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1 Random walk on Random conductance model - Brief Survey

e Random conductance model (symmetric (reversible) RWRE)
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Consider (Z%, E,), d > 2 where Ej is the set of non-oriented n.n. bonds.

Let the conductance {u. : e € E;} be i.id. (more generally stat. ergo.) on (2, F,P).



Two natural MCs Trans. prob. P(z,y) = fay/te (e = Dy Hay)-

1. Constant speed random walk (CSRW): holding time is exp(1) for each point
2. Variable speed random walk (VSRW): holding time at x is exp. distri. with mean p "

The corresponding discrete Laplace operators are

Lof(e) =~ S FW) = FeDy Lrf@) = S (F@) = F@))imy.

Ty y

Let v be st. v(x) =1, Vo € Z. Then, for each finite supported f, g,

E(fg) = —(Lvf,9)v=—(Lcf, 9)u
= S ~ FW)a() — 9wy

RW on supercrit. perco. is a special case (P(ue = 1) = p, P(pe = 0) = 1—p, p > p(Z?))



Assume P(ji, > 0) > p.(Z?). Then J1C infinite cluster. We consider P(-|0 € C).
Let ({Y:}is0, { P2 },cpa) be either the CSRW or VSRW and define

pi(x,y) = P(Yi =y)/0,

be the heat kernel of {Y;}:>o where 6 is v for VSRW and p for CSRW.
Fundamental questions

(Q1) Behavior of the heat kernel? (Q2) Invariance principle?



Assume P(ji, > 0) > p.(Z?). Then J1C infinite cluster. We consider P(-|0 € C).
Let ({Y:}is0, { P2 },cpa) be either the CSRW or VSRW and define

pi(x,y) = P(Yi =y)/0,

be the heat kernel of {Y;}:>o where 6 is v for VSRW and p for CSRW.
Fundamental questions

(Q1) Behavior of the heat kernel? (Q2) Invariance principle?

e RW on supercrit. perco.: No anomalous behavior for long time.

On (Q1): Gaussian HK estimates (Barlow '04), Local CLT (Barlow-Hambly "09)
On (Q2): Sidoravicius-Sznitman ’04, Berger-Biskup ‘07, Mathieu-Piatnitski. '07

All the results are 'quenched’, i.e. almost surely w.r.t. P.
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On (Q1): Heat kernel estimates:

e (Barlow-Deuschel 10) If P(1 < p. < oco) = 1, then for VSRW,

c d(z,y)? w ¢3 Az, )"
td%eXp(_C? ( t ))Spt (:U,y) Smexp(—czl < ; )

),

P-a.s. wfort > d(x,y) Vv IU,, z,y € G.



On (Q1): Heat kernel estimates:

e (Barlow-Deuschel 10) If P(1 < p. < oco) = 1, then for VSRW,

c d(z,y)? c d(z,y)?
td%eXp(—Cz | ty) ) < p(e,y) Std%exp(—% ( ty>

); (1)

P-a.s. wfort > d(x,y) Vv IU,, z,y € G.

e Anomalous heat kernel behavior for P(u, < 1) =1
(Fontes-Mathieu "06) Annealed result: VSRW on Z¢ with p,, = w(x) A w(y)

where {w(z) : # € Z} are i.i.d. with w(z) < 1 for all 2 and Iy > 0 s.t.

log E[PY(Y; =0 d
P(w(0) <s)=<xs’ as s] 0= tll)rglo o6 [lgétt >]:—(§

A ).



(Berger-Biskup-Hoffman-Kozma '08) Quenched HK estimates for discrete time MC:

Theorem 1.1 Assume P(u. < 1)=1. (i) For P-a.e. w, AC1(w) > 0 s.t.

