"(ay) is positive and hence
du (L, h) = ¢k(n) = ex(Inl). m

Lemma 8.5.

(i) Leth=td(a)t™s. Thenhe Hifandonlyifi—r e Sy and s=r — ¢y(i —r).
(i) Leth=1t6'(a H)t™S. Thenhe Hifandonly ifi— se Syand r=s— ¢y(i — 9).

Proof. For (i), note thah = 6" (a )t~ and apply Definitior8.2 For (ii), note thah™t =
t30' (a)t™" and apply (i). O
Lemma 8.6. Ifk > 3and té'(act) € A, thenr<i.

Proof. If t'¢'(ac 1) € HtS, then Lemmas.3and8.5give thati—s > 0 ands—r = ¢y(i—s) >
1. Thusi—r > 1. O

The exceptional nature &; andS; highlighted by Lemma.3 means that small values
of k will have to be treated separately in our proof. This mo#sgahe inclusion of the
following result, a special case of Lemn85. Note in particular that (ii) implies that
t'0'(a;"1) € Aifand only ifr + i is odd.

Lemma 8.7.

() Leth= t’Hf(az)t*S. Thenhe Hifand only if s= 2r —i — 1.
(i) Leth=t"¢'(a;"H)t"S. Then he H if and only if s= %(r +i+1).

Proof. This follows immediately from Lemma@&.5and the fact, given in Lemm&.3, that
¢2(n) =n+ 1. O

The following result concerns passing a powert ¢firough a sequence of terms of the
form 6 (a;*1). The statement is made neater by the use of the followingdta, which is
a consequence of Lemn8al :
R(ay) ... Yap) a<hb,
P(as H)eP(as) = {1 a=h,
L@ 1)...0°@1) a>h.
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Lemma 8.8. Leto = t'6%(az 1)6°(as) and s= 2°-3(r — a — 2) + b + 2 for some integers
r,a,b. Theno € A if and only if s is an integer. Furthermore, in this casec Ht®.

Proof. We split the proof into two claims. The first claim is thatdif € HtS for some
integers, thens = <. In particular, this implies that if- € A, thensis an integer. If
a=b, then clearlys =r = s. If a < b, thenf?(az~1)é°(az) = #*(ay) ...6° X(ay). By the
Lemma7.2, there exist integens = ro,r1,...,M_a = S such that"2*(a;) € Ht'*1. By
Lemma8.7, ri,; = 2r; —a— i — 1, which solves to give; = 2(r —a—-2)+i +a+ 2.
Substitutingi = b — a givess = s. On the other hand, suppose tlzat- b. Note that
t'63(az~1)6P(as) € Ht® implies thatt® 6°(a;1)6%(az) € Ht". Sinceb < a, we can substitute
into the above solution to obtain= 22°(s — b — 2) + a + 2, which rearranges to give
s = s. This completes the proof of our first claim.

The second claim is that gis an integer, thea- € HtS. If a = b, then this clearly holds.
Suppose that < b. Theno = t'62(ay) . .. 6°(ay), so certainlyr € A since all the letters
a,*! that appear are positive. Therefaree HtS by the first claim. Now suppose that
a > b. Sincesis an integer, we can define= t56°(az 1)6%(as) = t36°(ay) ... 6% 1(ay).
Then certainlyr € A — sayr € Ht". By the first claimf’ = 22 P(s—b-2)+a+2=r.
Thereforet6®(az~1)6%(az) € t', whencet'6%(az~1)6°(az) € Ht®, and the second claim is
proved. O

9. AN UPPER BOUND ON THE DISTORTION OF Hy IN Gi

Next we turn to estimates associated with pushing a powefrom left to right through a
wordw = w(ay, .. ., ax) or through a piece of, so as to leave a word @nt, .. ., at times
a power oft. We will need to keep track of both the length of that word amédtt, . . ., axt
and the power of that emerges to its right. Accordingly, let us define four ifaes of
functions g (n), Wi,p(N), ki (n), Ki1,p(n) for integersk > 1 andl, p,n > 0.

