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Introduction

Introduction

Let {Xn nez, be stationary and
EX; =0, EX? < c0.
Sn_ ::X1+"'+Xn

cov(Xg, Xi) = r e®F(dt).

—7T
Limit theorems for S,, usually require information about var(S,).

For example one may assume that var(S,,)/n — K > 0.
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Introduction

What is known?

If covariances summable, then var(S,) ~n > R(k
Related to Césaro summability of Four|er series through

[ sin’(nt/2)
var(Sy) = Jﬂ WF(dt).

By Fejer’'s theorem, if spectral density exists, i.e. F(dt) = f(t)dt and is

continuous at 0, then
var(S,) ~ 2nf(0)n

Only need f to have right and left limits (if infinite not of opposite sign).
Also many more sufficient conditions with mixing, proj. criteria and so on
(see Bradley (2007)).
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Introduction

First necessary and sufficient condition

Theorem 1 (Hardy & Littlewood (1924))

var(Sy)
n

1 t
— A, ifand only if 2tJ f(s)ds — A.
—t

Of course Hardy and Littlewood were not interested in stationary processes
but in Césaro means of Fourier series.

First appearance in probability in Bryc & Dembo (1995).
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Introduction

Non-linear growth

Often var(Sy) ~ n*l(n) for any « € (0, 2), 1 slowly varying,
e.g. random walk in random scenery, linear processes, long-range
dependence.

If & > 1 then slowly decaying correlations.

Partial results link the behaviour of the correlation, or of the spectral
density to that of the variance.

eg if the correlations p,, = n~91(n), then
var(Sy) ~ Cl(n)n?~ 4.

Many such results appear in Samorodnitsky (2006).
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NASC for stationary

NASC for Stationary processes

Here's our first main result.
Assume F defines a symmetric spectral measure.

Theorem 2 (D. & Utev (2013))
Let 1(x) be positive and slowly varying at infinity, and « € (0,2). Then
var(Sn) ~ Kon*l(n) if and only if

JX F(dx) ~ C(o)Kox?~*1(1/x)

where C(a) = T'(1 + o) sin( %) /[7(2 — od)].

In particular var(S,,) ~ Kon if and only if ffx F(dx) ~ Kgx /7.
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NASC for stationary ~ Auxiliary results

Proof

We write
T sin (%) “
var(Sy) :J —— o fdt) = J I (t)G(dt)
no sin®(3) 0
where I, (t)/n is the Fejer kernel and G(x) = fﬁx F(dx).
Positivity of the kernel I,,(y) leads to the following very useful bounds:

Lemma 3

For any A >0

in G(1/n) < var(Sn )<G(n)+”2n2G(A/n)+n2r G%’)dy_
m 4 A/n Y

eg for lower bound, since I,,(y) > 4n?/m? for 0 <y < 1/n

var(Sn) = | (w6l > [ Sn26(dy) > Sn2G(1/m)
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NASC for stationary ~ Auxiliary results

Equivalence of upper bounds

This offers a first glimpse of a necessary and sufficient condition.
In fact upper bounds for the spectral measure are equivalent to upper
bounds for the variance. Using Lemma 3 one can show

Lemma 4 (Equivalence of upper bounds)
For L > 0 slowly varying, TFAE:

(a) var(Sn) =0(nYL(n)), asn — oo,
(b) G(x) = O(x*>"YL(1/x)) as x — 0.
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NASC for stationary ~ Auxiliary results

What about lower bounds?

For lower bounds the situation is slightly more complicated as we still
require an upper bound.

Lemma 5 (Equivalence of lower bounds)

If
G(x) = O(x*"YL(1/x)), and var(Sn) > CimYL(n),

then for some Co > 0, we have G(x) > Cox®~YL(1/x).
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NASC for stationary Proof of Theorem 2

Proof of Theorem 2

We are now pretty much ready to prove the theorem.
“=:" Assume G(x) ~x*YL(1/x).

