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Symmetric simple random walk

(Yi)i>1 i.1.d. sequence with P(Y; = 1) =P(Y; = —1) =1/2
So:=a € Z, Snt1 = Su + Yoy,

(Sn)n>0 defines a Markov chain with valued in Z.
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Symmetric simple random walk with reflection

Xn+Yn+1 len >0

1 if X, =0.

This defines a Markov chain with values in Z; = {0, 1,...}.
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Absolute value of the SSRW

Let Z, := |Sy|, with Sp = a > 0. Although this is not obvious at first
sight, (Z,),>0 is also a Markov chain:

Zy + W1 if Z, > 0
Zn—H -
1 ifZ, =0,

where W11 := Y, 11 (15,50 — Ls,<0)-

It is easy to see that (W;);>; is a copy of (¥;);>1 and then (Z,),>¢ and
(X)n>0 (for the same fixed a) have the same law.
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Discrete interfaces

We define now a Markov chain with values in discrete paths. We fix
N € N and we define the state space

Ey :={w € Z* :w(0) = w(2N) = 0,
w(i) —w(i— 1) =1,Yi=1,...,2N}.

Figure: A typical path in Ey
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The free evolution

Then we define a Markov chain with values in Ey as follows: we define
amap F : Ey x {l,...,2N — 1} = Ey, F(w,j) =W € Ey, where

wi+2 ifi=jandwi_| =wiy; > w;
w; = w; — 2 ifi:jandwi,lzwi+1<w,'
w; otherwise.

MA

We let (Uy),>1 be an i.i.d. sequence of uniform random variables on
{1,...,2N — 1}; then

ent1 = F(en, Upy1), ey € Ey.
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The free evolution

Then we define a Markov chain with values in Ey as follows: we define
amap F : Ey x {l,...,2N — 1} = Ey, F(w,j) =W € Ey, where
wi+2 ifi=jandwi_| =wiy; > w;
w; = w; — 2 ifi:jandwi,lzwi+1<w,'
w; otherwise.

" \V\/\/ ”
We let (Uy),>1 be an i.i.d. sequence of uniform random variables on

{1,...,2N — 1}; then

ent1 = F(en, Upy1), ey € Ey.
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The free evolution

We denote the transition matrix of (e, ),>0 by
P(x,y) = P(F(x, U1) = y).

It is easy to see that P(x,y) = P(y,x) and therefore the uniform
measure on Ey is invariant and reversible for P.

This is in fact the unique probability invariant measure of (e, ),>0 by
the following

Lemma
The Markov chain (ey),>0 is aperiodic and irreducible.
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The reflected interface

Let us now add reflection to our discrete interface. We set

Ey :={weEy:w(i)>0Vi=0,...,2N}.

Figure: A typical path in EX,‘

Reflection means now suppression of transitions which would let e;"
take negative values:

Lorenzo Zambotti (LPMA, Univ. Paris 6) November 2015, Bristol



The reflected interface

Let us now add reflection to our discrete interface. We set

Ey :={weEy:w(i)>0Vi=0,...,2N}.

Figure: A typical path in EX,‘

Reflection means now suppression of transitions which would let e;"
take negative values:

Lorenzo Zambotti (LPMA, Univ. Paris 6) November 2015, Bristol



The reflected interface

The Markov evolution in E;G is defined as follows:
FtiEy x{1,....2N — 1} - Ey,

: F(w,j) if F(w,j) € Ey
+ o ) ’ N
Fr(w.j) = { w otherwise.

Then our E;;-valued Markov chain (e, ),>0 is defined by

et = + +
e i =FY (el Unp1), e €Ey.
Lemma

The Markov chain (e;}),>0 has a unique invariant probability measure,
the uniform probability measure on Ey, which is furthermore
reversible for (e, ),>0.