e Yy () is the least integeN such that ifh € H is represented by a wortirt=>
with 7 a piece of ranlk, with ¢(x) < |, and with|r| < n, thendy (1, h) < N.

e P p(n) is the least integeN such that ith € H is represented by a worttwt™>
withw = w(ay, . .., a) a word of at mosp pieces, with(w) < |, and with|r| < n,
thendy (1, h) < N.

e «(n) is the least integeX such that ifr is a piece of rank with () < | andr
is an integer withr| < nandt'z € A, thent'r € Ht® for someswith |g < N.

e Ki)p(n) is the least integeN such that ifw is a word of rank at most with at
mostp pieces and witlf(w) < | andr is an integer withr| < nandt'w € A, then
t'w € HtS for someswith |g < N.

We will frequently make use, without further comment, of thet that each of these func-
tions is increasing ik, |, p andn.

The main technical result of this section is the followingosition. In the corollary that
follows it we explain how the upper bound it gives ¥, ,(n) leads to our desired bound
Disty < A
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Proposition 9.1. For all k > 1, there exist integersC> 1 such that for allJ p,n > 0,

kii(n) < Aea(Cen + Cl),
Ki,p(n) < A1 P(Cen + Cl),

Yii(n) < Aca1(Crn + Cil),
Prip(n) < Aci®(Cun + Cyl).

Corollary 9.2. For all k > 1, the distortion function of Hin Gy satisfies
4G
Dlsth < A

Proof of Corollary9.2 SinceG; = Z? andH; = Z, H; is undistorted irG; and Distﬁi <
A;. Now suppose thdt > 2 and thatu = u(ay, ..., a,t) is a word of length at most
representing an element bf. By carrying each*! to the front, we see thatis equal in
Gy to t"w for some integer and some freely reduced wond= w(ay, .. . a). These satisfy
Irl < nand¢(w) < Cr for some intege€ > 0 depending only ok — see, for example,
Section 3.3 of §].

We first show that the number of pieceswfis at mostn + 1. Indeed, the process of
carrying each*! to the front ofu has the &ect of applyingg*! to eacha; it passes. The
form of the automorphism ensures that no nea,*! are created by this process. The
number of occurrences af*! in w, which we denote by(w), is therefore at most. Let

W = Wy ... W, be the partition ofv into pieces. Say = & miax” v wheree, " € {0, 1}
andr; = mi(ay, ..., ax-1). Observe that, for eadhprecisely one o€ ande , is equal to

1. Indeed, if" = ¢, = 0, then the piecew; andwi,1 could be concatenated to form a
single piece, contradicting the minimality pf and if" = ¢, = 1, thenw would not be
freely reduced. So

p p-1
Gw) = g +e) =g+ (6 +a)+ea = g+p-l+e,
i=1 i=1

whencep < (W) + 1 < n+ 1.

Now,
dn(Lu) = du(Lt'w) < Wiguyp(rl) < Preronsa(N),
which is at most
A CTI(C e + Cn)

by Propositior8.1 Choose an integé¥ large enough that® < 2" for n > N. Then, for
n > maxN, 1},

dr(Lu) < A ®™3(CCA(N) + Cn) by (8)
< Ac1®I(CCA(N) + Cun) by (7). (8)
< Ac1®™I(A(CCN) + Cen) by (8), (10)
< Ac1®IA((CC + Cn)) by (8), (13)
= A((CC + Cx+ 3)n+3) by @).

O

Proposition9.1 will follow from the relationships betweeu(n), Wk p(n), «i(n) and
Ki.p(N) set out in the next proposition. Of its claim&8f and @1) are the most chal-
lenging to establish; we postpone their proof to Propas##id, which itself will draw on
Lemmas9.5 9.6and9.7.
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Proposition 9.3. For integers k> 1 and |, p,n > 0,

(26) k() < n+l,

(27) KkJ,p(n) < | r’g%xI{Kk,ll(...Kk,qul(kaq(n))...)},
(28) Kkir11(N) < 2Kir 1 (2x.1(n)),

(29) y(n) < 1,

(30) Prip(n) < pyi(Kiip(n)),

(31) Yie11(N) < 3Ky (2okea(N) + Pt 1(20k,1(N)).