(

n—d/Q7 2,3,

d
P"(0,0) < Ci(w){ n2logn, d Vn > 1 (2)
d

TL_Q,

AVAR|
S

(11) For any incr. seq. {\,}nen, Ap — 00, 3 i.i.d. law P with P(0 < p. < 1) =1
and Co(w), C3(w) > 0 s.t. for a.e. w € {|C(0)] = o0},

P;"(0,0)

Vv

Ca(w)n “\ 1 for d>5

P20,0) > Cs(w)n “logn\, ' for d= 4. (Biskup-Boukhadra '11)

along a subsequence that does not depend on w.



Why n 2?7

Suppose V large n, the above config. occur w.h.p.

Strategy for RW to come back to origin in 2n steps (w.p. > n~?)




Why n 2?7

Suppose V large n, the above config. occur w.h.p.

Strategy for RW to come back to origin in 2n steps (w.p. > n~?)

(i) RW goes directly towards the trap (costs e?(n)),
(ii) it crosses the weak bond (costs 1/n), spends time n — 2¢,, on the strong bond
(costs (ﬁ)”_%n = O(1)), and crosses a weak bond again (costs 1/n),

(iii) it goes back to the origin on time (cost e?) term).

The cost is O(1)e?"")n=? so0 if £, = o(logn) then we get n~>(>> n~%? for d > 5).



On (Q2): Quenched invariance principle Let {Y;}i>¢ be either CSRW or VSRW and

Y;(g) = 83/;/52. <3>

Theorem 1.2 (. < 1 case: Biskup-Prescott 07, Mathieu '08, p. > 1 case:

Barlow-Deuschel '10, unified: Andres-Barlow-Deuschel-Hambly "13)
(1) Let {Yi}i>o be the VSRW. Then P-a.s. Yt@ — B, where oy > 0.
(ii) Let {Y;}i=o be the CSRW. Then P-a.s. Y — B2, where

02 = oi-/(2dEp.) if Epe < 00 and 02 =0 if By, = oo .

Note: When Eu. < oo, “annealed CLT” was already obtained in 80’s
(Kipnis-Varadhan '86, De Masi-Ferrari-Goldstein-Wick 89 (o > 0))



e Parabolic Harnack ineq. (PHI), Local CLT
(Barlow-Hambly '09) General sufficient condition for PHI and Local CLT

Applied for supercritical percolation case.

(Barlow-Deuschel "10) PHI and Local CLT for P(1 < p, < o0) = 1.



e Parabolic Harnack ineq. (PHI), Local CLT
(Barlow-Hambly '09) General sufficient condition for PHI and Local CLT

Applied for supercritical percolation case.

(Barlow-Deuschel "10) PHI and Local CLT for P(1 < p, < o0) = 1.

o [More general domains| (Chen-Croydon-K '13) QIP and HK estimates for RW

on supercri. perco. on half/quarter planes (Use D-form theory for the bd. issue)

o General stationary ergodic media
(Andres-Deuschel-Slowik "13, "13+) {j}: positive and stationary ergodic
BI(Y  pay)) <00, Bl 4z)1 < 0
Y y

1) 1/p+1/q < 2/d = Quenched invariance principle (both CSRW and VSRW)
2) 1/p+1/q < 2/d for CSRW and 1/(p — 1) + 1/q < 2/d for VSRW
= PHI and Local CLT.



2 New Results

Let {ue} be iid. with g, <1 for all e and 3y > 0 s.t.
Plu. <s)=s"(1+0(1)) as s]O.

Theorem 2.1

i) CSRW case: for any v > %d—;‘i/zr there exists 0,c1 > 0 and T = T(w) < 00 s.t.

plz,y) < at™? Va,y € B2t > T

i) VSRW case: Similar bound holds for v > 1/4.



2 New Results

Let {ue} be iid. with g, <1 for all e and 3y > 0 s.t.
Pl <s)=cs'(1+o0(1)) as s|0.

Theorem 2.1
i) CSRW case: for any v >

8d 1/2, there exists 0,c1 > 0 and T =T (w) < 00 s.t.

mlz,y) < at™? Va,y € B2t > T

i) VSRW case: Similar bound holds for v > 1/4.

