PROBABILITY 3 REVISION NOTES

AARON SMITH
(REVISED BY MARTON BALAZS)

1. RANDOM VARIABLES; CONVOLUTIONS
1.1. Definition. A random variable X is discrete if there are countably many possible values X can take.

1.2. Definition. A random variable X is (absolutely) continuous if for all sets A C R (“of practical inter-
est” /measurable) we have that

P(X € A) = / f(z)dz,
A
with a function f called the density of X.

1.1. Discrete random variables.

1.3. Example (Integer valued random variable). X € Z; we define p(k) := P(X = k) with the properties
p(k) > 0 for all k € Z and ), ., p(k) = 1. We define the expectation EX = }, , kp(k) and the nth
moment to be EX™ = ", -, k"p(k). In general, Eg(X) = >, , g(k)p(k) for a function g on integers. In
the above we assumed that the sums exist.

1.4. Definition (Binomial distribution). X ~ Binomial(n,p); n € N; p € [0, 1] with mass function

p(k) = (Z)pkq”k

(here and often in the sequel ¢ = 1 — p; notice that the binomial coefficient is only non-zero for 0 < k < n).
e Meaning: X is the number of successes in n independent trials; each is a success with probability p.
e Mass function? By Newton’s Binomial Theorem: (a + b)" = > }_ (})a™b" "

e Expectation and Variance? X is the sum of n independent Bernoulli(p) random variables i.e. X 4
o, X, where X; ~ i.i.d. Bernoulli(p); hence EX = np; VarX = npq.

1.5. Definition (Bernoulli distribution). X ~ Bernoulli(p); p € [0, 1] where Bernoulli(p) 4 Binomial(1, p);
hence has mass function

p(0)=¢q, p(1)=p
o Intuition: There is a success X = 1 with probability p and a failure X = 0 with probability q.
e Mass function? p+¢q = 1.
e Expectation and Variance? EX = p; EX? = pso VarX = E(X -EX)? = EX2—[EX]? = p—p® = pq.
1.6. Definition (Geometric distribution). X ~ Geometric(p) or X ~ OptGeom(p) if X is the number of
trials until the first success; each happening independently and with probability p € [0, 1].

Y ~ PessGeom(p) if YV is the number of failures in a sequence of independent trials (each a success with
probability p) before the first success.

px (k) :qkflp; k=1,2,... py (k) :qkp; k=0,1,....

o Remark: Y 4 X — 1 since the number of failures is one less than the number of trials needed to see
the first success.
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. . . _b—(a—1)
e Mass function? Sum of geometric series: ZZ: a crk = CT“HT. Hence

o o p

_ k=1 _ _
> px(k) =) ¢ lp=g =1
k=1 k=1

e . . 00 _ 00 k,, __ P __
For the Pessimistic Geometric } ;% py (k) = > ;2gq"p = 15, = 1.
e Expectation and Variance? Use the formula for sum of geometric series (and the differentiated
version). EX = %; VarX = 1%'

eVIX-1= EY=EX-1=1-1=% Vay =VaX = 4.

1
p

1.7. Definition (Negative Binomial distribution). X ~ NegBin(r,p); r € N; p € [0,1]. X is the number of
independent trials (success with probability p) until the rth success.

k—1
p(k) = <T_1>qk”pr; k=rr+1,....

e Need 7 successes contributing p"; k — r failures contributing ¢*~" multiplied by the (’;:i) ways of
rearranging the first 7 — 1 successes within the first &k — 1 positions.

e NegBin(1,p) 4 OptGeom(p).
e Mass function? First change the summation variable to get
oo oo oo o0
kE—1\ ._ m+r—1 m+r—1
k) = k—r r _ r mo_ 7 m
> p(k) =) <T_1>q pr=p") < . >q Py ( - >q
k=r k=r m=0 m=0

Next, use the general definition of a binomial coefficient (TOY‘L) for real @ and non-negative integer m

to write (20) e 1)T;L.!.(_T_m+1)
:(_1)m(r+m—1)-§;!—i—m—2)---r :(_1)m<m+nv;—1>.
Thus,

ﬁp(k) = p"; (;f) (—g)™ = p"; <;§> (—g)™ 177" = (1 — )" = 1

by Newton’s Binomial Theorem, also valid in this more general form. As you see there is a good
reason to call these distributions Negative Binomial.

e Expectation and Variance? Show later that sum of 7 independent Geometric(p) distributions =
EX =7 and VarX = 2.
p P
1.8. Definition (Poisson distribution). X ~ Poisson(A) is the limiting distribution of Binomial(n, p(n)) as
n — oo and lim,,_,. np(n) = A [see later].

e ANk
p(k) = o kE=0,1,....

e Intuition: X is the number of events which happen at rate A.
e Mass function? By definition of exponential function as a sum.

e Expectation and Variance? EX = VarX = A.

1.9. Definition (Hypergeometric distribution). X has Hypergeometric distribution if it has mass function

m\ (N—m n\ (N—n
p(k) = (k)("fk) = (k)(mfk), kE=(m+m—N)", ... ,min{n,m}.

(W) (m)
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e Intuition: There are N deer; m are tagged; we catch n of them. X is the number of the caught deer
which are tagged, i.e., the Hypergeometric distribution is the size of an intersection of two subsets
of a population size N. What is the probability that the number of caught deer which are tagged is
k?

There are (JT\Z ) possible ways of catching the n deer.

There are (’z) ways of choosing the k from all m tagged deer.

There are (]X 77”) ways of choosing the n — k untagged from the total N — m untagged deer.
e Mass function? Clearly from construction.

e Expectation and Variance? Each of the n captures has a probability % of being a tagged deer. Let
1; be the indicator that the ith capture is a tagged deer. Then by linearity of expectation

mn
EX = IEZ]I - N_ N

1.2. Independence.

1.10. Definition. X and Y are independent if for all A, B C R measurable,
P(X € A,Y € B)=P(X € A)P(Y € B).

For integer valued random variables, this is equivalent to px y(n,m) = px(n)py(m) for all n, m.

1.3. Convolution of integer valued random variables.

X and Y independent integer valued random variables. What is the mass function of X + Y7 Define
px+y (k) :=P(X +Y = k) then

pren () =B +Y =) =P (X =k- )0y =)
Since ;2 {X =k — i} N{Y =14}) is a disjoint partition of {X +Y = k} (Why? {Y =i} is a disjoint

partition of Q@ so {X =k —i} N{Y =i} is still a disjoint set over 4, but now it has union {X +Y = k}), we
have that

1.11. Definition (Convolution of mass functions).

o0

px+y(k)= Y PUX=k—i}n{Y=d})= pr — i)py (4)-

1=—00 1=—00

by independence of X and Y.

1.12. Remark. This sum converges since > oo px(k —i)py (1) < > oo py(i) = 1.

1.13. Theorem (Convolution of binomials).

Binomial(n, p) * Binomial(m, p) 4 Binomial(n + m, p).

Proof. We can easily see this by considering the binomials as sums of Bernoullis. Indeed, X 4 Yo X
X, R Bernoulli(p) and ¥ = ZZ Y v Bernoulh( ) and as the two sets of Bernoullis are also
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ii.d. .
St 7 where Z; "X Bernoulli(p) meaning X + Y ~

independent, X +Y = S0 X; + Y7V, 4
Binomial(n + m, p).
Using convolutions?
[ 0o n -
o N k—i n—(k—1) i m—i
2 pxlb=dpr@ = 3 (k—z')p ! (z‘)pq
1=—00 1=—00
_ ok n+m—k f: n m
—r k—i)\i

_ <n‘;m>pkqn+m kz_zoo((zgn(g)
U g

This sum is equal to 1 since it is the sum of the mass function of a Hypergeometric distribution with n +m

deer; m are tagged and we capture k

1.14. Theorem (Convolution of Poissons)
Poisson(A) x Poisson () 4 Poisson (A + p).
Proof.
et k e~ M\l g o i) k Ne—i i A+p) _F k .
k— ) = —(At+p — A=y
Z px(k —d)py (i) Z (k—i) Z (k—i) il Kl Z <z> p
1=—00 1=0 =0 1=0
=(A\+p)*
by Newton’s binomial theorem O
1.15. Lemma (Pascal’s identity). The binomial coefficients can be arranged as in Pascal’s triangle
()=C20) ()
= + .
r r—1 r
Analytic proof.
(n—1)! n-1!" (-1 (-Dln-7r) n!
(n—r—D!  (n—r)r! n—r)rl (n—r)l!’
O

n—1 + n—1\
r (n—r)(r—1)!
Combinatorial proof. Consider choosing r items from n where one of them is marked. Ways of choosing
\ — ("7h.

