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4 Signed measures and Radon-Nikodym theorem

Let (X,9) be some measurable space.

Definition 4.1 A set function v is called a signed measure if
1. v(@) = 0;
2. its domain of definition M is a o-algebra;

3. v s o-additive.

Example 4.1 o Ifv(A) = pui1(A)—p2(A), where py and pe are Lebesgue
measures, then v is a signed measure;

o ifv(A) = [, f(x)du, where f is integrable function and p is Lebesgue
measure, then v is a signed measure.

Definition 4.2 Let v be a signed measure on (X,9M). The set A € M is
positive with respect to v if v(ANE) >0 for all E € M. The set B € M is
negative with respect to v if v(BNE) <0 for all E € M.

Theorem 4.3 (Hahn decomposition) Let v be a signed measure on (X, M),
then there exists a negative set A~ € M and the positive set AT = X\ A~

Proof Fact 1. Negative sets form a o-ring 9. Obviously
e M
e A, BeNNimply AN B €M,
e AN, BeMimply A\B € M.
Since AUB = AU (B\A), A and B\A are disjoint, we obtain
v(AUB)NE)=v(ANE)+v((B\A)NB)

for any £ € 9. From this formula it is easy to see that if A,B € N
then AU B € 91. The same arguments work for a countable union of sets.
Therefore M is a o-ring.



Let us define
8 = inf v(B).

BeMm
Obviously 8 = lim,_,« v(By), By € 9. We define

It is possible to show that v(B) = 3:
1. B <v(B) since B € M;

2. v(B) = v(By) + v(B\B,) < v(By,) since B\B,, € 9. Therefore § =
lim,, o, v(B,) > v(B).

We want to show that A = X\B is positive. Suppose not, then there
exists Fy C A such that v(Ep) < 0. If Ey € 9 then BU Ey € M and
v(B U Ep) < v(B) that contradicts minimality of 5. Therefore Ej is not
negative and there exists C' C Ey such that v(C) > 0. Now we do the
following procedure:

e find a positive number k; such that there exists £y C Ey with v(E;) >
k1 and k; is the maximal of such numbers;

e consider Fo\Fy (v(Eo\F1) = v(Ey) — v(E71) < 0) and find a positive
number ko such that there exists Ey C Eo\FEy with v(Ey) > ko and ko
is the maximal of such numbers; it is clear that ko < k7.

Continue this procedure we find a sequence of disjoint sets {E;} C Ey with
v(E;) > k; (note that this sequence has to be infinite, otherwise we find
larger negative set). Obviously k; — 0 since otherwise v(U;E;) = oco. We
define Fy = Ey\ U; E;, for any F' C Fy we must have v(F') < 0 and therefore
Fy is negative, disjoint form B, and v(Fy) = v(Eo) — >, v(E;) < v(Ep) < 0.
This contradicts the minimality of 3. Theorem is proved.

This decomposition is not unique. However we may show the following:
if there are two Hahn decompositions X = A;UB; and X = AyUBy (41, As
are positive and Bj, By are negative) then

v(A1NE)=v(A2NE), v(BiNE)=v(BaNE)

for any E € 901. Proof of this fact is left as an exercise.

From this it follows that for any signed measure v we may define X =
AT UA™ and

vi(E)=v(ATNE), v (E)=-v(A"NE).



It is easy to see that v, v~ are o-additive measures and
v(E)=vH(E)-v (E).
We proved the following theorem.

Theorem 4.4 (Jordan decomposition) Any signed measure v may be rep-
resented as a difference of two o-additive measures v and v~

Definition 4.5 |v| = vt + v is called the total variation of v.

Example 4.2 Let v(A) = [, f(z)du. Obviously f(z) = f*(xz)— f~(z) and
therefore

) = [ = [ @ =t a) - o)

Definition 4.6 Let A and v be signed measures on (X,9M) then X is called
absolutely continuous with respect to v (A < v) if A € Mr and |v|(A) =0
imply A\(A) = 0.

Theorem 4.7 (Radon-Nikodym) Let p be a o-additive measure on (X, M),
F be a signed measure on (X, M) and F is absolutely continuous with respect

to p. Then there exists unique f € LY(X, ) such that

F) = [ f@)in

A

for any A € M.