We see that the reflection for the dynamics is equivalent to a
conditioning for the invariant measure.
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An important remark

Let |e,| be the absolute value of the free interface (e, ),>0. If (€,),>0 18
stationary then the distribution of |eg| is a probability measure on EIJ\?

P(leo| = w) ox #{w' € Ey : |w'| = w} = 2L0),

2N
Lw):=> L0, wEEY
i=1

In other words L(w) is the number of excursions of w.

On the other hand, if (e;),>0 is stationary then the law of e/ is
uniform on Ejy;, so that e and |eo| have different laws.

Moreover (|e,|)n>0 is not Markovian.
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Scaling limits

Let (S,),>0 be the SSRW with Sy := 0 and

1
ﬁSLNty

By Donsker’s theorem (BY),>0 = (B,);>0 as N — +o0.

Bﬁv = t> 0.

Under the same scaling the reflecting SSRW (X,),,>0 converges to the
reflecting Brownian motion (p;);>0.

This process is given by a stochastic differential equation

o0
dp = B+ dli, p >0, df, >0, / prdl; = 0,
0

» t+— (py, £;) is continuous, p; is non-negative
> ly=0,0, < ¢ fors <t
> supp(df;) C {r=0:p, = 0}.

The measure d/; is the reflection term.
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Scaling of the free interface

Let us first consider the stationary version of (e,),>0 and define

1
VN(t,)C) = \/TiNe\ANth(LszJ); t> 0, X e [07 1]

Figure: A typical path of vy(z, -) for any r > 0 when N is large
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The stochastic heat equation

As N — +oo, vy = (v(t,x),t > 0,x € [0, 1]), stationary solution to
a stochastic partial differential equation (SPDE)

o 10%
- = W
ot 2 0x? W

v(t,0) =v(r,1) =0, t>0,

v(0,x) = vo(x), x € [0,1].

Here W is a space-time white noise.
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Scaling of the reflected interface

Let us now consider the stationary version of (e;),>0 and define

uy(t,x) = \/7 L4NZIJ(LZN)CJ), t>0, xel0,1].

Figure: A typical path of uy(t,-) for any t > 0 when N is large
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A SPDE with reflection

As N — +oo, uy = (u(t,x),t > 0,x € [0, 1]), t, that we are going to
study in detail from chapter 5 on and is a stationary solution to a SPDE
with reflection (Funaki-Olla, Z., Etheridge-Labbé)

ou B 1 8%u

o 2o VT

u(0,x) = up(x), u(t,0)=u(t,1)=0

uZO,anO,fudnzO.

Here (u,n) is a random pair that consists of
» a continuous non-negative functions u(¢,x) > 0
» a Radon measure 7 on |0, +-o00[ x ]0, 1],

such that the support of 7 is contained in {(z,x) : u(z,x) = 0}.
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The contact set

For all r > 0 the typical profile of u(t, -) is positive on |0, 1[. Where
does the reflection act?
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The contact set

For all r > 0 the typical profile of u(t, -) is positive on |0, 1[. Where
does the reflection act?

This apparent paradox is solved if we formulate the sentence more
precisely: the correct result is that for all # > 0, a.s. u(¢,-) > O on |0, 1]:

V>0, P(3x €]0,1[: u(t,x) =0) =0.

However this does not exclude the existence, with positive probability,
of exceptional times > 0 and x € |0, 1] such that u(z,x) = O:

P(3¢ >0, x€]0,1[: u(t,x) =0) > 0.
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The contact set

The next question is: what can be said about the contact set
Z ={(t,x): t>0,x€]0, 1], u(t,x) = 0}.

After proving that with positive probability u visits 0, one can ask:
» what is the typical behavior at exceptional times ¢t > 0 ?
» That is, if # > 0 is such that there exists x € |0, 1] so that
u(t,x) = 0, then how many such points x exist?

Figure: How many x such that u(¢, x) = 0: infinitely many?
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The contact set

0 1

Figure: How many x such that u(¢, x) = O: finitely many?