Fix M < n and change variables

Mo sind(

var(Sp) = J y)

2
o nZsin?(y/n) n-G(2dy/n)

nr/2 . 2
Ssin
M nZsin“(y/n)
= In,M + ]n,M-
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NASC for stationary Proof of Theorem 2

Using the classical Tauberian theorem we can show that

Jn,M _ 1 _
nYL(n) O(nVL(n)) +0M™),

and is thus negligible.

For I, m we first use weak convergence.

On the interval [0, M] define the sequence of (almost probability) measures

n* YG(2y/n)

wn{l0,y)} = L) 2M)2

Since G(x) ~x>"YL(1/x) asn — oo

(0.9 (%) =uiy)

and thus pn = p weakly.
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NASC for stationary Proof of Theorem 2
On the interval [0, M] we have

sin(y)? B sin?(y) M?2
n?sin(y/n)? y? Oz

n2

Further since sin(y)/y? is cts and bdd weak convergence implies that

Inm o M5|n2(y) B
M (2 —y) | S ey + euin) +OM)

2
— 22V (2—v) L S;“lfj)dy +Emm) +0(MY),

_sin(ym/2)T (14 )
- n(2—y)

where Enp(n) — 0 as n — oo for all M.

+&m(n) +0(M™Y),

Let first n — oo and then M — oo to complete the proof of “=".
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NASC for stationary Proof of Theorem 2

Proof of “<"”

Now suppose that var(S,,)/nYL(n) — K.

For any increasing integer sequence t; we can write

M o2 2=y . 2
By Lemmas 4 and 5
Cix* VL(1/x) < G(x) < Cax® VL(1/x),
for some 0 < C; < C».

Thus fory <M

Y G(2M/t;) = ez L(6/2M)

< — T L CM2TY,
L(tj) L(tj)
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NASC for stationary Proof of Theorem 2

Therefore, by Helly's selection principle, we can find an increasing function
h, defined on [0, 00) and a further subsequence t;: such that

£, G(2y/t;/)

th/(y) = L(tjf)

h(y), (21)

at all continuity points of h.

From the bounds for G it must be that h(y) < CM2~Y for y < M and
since sin?(y)/y? cts and bdd on [0, M] we have

JM sin?(y)
0 y?

M . 2
Fi, (dy) — L 5'”y£y)h(dy).
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NASC for stationary Proof of Theorem 2

By hypothesis var(S,,)/nYL(n) — K.
Therefore we have the identity for arbitrary M

K:

var|{ot., M g
ar(Sy,,) J sz(y)h(dy) oMY,

lim ——— =
oo tL(ty)  Jo Y2

and letting M — oo

B  sin?(y)
K_Jo e h(dy).

At this stage h may depend on the subsequence tj’ chosen. To see why this
is not actually the case we now exploit the regular variation of var(S,).
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NASC for stationary Proof of Theorem 2

Let v > 0 be arbitrary. Then by slow variation of L and a simple argument

[th/]z_VG(2y/[rt)~/])

Fre1(y) = () (2.2)
t2,YG(2(y/r)/t;
~ 2y ( al ]) — 12 Yh(y/r), (2.3)
L(tj)

as j’ — oo at all good points y/r with h the same as before.

Since var(Sn)/g(n) — K, for any >0

2 Yh(dy/r).

var(St]_,) J“X’ sin?(y)
2
0
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NASC for stationary Proof of Theorem 2

A convolution equation

Combining all steps so far we arrive at the "convolution type equation"
00 <in2
J SY) . dy) = 17K, (2.4)
0 Y
where h may depend on the particular subsequence t].’.

In the rest of the proof we show that the solution h must be unique, and
thus cannot depend on the subsequence.
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NASC for stationary Proof of Theorem 2

Solving the convolution equation

First define the auxiliary odd function, defined by

N
Bly) = lim j xhidx),  bly)=—bly)  y>0.