_ (n—1\.
i—1/

r—1
with marked in selection = ( ) ways of choosing without marked in selection = (" 1)

1.16. Example. By induction we have the following
4 NegBin(2, p);

a) Geometric(p) * Geometric(p)
Geometric(p) d NegBin(r + 1, p);

(a)
(b) NegBin(r,p) *
(c) *"Geometric(p) 4 NegBin(r, p);
(d) NegBin(r,p) * NegBin(s,p) = 4 NegBin(r + s, p).
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Proof. Tt is clear that (c) follows from (a) and (b) by induction and (d) follows from (c). Let X,V s

Geometric(p). Then

k—1
Z px(k—ipy (i) =Y ¢" " 'pgd'p = p*¢" (k- 1);
1=—00 =1

hence X +Y ~ NegBin(2,p). This proves (a) and forms the basis step for (c).
Now let X ~ Geometric(p) and Y ~ NegBin(r, p). Then

k—1 . k-1 ,.
_ ki1 (VL ier e ke (r1) et i—1
Z_Zoopx ipy (i) = ;q p<r_1>q p=q P ; .1)

Hence it suffices to check that ZZ , (iil) = (kzl) We use Pascal’s identity.

> (D=2
(¢) now follows and thus (d) is proved. O

1.4. Continuous random variables; convolutions thereof.

Let X and Y be independent continuous random variables. What is the distribution of X + Y7

Fxiy(a)=P(X +Y <a) //{m+y<a} x,y)dzdy —/ / x)dx fy (y)dy;

hence we have that

1.17. Definition (Convolution of distribution functions).

Fxiv(a / Fx(a—y)fy(y)dy

Furthermore, we can differentiate to find the convolution of density functions.

S Fxarto) =2 [ Exta—pfvd = [ SPca= iy = [ fxa-ni@

da a J_~o —00

1.18. Definition (Convolution of density functions).

Ixyv(a / fx(a—y)fy(y)dy

1.19. Definition (Uniform distribution). X ~ Uniform(a, b) if X is equally likely to “fall anywhere” between

a and b.
1

fla) = {ﬂ? ifx € [fz,b],

0, otherwise.

e Density function? f dr = 1.

e Expectation and Variance? EX = %E; VarX = ® 2)2.
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1.20. Example. Convolution of two independent Uniform(0,1) random variables.

o o0
fxvv(a / fx(a=y)fy(y )d?/—/ ]1{0§ay§1}]1{0§y§1}d?/:/ Ia-1<y<a} Ugo<y<1}dy
oo _
0 a <0, 0 a <0,
“d 0,1 0,1
= f01 Y a€l01), . a€01), = X +Y has triangular distribution.
[ 1dy ac[l,2), 2—a a€]l,2),
0 a > 2. 0 a > 2.

1.21. Definition (Exponential distribution). X ~ Exponential(\); A > 0.

Xe ™M if x>0,
-

0 otherwise.

e Distribution? F(z) =1 — e for > 0 and 0 otherwise.
e Density function? fooo e Mdr = —e_)‘“”|8° =1.

e Expectation and Variance? Integration by parts, EX = %; VarX = %

1.22. Definition (Normal distribution). X ~ N (u,0?); p € R; o > 0.

Distribution? Defined equal to ®(x) in the standard case p =0, o = 1.

Density function? Define I := [*_¢(z)dz where ¢ is the density of Z ~ N(0,1).

// dxdy——// _/2”/ re~'r drd = 1

and hence I = 1. By making a substitution we can verify it is a density function for general normal

distribution.
o If X ~ N(u,0?) then Xf‘_’i 2 7 where Z ~ N(0,1). Indeed let Z = =% then
X—p
Fr(z2) =P(Z<2z2)=P <z|=P(X <oz+p) =Fx(oz+p).
o
Hence
d d
f2(2) = Fz(2) = —Fx(02 4 p) = fx (02 +p) X 0 = p(2).

2
. . - 1 o0 _x o } . .
Expectation and Variance? EZ = Nor f—oo xe” 2 dxr = 0 as odd function integrated over the real

2 12 12
\/%7 f_oooo 1‘26 2dx = —\/%71'6_7’2000 + \/LZ_W f_oooo e 2dr=1andso VarZ = 1.

line. EZ2 =

Since X = 0Z + p, EX = p; VarX = o2.

1.23. Theorem (Convolution of Normals).

N, 02) ¥ N(v,72) £ N (u+ v, 0% +72).

Proof. Let X ~ N (u1,0%) and Y ~ N (v, 72). First consider the case where = v = 0.

o0 (a y)2 L 1 o0 1
fx+v(a / fx(a—y)fy(y)dy / e 207 e xPdy = / e 2"dy,
27707' 2ot J_

(e o] [e.e]
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where
Lo la=y)? v
= >
A
T2 2T g2 T2
Cot+Ti 2at 2
e \V T Y o2
ot 1? ar? \2 a2 2472/ ar? \?2
= 0,27'2 Y 0.2 + 7'2 0—2 0.27_2 0,2 i 7'2
_ 0,2 + T2 aT2 2 + a2 a27-2
T e Vg o2  o2(0?+1?)
_g2+7_2 ar? 2+a2(02+72)_a272
e VT a2y o2(o? + 72)
o? +7° ar? \” N a?
0—27_2 y 0_2 + T2 02 + 7'2 .
Substituting this into the above we get that
© 1 0'2+7'2 a7-2 2 1 a2
fx4v(a) = 1 / e’ﬁ[ o2r2 (y*m) ]dy X e 202472
2ot J_o

1 g2 oT _1_a% 1 1 a2
fxiv(a) = G y— /Oo ei?%ﬂjwdx Xe 202472 = me 202472
and so X +Y ~ N(0,0% + 72). Now for general p and v,
X+Y=X—-p+Y -v+pu+v.

X —pu~N(0,0?%) and Y — v ~ N(0,72) hence, by the above, X — u+Y — v ~ N(0,0% + 72). Moreover,
the result follows. U

1.24. Definition (Cauchy distribution). Let b € R; a > 0. Consider a torch hanging at height a above b on
the real axis. The torch points at an angle o from the downwards vertical where a ~ Uniform(—73, §). Let
X-b

tan(a) = —

so X is the position the light beam hits the real axis. We say X ~ Cauchy(b,a). What is the distribu-
tion/density function of X7

) =P <) = (tan(e) < 77 ) =P (o <orean ) = LT s wrran (22

a s a
1 1 (x—b)
=—+ —arctan| —— ).

2 7w a

d 1 1 1 l a
2=by2q  mwa?+ (z—b)?

o) = P =

a

1.25. Remark. We say X has standard Cauchy distribution if X ~ Cauchy(0,1) i.e., a = 1, b = 0. Making
the necessary substitutions above,

1 1 1 1
F(z) = 3 + - arctan(x) and f(z) = 71422
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1.26. Remark. The Cauchy distribution has no mean or variance. This is because EX = O( f_oooo %dx), which
is undefined.

1.27. Proposition. Let X ~ Cauchy(b,a). Then \X + pu ~ Cauchy(\b + pu,|A|a). In particular, if Z is
standard Cauchy, then aZ + b ~ Cauchy(b,a) for a > 0.

Proof. Assume that A > 0 such that Ax + p is an increasing function of x. Then
— 1 1 — = bA
Fyxxqp(z) =PAX +pu<z) = IP’(X < %) =5 + %arctan (%)
Differentiating with respect to x,

11 1 1 a\
7Ta)\1+(%;b)‘)2 ~ m(aN)2 4 (x — p— b2

fAX+u(5'3) =

1.28. Lemma (Cauchy’s residue theorem). Let U be a simply connected (any closed curve in U can be
continuously shrunk to a point inside the set) open domain in C; z1,z29,...,2, € C; and f holomorphic
(differentiable) on U\{z1,...,zn}. If 7 is a closed curve orientated positively (interior on left) in U then

?é f(z)dz = 2mi Z Res(f; z).
v i=1

Note that if f has Laurent series f(z) =Y 00 cn(z — 2)" then we define Res(f;2;) = c_1.

n=—oo

1.29. Theorem (Convolution of Cauchys).

Cauchy (bx,ax) * Cauchy(by,ay) 4 Cauchy (bx + by,ax + ay).