Proof Since any signed measure F' = F* — F~ and F < p implies F't <
w and F~ < p (prove it!) it is enough to show theorem for o-additive

measures.
Let us define the following set:

K = {f is integrable on X : f(z) > 0,/ f(z)du < F(A) for any A € M},
A
where f, € K. We also define

M = sup/ flx)dp = lim [ f,(x)dp.
feK JX e JXx

Let g, (z) = max{ fi(x), ..., fu(x)}, we may show that g, € K:



1. Obviously g, > 0, g, is integrable.

2. We show that [, gn(x)du < F(E) for any E € 9. For any E € M
there exists a collection of disjoint sets {E;}7_; such that E = U}, E;
and g,(x) = fi(x) on E; (prove it!). Therefore

/E oo =3 /E A < 3 F(E) = F(E)

We define f(x) = sup,, fn(z), obviously f(z) = lim, .o g»(x). By monotone
convergence theorem f € K and [y f(x)dp = lim, o [ gn(z)dp = M.
Define a o-additive measure

A(E) = F(E) - /E f(@)dp

for any E € 9. We want to show that A(E) = 0 for any E € 9.

Lemma 4.1 Let v, pu be o-additive measures and v << u. Then there exists
n € N and B € M such that u(B) > 0 and B is positive with respect to
v—1pu.
Proof Let X = A, UA; be Hahn decomposition corresponding to a signed
measure v — 4. We define Ay = N2 A, Af = U2 Al then Ay UAS =
X. We have

v(Ay) < %,u(Aa) for any n
and therefore v(A;) = 0. So we obtain v(AJ) > 0 and hence p(Ag) > 0
(since v < p). Therefore there exists n € N such that u(A;}) > 0 and
V(ENAS) = 2u(EnAf) > 0 for any E € 90 since A} is positive with
respect to v — % . Lemma is proved.

By definition A is a o-additive measure and A < p. Therefore there exists B
and n € N such that A(E N B) > 24(E N B) for any E € M and u(B) > 0.
Define

1
M) = () + —xp(@),
then for any E € 9

/ h(z)du = / Fla)du+ (B B) < / f(#)dp+ NE N B)
E E E

- / f(x)du+ F(ENB) — f(x)dp
) ENB

- (z)dp + F(E N B) < F(E\B) + F(ENB) = F(E).
E\B



Therefore h € K and
1
[ nwydn = [ st ) >
X X n

so we have a contradiction and therefore for any E € M F(E) = [, f(z)dp.
Uniqueness is obvious. Theorem is proved.

5 LP-spaces

Let f be an integrable function over X. We call f the class of equivalence
of functions g¢(x) such that f(x) = g¢(x) a.e. on X. It is easy to show that
equality a.e. defines the equivalence relation.

Definition 5.1 Letp > 1 and |f(z)|P is an integrable function over X then
Fe LP(X, dp).

So LP(X,du) is the space of equivalence classes of all p-integrable functions.
Instead of dealing with classes of equivalence we will deal with representa-
tives of these classes, i.e. with usual functions.

Definition 5.2 The function ||-|| : V — R acting on some vector space V
is called a norm if for any f,g eV

LlfIl = 0;

2. If]l =0 if and only if f = 0;
3 INFIE = IAILFI for any A € R;
4- W+ gl < 111+ gl

Proposition 5.3 Let f € LP(X,du) then

11 = (/. |f<x>|*’du)%

Note that this norm is the same for all functions in the class of equivalence.

s a norm of f.

Proof We have to check points 1-4. It is easy to see that points 1-3 are
satisfied, we show point 4. For p = 1 it is obvious. Let us assume p > 1.



I
—

Lemma 5.1 If f € LP(X,du), g € LY(X,du) for1 < p < o

then . N
N ( /. \flpdu> ( /. Iglqdu> = 1l llgll

Proof Proof is left as an exercise.

D=
Q=

It is easy to see that if f,g € LP(X,du) then |f + g| € LP(X,du) (since|a +

bP < 227H(|f[P +1g[?)). Obviously | f(z)+g(x)|P < |f(x)+g(@)[P~(1f(x)|+

lg(x)|) and therefore since % + % = 1 we have

/ 1+ gPdu < / 4 gl fldu + / 1+ g gldu
X X X

P v (r=Dagy >E
< (L) ([ 1740
+—</£J9Pdu>p </i|f-%gﬁp‘”qdu>q

1+ gllp < 1 fllp + llgllp-

This implies

Proposition is proved.
Definition 5.4 Complete normed vector space is called Banach space.
Theorem 5.5 For 1 < p < oo LP(X,dpu) is a Banach space.

Proof Let {f,} be a Cauchy sequence in LP. We choose a subsequence
{fn;} C {fn} such that

||fnj+1 - fnij < 2_]

and define
Z|fnj+1 — (@)

Obviously [|Gpml|l, < 1 and Gm(a:) is a monotone increasing sequence. By
monotone convergence theorem:

Gm(z) — Gx) = Z |1 () = fo;(T)] <00 ae



and
lim |G (2)|Pdp = / |G(2)|Pdp < 1.
X b's

m—00

Therefore f = lim; o fn; exists a.e., f € LP(X,du) and

1
1f = Forlly = 1 D _(Fnsir = Fuidllo < 3 g = s llo < Sy
j=k j=k
So we have f,,; — f in LP(X,du) and moreover if n > n;
1o = Fllp < UF = oy llp + 1Fny = fullpy <2707 427070 =227 —
as n > nj — oo. Theorem is proved.