N —o00 y

Equation 2.4 allows us to compute the sine-transform of 1\ as

lim Ja sin(ry) W (y)dy = 22 Ysgn(r)[r]Y K.

a—oo

Unfortunately {(y) behaves like y~Y so depending on 7y this may not be
L! or L2 (eg for y = 1). So parse 1\ as a tempered distribution

W) = j DY) (6(y) — d(—y))dy,

for Schwartz functions ¢.
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NASC for stationary Proof of Theorem 2

Again careful analysis to compute the Fourier transform of ¥ using the
identity ¥[$p] = Y[d] and we find

o0

mwzj

—00

(iz%vksgn(t)w*l)cp(t)dt.
Fourier inversion allows us to identify 1 to be KD(y)y™Y, and therefore

_ _sin(ym/2)
hix) = 5 Y KDY, Dly):=iy)22 202,
-Y T
From this one can deduce that

lim Glx)

x—0 X27Y

L(1/x) =C(y)K. O
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NASC for stationary Proof of Theorem 2

Motivating question

This was motivated by a question by M. Peligrad:

Assume var(S,,)/n — K along the subsequence n,. = 2". Does this imply
convergence along the full sequence?

The answer is no!
Let G(x) = 27X, for x € (2~ (k1) 27K] for k >

Then limy_,o G(x)/x does not exist, as different subsequences give
different limits, and therefore the limit of the full sequence var(S,,)/n
cannot exist.

By direct calculation on the subsequence 27,

var(Sor sin?
% — Z Z2ksm (27%) € (0, o).

k=0
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Functionals of MCs

Functionals of Stationary Markov Chains

Suppose now that X, = g(&r), where

@ (&n)neyz stationary ergodic Markov chain with values in (S, A),

e marginal 7t and transition kernel Q(x, dy).
e g € L?(S,7) such that m(g) = 0.

Q also denotes the Markov transition operator

(Qg)(x) == L 9(s)Q(x, ds).

The chain is reversible iff Q is self-adjoint.

The chain will be called normal if Q is normal, ie Q*Q = QQ*.
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Functionals of MCs

Transition Spectral measure

In the context of Markov chains we distinguish between two different

spectral measures.
The transition operator Q, acts on L?(S, 1), where S is the state space

and 7t the stationary measure.

Assuming Q*Q = QQ™* by the spectral theorem there is a unique
transition spectral measure v, supported on the unit disc, such that

cov(Xe, Xn) = (5, Q"9) = | "v(dz). (3.1)
where D :={z e C:|z| < 1}.

In the reversible case v is concentrated on [—1, 1].

G. Deligiannidis (Oxford) Variance of Partial Sums Bristol, March 20, 2015 23 /49



Functionals of MCs

Shift Spectral measure

The shift operator U acts on L2(Q, P), where (Q, F, P) is the canonical
probability space on which the MC is defined.

The spectral theorem applied to the unitary operator U implies the
existence of a unique shift spectral measure F on [—7t, 7t (or S!) such that

s
cov(Xo, Xn) = J e™F(d t).
—TT

Thus we can use Theorem 2 to analyse the variance in terms of the shift
spectral measure.
Can we also analyse it in terms of the transition spectral measure?
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Functionals of MCs

What is known?

Kipnis & Varadhan (1986): /n-CLT for reversible MC if

. var(Sy) o . 2 14t

Gordin & LifSic (1981): /n-CLT for normal MC under

JD 1 iz|v(dz) < 00, (3.3)

1— 2
and if (3.3) then var(Sn) — 0? ::J Gl
n D

1—2z?
See also Téth (1986); Derriennic & Lin (2001); Holzmann (2005).

Recently Zhao, Woodroofe & Volny (2010) and Longla, Peligrad &
Peligrad (2012), studied reversible MC such that var(S,,) = nl(n).

v(dz).
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Functionals of MCs

We will address the following two issues:
(i) How are the two spectral measures related?

(i) Can we get necessary and sufficient conditions for
var(S,) ~ Cn*1(n) in terms of the transition spectral measure v?

(iii) For reversible: is it true var(Sy) ~ Cn if and only if
v{(1—x,1)}~C'x?
Question 3.1 (Open?)

Is the Kipnis-Varadhan condition necessary for a v/n-CLT in the reversible
case?
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Functionals of MCs Link between the spectral measures

Transition vs shift spectral measure

Let 0D and Dg be the boundary and the interior of the unit disc.
Theorem 6

The shift spectral measure has the representation

F(dt) = vlgp (dt) + f(t)dt, where

1 1|z (34)

In other words if v is supported on Dy, the spectral density exists.