Proof. Let X ~ Cauchy(bx,ax) and Y ~ Cauchy(by,ay). Then
1 R

fev@ = [ - apv@s = [ Y= tim [ g(e)de.

_OO;a?x—k(z—x—bx)Q;a%,—k(x—by)? R—oo J_p

>* 1 ax

We extend the integral into the upper half plane, denoted v and denote by ¢ the semicircular path joining
R to —R in the upper half plane. Then

ﬁ o(2)de = 72 o) + /_ }; ge)dr = fxiv(z)= Jim 7{ g(x)dz — lim 7{ o) de.

—00 R—o0 ©

Along ¢, |g(x)] < \%] = % for some C' > 0. Hence

‘ yig(m)dw

Thus it remains to compute the integral over the semicircle and the real line between —R and R. Since this
curve « is a closed curve, we can use Cauchy’s residue theorem. What are the singularities of

g9(z)

7C

C
< < —dr = — — i - 0.
- 7q, l9(e)ld < ¢R2dx RV Rféof{pg(x)dw ’

1 ax ay 0

:pa%(—k(z—x—bx)QaZY—{—(x—by)z'

° a§(+(z—x—bx)2:OWhenz—x—bX:iiaX if and only if x = 2z — bx +iax.

° a% + (x — by)2 = 0 when x — by = tiay if and only if x = by + iay.
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Note that the two residues in the upper half plane are z — bx + iax and by + iay. We have that g(z) can
be rewritten as

g(x) = “X‘;Y — . — 1 — . — —
w2 [z — (2 —bx +iax)][x — (z — bx —iax)|[z — (by + tay)][x — (by —iay)]
o axay 1
2 [ —z+bx —iax][r — z + bx +iax][x — by —iay][z — by + iay]

Now we calculate residues. For a simple pole y, Res(g;y) = lim,—,,(z — y)g(z). Hence

axay 1
2 [z —z+4bx +iax][x — by —iay][z — by + iay]

Res(g;z — bx +iax) =
™ r=z—bx+iax

_axay 1
2 2iax[2 — (bX + by) + i(aX — ay)][z — (bX + by) + i(aX + ay)]
=A =B
ay
~ 2in?AB’
Res(g; by +iay) = GXZY _ 1 : :
w2 [z —2z4bx —iax][r — z + bx + tax][x — by + iay] o=by +iay
_axay 1
2 [—Z + (bX + by) — i(aX — ay)][—z + (bX + by) + i(aX + ay)]Qiay
——A —_B
~ 2in2AB’

Hence by Cauchy’s residue theorem, we have that
fx+y(z) = 2mi [Res(g; z —bx +iax) + Res(g; by + iay)]
. ay ax
=2 —
™ [%w?AB * 22'772,43}
1
e R .
m|AB = AB
_ 1 ay§ + CZXB
7 A|B]?

We simplify the numerator.

ayB +axB = ay [z — (bx +by) —i(ax + ay)] +ax [z — (bx +by) +i(ax + ay)]
= (ax +ay)[z — (bx + by) + i(ax — ay)]
= (ax + ay)A.
Furthermore,
lax + ay 1 ax + ay

)= —""p@mp  — = ' N
fxiv(2) T |BJ2 W(aX+ay)2+[Z_(bX+bY)]2

1.30. Remark. Let X and Y be independent standard Cauchy random variables. Then by the theorem
above, X +Y ~ Cauchy(0,2). By the transformation of a standard Cauchy 2X ~ Cauchy(0,2). This is
highly unusual — we would not expect two times a random variable to have the same distribution as the sum
of two independent copies.

Indeed this implies that we cannot have a finite variance: Var(X +Y) = 2VarX but Var(2X) = 4VarX
which cannot be equal for a finite positive variance.

Furthermore, if X; bk Cauchy(0,1) then

X 4. 4 X
X1+ -+ X, ~ Cauchy(0,n) = wis Bkl Cauchy(0,1)
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and we see that the strong law of large numbers does not hold. This is because a Cauchy distribution does
not have finite mean.

1.31. Definition (Gamma function, Gamma distribution). We define the Gamma function I : R, — R via
o0
I'(z) = / ¥ e dx (z>0).
0
We have I'(1) = [ e “dx = 1 (density of Exponential(1) distribution). Furthermore,

o o

I'(z) = / ¥ e %dx = —xz_le_ﬂgo +/ (z—1D)a* 2 %de = (z — 1)I'(z — 1).
=0

Moreover, for n € Zy, I'(n) =(n—-1)I'(n—-1)=---=(n—-DII'(1) = (n — 1)L

We can define the Gamma(n,A\); A > 0, n € N, and the general Gamma(t,\) (¢t > 0) distributions with

respective density functions

A" n—1_—\z A -1, -z
f(x):{("_l)!x e z >0 and f(x):{r(t)x e z >0

0 otherwise, 0 otherwise.

Notice from the above working that these are exactly the same but with t =n € N.

e Density function? By the definition of Gamma function and making the substitution y = Az,

%) )\t i1 )\t [e'e) y t—1 - 1 )\t F(t)
- Tl = — z Y oy = — 7 —
/o ry” ¢ r<t>/o <A> S O

e Expectation and Variance? By the properties of the Gamma function.

o)\ DU | T(t+1) ¢t
EX :/ r——gt e My = —/ 4 e Y—dy = (t+1) = —.
o TI'() 0 A

L(t) A A AT (1)
% ALpoo AN g L(t+2) tt+1)
EXZZ 2 N -1 —)\xd :_/ J Yy = — )
/0 Tt "Trw ), 3N XYT e 2
tt+1) 2t
VarX = )\2 — ﬁ = ﬁ

1.32. Theorem (Convolution of Exponentials).
(a) *"Exponential(\) - Gamma(n, \);
(b) Gamma(n, \) * Gamma(m, \) 4 Gamma(n +m, \) for m,n € N;

(¢) In general, Gamma(t, A) * Gamma(s, \) - Gamma(t + s, \).

Proof. First (a), which we prove by induction. By comparison of densities, Exponential(A) = Gamma(1, \).
Now we aim to show that Gamma(n, \) * Exponential(A) = Gamma(n + 1, A). Indeed,

[e%s} a )\n )\n—l—l a
— _ — —Xa—2z) n—1_-—A\zx — —\a n—1
fi(a) /Oo fx(a—z)fy(x)dx /0 e o1 1)!3: e “dx (= 1)!6 /0 2" dx
_ A+l ef/\alx"{“ B An+l noda
 (n—1)! n” 10 pl '

This proves (a). (b) is a corollary of (a), noting that Gamma(n, \) x Gamma(m, \) = ™" Exponential(\).
No proof of (c) given. O
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1.33. Definition (x? distribution). Let X ~ N(0,0?%). Then X? ~ x3. How is this defined?

F(a) = P(X2 < a) = P(—Va < X < Va) = P(—/a/o < Z < Va/o) = B(v/a/o) — (1 - D(/a/o))
= 28(v/a/o) — 1.

Differentiating with respect to a to find the density,
1 a

202

Vva > 1 _
-~ — e
o )20Va  \2rac?

I claim that this is equal to Gamma(t, ) for some A and some t. In order to find these we compare terms.
Set

Fa(@ = L [20(ao) ~1] = 26

1 __a_ AL
2 — at 16 Aa

——¢ 22 =
V2raoc? I'(¢)

Clearly then we must have
o \=1/202;
o t=1/2.

Thus it remains to show that I'(1/2) = /7. Since these are two proper densities, this is surely the case.
Moreover,

d 1 1
X3 s Gamma<ﬁ, §>

1.34. Theorem (Convolution of x?). Let X1, Xa,... ~ N(0,02) be independent. Then X2 ~ x3. Then
X2 ~ Gamma(1/2,1/20?) and therefore

X2 4.+ X2 ~ Gamma(n/2,1/20?).

When o = 1 we call this a X2 distribution.

1.35. Remark. By the strong law of large numbers and since a Gamma(n, A) is the sum of n Exponential(\)
distributions; each with mean 1/,

Gamma(n, A) as. 1
—_— = .
n A
Similarly, by the central limit theorem,
AX —
"2 N0, 1).
vn

2. THE PoI1ssON PROCESS

2.1. Definition (Poisson process). A Poisson process with rate A > 0 is a continuous time counting process
N(t) such that

(a) N(t) is of time homogeneous and independent increments;

(b) N(t) = #{marks in the interval [0,¢)} ~ Poisson(\¢).