Proof. We first establishZ6) and £9). Consideration of the empty word gives thag(n) =
nandyyo = 0. Now suppose thdt> 1 and note that the only pieces of rank 1 age.
If h = t'a;*'t"S lies in H, thendy(1,h) = 1 andr — s = =1, whencds < |r| + 1. Thus
kki(N) < n+ 1 andyy(n) = 1.

For (27) and @0), leth = t"'wt s wherew = w(ay, . . ., &) is a word of length at mostwith
at mostp pieces andr| < n. Letw = wy...wy be the partition ofwv into pieces, where
g < p. If he H, then Lemm&.2implies that there exist integers=ro,ry,...,rq = sand
elementsy, ..., hqin H such that"-w; = hit". Thus|ri| < ki ¢w)(Iri-1), whence

I8 < Kieg) (- - - (e (ITD) -+ ) < Kicequg) (- - - (k) (D)) - - )
and we obtain inequality2(7). For inequality 80), note that|rj| < Kisw,..w)i(Ir]) <
Ki1,p(n), whence
q q
du(Lh) < D du(@h) < D wken(inial) < pia(Kip(n).
i=1 i=1

Finally, (28) and @1) will follow from Proposition9.4. O

We now derive Propositio.1 from Propositior9.3. We first use 26), (27) and 8) to
obtain bounds ory(n) andKy p(n) in terms of Ackermann’s functions. We then derive
bounds oy (n) and¥y p(n) from (29), (30) and @1), having fed in our bounds o, (n)
andKy; p(n).

Proof of PropositiorD.1. We will need the inequality, established in Lem®&, that for
n> 0 andk > 2,

(32) P(n) < Acca(n+K).

We first prove that there exist integédg > 1 such that

(33) k() < Ax_1(Dkn + Dyl),
(34) Kip(n) < Ac1P(Dyn + Dyl).

Inequalities 26) and @7) together imply thaky ,(n) < n+ p. Thus @3) and @34) hold in
the casé& = 1 with D1 = 1. Now suppose th&t> 2 and that83) and 34) hold for smaller
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values ofk. If | = 0, then, using9), we calculate that(n) = n < Ac_1(n). If | > 1, then

Kkii(n) < 2Ki-111(2¢k(N)) by (28)
< 2Ky-111(2A-1(n + K)) by (32)
< 2A " 2Dk 1 Aca(n + K) + Dial)
< 229 (A-1(2Dk-1n + Dy1l + 2Dk_1K)) by (8), (10), (13
= 2A 1(2D 1N+ (Di s + 1)l + 2Dy 1K) by (4)
< Ac1(4Dian+ 2(Dy1 + 1)l + 4Dy 1K) by (10)
< Ac1(4Dian+ [2(Dics + 1) + 4Dy 1K]I) by (8).

TakingDyx = max2(Dk_1 + 1) + 4Dy_1k, 1}, we obtain 83).

For (34) we calculate that

Kiip(m) < max {ie, (- Kl (s, (M) - )} by (27)
Il
s max {Aca(. .. Aca(Aca(Din + Dilg) + Didg1) .. )} by (8)
Iyl q
< |1F%:(§| {Akl(q) [Dkn + Dy ; |i]} by (8), (13)
< Ts%x{Ak,l(q)(Dkn + Dil)} by (8)
< Ac1P(Dkn + Dil) by (9).

Next, we combineZ9), (30) and B1) with (33) and @34) to deduce that there exist integers
Ex, Fx > 1 such that

(35) Yi(n) < Ac1(Bxn + Ed),

(36) Pip() < Aci®P(Fun + Fil).