Figure: How many x such that u(z, x) = 0: just one? or two? or three?
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SDEs with reflection

Proposition
Let (B;)>0 be a standard BM and x > 0. Then there exists a unique
couple (p;, ¢;)i>0 of continuous real processes such that

t
pl:x+Bt+/f(pS)ds+€h t>0
0

lo =0, ey

(e o]
Pt Z 07 dgt 2 07 / Pt dgl =0.
0

If f = 0 we call p the reflecting BM.
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The reflecting BM

Pt
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Penalisation

Letn>1,x>0and
t t
p:l:x+Bt+n/ <pz>—ds+/f<p;’>ds, (€ [0.7],
0 0

where r~ = (r)” := max{—r,0}, reR.

Additive noise and Lipschitz drift, so clearly pathwise uniqueness and
existence of solutions by a Picard iteration.

Proposition

1. ifn < mthen p} < p}" forallt € [0, T].

2. p" 1 p uniformly on [0,T] as n 1 400, where (p;, {;)s>0 is the
unique solution to the equation with reflection (1). Moreover

t
li ") ds = 4, te[0,7T].
ng})on/o(ps) s =l [0, 7]
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Penalisation

IMYA
Al
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The penalised SDE

For x € R and B a standard BM we set
p?(X)ZX+Bt+n/ ps (x dS+/pr t>0,

The infinitesimal generator of p" is for ¢ € C2(R)

() i= 2 ") + (i~ +£(0) /(1) xER.

2
Moreover p" admits as reversible invariant measure
fin(dx) = e ()R gy
where F : R — R is any function such that

F'(x) = f(x), xeR.

Note that p,(] — 00, 0]) < +o0 for n large, but 1,([0, +00[) < +00 in
general.
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The penalised SDE

Lemma
The measure . is invariant and reversible for (p;)r>o and

tim_ [ odim= [ o Veoec®),
R R

n—+00

where
p(dx) == L) 270 gy,

Here is an important message, that we have already noticed for discrete
interfaces:

Remark
A reflection for the dynamics means a conditioning for the invariant
measure.
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Bessel processes

d-Bessel processes are solutions (p;),;>0 to the SDE with 6 > 1

g—1 (!
pr=x+-—— | p/lds +B,  p=0, t>0, (2
0

where (B;);>0is a BM. If 6 | 1 the equation becomes
t
p=x+l + B, =0, MEQ'/mMZQ 3)
0

i.e. the reflecting Brownian motion.
Bessel processes have the same scaling invariance of BM.

It is well known that a -Bessel process visits 0 with positive
probability iff § < 2.
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W : L*(R7) — L*(£2) isometry

0

Figure: The family (W(A;)); is Gaussian and independent since the sets A; are
pairwise disjoint. W(A;) ~ .47(0,m(A;)) and W(U;A;) ~ A7(0,> ", m(A;)).

For all measurable set A, W(A) is the amount of noise contained in A.
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Space-time white noise and Cylindrical Brownian motion

Lemma
Let (e;); be a complete orthonormal system in L*([0, 4+-oc[). Then

1. Letw; := W(1, ®e;), t >0, i €N. Then (w'); is an iid
sequence of standard Brownian motions.
2. Forall h € L*([0,+oc[) and t > 0

w(l 0,®h Zwt ei,h

where the equality is in L*().
A cylindrical Brownian motion in a separable Hilbert space H is

Wﬁ ZBl elv 7 IZ 07

where (e;); is a complete orthonormal system in H and (B); is an iid
sequence of Brownian motions.
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The stochastic heat equation

We want to study the stochastic PDE

v 1 9%

a2tV

W5,0) =v(t,1) =0, >0, )
v(O,x) = VO(X)a X € [07 1]

where W(t, x) is a space-time white-noise over [0, +o00[x [0, 1].