See also Haggstrom & Rosenthal (2007); Jewel & Bloomfield (1983);
Derriennic & Lin (2001).

In reversible case f is simpler

f(t)

1
! J L-A2 dv(A)

T2 ) 1+ A2 2Acost
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Functionals of MCs Link between the spectral measures

Proof of Theorem 6.
For t € [—m, 7] let

f(t) = % JDO [1 + ki(zkeitk + zke*itk] v(dz)

1 J 1-— Izli2
———Vv(dz).

= v
21 p, 11 —ze't|?

An easy calculation shows that

27
J e®tf(t)dt = J zZ*v(dz),
0 Do

and the result follows easily.
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Functionals of MCs Link between the spectral measures

Link through Brownian motion |

The presence of the Poisson kernel hints at a link with harmonic measure.

Let (Bf)t>0 be standard planar Brownian motion in C, started at the
point z.

Let Z ~ v be a random point in D :={z: |z| < 1} distributed according to
v(normalized);

let Té = inf{t > 0:BZ ¢ D}. Let € (0,2).

Theorem 7

The shift spectral measure can be expressed as the harmonic measure of
Brownian motion in the disc started from v. That is for any Borel
A C [—m, 7

F(A) = P{arg(sz) €A} :J P{arg(BZ,) € Alv(dz).
D D

v
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Functionals of MCs Reversible MCs

Can we find NASC?

Having obtained the link between the two spectral measures we look for
necessary and sufficient conditions for var(Sy,) to be regularly varying in
terms of the transition spectral measure.

We begin with reversible Markov chains.

The asymptotically linear case is known since Kipnis & Varadhan (1986):

lim ———— = —v(dt).

var(Sn) Jl 1+t
n 1 1—1t
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Functionals of MCs Reversible MCs

NASC for reversible MCs

Proposition 8

Assume that Q is self-adjoint and that v has no atoms at £1. Then the
shift spectral measure F is absolutely continuous and the following
relations are equivalent. Let x €> 1

Q var(S,) ~n*l(n) asn — oo;

S (x—1) 1—« 1
2 L1t v(dt) ~ (3 X l(;) and o > 1.

oo —1)

9 V(].—X,].] m

x>~*1(1/x) as x — 04, and « > 1.

Remark 9
So if &« =1 v does not have to be regularly varying at 1.
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Functionals of MCs Reversible MCs

Proof

Assume « € [1, 2) and in particular that var(S,,)/n — oo.
Let Ci(n):=> = 01 0 X Ly(dx). Then it is easy to see that

var(Syp) ~ 2 Z Ci(k

Since C1(k) is increasing by the Tauberian theorem

var(Sp) ~nYL(n),  iff cl(n)~%nyflun).
Since )
VA
cl(n)zj L (),
0 1—X

the result follows after integration by parts and change of variables.
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Functionals of MCs CLT with non-standard normalisation

Example for non v/n-CLT's |

We next give an example of a Metropolis-Hastings type chain that satisfies
a CLT with super-diffusive normaliser.

Example 10

Let E = {x:|x|] < 1} and v a symmetric probability measure on E such that

0:.= Jl v{dx) < 00

1 1—1x|

Define the transition kernel

Qx, A) = [x[dx(A) + (1 = [x])v(A).

So if the current state is x you propose from v(-) and you accept with
probability 1 — |x|.
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Functionals of MCs CLT with non-standard normalisation

Example for non y/n-CLT's Il

This kernel defines a Markov chain {&;}, which is reversible wrt
v(dx)
dx) = ———.
M) = 5 k)
For any odd ¢
Q*g(x) = xl*g(x),
and thus letting g(x) = sgn(x) we have
1 1
(9.Q%) = | lulex) =2 x¥utex)

and thus the transition spectral measure is given by 2 and is supported
on [0, 1]. Define
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Functionals of MCs CLT with non-standard normalisation

Example for non y/n-CLT's Il

We have the following result

Theorem 11

If V(x) is slowly varying at 0, then

1 n
z sgn(&i) = N(0,1).
nh(n) ¢
i=1
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Functionals of MCs Normal MCs

Normal MC's

Having covered reversible, let us now have a look at the normal case.
Using representation in terms of harmonic measure and Theorem 2 we get
the following result for free.