It follows from (29) and @0) that'¥1 ,(n) < p. Thus @5) and @6) hold in the casé = 1

with Ex = Fx = 1. Now suppose thdt > 2 and that 85) and @6) hold for smaller values
of k. If I = 0, thenyy,(n) = 0 < Ac_1(0). If | > 1, then

Yii(n) < 3Ki111(2pk(N)) + Pr-11.1(20(N)) by (31
< K111 (2A-1(n + K) + Pie1,11(2Ak-1(n + K)) by (32)
< 3A " (2Dk 1A 1(n + K) + Dy 4l)

+ Ac2® 2Fici A (n + K) + Fial) by (34)
< 3AY (A 1(2D-1(n + K) + Dyal))
+ A2 (A1 (2Fica(n + K) + Fial)) by (8), (10), (13
— 3Ac1(2Dka(n + k) + (D1 + 1))
+ Ac-1(2Fk-1(n + K) + (Fe-1 + 3)1) by (4)
< Aca(6Dka(n+K) + 3(Diq + 1))
+ Ac1(2Fi-a(n + K) + (Fe-1 + 3)1) by (10)
< Ac1(2(3Dk-1 + Fi-1)(N+ K) + (3Dk-1 + Fi-1 + 4)1) by (12)
< Ac1(2(3Dk-1 + Freg)n+ (3(2Kk + 1)Dy_1 + (2k + 1)Fy_q + 4)I).

TakingEyx = 3(2k + 1)Dy_1 + (2k + 1)Fy_1 + 4, we obtain 85).
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If p=0orl =0, then, using9), we calculate tha¥, p(n) = 0 < A1CP(0). If I, p > 1,
then

Prip(N) < pyi(Kil,p(M)) by (30)
< pYii (A1 P (Din + Dil)) by (34)
< PAC1(ExA1P(Dyn + Dyl) + Eyl)
< pAPD(DEN + (Dy + 1)Ei) by (8), (9), (10), (13
< A1 D(DyEkn + (D + 1)E) by (11),
< A1 ®P(DyExn + (Dx + 1)El) by (9).

TakingFx = (Dk + 1)Ek, we obtain 86).

Finally, the proofis completed by takir@x = maxXDy, Ex, Fx} and applying ). O

The remainder of this section is devoted to establish#®) &nd @1). This is done in
Propositior9.4, which draws on Lemma®.5, 9.6 and9.7 that follow. We now outline our
strategy.

Suppose that agwa, ™S, wherer, s € Z, €1, &2 € {0, 1} andw = w(ay, ..., a_1), repre-
sents an elemeit e H. Our approach will be to find elemerttg, h, € H, integers’, s

and awordv = w(ay, . .., a1) such that is represented bly;t” w't~S h,. The functions
Kk_1... andP_1 .. will then control the behaviour of the subwdfdv'tS. Together with
estimates fody (1, hy), |r’|, |S| and £(w'), this will allow us to derive bounds oj3 and
du (1, h).

As indicated by Lemma&.3, the casé = 2 is exceptional and so will be treated separately.
Fork > 3, thehy, hy r’, s andw will be produced by Lemm&.5. This lemma takes
integersk, n ande, with k > 3 ande € {0, 1}, and gives an integer, an elemenh € H and
awordu = u(ay, .. ., ax1) such that"a, = ht"uin G. Applying Lemma9.5to k, r ande;

will producer’, h; and a wordu;. Applying Lemma9.5to k, sande, will produces’, h,™*
and a wordu,. The wordw’ will then be defined to be the free reductionvof="uwu, 1.

The relationship between the input and output of Len®n&as determined by which of the
following holds:

() e=0,
(i) e=1andn<0,or
(ii) e=21andn> 0.

A priori, this would lead to us having to consider nine distinct cadepending on the
values ofe; ande; and the signs af ands. To streamline the process, Lem@&apackages
() and (ii) together: it considers the cases that eitieex 0 orne > 0. As such, we need
now only consider four cases, depending on the sigmg;adnd se,.

The form ofw will depend on which of (i), (ii) or (iii) applies to ande; and tos ande.
Lemmas9.6 and9.7 will be brought to bear to ensure that enough cancellati@uiscto
obtain a s#ficiently strong bound ofi{w).