Corollary 2.2 Under the same cond., _, Ve € B(xg,n),Yn >

E|R1 (w)

v = 8 - 1 7 for CSRW, v = 1/4 for VSRW are the optimal consts. for Cor 2.2.

Le. if «y is below that, for a.e. w, exists x € B(0,n) s.t. 7p(g ) >> n? when Y} = z.
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If v < %d—;ﬁ/w then H := (2 + ¢)y(4d — 2) < d for small . So

c*nd
P({Ve C B(0,n),3bNe# 0, >n >} < (1 — P < n_(2+5))4d_2>

d

_ (1 . (Cn—(2+5)fy>4d—2) ol _ (1 . Cln—H>c*nd < e—cznd—H

By B-C, de € B(0,n), cond. < 1 s.t. all adj. edges have cond. << n™? = 15 >> n”.



Idea of the proof of Thm 2.1. (CSRW case)

Take € > 0 s.t. P(pe > &) > p.(d). Let C¢ be the unique oo-cluster.

t
A(t) == / Ly ecards, X5 = Y, 1, where A;' = inf{s: A, > t}.
0 S

PYA(t) < et) < cexp(—ct7) for all z € B(0,t179/2) ¢ large, v > %d_;‘i/?

{ (Key)




Idea of the proof of Thm 2.1. (CSRW case)
Take € > 0 s.t. P(pe > &) > p.(d). Let C¢ be the unique oo-cluster.

t
Alt) = / Ly, ecads, X5 o= Y, 1, where A; ' = inf{s: A, > t}.
O S

(Key)
{Pj(A(t) < et) < coxp(—ct7) for all @ € B(0,t179/2) ¢ large, v > %d_;‘i/?
i 9 [t i 9 i A(t)
Pi(YVi=1xz) < z/t/z Pi(Y, = x)dv = ZEW /A(t/2) 1{X5$}du]

2 [ 2 [
<2 / Pr(XE = 2)du + / PP(A(t/2) < £t/2)du
¢ et/2 t Jo

for x € C5. Using P*(X¢ = z) < ¢;t7%? (due to (1)), (Key) and p, > &, we have

Pz, x) < et + cyexp(—egt?) < est™? O]

— Proof of (Key) involves percolation est. and spectral gap est.



(Further HK estimates)

Proposition 2.3 Let v > %d—%/z for CSRW and ~v > 1/4 for VSRW.

(i) For each x,xs € Z%, there exists Ty = Ti(x9) > 0 and ¢ small, such that if
c(d(z1, 22) VN > T(x)?  and  d(zg, 21) < &(d(21, 22) V EYC79), then
pe(x1, 22) < et exp(—cod(z1, 22)? /1) | Vt > d(xq, x2),
pr(T1, 22) < czexp(—cyd(xy, o) (1 V log(d(xy, x2) /1)) | Vit < d(xy, x9).
(ii) There exist c,dy, 01 > 0 and Ty = Th(xy) < 0o such that
pe(T,y) > ct_d/Q, Va,y € B(x, (5015(”5)/2) with |z —y| < 5,t/2

for all t > Ty(xy).



Remark on Proposition 2.3 (i)

Various ways to deduce the off-diagonal HK upper bound from that of on-diagonal.

Note we (only) have [plEsg) < et @2, Vr,y € B0, t150/2) > T(w).



Remark on Proposition 2.3 (i)
Various ways to deduce the off-diagonal HK upper bound from that of on-diagonal.
Note we (only) have [plEsg) < et @2, Vr,y € B0, t150/2) > T(w).
[) Davies” method: (Perturbation method) cf. Carlen-Kusuoka-Stroock
X Since it requires the Nash ineq. (full time, full space)
IT) Grigor'yan’s method:
Deduce pi(x1, x2) < .. for t > T? Ad(x1, 29) from py(x;, x;) < ... for t > T.

/\ The estimate deduced is rather restrictive.



