MTI Exercises 5: Solutions

1. (i) The inequality 0 < # < 1 is trivial if you consider case 0 <t <1

and t > 1 separately. Now we can show that
x € [0,27] and use DCT.

(ii) The inequality is trivial to show by comparing derivatives. After
that one can use DCT to obtain the result.

nx sin x

Tno)a | 0 for all

2. We know that f,(x) — H(x), where H(x) is an appropriate step
function. Using DCT it is clear that Ni(f, — f) — 0 and hence {f,}
is Cauchy in N;. However, we see that the limit is discontinuous.

3. Trivial using properties of the norm.

4. For p =1 we did it in problem 4, HW3. If 1 < p < 0o we do exactly
the same argument and use DCT. When p = co we use the fact that
—C < f(z) < Cin X (trivial modification is needed for a.e.) and then
define

On(x) = % on A ={re X :m/n< f(zx)<(m+1)/n},

where n € N, —Cn < m < Cn. It is clear that each f, is simple and

[ful@) = f(2)] < 1.
5. We have that

oo o
v’ -
Pdy — - p/2-2
/UMM > . > n
n=1 n=1
Thus f € L, if and only if (p/2 —2) < —1 which happens if and only

if1<p<2.
For the second part we take f(n) = n'/P0/log(n)?. We then have that

[ = > wrimognyn)
n=1

Thus if p > py we have that p/pyp > 1 and
o0
a0 =S og )t = oo
n=1
and if p < pg then

[ 157 = S v og ) < .
n=1
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10.

11.

Moreover for p = pg

e¢)

[ 15 = S nltog ) < .
n=1
Firstly for k € N let Fi, = {z : |f(z)| < k} and note that

[t =t [ 1fixedn 1)

If we let ¢, = Zizl(n —1)xg, and ¢y = ZZ:l nxg, then

k

k
(n—Du(Ey) = [ dedp < [ 1fIxmdp < [ drdu =S nu(Ep).
> 1 )/ku /HxFu/ku ;M(

n=1

Thus applying equation (1) we have that

(0= DB < [ 1f1du < 3 nia(En)
n=1 n=1

and the result follows. Extension to LP is trivial.

Let ¢ satisfy that %4— % =1 Since f € L, and 1 € Ly (u(X) < 00)
we can apply Corollary 6.10 from the notes to get that f=f-1¢€ L,
and

£l < Ll fllp = 1OV fllp = p(X)Y 2 £

Since f € L, with respect to counting measure we have that > >, | f(n)|? <

oo. Thus there exists N such that for all n > N |f(n)| < 1 and so
|f(n)|P > |f(n)|?. Therefore

0 N e
[1se =S irwr < S lrmr+ Y 1o < .
n=1 n=1 n=N+1

For p = 2 it is easy to integrate. For p # 2 we see that there is a blow
up of the integral either near 0 or at co.

Fix p1 < p < py and « such that a/p; + (1 — «)/p2 = 1/p. We then
have that f* € L, /, and fle e L,,/o- Thus we can apply Corollary
6.10 from the notes to see that f = ff17% € L, and

£l < 1 o 1 -
Use Holder inequality to show that F(z) < (fy fPdm) YP y1/a. For
x — oo result follows from the fact that f € LP. For x — 0 it follows

from the fact that [ fPdm — 0.
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12. Since ||f]| > A we know that there exists a > 0 such that || f|| = A+a.
Let’s argue by contradiction, assume that u({z € X : |f(z)| > A}) =
0. Then we know that |f(z)] < A a.e x € X but then ||f|| < A and
we get a contradiction.

13. Since g € Lo, we know that if we let

A=A{z:]g(@)] > llgllec}

then u(A) = 0. Thus

[ itarau= [ ifaP < gl [ 1110 < o

and taking the pth root yields that

14. (a)

1£gllp < llgllooll fllp-

First suppose that p(X) < oo and f € L. Thus there exists
K > 0 and A € X such that u(A€) =0 and for all x € A we have
that |f(z)| < K. This means that

J i< [ 1 [ i< K0 +0 < o0

and so f € L;. On the other hand if pu(X) = oo then 1 € Ly, but
Jl|dp =00 and so 1 ¢ L.
Let f € Loo. We know that

p{z  [f (@) > [[flloc}) = 0

()" <1t

On the other hand for any € > 0 there exists d > 0 such that
p{z : [fI > | flleo —€}) > 0.

and so

Therefore

1/p
</ |f|p> > (8(Iflloe = )P = 871 £ loo — ©)-
Thus for any € > 0 we have that
liminfll flp = {1/ flec — €

and the proof is complete.

15. Use estimate on sin z in terms of a linear function.