2.2. Theorem. Let N(t) be a counting process where the time between events are independent
Exponential(\) so that the time until the nth event T, is a Gamma(n, A) random variable, then N(t) is
a Poisson process.
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Proof. Note that P(N(t) > n) =P(T,, < t). For k > 1,

P(N(t) = k) =P(N(t) > k) —=P(N(t) > k +1)
:P(Tk<t)—P(Tk+1<t)

t )\k t )\kJrl
:/ xk_le_)“dx—/ 2 gk M dy
o (k—=1)! o k!

/

u=gh L —e—Az

‘dx
t )\k )\k:Jrl k_—Xx |t t yvk+1 k—1_—\z
1 z"e A kx" ‘e
:/ 2" le M dy + e —/ dx
0 0 0

(k—1)! k! A k! A
B ()\t)ke_)‘t
B K
For k = 0 it is trivial. Hence N (t) ~ Poisson(At); as required. O

3. GENERATING FUNCTIONS

3.1. Definition (Probability generating function). We define the probability generating function of a random
variable X to be the function P : R — R, defined by

P(s) = Es™

Throughout this section our random variables will be non-negative integer valued.

3.2. Proposition (Properties of generating functions).

(a) P(1) =P(X < o0). If X has a proper distribution then this is 1, otherwise P(1) <1
Proof. Indeed P(s)| _, = >0 s"p(n)|,_, = > oo p(n). O
(b) The radius of convergence R > 1.

Proof. By (a), P(s) < oo for all |s| < 1. Hence R > 1. O

Proof. Indeed P(s)| _, = >0 s"p(n)|,_, = p(0) + >_02 s"p(n)|,_, = p(0). O
(d) (L)*P(s )‘ _o = kp(k). In particular, the distribution of a random variable is uniquely deter-
mmed by its probabzlzty generating function.
Proof.
4 kP(s)— 4 kis" (n)—i i i (n—1)---(n—k+1)s"pn)
ds ~ \ds = P = = ds =
k—1 00
= nn—1)---(n—k+1)s"*pn) +k!p(k) + Z nn—1)---(n—k+1)s"*pn).
n=0 n=k+1

all terms =0
Evaluating at s = 0 yields the result. Thus there is a one-to-one correspondence between P(s)
and {p(n)}>>,. Indeed p(k) is equal to the kth coefficient of the Taylor series of P expanded
about 0. O

(e) (dils)kP(s)‘S:1 =E[X(X —1)--- (X —k+1)]. We call this the kth factorial moment.
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Proof. As above,

(dii)’*fp(sﬂs:1 = Zn(n —1)-(n—k+1)s"Fpn)| _, =E[X(X -1)--- (X —k+1)]. O
n=0

3.3. Theorem. A continuous function P :[0,1) — R is of the form P(s) =Y p(n)s" with p(n) >0
if and only if for all n > 0 and for all s € (0,1), P(”)(s) exists and is non-negative. Moreover, P
is the generating function of a probability distribution if P(1) = 1 such that Y > p(n) = 1; thus the
coefficients form a probability distribution on 7.

3.4. Proposition. Let X and Y be independent non-negative integer valued random variables and let
Px and Py be the generating functions of X and Y respectively. Then

Px 1y (s) = Px(s)Py(s).

Proof.
Pxiy(s) = E(s*TY) = E(s¥sY) = Es*EsY = Px(s)Py(s).
The penultimate equality follows from the independence of X and Y. O

We can use this result to determine the distribution of a convolution of two independent random variables
— this saves using the convolution formula.

3.5. Example. X ~ Poisson(\) and Y ~ Poisson(u) independent. Then

p _EeX — — €N A(s—1)
x(s) = Es —Zs o =e et =e .
n=0 )

Hence the convolution has generating function
Pxyy(s) = Px(s)Py(s) = X670,
which in turn implies that X + Y ~ Poisson(\ + p).

3.6. Theorem (Random number of summands). Let X, Xo,... be a sequence of i.i.d. random variables
and let Y be a non-negative integer valued random variable, jointly independent of the X;’s. Let Z :=

Z?;l X, then
(a) Pz(s) = Py[Px,(s)]; that is, Pz = Py o Px,;
(b) EZ = EY - EX;;
(c) VarZ = [EX;]?VarY + EY VarX;.

Proof. For (a), we use the law of iterated expectation (aka. Tower Rule or Law of Total Expectations),
properties of the conditional expectation and independence.

Y
Py(s) =EsZiz1 Xi = [E(H s
i=1

Y)] = E[i]jE(inyY)} = EPx, (s)¥ = Py(Px,(s)).
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For (b) use that P’(1) = EX and the chain rule.
Py(s) = Py (Px,(s)) x Px, (s).
Evaluate at s = 1 and use that Px, (1) = 1. For (c) note that
Py(s) = Py (Px,(s)) x Py, (s) + P, (s) x PY(Px, (s)) Px, (5)-
Hence
E[Z(Z - 1)] = Pz(1) = EYE[X1 (X1 — 1)] + (EX1)’E[Y (Y — 1)].
Moreover,
VarZ = BZ? — (EZ)?

=E[Z(Z 1) +EZ — (EZ)?

=REYE[X(X; — 1)] + (EX,)’E[Y (Y — 1)] + EX;EY — (EX,EY)?

=EYEX? - EYEX, + (EX;)’EY? — (EX;)’EY + EX;EY — (EX;EY)?

= [EX;]*VarY + EY VarX;. O
3.7. Example (Bernoulli thinning of Poisson process). Let Y ~ Poisson()). Each arrival is independently

a success with probability p, i.e., let X; ~ i.i.d. Bernoulli(p), jointly independent of Y, and let Z = 23;1 X;
be the number of successes. Then Px,(s) = ps + ¢ and so

PZ(S) = eA(pSJ”q*l) — e)\p(sfl)

and hence Z ~ Poisson(Ap).

4. GALTON-WATSON (BRANCHING) PROCESS

4.1. Definition. Let {ij};z“jj:l have non-negative integer distribution, be i.i.d. and have generating func-
tion P(s). Let

e Zy=1;
L4 Zn = 4n,l + Zn,2 +-+ Zn,anl-

Then Z,, is the population size at time n. Z, ; is the number of offspring the jth member of generation
n — 1 has.

4.2. Proposition.
P; =o"P.

n

Proof. Follows from previous on generating functions of random summands:
Pz,(s) = (Pz,_, 0 P)(s) =--- = (Pgy 0o Lo 0 P)(s) = (" P)(s)
Xn

since Zp = 1 implies Py, (s) = s. O

4.3. Definition. Let 7 be the probability that the population goes extinct, i.e., that at some point in time
all members of the previous generation have no offspring. If 7 < 1 then with some positive probability the
population never dies out.

4.4. Theorem (Probability of extinction). Assume p(0) = P(Z,; = 0) > 0; p(0) < 1. Define m :=
EZ, ;. Then (if we assume the offspring distribution is proper),
1 if m <1 (suberitical case),
m=41 ifm=1 (critical case),

so if m > 1 (supercritical case),
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where sq is such that P(sg) = so; 0 < sg < 1.

Proof. Note that {Z,, = 0} is an increasing sequence of events; hence
(o]
= ]P’( Ul{Zn = O}> = nl;rrgo P(Z, =0).
n—

But P(Z,, = 0) = Pz, (0) = (o™ P)(0). Graphical properties:

e P is convex on [0, 1] (in fact all generating functions are, as they are positive linear combinations of
convex functions);

e P(1)=1;
o PI(1) =my
o P(0) =P(Zn; = 0);
e by the theorem not proved on generating functions P(k)(s) exists and is non-negative for all k£ and
all s € (0,1).
Hence we sketch the generating function P for the two cases m <1 and m > 1. O
P(s)
1
722(0)
Pz, (0)
P(0)
0 1 S 0 S0 1 S

4.5. Remark. When m < 1 [SUBCRITICAL| we have exponential decay in the limit. When m =1 [CRITI-
CAL] we might not.

4.6. Corollary. From the graphs can also see that for all s € (0,1)

1 ifm<1,
so if m> 1.

(0" P)(s) = Pg,(s) = {

Furthermore, for all k > 0,
pz, =k =2( L) P, 9] o
R T e I

No formal proof, but intuitive since Pz, converges to a constant function.