Proposition 9.4. Let h = t"ac*wa,%t™S whereer, e, € {0,1}, w = w(ay, ..., ak 1) and
k> 2. Let n and | be integers witln| < n and{(w) < I. If h € H, then

I < 2Ki_111(2¢k(N)),
dn(L,h) < 3Ki-111(2pk(N)) + Pr-111(2¢k(N)).
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Proof. We claim that there exidty,h, € H, ', s € Z andw’ = w'(ay, ..., ax 1) such that
h=hit"wtShyin G and

(37) Il < 2¢x(n),
(38) IS < |$]+1,
(39) du(l,hy) < Ir'[+1,
(40) du(Lhy) < |S]+1,
(41) ‘(w) < I

The result follows from the claim by direct calculation. &@tl, since the number of pieces
of a word is bounded by its length,

(42) IST < Kieg e,y (P,
(43) du(L W) < Wi cu.eon (D).
We will also need the inequality

(44) Kiip(n) > n,

which follows immediately from consideration of the emptgnd. We can now calculate
that

IS < [sT+1 by (38)
< K-vewy.eom)(IF]) +1 by (42)
< Kie11(2¢1(n) + 1 by (37), (41)
< 2Ky-111(20x(N)) by (18), (44)

di(1.h) < du(L hy) + dy (1" WES) + dp (1, hy)

< U1+ 1+ Prenew). e (IF]) + 181+ 1 by (39), (40), (43
< 2¢x(n) + 1+ Pie111(20k(N)) + Ki-z.ey.con (') + 1 by @7), (41), (42
< Agi(n) + Pi-111(20k(N)) + Ki-1,11(2¢k(1)) by (18), (37), (41)
< BKi-111(20(N)) + Pi-1.11(20(N)) by (44).

We first prove the claim fok = 2. SincetPa, = (ast)(ast) Pt?*1, we can takev' to bew
and defindhy, hy, r’ ands’ by

h 1 e =0, , r e =0,
o {(atzt)(alt)r a=1 7 {Zr 1 =1
h 1 € = O, S/ S € = 0,

2" (at) S(at) ! e =1, B {Zs— 1 =1

Inequalities 88) and @1) are immediate. For3(/), use the fact, from Lemm@&.3, that
¢2(n) = n+ 1. Inequality B9) is immediate ife; = 0. If &, = 1, thenr = %(r’ + 1), whence
Ir| < %(lr’| +1). Butr’ # 0, so|r| < |[r'] anddy(1, hy) = |r|+ 1 < |r’| + 1. Inequality @0) is

derived similarly.

We now prove the claim fdk > 3. First apply Lemm@&.5tok, r, e, to produce’, h; and a
worduy. Then apply it tck, s, & to produces’, h,~* and a wordl,. Definingw := uywip ™,
we have thah is represented bly;t” Wt—S h, and hence that Wt e H. It is immediate
from the bounds given in Lemnm@&5that 37)—(40) hold. Finally, we definev' to be the
free reduction ofv To establish41), we consider four cases.

Case: k1 <0, se2 < 0. We have thatv= w and so it is immediate th&{w’) < £(w).
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Case: kg > 0, s, < 0. We have that= ¢ 1(ac_171) ... 6°(ax_11)w. Sincet” 6 (ax_17%)
does not lie inA, applying Lemma7.2to t" Wt shows that, whem Ts freely reduced,
eachay_171 in 6 Y(a_171)...6%ac171) cancels intow. It follows from Lemma9.7 that
(W) < £(w).

Case: kg < 0, s, > 0. We have thatv= wi®(ay_1) ...05 (ax_1). Sincets65(ax_17?)
does not lie inA, applying Lemmarz.2to tS% t™"" € H shows that, whenvis freely
reduced, eachy_1 in 8°(ay_1) ... 65 (ax_1) cancels intaw. It follows from Lemma9.7that
o(w) < £w).