This SPDE is interpreted in the PDE-weak sense: for all 1 € C2(0, 1)
andt >0

(el = (vo, h) + / (vs, ") ds+// W(ds, d).
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Fourier decomposition

We set for all k > 1:
ex(x) := V2 sin(knx),  x€0,1]. (5)

Note that {ex }i>1 is a complete basis of eigenvectors of the second
derivative with homogeneous Dirichlet boundary conditions:

d2

2% = —(k)?ex, ex(0) = er(1) =0, k>1.

Setting v := (v(t,-), e) we obtain

(kmr)?

vk = — Vedr + dBf, vE = (vo, ex)

Bf .= / ex(x) W(ds,dx) = W (L g @ ex) -
[0,1] x[0,1]
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Fourier decomposition

We proved in Lemma 7 that (B¥,# > 0),> is an independent sequence
of Brownian motions. Then (¥);>1 is an independent family of O-U

processes of respective parameter (k)" ) > 0, and

t
V(t7_x) = Z <e o 2 tvlé +A ef%(tfs) dB?) ek(x).

k

An important remark is the following:
> 2 o (d=1).
— (k)2

Proposition
There exists a continuous modification of v s.t.

- o) el

xy€[0,1],1,5€[0,7] \t—s! T + |x—
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The invariant measure

If welet t — 400 in

_k2 ' —ﬂ(t—s) k
v(t,-)zz e 2 'vog+ Oe 2 dB; | ek

k

we obtain that the invariant measure of v is the law of
+oo 1
= —Zr e
B kz_; — Zhkeks

where (Zy)>1 is an i.i.d. sequence of AV/(0, 1).

Proposition
B = (B(x),x € [0, 1]) is a Brownian bridge.
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Obstacle problems

Let a > 0. We fix a space-time white noise W on [0, +-o00[ %[0, 1]. We
study the following SPDE with reflection:

ou 10%u

E = Eﬁ‘i‘f(u)ﬁ-W‘Fﬁ

u(0,x) = ug(x), u(t,0) = u(t, 1) = a ©
u>0,dp>0, [udn=0

where we assume that:
1. up : [0, 1] — R is continuous and uy > 0.
2. f: R +— Ris Lipschitz and bounded.
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Reduction to a PDE with random obstacle

Let a > 0 and v be the unique solution to
o 10%
— =+ W,
ot 2 Ox? + (7)
v(t,0) =v(t,1) =a, v(0,x) = up(x).
Then the function z := u — v solves

0z 10z
E—E@‘f‘f(Z—f‘V)—FT]

2(0,x) =0, z(£,0) = z(t,1) = 0 ®)

2> —v,dn >0, [(z+v)dnp=0.

The important remark here is that equation (8) is a PDE (rather than a
SPDE) with random obstacle —v.
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The Nualart-Pardoux equation

Theorem (Nualart-Pardoux, 1992)
Letw € C([0,T] x [0, 1]) with w(0,-) > 0, w(-,0) > 0, w(-,1) > 0.
Then there exists a unique pair (z,1) such that

>z € C({OvT] X [07 ID’ Z(Ov') =0, Z('vo) :Z('vl) =0

» 1)(dt,dx) is a measure on |0, T|x |0, 1] such that
n(]0,T] x [0,1 — 6]) < 400 forall 6 > 0

» Forallt € [0,T] and h € C°(0,1)

Gty = 3 [ Getyas + / (et wo) B s

o[ [

»z>-w,  [(z+w)dy = 0.

&)
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Existence: penalisation

We introduce the following approximating problem:

o _ 1o
or 2 0x2 €

us(0,-) =ug, u(1,0)=u(t,1)=a.

Proposition
The pair (u,n) is the limit of the pair (u®,n°) where

n°(dt, dx) := (ue(l;x))_ drdx.
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The invariant measure

Let us consider a Brownian motion (Bgd) )i>0 in RY where
B = (B!, ..., B%) and the B"’s are iid standard BMs.