4.7. Example (Pessimistic geometric offspring distribution). Z,, ; ~ PessGeom(p). EZ, ; = % —1=1 Fix

% > 1i.e. g > pso that we are in the SUPERCRITICAL case — this is the case when there is no extinction
with positive probability.

o
P(s) =Bs”m =) ¢'ps' = 1—gs’
=0
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Solve for sg such that P(sgp) = so.

- =50 < st —s0+p=0 sozli— ~21q—4pq
Note that 1 —4pg =1 —4p(1 —p) =1 — 4p + 4p* = (1 — 2p)2. Hence
C1+[1—2p  1+(1—2p)
T T Ty
as | - | becomes irrelevant with +.
+ = s9=1, —:>s(]:§.

By the theorem, the extinction probability is the smallest root. Since p/q < 1, m = p/q. Furthermore, the
survival probability

—1+1 1
uZQ -

f=1-r=1-2=1- -
q L=p L=p
for p < 1/2 and for 0 for p > 1/2 [CRITICAL and SUBCRITICAL cases].

In fact, we can check this in the CRITICAL case p = g,

P 1
P = =
() 1—qs 2-5’
1 2—s
PP = =
(P6) = 57 =575
1 3—2s
P(P(P = =
Conjecture that
n—(n-—1)s
"pP ="
(e"P)(s) et 1) —ns
Suppose that it is true for n. Then we show it is for n + 1.
n n 1 (n+1)—mns (n+1)—mns
2 G At ) 2ns—n+(n-Ds  (n+2)—(n+Ds
Hence n
P(Z, =0) = Pz (0) = (c"P)(0) = 1.
( ) =Pz, (0) = ("P)(0) = ——— —

So m = limy, 0 P(Z,, = 0) = 1. Note that P(Z, >0)=1— nL+1 ~ % and hence the decay is power law and
not exponential as in the SUBCRITICAL case.

4.8. Theorem. Let X be the total number of individuals that ever existed in a branching process. Let
X have generating function QQ. Then

S

—1
Q(s) = <%> <— function inverse!

Proof. Z; is the number of offspring the initial member of the population (Zy = 1) has. Hence we may
view the subsequent members of the population as members of Z; i.i.d. branching processes. Since all the
branching processes are i.i.d., each of these has X members also (in distribution, not deterministically).
Hence

X 4 1+ ZXi where X; 4 X, i.i.d., and independent of 7.

Hence Z
Q(s) = Es* = sEs2im1 Xi = sP(Q(s)).
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This comes from generating function of a random summand (earlier). @ is an increasing function on [0, 1]
hence is bijective and so Q! exists on [0,1]. Let y = Q(s). Then

y=sP(y) < 52% — Q_l(y):L. O

5. SIMPLE RANDOM WALKS ON Z

5.1. Definition. Let

1 .p.
v {+ w.p. p,
-1 w.p. q.

be independent and
n
Sn =X
i=1
be the position of the walker at time n having started at 0.

5.2. Definition (Level 1 hitting time). Define 7+ = inf{n > 1: S, = 1} to the first time the random walk
reaches +1. We call this the level 1 hitting time. Let 7 have generating function PT.

5.3. Theorem (Level 1 hitting time).

PHs) 1— /1 —4pgqs?

- 2qs
ifp<q < p<s3,

p
P(walker ever reaches level 1) = IP)(TJr <o0)=497 2
1 ifpzq <= p=>3.

)

1

Ert = o0 ifpéqﬁpg
—— ifp>q <= p>s.

B[ DNO[—=

+ 1
Hence ET™ — 00 as p ™\ 5.

Proof.
Pt(s) =Es
=E(s" | X1 = DP(X; = 1) + E(s™ | X1 = —1)P(X; = —1)
Here 7¥=1 " (14| x, =~ 1)L14 7 475 where 7,727+ and independent
= sp+s[P"(s)]q.

By the quadratic formula

P (s) 14 /1 — 4pgs?

s) = .
2qs

We cannot take the solution with a + since this blows up for s — 0. This proves the first part.

Now we compute P(77 < o).

1—+/1—-4 1—-1-2
P(r+ < 00) = PT(1) = 5 PT _ |2 Pl _
q q

2q
when 1 —-2p <0 <= p>

Mzg when1—-2p >0 < p<
14+(1-2) _ 4

N[—= N[

Hence if p > ¢, p > 1/2 the walk reaches +1 almost surely. If p < ¢, p < 1/2 then the walk reaches +1 with
probability p/q < 1.

For the final part, if p < ¢ then P(77 = 00) > 0 and so Er1 = oo.
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Now suppose p > g. Then

p—q
Note that this oo as p \, % O

5.4. Theorem (Level -1 hitting time). Let 7~ be the first time the walker hits level —1. Then by simply
reversing the roles of p and ¢ we have

P (s) 1— /1 —4pgqs?
5) = )

2ps

ifg<p < q<3,
ifqg>p < q> 3.

— QI

P(walker ever reaches level -1) =P(17 < 00) = {

)

L fg>p = q¢>

_{OO Z'Jq<—p<:>q<
Er
—p

)
N[ D[

Hence BT~ — 00 as q \, %

5.5. Theorem (First return time to 0). Let 7 = inf{n > 1: S, = 0}. Let P° be the generating function

of 9. Then
PO%s) =1 —+/1— 4pgs2.
Furthermore
2 ifp <
]P(TO<OO): 1% pr_Q7
2q if g <np.
Proof.

P(s) = Es™
=E(s"|X; = DP(X; = 1) + E(s7 | X1 = —1)P(X; = —1)
= psP~(s) + qsP(s)

1 — /1 — 4pqs? N 1 — /1 —4pqs?

S
2ps 4 2qs

=1-—+/1—4pgs?.
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For the next part,

if p <gq,

2p
P(r'<o0)=P'(1)=1-[1-2p|=1—|p—q| = .
2q if g <p.

Finally, when p # ¢ then 70 = oo with some positive probability and therefore ET° = co. When p = ¢ = 1/2,

S Vi

s=1 ds

d
EPO(S) =00 U

1
=51~ §2) 712 (—2s)
s=1

In all cases the expected time to return to 0 is infinite.
e p=g = 7% < 0o almost surely, we say NULL RECURRENT.

e p#q = 7° = oo with some positive probability, we say TRANSIENT.

5.6. Remark (Relation to branching process). Let a branching process have offspring distribution

0 w.p. g¢q
%J:{
2 w.p.p.
Then P(s) = q+ ps®. Let Q be the generating function of the total number whoever existed. Then

Q(s) = sP(Q(s))
= s x [¢+pQ(s)?] = psQ(s)® —Q(s) +qs =0.

By the quadratic formula

1+ /1 —4pgqs?

2ps

Q(s) =

Again we take the — so that it doesn’t blow up when s — 0. Hence X is equal in distribution to the level
—1 hitting time. Why? Each birth can be viewed as increasing the number of branches by £1, the same as
a simple random walk.

6. LIMIT DISTRIBUTIONS, CONTINUITY THEOREM (USING GENERATING FUNCTIONS)

6.1. Definition. If X, is a sequence of non-negative integer valued random variables then we say that they
converge in distribution (weakly) to X if for all k£ > 0,

P(X, =k) - P(X =k) as n — 0o.

6.2. Theorem (Continuity theorem). Let X, be a sequence of non-negative integer valued and finite
(proper) random variables. Then
lim P(X,, = k) =: p(k)

n—oo

exists for all k > 0 if and only if for all s € (0,1)
lim Py, (s) =: P(s)

n—oo

exists. In this case, P(s) =% " s"p(k).
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Proof. Suppose that lim,,_,~ P(X,
limiting distribution.

Il

w
N~—

Il

p(k) as n — oo. Let P(s) be the generating function of the

[P, () = P(s)]

k=0
<Y IP(Xy = k) — pk)|s*

k=0

M <1 as worst case scenario
= |P(X, = k) — p(k) | sE+ Z IP(X —p(k)|s*

k=0 <1 k=M+1

M 0o
<Y P(X, =k)—pk)|+ > s~

k=0 k=M+1

Since the sum on the right is convergent, the tail converges to 0. Hence there exists M such that the right
hand term is less than a fixed € > 0. So

M
|Px,, (s )| < Z —p(k)| +e.
As lim, 00 P(X,, = k) = p(k), there exists sufﬁ(nently large n such that the remaining sum is less than e.
Hence we have the desired convergence.
Now suppose that for all s € (0,1) we have lim,,_,o Px, (s) = P(s). Write p, (k) = P(X,, = k).