Remark on Proposition 2.3 (i)
Various ways to deduce the off-diagonal HK upper bound from that of on-diagonal.
Note we (only) have [plEsg) < et @2, Vr,y € B0, t150/2) > T(w).
[) Davies” method: (Perturbation method) cf. Carlen-Kusuoka-Stroock
X Since it requires the Nash ineq. (full time, full space)
IT) Grigor'yan’s method:
Deduce pi(x1, x2) < .. for t > T? Ad(x1, 29) from py(x;, x;) < ... for t > T.
A\ The estimate deduced is rather restrictive.
I1T) (O Method used on diffusions on fractals + Carne-Varopolous

cr? < B 1pem] < cor? for x € B(xg,n) = P (g <t) < c3 exp(—cqr? /1),

pi(z,y) < \/gi—gyeXp(—%d(:v, y)?/t) for t > d(x,y).
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For z € Z® and R, T > 0, let Q(z, R, T) := (0,4T] x B(z,2R). Define
Q_(z,R,T) =[T,2T] x B(z,R), Q(z,R,T):=[3T,4T] x B(x, R).

Let u(n,z) : [0,4T] x B(x,2R) — R.

We say u(n, x) is caloric on @ if for 0 <n < 4T — 1 and y € B(z,2R),

u(n + 1,y) —uln,y) = Lou(n,y).



Theorem 2.4 Under the same condition as in Thm 2.1, the following hold.
(i) (Parabolic Harnack inequalities) dci, Ro(xg) > 0 s.t. VR > Ray(xg), and
Vu = u(n,x) > 0 which is caloric on Q(xq, R, R?), it holds that

sup u(n,x) < ¢ inf u(n, x).

(n,2)€Q—(zg,R,R?) (n,2)€Q+ (w0, R, R?)
(ii) 3c1, 0, R3(xg) > 0 s.t. VR > Rs(xg), T, > R*+ 1, suppose u > 0 is caloric on
Q(x0,VT,,T,). Then Va1, x5 € B(xo, R) and Vni,na € [4(T, — R?),4T.], we have

‘u<n17 1‘1) o U(ng, 'IQ)‘ < 01<R/T>|<1/2)9 Sup u.
QJr(:I;U:\/T*vT*>



Theorem 2.5 Under the same condition as in Thm 2.1, the following hold.
(i) (Parabolic Harnack inequalities) dci, Ro(xg) > 0 s.t. VR > Ray(xg), and
Vu = u(n,x) > 0 which is caloric on Q(xq, R, R?), it holds that

SUp u(n,x) < ¢ inf u(n, x).

(n,2)€Q—(x¢,R,R?) (n,7)€Q+ (0, R?)

(ii) c1, 0, R3(xg) > 0 s.t. VR > Rs(xg), T, > R*+ 1, suppose u > 0 is caloric on

Q(x0,VT,,T,). Then Va1, x5 € B(xo, R) and Vni,ny € [4(T, — R?),4T.], we have

[u(ny, ©1) — u(ng, 22)| < Cl(R/T*l/Q)Q sup u.
Q—i-(*/ljo:\/T*aT*)

Proposition 2.6 Let k(x) = (2nto?)~"? exp(—|z|?/(20%t)) and M, Ty, T> > 0. Then

lim sup sup |n%p,(0, [nY2x]) — ky(z)| =0, P—a.s.

n—=00 || <M te[T), T3]

— VSRW (v > 1/4) case is already in Andres-Deuschel-Slowik ("134).



IGOTGHIN 225 OIS HdCH CORAESHETAISERNgY (Idea from Grigor'yan-Teles 01)

Proposition 2.7
On-diagonal upper bound (p,(x,y) < cit=? for t > Ty(xy))
+ cor® < E'Tp(p0) for m > Ro(z)
+Elliptic Harnack ineq.
(+ (CSRW case) pi(B(zg, R)) < R for R > Ry(xg), imp_oo B u(B(xy, R)) = ¢s5)

= Conclusion of Theorem 2.5 holds.



Thank you!
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