Let V : RY — R be a smooth function and let
dX, = VV(X,)dr + dB,  Xo=xe R
It is a classical fact that an invariant measure for (X;);> is given by
exp(2V(x)) dx.

If this measure is finite on R?, we obtain an invariant probability
measure.
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The penalised invariant measure

We consider now the penalised SPDE

o _ 10
or 2 Ox2

u®(0,-) =up, u(t,0)=u(t,1)=a.

The invariant measure is

V0) 1= oz exp (2(F(C), 1)) Waaldo),

€

where W, , is the law of a 4 3 and F. satisfies
_ 1Y) — Yy
F:(0)=0,  F(0):=f0)+
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The penalised invariant measure

Note that 4
—\2 _
a (r ) = —2r
Then fora > 0
VA(80) = 5 exp (200 1) = 1) 1)) Waalad),
converges as € | 0 to
V(d0) = o exp (2(F(0), 1) Tx(C) Waa(d)

where K := {ug : [0,1] = R : up € L*(0,1), up > 0}.
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The Brownian excursion, or the 3-Bessel bridge

It turns out that
Pz31,a = Wa,u( ’ ‘K)

Then |
vi(d() = q P (2(F(¢), 1)) P 4(dC),

andasa | 0
(AQ) = 1) = 5 exp (2UFIC), 1) P p(dC).

In particular if f = O then the invariant measure of the SPDE with
reflection is simply P?l’a.
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Integration by parts

Consider a regular bounded open set O C R?. Then the classical
Gauss-Green formula states that for all # € R?

0 )
/(8hs0)pdx = —/sohppdx — | ¢(n,h)pdo
0 o P 80

v

@, p € Ch(O) with A < p < A7, A €]0, 1] is a constant,

n is the inward-pointing normal vector to the boundary 0O

v

o is the surface measure on 0O

v

v

Ont is the directional derivative of ¢ along &

Onlog p = (Onp)/p-

v
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Integration by parts

Consider a regular bounded open set O C R?. Then the classical
Gauss-Green formula states that for all # € R?

0 )
/(8hs0)pdx = —/sohppdx — | ¢(n,h)pdo
0 o P 80

v

@, p € Ch(O) with A < p < A7, A €]0, 1] is a constant,

n is the inward-pointing normal vector to the boundary 0O

v

o is the surface measure on 0O

v

v

Ont is the directional derivative of ¢ along &
Onlog p = (Onp)/p-
Forus, W, , = pdx, K =0.

v

What is the analog of pdo? and of 72? and of 00?
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The boundary measure

Pfl,a [8h90] = _Pz,a [SO(X) <X> hl/)]

1
- [ a2 B o013, =0

where y(r,a) > 0 is an explicit function of r €]0, 1[, a > 0.

0, .
/(%w)pdx = —/sohppdx—/ @ (, h) pdo.
0] o P a0
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The boundary measure

Figure: A typical path under the boundary measure.

Lorenzo Zambotti (LPMA, Univ. Paris 6) November 2015, Bristol



The Revuz measure of n

Theorem
For all bounded Borel ¢ : H — R and h € C.(0,1)

[ [ worsopanss] -

— 2;/0 drh(r)~ (r,a)/go(() 2H©) 53, (r, dC).

where $q(r,-) :=P3 [ | X, = 0].
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The contact set

We denote by 7 : [0, +00]

[0, 1] — [0, +00] the projection (¢, x) — ¢,
and for a set S C [0, +o00] 1

[0, 1] we write
1

S;:={x€[0,1]: (t,x) € S}, t>0.

X
X

Theorem
Let (u,n) be the stationary solution to equation (6). Let us denote by

€ = {(t,x) : u(t,x) =0,1>0,x€]0,1[}

the contact set and let us recall that the support of 1 is contained in €.
Then a.s. the set w(€') has zero Lebesgue measure and there exists a
measurable set S C € such that

1. n(€ \S)=0
2. forallt >0, either S; = () or S; = {r:}, with r; €10, 1].