(1) Since (p,(1)) is a sequence in compact [0, 1] there exists a subsequence (p1 (1)) of (pn(1)) such that
p1.n(1) converges.

(2) Since (p1,,(2)) is a sequence in compact [0,1] there exists a subsequence (p2,,(2)) of (p1,(2)) such
that pg,(2) converges.

(k) Since (pg—1n,(k)) is a sequence in compact [0, 1] there exists a subsequence (pin(k)) of (pr—1,(k))
such that py (k) converges.

Then py, »(k) converges for all k. Why?
(Prn(k)) = (P11(K);s -+ o Pre (k) Pry1 k1 (K)o o).

subsequence of pg, r(k), which converges

Hence there exists a sequence n; such that lim;_, Dn; (k) exists.

Fact: If every convergent subsequence of a bounded sequence converges to the same limit, then the sequence
itself converges and to the same limit as the subsequences.

Proof of the fact. By contradiction, suppose the sequence is not convergent. Then its liminf and limsup
are finite but different, and there are respective subsequences that converge to these, which contradicts the
assumption.

Fix n; as above and let another (increasing) sequence n; be such that lim;,c p,/ (k) exists. Claim:
J

lim pry (k) = lim pn, (k).

Jj—00
Indeed, this completes the proof since by the fact above, the whole sequence therefore converges to the same
limit as the subsequence py; (k) for all k& > 0.

Proof of the claim. For all s € (0,1) as lim,,_,~ Px, (s) = P(s) we have that Px, (s) = P(s) and Px , (s) —
P(s). But ’

PXn ) — i { lim pp, ( ]sk ) — i [ lim pn }sk.

— —
jmo I o T
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Hence

j—o0 j—o0

i { lim pnj(k)] sk = i { lim png(k‘)] sk
k=0 k=0

by the uniqueness of limits in R. Moreover, the limits agree by the uniqueness of moment generating
functions. O

6.3. Theorem (Poisson Approximation of Binomial). Let X,, ~ Binomial(n,p(n)) such that np(n) — A
as n — 0o. Then X, % X where X ~ Poisson ().

Proof. By the continuity theorem if the generating functions converge then the distribution functions con-
verge. Note that

Pt =3 (1) = @ = (s - 1y = (14 LY e

n
r=0

6.4. Theorem (Law of rare events). Consider the triangular array {X,  : n € N,;1 < k < n} which
looks like
{ Xi1,

Xo1, Xop,
X31, X392, X33, ...}

Let X, j, ~ Bernoulli(p,, 1) be independent and such that
® Maxi<i<pPnki — 0 asn — oo, and,

> v 1 Pnk = A€ (0,00) as n — oo, that is, the expected number of successes in each row goes
to A,

then > 0 1 Xk 4 Poisson(\).

Proof. Note that this is a generalisation of the previous theorem, where in that case each X, j, ~ Bernoulli(p).
We show that the generating function converges to that of a Poisson then invoke the continuity theorem
which then implies that it converges weakly to a Poisson random variable.

n n

n
Py(s) = EsXi=1Xnk = T P, (5) = [[ (1 = pu + Puges) = [J(1 = (1 = $)pn).
k=1 k=1 k=1

Taking log of both sides,

log Pn(s) - Zlog(l - (1 - s)pn,k)-

k=1
Note that
X n X n
T T
l — = — _ = — — e —
og(l—z)==) —=-u —,
n=1 n=2
and therefore for z > 0
log(l —z) < —x
and
log(l —2) > —x — " = —x—2 > —x — 2.
g( ) 7;2 for x<1 1—2x for x<1/2

Hence for z € (0,1/2),
—z — 2% < log(l — x) < —x.
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Plugging this in above we get

n n n n

(s =D+ — Z(l —S)pnk— » 2(1— S)Zpi,k <log P,(s) < — Z(l — S)Pnk = Z(s — Dppp — (s —1)A
k=1 k=1 k=1 k=1

On the left this comes from the fact that

n n
2 ,
;pn,k < ; WAX Pn.jPnk = 0 X A U

7. WEAK LAW OF LARGE NUMBERS

7.1. Theorem (Markov’s inequality). Let X > 0 be a random wvariable; ¢ > 0. Then

EX
P(X >c) < —.
C

Proof. Note that X > cl x> . Taking expectations, the result follows immediately. O
{X=>c}

7.2. Theorem (Chebyshev’s inequality). Let X (not necessarily non-negative) be a random wvariable
with VarX = 02 < 0o; ¢ > 0. Then EX exists and is finite and

Var X
P(X —EX| > ¢) <~
C

Proof. Using Markov’s,

_EBX —EXP  VarX

- 2 2

P(|X —EX|>¢) =P(|X —EX|* > ¢?)
&

c

7.3. Theorem (Chernoff’s inequality). Let X be a (not necessarily non-negative) random variables;
c €R. Then
P(X >¢) < )i\nf(') e MMy (N).
>

Proof. By Markov’s

AX S A Bt A
P(X >¢) =P > e) < —— =e "“Mx()).
e
Since this holds for all A > 0 (for which e** is an increasing function) we can take infinum. O
7.4. Theorem (Weak law of large numbers). Let X1, Xs,... be a sequence of i.i.d. random variables

with finite mean EX; = u < oo. Then

1< P
—E XZ—>M
n

i=1

Proof. This proof requires an assumption that EX? < oo also. The theorem is true without this assumption
and is a corollary of the strong law of large numbers (later).
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Since E(2 -7 | X;) = p and by Chebyshev’s,
2

1 & Var(1 S X)) L xno
P<'EZX1—M'Z€>§ PSS = 0, O
i=1

8. STIRLING’S FORMULA, DE MOIRVE-LAPLACE CENTRAL LIMIT THEOREM

This bit is available as a printed pdf on the unit homepage.

9. MEASURE THEORY

9.1. Definition (Power set). The power set P(£2) of a set 2 is the set of all of its subsets P(2) = {4 : AC
9.2. Definition (Algebra). Let © be a set. A set A C P(Q) (i.e., A is a set of subsets of Q) is an algebra if
(a) Qe A;
(b) For all A,Be A, AUB € A;
(c) Forall Ae A, Q\A € A.
9.3. Definition (Finitely additive measure). A set function pu : A — [0, 00] defined on an algebra A is a
finitely additive measure on A if for all disjoint A, B € A (i.e. ANB=10), u(AUB) = u(A) + p(B).
9.4. Definition (c-algebra). Let © be a set. A set F C P(Q2) (F is a set of subsets of ) is a o-algebra if
(a) Qe F;
(b) For any countable collection of sets Ay, Ag, As,... € F, Ur | An € F;
(c) Forall Ae F, Q\A e F.

Note that (b) and (c) imply that for any countable collection of sets A, Ag, As,... € F, (72, An € F by
De Morgan’s law.

If Q is a set and F a o-algebra on ) then we say that (2, F) is a measurable space.

9.5. Definition (Measure). A set function u : F — [0,00] is a measure on F if it is o-additive. That is to
say, for any countable collection of sets Ay, Ag, As,... € F which is pairwise disjoint (4; N A; = 0 for all

i # j), we have pu(U,Z; An) = D207 u(4y).

9.6. Definition. A probability measure is a measure by the above definition P : F — [0,00] with the
boundary condition P(Q2) = 1. Note that this implies P()) = 0 by the o-additivity property.

9.7. Theorem (Continuity of probability and more). Let A be an algebra and P : A — [0,00] a finitely
additive measure such that P(Q2) = 1. Then the following definitions are equivalent.

(a) P is a measure, that is, it satisfies the o-additivity property;

(b) If A, is an increasing sequence in A, i.e., A, C Apt1 and A, € A for all n € N then whenever
Un, Ap € A (this is not certain as A is not necessarily a o-algebra) we have

B Pk =P ) =P 40

where we define | J5-y Ay =: lim,, o0 Ay,
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(¢) If A, is a decreasing sequence in A, i.e., A1 € A, and A, € A for all n € N then whenever
Noey Ay € A we have

lim P(A,) = IP’( ﬁ An> =P(lim Ay),
n=1

n—oo n—oo
where we define (02 Ap =: limy, 00 Ay;

(d) If Ay is a decreasing sequence with [, Ap = limy, o0 A = 0 then lim,, o P(A4,) = 0(=P(0)).