Case: kg > 0, se, > 0. We have thav= 6" (ax_17%) ... (a1 Y)W (ax_1) . . . 05 H(ax_1).
Since neithett” ¢"(ax_17*) nor t$65*(ax_1 1) lies in A, we are in a position to apply
Lemma9.6. If case (i) of Lemma.6 occurs, then, whew is freely reduced, eachy_;~*
in 0 Y(a.171)...6%@a@1 ) and eacha_1 in °(a_1)...65(ak_1) cancels intow. Ap-
plying Lemma9.7 gives that/(w') < ¢(w). On the other hand, suppose that case (ii) of
Lemma9.60ccurs, sav is the free reduction af ~*(ax_1 )85 (ax_1). We will show that
r = s, whencew is the empty word and trivially(w) < I. If k = 3, thent"wt™S =
10" 1(ay71)p> Y(a)tts = t™5a;5" in G. Since this element lies idl, r —s = s,
whencer = s. If k = 4, thent"w't™s is freely equal ta" 16" (az1)# (ag)t's. Since
this lies inH, applying LemmaB.8 and solving the resulting equation gives s. Finally,
suppose that > 4. Lemma8.1gives that

110Y(a 5) . .. 05X (a o)t r<s
t'wits L Jyes r=s
tr710r72(ak7271) o 9&1(&7271)t173 r>s

By Lemma8.6, neithert' 16" ~2(ay_,~1) norts-165-2(a,_, 1) lies in A, sincek—2 > 3. Thus,
by Lemma7.2, bothr < sands > r lead to a contradiction. Hence= sas required. O

Lemma 9.5. Given integers Jn, €, with k> 3ande € {0, 1}, there exists an integer nan
element ke H and a word u= u(ay, . . ., ax_1) such thatta, = ht"uin G,

In-1
dn(1,h)

IA

In'| < 2¢k(Inl), and
max|n’|, 1}.

IA

Furthermore,

(i) if ne <0, then u is the empty word;
(i) ifne>0,theni=n-1u=0"Ya 1™ ...60%%@ 1) and 0" Y(a_17%) ¢ A.
Proof. We consider three cases.

Case:e = 0. We trivially obtain an instance of conclusion (i) by taking= n, h= 1 and
uto be the empty word. The upper bound|ofifollows from (18) and @1).

Case:e = 1 and n< 0. Following the calculation
t"a, = 0’”(ak)t” — an(ak)t¢k(\n|)tn*¢k(|n\),

we obtain an instance of conclusion (i) by takinig= n — ¢(In[), h = ~"(a)t*" andu
to be the empty word. It follows immediately from the defiitiof the functiongy that
h € H and from LemmaB.4 thatdy (1, h) = ¢k(Inl). By (18), ¢«(Inl) is positive whence
IN’| = |n| + ¢k(Inl) anddn(1, h) < |n’|. Applying (18) and @1) gives|n| + 1 < [n’| < 2¢k(|n]).

Case:e = 1 and n> 0. Following the calculation

tnak — akak—ltnak — aktnen(ak_l)ak — (akt)tn_len_l(akfl_l)...Go(ak,1_1)
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we obtain an instance of conclusion (ii) by taking= n— 1, h = (at) and
u=6"ae1™)...C 1.

The upper bound ojm’| follows from (18) and @1). The fact that” 6™ (a,_, 1) does not
lie in A follows from Lemmas3.6and8.7. |

Lemma 9.6. Leto = t'62(a 1) ... 0%a HweP(ay) . . . 6°(a)t~S where w= w(ay, . . ., &)
is freely reduced and,& > 0. Supposer represents an element of H blé(a, ) ¢ A
and £6°(a, 1) ¢ A. Then either

(i) whas a prefi¥°(ay) . .. 0% Y(ay)ax and syfix at6°1(ac 1) ... 0%ac ), or
(i) w=6°@y)...05  a)t Ha?) ... 6°@c?).