3. if Sy = {r:}, then u(t,x) > 0 forall x €0, 1[\{r;} and
u(t,r,) = 0.
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The contact set

T(S) A m -~
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SPDEs with repulsion from 0

We study now the SPDE

ou 182u+ c W
or  20x2 w3

u(t,0) =u(t,1)=a, t>0

\ M(Oax) = MO(x)v X € [07 1]
where a > 0 and ¢ > 0 are fixed and we search for solutions u > 0.

This SPDE has the same invariance scaling as the linear and the
reflected SPDE.

This SPDE is an analogue of Bessel processes for § > 1 (see the slide
no. 28).
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SPDEs with repulsion

Theorem
Leta >0, ¢ > 0anduy € C([0,1]) N K. Then there exists a unique
continuous u : [0, +oo[ x[0, 1] — [0, +-00] such that

1.u=?eL) (0,+00] x]0,1])
2. As. forallt > 0and h € C(0,1)

1
(up, hy = <uo,h>+1/<us,h”> ds—l—/0 h(x) W(ds, dx)

(10)
+c / / (s,x)dsdx.

If § > 3 is such that c = (5_3)8&, then the only invariant probability
measure of (10) is Pa » law of the §-Bessel bridge.
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Hitting of zero

We have now functions u = u® for § > 3, stationary solutions to
equations with reflection (6 = 3) or repulsion from 0 (§ > 3).

One of the main results of this course is the following

Theorem (Dalang, Mueller, Z. 2006)
Let 6 > 3. If k € N satisfies

4

k> ——
§—2’

the probability that there existt > 0 and xy, . .., x; € [0, 1] such that
0<x;<--<xx<landu(t,x;)) =0foralli=1,... k, is zero.
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Hitting of zero

In particular, setting for 6 > 3
C(0) :==sup{k: I (t,x1,...,x¢) €]0,1]x]0, 1[, u(t,x;) = 0}

then

» ford =3, as. ((§) <
foro €]3,3 + 1/3], ass. C( )
foro €]3 +1/3,4], a.s. ¢(9)
for 6 €14,6],a.s. ((6) <1
ford > 6,a.s. ((9) =

In any case ((0) < 4 a.s. for all § > 3. The behavior at the transition
points § € {3,3 + 1/3,4, 6} might be non-optimal. Indeed, we
conjecture that a.s.

v

<3
<2

v

v

v

C(3)<3,  CB+1/3)<2, (@) <1, ¢(6)=0.
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Hitting of zero

Theorem (Dalang, Mueller, Z.)

(a) Forall § € [3,5], with positive probability, there exist t > 0 and
x €10, 1] such that u;(x) = 0.

(b) For 6 = 3, with positive probability there exist t > 0 and
{x1,x2,x3} C0, 1], x; < xp < x3, such that u,(x;) =0,
i=1,23.

We conjecture that for all § > 3 a.s.

co=[545] -1

Lorenzo Zambotti (LPMA, Univ. Paris 6) November 2015, Bristol



Back to the discrete interface

» What can be said on the contact set of the dynamical discrete
interface as N — +-o00?

Lorenzo Zambotti (LPMA, Univ. Paris 6) November 2015, Bristol



Other open problems

» Construct SPDEs whose invariant measure is the 6-Bessel bridge
for § < 3 (log-concavity is lost).

» One can conjecture that a.s.

SO S R

» For § < 2 the situation is even more complicated since O is hit by
the stationary profile.

» The case § = 1 (reflecting BM) is the most intriguing since it is
the limit of homogeneous pinning models.

» There is an IbPF for 6 = 1 but the form of the dynamics is hard
even to conjecture.

» Dynamics of random trees (Aldous’ CRT)

Lorenzo Zambotti (LPMA, Univ. Paris 6) November 2015, Bristol



