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Effective resistance

Suppose ua, ub given, the solution is {ux}x∈Ω and {ixy}x∼y∈Ω.
Current

ia =
∑

x∼a

iax

flows in the network at a.

 The Markov property has another solution: constant ub

potentials with zero external currents.

 Take difference + use linearity: We have effective resistance.
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What works

... the analogy with P{τa < τb}.

Modulo normalisation. . .

Ea(signed current x → y before absorbed in b) = îxy .

in the reversed network!

Theorem
Commute time = Reff · all conductances.
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The electric network
Series:

R/2 R/2

∗λ

Q/2 Q/2

∗µ

Rpr

∗λ

Qse

∗µ

Rpr Qse

∗λµ

Rpr Q′pr

∗λµ

Spr

∗λµ

S/2 S/2

∗λµ

S = R
(λ+ 1)µ
λµ+ 1

+ Q
µ+ 1
λµ+ 1
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The electric network

Parallel:

R/2 R/2

∗λ

Q/2 Q/2

∗µ

Rse

∗λ

Qse

∗µ

Compare this with

Sse

∗ν

S =
RQ

R + Q

ν =
Qλ(µ+ 1) + Rµ(λ+ 1)

Q(µ+ 1) + R(λ+ 1)
.
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The electric network

Star-Delta:

Star to Delta works,

Delta to star only works if Delta does not produce a circular
current by itself (λµν = 1).

S/2 S/2

∗νR
/2

R
/2

∗
λ

Q
/2

Q
/2

∗µ
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Nonmonotonicity

3/2 3/2

∗1/5

2/2 2/2

∗5/13

3/2 3/2

∗5

2/2 2/2

∗13/5

Reff =
27
14

.

3/2 3/2

∗1/5

2/2 2/2

∗5/13

3/2 3/2

∗5

2/2 2/2

∗13/5

Reff =
5
2
=

35
14

.
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What doesn’t work

Thomson, Dirichlet principle directly. In fact we couldn’t find an
appropriate energy functional.

Monotonity, which would be essential for recurrence-transience.
Nothing we looked at is monotone.

But: Alexandre Gaudillière, Claudio Landim / Martin Slowik
found the Dirichlet / Thomson principles for non-reversible
chains. Translation to electric networks in progress...

Thank you.
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