Proof. We first show that (a) implies (b). Let By = A1, B, = Ap\A,—1 for all n > 2. Then {B,,}°° ; satisfies
U B =U,2, Ay and B; N Bj = 0 for all i # j. So {B,}>2, forms a disjoint partition of | J;-; A,. By
the o-additivity assumption in (a) we have that

P(|J An) =P({ Ba) =Y _P(By) = lim Y P(By) = lim P(
n=1 n=1 n=1 k=1

Now we show (b) implies (c). Since A, is a decreasing sequence, 2\ 4,, is an increasing sequence. Moreover,

=

By) = nh_)rrgo P(A,).

k=1

oo oo

P( ﬂl Ap) =1—1P( Ulﬁ\An) =1 lim P(Q\A,) = lim P(4y).
n— n—

(c) implies (d) trivially, it is simply a special case. It remains to show that (d) implies (a), i.e., that if A,, is a

decreasing sequence with (2 ; Ap = limy, o0 A, = 0 then lim,, o, P(A,) = 0 implies P has the o-additivity

property.
Take any disjoint family of sets {Ay};2,. Then by finite additivity,

oo n n oo [e.e]

Y P(A) = lim Y P(4) = lim P Ap) = lim [P((J 4) —B( | J 4w

k=1 k=1 k=1 k=1 k=n+1
Now (pZ,,41 Ak is a decreasing sequence in n where ()2 [y, 11 Ax = 0. This is because if w € |2, | Ax
then w € Ay for unique N (by disjointness of the family). Hence w is not in the intersection of all tail
unions. By (c), P(UpZ,, 11 Ax) — 0. Moreover, o-additivity holds. O

9.8. Remark. If A, is an increasing sequence then P(A4,,) is an increasing sequence. Indeed this is because
A, C A,i1 implies that 4,11 = Any1\An U A,. By the o-additivity of P we have that P(A, 1) =
P(Ap+1\An) +P(4,,) > P(A,). Moreover P(A,) 7 P(lim;,—y00 Ap).

This applies similarly to decreasing sequences. If A, is decreasing then P(A,,) is a decreasing sequence and

P(A,) \( P(lim,, 00 Ay).

9.9. Definition (Probability space). A probability space is a triplet (Q,F,P) where € is any set, F is a
o-algebra on 2 and P is a probability measure, that is a measure on F satisfying o-additivity and normalised
such that P(Q2) = 1.

9.10. Lemma. Let A C P(Q), i.e. A is a collection of subsets of Q. Then there exists a smallest algebra
a(A) and a smallest o-algebra o(A) which contains every set of A. We refer to these as the algebra and
the o-algebra generated by A respectively.

Sketch proof. Let a(A) and o(A) be intersections of all algebras (respectively o-algebras) which contain A.
It is easy to check that this too is an algebra (respectively o-algebra). O
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9.11. Definition. On R we define the algebra

n
A= { U(ak,bk] 1< n<ooja; <by <as <by<---;ap, bk G]RU{—O0,00}}
k=1

which is the set of all finite unions of subintervals. Note that A is not a o-algebra. Indeed (0,1 —1/n] € A
for all n € N, however U2° (0,1 —1/n] = (0,1) ¢ A. We define the Borel o-algebra B(R) := o(A) to be
the smallest o-algebra which contains all finite unions of subintervals of the reals. The members of B(R)
are called the Borel measurable sets of R and it is left as a remark that these contain any sets of suitable
interest.

Similarly we define B(R™) to be the o-algebra generated by all rectangle sets in R and B(R*) to be the
o-algebra generated by all cylinder sets of R*. Note that R* is the set of all real valued sequences and a
cylinder set is of the form {(x1,...,2,) : n € N;z1 € (a1,b1];... 2y € (an,bp);ar < by € RU {—00,00}}.
This again contains all sets of suitable interest. To name a few we mention

o {(z,) : limy, o =, exists and finite};
o {(zy) : sup,enzn > a};
o {(zy) :liminf,, o x, > a}.

We can also define B(RT) for some uncountable set 7' (think time, reals). This contains all functions X (¢)
although we may possibly have to restrict attention to cadlag functions; these are continuous on the right
and have a limit from the left.

9.12. Theorem (Carathéodory). Let A be an algebra on Q; F = o(A) the o-algebra generated by A. If
W is a o-additive measure on A then there exists a unique extension of u to the measurable space (2, F).

9.13. Definition (Lebesgue measure). Let A be the algebra (on [0,1]) containing disjoint intervals of the
form (a1, b1] U (ag,ba] U--- U (ag,bx] C [0,1]. Define the measure g such that

k
po((ar,b1] U (ag, ba] U+ U (ak, be]) = > (bs — ay).
i=1
It can be shown that pg is o-additive. Then by Carathéodory’s extension theorem there exists a unique
measure 4 on the o-algebra generated by A, o(A) such that yu = pg on A. We define this p to be the
Lebesgue measure on ([0, 1], B0, 1]).

9.14. Definition. A function X : (Q, F) — R is F-measurable if for all B € B(R), X 1(B) € F. That is,
F is rich enough so that for any Borel measurable set B the set of w € Q such that X (w) € B is in F.

9.15. Definition. A random variable is an F-measurable function X : (Q, F,P) — R where P is a probability
measure on F. Note that we require X to be F-measurable (sometimes denoted X € mJF) such that

P(X € B)=P(X(w) € B) =P({w € Q: X(w) € B}) =P(X (B)).
This is well defined since for all B € B(R), X~ }(B) € F.
The (cumulative) distribution function of X is defined as
F :R—0,1], Fz)=P{X <z}) =P{w e 2 : X(w) <z}).
This makes perfect sense according to the above as {w € @ : X(w) <z} = X !((—o00,2]) € F.

9.16. Corollary. Let X be a random wvariable. Then the distribution function of X is right continuous
for all z € X(Q), i.e.

FE) N F(z) as £\
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Proof. Let x,, \, . Define 4,, = {w € Q: X(w) < z,,}. Since z,, is a decreasing sequence, A, is a decreasing
sequence of events. Furthermore, lim,, ;o A, = {w € Q: X(w) < z}. Then by the continuity of probability,
F(z,) =P(Ap) \( P(limy, 00 Ay) = F(x). O

9.17. Corollary. Let X have distribution function F. Then
lim F(§) =P(X < z).
lim (&) = P(X <)

Proof. Let x, be a sequence such that z,, , z. Then define 4, = {w € Q : X(w) < z,}. Then
limy, 00 F(2,) = limy 00 P(X < ) = limy, 00 P(A,,). Since z,, is an increasing sequence, A, C A1, so
A,, is an increasing sequence. Hence lim,,_, A, = J,, An which is the event for at least one n, X(w) < z,
which is true if and only if X (w) < x. Hence limy,_,o0 F(zy) = P(limy, 00 45) = P(X < ). O

9.18. Example. Let P((a,b]) = F(b) — F(a) where F' is a cumulative distribution function. Then F is
continuous from the right. This measure is og-additive on the algebra of sub-intervals of R. Furthermore, it
extends to the Lebesgue-Stieltjes measure on (R, B(R)), the measurable space R with the Borel o-algebra
on R.

Intuition: To every distribution function there is an associated measure on R.

9.19. Remark (Linking a random variable with specified distribution to a probability space). Let F' be a
distribution function, suppose for now that it is a continuous and strictly increasing distribution. Then
consider the probability space ([0, 1],5[0,1], ) where p is the Lebesgue measure (which generalises the
notion of length). Note that here p is also a probability measure.

Let X : © — R be defined by X(w) = F~!(w). Claim: X is B[0,1] measurable and X has distribution
function given by F. Indeed for all A € B(R) we have that X 1(A4) = {w € [0,1] : X(w) € A} ={w € [0,1] :
F~Yw) € A} = F(A).

Furthermore pu(X € (a,b]) = p({w € Q: X(w) € (a,b]}) = p({w € Q: F1(w) € (a,b]}) = p(F(a), F(b)] =
F(b) — F(a). The penultimate equality follows from the increasing property of F'. Hence X has distribution
function given by X.

Also claim that if X is stochastically dominated by Y then on this space we have that X (w) < Y (w) for
all w € Q. X stoch. dom by Y implies that Fy(z) < Fx(x) for all x € R. We claim that this implies
Fil(w) < Fyl(w) for all w.
Suppose not, and there exists w such that Fy, ' (w) < Fy'(w). Let a := F, ' (w). Then
Fx(a) = Fx(Fy'(w)) < Fx(Fx'(w)) = w = Fy(a).