Theorem 5.6 (Approzimation of LP) Assume 1 < p < oo, then:

1. Simple functions are dense in LP(X,dpu).
2. Elementary functions are dense in LP(X,dpu).

3. Uniformly continuous functions are dense in LP(X, du).
Proof Proof is left as an exercise.

Proposition 5.7 (Jensen’s inequality) Let f € L*(X,du) and ¢ : X — R
be convex function. Then

qs(ﬁ / f(w)du> e

Proof Proof is left as an exercise.

5.1 Duality

Definition 5.8 A bounded linear functional on a Banach space B is a map-
ping F' : B — R such that

1. F(afi+ Bf2) = aF (f1) + BF(f2) for any o, 8 € R and fi1, f2 € B;

2. |F(f)] < C|f|l for any f € B; here C is a constant independent of f
and || - || is a norm on B.



Definition 5.9 A collection of all bounded liner functionals on a Banach
space B is called a dual space to B and is denoted by B*. It is usually
endowed with the following norm

1 = sup EW)L 1)

res I

Theorem 5.10 B* is a Banach space.

Proof It is easy to show that B* is a normed vector space with the norm
| - |l«- We show that B* is complete. Suppose {F},} is a Cauchy sequence,
ie. [|[F,, — Fnll« — 0 as n,m — oo. Since for any f € B

[En(f) = Fn(N < [ Fn = Fall[l ] = 0

we obtain that {F,,(f)} is a Cauchy sequence and hence F,(f) — a = F(f).
It is easy to check that F' is a linear functional (do it!). Using the following
inequality

F(F)| = Tim [F(f)] < lim_ Bl £].

and the fact that {||F}, ||} is a Cauchy sequence, we obtain || F|| < lim,, ||F,| <
C. Therefore |F(f)| < C|/f|| and F is a bounded linear functional.

Now we want to show that ||F,, — F|[, — 0 as n — oo. It is easy to see
from

Falf) = FUOI _ o [Fald) = FnlS)
[T V]

Taking sup over f € B and then limit as n — oo from both sides we obtain
the result. Theorem is proved.

< lim || F, — Fon s
m

Theorem 5.11 Let 1 < p < oo and % —1—5 = 1. Then (LP(X,dp))* =
LY X, du).

Proof Step 1. We show that LY(X,dp) C (LP(X,dup))* is an isometric
injection. Take any g € L9(X,du) and define

Fy(f) = /X o) f (2)dp

for any f € LP(X,dp). It is easy to see that F; is a bounded linear functional
on LP(X,du). Therefore to any g € L9(X, du) there corresponds a bounded



linear functional Fy; € (LP(X,du))*. Now we have to show that || Fy|, =
llgllq- By definition

f(x)g(x)du
1Pl = s Sl
feLr(X,du) £l

Using Holder inequality we see that ||Fy |« < ||g|l;- Taking f = |g|7'sgn(g)
we see that ||Fy|l« > |lg|l; and therefore ||Fy|l« = ||g|l. We showed that
g — F, is an isometric injection of L4 into (LP)*.

Step 2. Now we want to show that for any F' € (LP(X,du))* there exists
g € LYX,dp) such that F(f) = [y g(x)f(x)dp for all f € LP(X,dp). In
the previous step we proved that for any g € L9(X, du)

Ix f(:v)g(fﬁ)du.

||9||q = ||Fg||* =
FELP(X,dp) £l

It is easy to show that

oy =sup{ [ @lgtdu £ € 22X, 17l < 1 ond £ 35 sl |
(prove it!) Take anyF € (LP(X,du))* and define a set function

v(A) = F(xa)

for any A € 9. Let’s check that v is a signed measure:

2. if ANB = @ then v(AUB) = F(xauB) = F(xa + xB) = F(xa) +
F(xp) =v(A) +v(B);

3. if A, T A then x4, — xa in LP(X,dp) and hence |F(xa, — xa)| <
Cllxa, — xallp — 0. This obviously implies v(A4,) — v(A) and this
implies countable additivity of v (prove it!).

Therefore v is a signed measure. If A € 9 and p(A) = 0 then x4 = 0
a.e. and therefore v(A) = F(xa) = 0 and we obtain v < u. Using Radon-
Nikodym theorem we have for any A € 9

v(4) = /A o(x)dp,



where ¢ is some integrable function. Our goal is to show that g € LY(X, du).
Let s(z) = Y. | a;xa,(x) be a simple function. Then

F(s)=F() _aixa) =Y aiF(xa) =Y aiv(A)
=1 =1 =1

:gai /A 1- glz)dp = /X g(z)s(x)du

It is easy to see that

sup {/ s(x)g(x)dp, s € LP(X,dp), ||s|l, <1 and s is simple } =
b's

=sup{F(s),s € LP(X,du), ||s|][, <1 and s is simple } < || F|..