Proof. Write |5 for the lettera,~* of the term#?(a,~t) of o~ and writel, for the letteray
of the term#®(ay) of o. Lemma7.2implies that, whenr is freely reduced, both andl,
cancel. Let’ be the lettely that cancels witly

If I’ lies inw, thenl, must cancel with a letter to the right Bfin w, and we have case (i).

On the other hand, suppose thaties in the subword®(ay)...6°(a). If I’ is distinct
from |,, thenl, must cancel with am,* lying to the right ofl’. But this is a contradic-
tion, since all the occurrences af*! in °(ay) ... 6°(ay) are positive. Thug = l,. Now
2 Ya1) ... @@ Hwel(ay) . . . 6°1(ax) must be freely trivial and we have case (ii). O

Lemma 9.7. Letw= 6°(a) ... 6 (ax) where r> 0. Let | be the last gappearing in w and
partition w as w= uv where u is the prefix of w ending with | and v is thgigwf w coming
after I. Thent(u) > £(v).

Proof. Note thatu = 6°(ay) ... 60" (ax)ax and, by LemmaB.1, v = °(ay_1) ... 6" *(ax-1).

It thus sufices to prove thaf(6'(a)) > {(6'(a-1)) for i > 0. But this follows by an easy

induction onk from the structures of (ax) andé' (ax-1) respectively given by Lemm@& 1
O

10. Groups wiTH ACKERMANNIAN DEHN FUNCTIONS

Recall thatl'k is the HNN extension o5, over Hy in which the stable letter commutes
with all elements oHy:

Ty = (ay,....a0t, pltlat = a, tlat=aa_1 (i > 1), [p.at] =1 (@ > 0)).
Proposition 10.1. The groud’; has Dehn functior—equivalent to n- n2.

Proof. Making the substitutiom = a;t shows that’; is a right-angled Artin group with
presentatioq a,t, p|[t, a], [p, @] ). It follows thatl'; is CAT(0) [11] whence it has Dehn
function~-equivalent tan? by [9, Proposition 1.6.1II]. O

Proposition 10.2. For all k > 2, the groupl'x has Dehn functioa—equivalent to A

Proof. Letk > 2. The Dehn function of a CAT(0) group is either linear or ouasid [7,
Theorem 6.2.1], with the linear case occurring preciselgmvtine group is hyperboli@|
Theorem 6.1.5]. By Theoreh.3 the groupGy is CAT(0). However, since it contains an
embedded copy 6#? it is not hyperbolic ¥, Theorem 6.1.10]. The Dehn function@f is
therefore quadratic. By Theorein3 the distortion function ofHy in Gg is ~—equivalent
to Ax. Plugging these two functions int®,[ Theorem 6.20.1IL7] gives lower and upper
bounds for the Dehn function & of maxn?, nA«(n)} andnA(n)? respectively, up te—
equivalence. By9), this lower bound is equal t8y(n)? and the upper bound is at most
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Ac(n). But (14) implies that, for anyC > 1, the functiom — Ac(n)¢ is ~—equivalent to
A o

Vo4

V24

Ficure 3. A van Kampen diagram fow 4, p] — an example of a word
which represents the identity Ifx but can only be filled by a large area
diagram.

The ideas behind9 Theorem 6.20.1IL7] used here are most transparent via the tools of
van Kampen diagrams and corridors. For example, towardeter bound, consider the
words

Vien = aag tag ap ta "
of Section6, which equal

Win = Ukn (azt) (alt) (azt)_l Uk,n_1

in Gx. Observe thatn, p] = 1 in Tk and that in any van Kampen diagram feg{, p],
there must be g—corridor connecting the two boundary edges labelleg.k¥Figure3 is an
example of such a diagram whkr= 2 andn = 4.) The word oreut, . . ., axt written along
each side of this corridor must equgl in Gy and so freely equalsy . It follows that any
van Kampen diagram fowf,, p] has area at least the lengthwaf,,, which is 2H(n) + 3.
So, as the length offn, p] is 4n + 10, this leads to a lower bound 8§(n) ~ Hy on the
Dehn function ofGy.
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