Theorem 12

The following statements are equivalent:
(i) var(Sn) ~n*l(n) asn — oo;

(ii) P{BfZD € (—x,x)} ~ C(x)x?>~*1(1/x)/v(D) as x — 0.
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Functionals of MCs Normal MCs

Normal MC's
Define 22
1—1z
2
= dz). 35

o= | i) (3.5)
The following result clarifies the linear case.
Theorem 13

Assume liminf,, o var(Sy)/n > 0. Then the following are equivalent
(a) var(Sn)/m — K < oo,

(b) 02 < o0, and v(Uy)/x — (K — 0?)/m,

where

U ={z=(1—71)e"eD : 0<r<|u <x}.

Uy appears in Cuny & Lin (2009).
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Functionals of MCs Normal MCs

Sketch of Proof |

Proof begins with martingale decomposition

n

Sn =Eo(Sn) + ) _Ei(Sn—Si—1) —Ei_1(Sn —Si-1).

i=1

and its spectral representation

var(Sn):J 1=zf +ZJ 1=2PL 1) 40 4 o),

b -2z " 11—z

The second term easily results in the 0 < oo condition.
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Functionals of MCs Normal MCs

Sketch of Proof Il

First term is essentially E [Eo(Sn)z}.
The proof consists in several approximation steps that essentially show that

1 ™ sin2(nt/2
~E [Eo(snﬂ ZL WG(dt)Jro(l).

where the distribution function G is given by G(x) := v(Uy), with
U ={z=(1—-71)e"eD : 0<r<|u <x}.
Essentially we sweep the measure v out towards the boundary of D.

Then we can apply Theorem 2 to the measure F(x) = v(Uy) to complete
the result.
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Functionals of MCs Normal MCs

In fact by looking at the proof it can be easily seen that in the super linear
case we can say more.

Corollary 14
Assume 02 < oo and o« > 1. Then with C(a) as defined in Theorem 2.

var(Sp) ~n*l(n),asn — oo, iff v(Uy) ~ C(e)x?> " *1(1/x)as x — 0T.
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Continuous Time

Continuous time

Stationary Markov process {&}t>0, with values in (S, A);

for g € L3(m) let Teg(x) := Elg(&+¢)|&0 = x].

T¢ = elt, where L is assumed normal, so that spectrum is supported on
{z € C: R(z) < 0}, such that

cov(F(£e), FlEo)) = J ety (dz).

R (z)<0

Finally define
-
Stlg) = | glea)ds

s=0

Again there is also a shift spectral measure F on (—o0, co) such that

o
cou(f(Eo), &) = | eF(duw)
—00
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Continuous Time

Link between spectral measures

Write (Bf)>o for a standard planar Brownian motion in C, started at the
point z€ H™ :={z € C:R(z) <0}
Let Z ~ v be a random point in H™ and

T§, = inf{t>0: BtZ ¢ H }.

Then for A € B(R) the shift spectral measure is can be expressed as

F(A) = P(B%(t4) € A).

Theorem 15

For o« € (0,2) and L slowly varying the following are equivalent:
(a) var(St) ~ T*L(T),
(b) P{BfZ € (—ix, ix)} ~ Co)x®~*L(1/x)/v(H).

z
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Continuous Time

Necessary and sufficient conditions

Theorem 16
Let

02 = —2J R(1/z)v(dz) < oo.
The following are equivalent:

(i) var(St(g))/T — L = 02 + K, where K > 0;
(i) 02 < 0o and v(Uy)/x — K/m as x — 07

In addition, if 6% < oo, liminft_ s var(St)/T = o0, and & > 1 then

var(St) ~ T*h(T) iff v(Uy) ~ C(x)x*~*h(1/x).
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Thank you for your attention!
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Continuous Time
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Continuous Time
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Continuous Time
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