Therefore g € LY(X, dp) and ||g|lq < ||F||«. Now take any f € LP(X,du), we
can approximate it by a sequence of simple functions: s, — f in LP(X,du).
We know that

/ﬁm%mw:nw,
X

F(sp) — F(f) and [y g(2)sp(z)dp — [y g(x)f(x)dp and therefore

[ st@s@n = F(n
for any f € LP(X,du). Theorem is proved.

5.2 Hilbert space L*(X,du)

Definition 5.12 Let H be a normed vector space. We call a function (-,-) :
H x H — R an inner product if

(f.9) = (9, [) for any f,g € H;

2. (fi+ f2,9) = (f1,9) + (f2,9) for any fi, f2,9 € H;
3. (\f,g) = A(f,q) for any \E€R, f,q € H;

4- (f,))>04f f#0..

1.

Definition 5.13 A Banach space H with an inner product (-,-) and a norm
Il -1l =+/(-) is called a Hilbert space.

10



It is not difficult to show that || - || = /(-,) is actually a norm (do it!)
Exercise 5.1 Check that R" and L?(X,du) are Hilbert spaces.

Proposition 5.14 Let H be a Hilbert space. Then for any f,g € H
LS9l < 1 gll;
2 f+al?+If —all? =237+ 1lgl?).

Proof Proof is left as an exercise.

Proposition 5.15 Let H be a Banach space. If for any f,g € H ||f+g||>+
If = agll> = 2(lf1I* + llg||?) then H is a Hilbert space.

Proof Proof is left as an exercise.

Definition 5.16 Let H be a Hilbert space, for f,g € H we say that f is
orthogonal to g if (f,g) = 0. A set A C H is called orthogonal set if for
any f,g € A (f,g9) =0. A set A C H is called orthonormal set if for any

fr9€A(f,9) =0 and|f]| = [lgll = 1.

Definition 5.17 A set A = {f1,..., fn, ...} C H is linearly independent if
Yoy aifi =0 implies aq = ... = ay, = 0 for any finite subset of A.

Proposition 5.18 An orthonormal set is always linearly independent.
Proof Proof is left as an exercise.

Definition 5.19 An orthonormal set A C H is called complete if (f,¢) =0
for all p € A and fixed f € H implies f = 0.

Definition 5.20 A Banach space H is called separable if there exists a
countable dense subset E C H.

Proposition 5.21 Let A = {¢1, ¢2,...} be an orthonormal set in a separable
Hilbert space H. Then A is at most countable.

Proof For any ¢, € A we have ||¢ — || = v/2. Since H is separable there

exists dense and countable subset F© C H. Therefore there exists f € E and

g € E such that ||f — ¢| < % and ||g —¢| < % By triangle inequality
lo =l <If =gl +11F = ¢l + llg — 2l

and therefore ||f — g|| > 0. So we have if ¢ # ¢ then f # g and hence if A
is uncountable then E is uncountable, but E is at most countable therefore
A is at most countable. Proposition is proved.

11



Theorem 5.22 L?(X,du) is a separable Hilbert space.
Proof Proof is left as an exercise.

Theorem 5.23 (Riesz - Fisher) Let {¢,} be an arbitrary orthonormal set
in L?(X,du) and let the corresponding set {c,} C R satisfy >, c2 < oo.
Then there exists f € L*(X,du) such that

1. ¢, = (f, dpn) for all n;

2. f= Zn Cnn;

3£ =2
Proof If {¢,} is a finite set the result is obvious. Since {¢,} is at most
countable we assume it is infinite. We set f, = Y 1 _; cx¢di. Obviously we
have || foim — foll> = S pii 1 3. Since Y, ¢2 < oo the sequence {f,} is a

Cauchy sequence. Using completness of L? we obtain f, — f in L*(X,dpu).
We claim that this f satisfies 1-3. By construction f = Y 72, cx¢y. For a

fixed ¢; we have (f,¢i) = (fn,¢i) + (f — fo,#:). I n > i then (f,¢;) =
¢ + (f — fa, #:). Since (f — fn,¢:) < |[fn — fIl = 0 as n — 0o we obtain
(f, i) = ci. Now ||f — full?> = | £II? = X k_; ¢4 and taking a limit as n — oo
we obtain || f|| = Y72, c3. Theorem is proved.

Theorem 5.24 Let {¢,} be a complete orthonormal set in L?(X,du) then
any f € L*(X,du) admits an expansion

F=>(f,6n)n
n=1

Proof Proof is left as an exercise.
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