The inequality follows from the fact that F'x is increasing. This contradicts X stoch. dom by Y.
In the case where the distribution function is not continuous or not strictly increasing we define

X (w)y=inf{zr €eR: F(r) >w} and X (w)=inf{r € R: F(z) > w}

to be the first values for which F'(x) is greater than of equal to (respectively strictly greater than) w. Each
of these has distribution F' and are equal almost surely.

9.20. Theorem. For all random variables X there exists a sequence of simple random variables
X1, Xo,... such that | X,,| < |X| almost surely and for all w € Q we have X, (w) — X(w) asn — co. A
simple random variable is of the form

n
k=1
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for a sequence of sets Ay, € F, xp € R. That is, a simple random variable is constant on finitely many
measurable sets. If X > 0 for all w € Q then this sequence of simple random variables can be chosen to

satisfy Xp(w) 7 X (w).

No proof but some intuition. In the discrete case this is obvious. There exists a finite partition of F for
which X is constant on each element; if not, then X ¢ mJF. If this finest partition is finite, then X is
itself a simple random variable. If not (but the finest partition is countable), then define a sequence of
simple random variables, where X,, is the simple random variable taking constant values on the first n
sets in the finest partition. Then lim, o > p_; 2514, (w) = X(w). Futhermore, if X is non-negative then

Sopeq TEla, (w) < ZZ;F% x4, (w) for all w € Q and the sequence increases to X (w).

In the uncountable case and non-discrete X we consider an analogue of this intuition.

9.21. Lemma. If X1, Xs,... are random variables and for all w € Q we have that lim,_, . X, (w) exists
then the function X (w) := lim, o0 X, (w) is also a random variable. If X and Y are random variables
then so are X +Y, XY, X/Y and ¢(X) for all measurable .

9.22. Definition (Expectation). We define expectation of a random variable in steps.
(1) We define E14 = P(A) for all A € F.
(2) For a simple random variable X, = > ") _; a1 4, we say EX,, = > }_, zxP(Ay).

(3) For a non-negative random variable X there exists a sequence of simple random variables X,, such
that X,, ' X. Then we define EX = lim,,_,o, EX,,. Note that EX,, " EX.

(4) For a general random variable we let X = Xt — X~ for some non-negative random variables X+
and X . We then define EX = E(XT - X7)=EXT —EX".

Remark. An equivalent way of describing expectations of real-valued random variables is integrating w.r.t.
the Lebesgue-Stieltjes measure introduced in Example 9.18:

EX = / xdF(x), or Eg(X)= / g(z)dF (z),
R R
where F' is the distribution function of the random variable X. Intuitively,

> o) (Flaian) = Flw)) = [ a(@)dF@

with a proper refining of the mesh {x;}. The increment of F' in the sum approximates the probability that
X is close to the point z;.

10. TooLBOX

10.1. Lemma (The First Borel-Cantelli Lemma). Let Aj, Aa,... be a sequence of events such that

S P(A,) < oo, then
(U 4) =0

n=1k=n

10.2. Remark (Interpretation). > > P(A,) is the expected number of A,s which are true because

EY 14, =) P(A).
n=1 n=1
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So the expected number of A,, to occur is finite.

Ui, Ak is the event that after n, at least one of A,,, Ay, 1, ... occurs. Thus (),~, Up—,, Ak is the event that
for all n, one of the Ay, k > n occurs. So (), Ure,, Ak is the event that infinitely many occur.

Notation. (o2 Ure,, Ak = limy, 00 U, Ak = limsup,,_, . Ap.
Borel-Cantelli 1 in English: if the expected number of A, to occur is finite, then the probability infinitely

many occur is 0; or finitely many occur a.s.

Proof. Ur—,, Ak € Upe,i_1 Ak s0 Ure,, Ar is a decreasing sequence in n. Thus

P UAk>—,}££:OP(UAk)<,g;m ZpAk ) =0,

n=1k=n

since the tail of a convergent sum converges to 0. U

10.3. Lemma (The Second Borel-Cantelli Lemma). Let Ay, Ag,... be a sequence of independent events

such that o2 | P(Ay,) = oo, then
IP’< NuU Ak) —1

n=1k=n

10.4. Remark (Interpretation). Partial converse to Borel-Cantelli lemma 1, but requires that the events are
independent.

Y e P(Ay) = 00 so the expected number of A,, to occur is infinite.

Borel-Cantelli 2 in English: if the expected number of independent events A, to occur is infinite, then
infinitely many occur a.s.

Special case: if an event occurs with constant probability p, then > >°  P(A4,) = co and hence the event

n=1
occurs a.s. and infinitely often.

Proof. By De Morgan’s laws,

2(N U =1-2([QUA])=1-2(U N %)

n=1k=n n=1k=n n=1k=n

Now (32, A5 € Mpe,41 Af, so it is an increasing sequence. Thus

B(UA)=1-2(U N4 =1 i 2 () 4) =1 i [T 00
n=1k=n ne1 ken A P

T

by independence. Furthermore, using that for all z e R, 1 —z < e™7,

B() U =1t TT P00 =1t TT0 - 2a0)

n=1k=n

>1— 1 “P(Ag) — 1 _ | — 2 ohe . P(A)
>1 7}1—{201—[6 1— lim e &* ,

n—00
=0

since the tail of any infinite sum is also infinite. Hence P((,2; Ur—,, Ax) > 1, which implies equality. O

10.5. Theorem (Monotone Convergence Theorem). Let X,Y, X1, Xo, ... be random variables. Then,
(a) If X, > Y foralln; EY > —oc0 and X,, /* X as n — oo then EX,, - EX.
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(b) If X,, <Y foralln; EY < oo and X,, \y X as n — oo then EX,, - EX.

Proof. Proof of (a) only; (b) follows similarly.

Suppose Y =0, i.e., Vw € ©Q, Y(w) = 0. Then as X,, > 0 (seen in the measure theory section) for each X}
)

there exists a sequence of simple (that is, constant on finitely many measurable sets) random variables X ,(Cn
such that X}gn) N X as n — oo.

X, £ X < X3 < -0 <X
VI VI VI
VI VI VI
x® x® X
VI VI VI
X}Z) X§2) X§2)
VI VI VI
Xfl) Xél) X§1)

Define Z(" .= maxi<j<n Xj(n). That is, Z™) is the maximum value of the first n terms in the nth row from
the bottom in the table above.

Properties of Z(™):

e For all 1 < k < n we have X ,gn) <z < X,,. The first inequality follows immediately from the
definition of Z(™" | it is simply the maximum of such values, and is hence an upper bound. The second
inequality follows from chasing the column up within which the maximum lies and then across to

the value X,,. Formally, for some 1 < k <n, 2" = Xlgn) < X < X,

o Z(n=1) < z()  Why? z-1 = Max|<j<p—1 Xj(nfl) < maxi<j<n—1 Xj(n) < Z™)_ The inequality

follows from the fact that for all j € N we have X ](Anfl) <X ](n), and then we maximise over a larger
domain.

Define Z := lim,,_oo Z™), which exists because Z(™ is an increasing sequence (the limit may possibly be
infinite).

Since for all 1 < k < n we have X,gn) <z < X, taking n — oo we see that

lim X\ < lim 20 < lim X, = X, <Z<X — Z=X.
n—00 n—00 n—00 N~
k—o0
Note that, since the Z(s are simple (indeed they are a maximum of simple random variables), by the
definition of expectation of a limit simple random variables,
EX =EZ =E lim Z™ = lim EZ™ < lim EX,,.

n—o0 n—oo n—o0

Thus it remains to show that EX > lim,_,., EX,. Since X,, X we have that X,, < X for all n, which
implies that EX,, < [EX. Hence,

lim EX, <EX.

n—o0
In the case where Y # 0 then we repeat the above analysis with X,, — Y which is a non-negative random
variable. O

10.6. Corollary. If X, > 0 then EY 2 | X,, = ° | EX,.
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Proof. By definition we have Y 7 | X, = imn_,00 ZnN=1 X,,. Define Yy = an=1 X,. Since X,, >0, Yy >0
for all N; Yy is an increasing sequence; and Yy /Y := "> | X,,. Moreover, by the monotone convergence
theorem, limy oo EYy = EY =EY > | X,,. O

10.7. Theorem (Fatou’s Lemma). Let Xy, Xo,...;Y be random variables such that X, >Y and EY >
—o00. Then
Eliminf X,, < liminf EX,,.
n—oo n—oo

10.8. Remark (Acronym). A good way to remember this is that we always write in the < direction and
together it initialises ‘Elle’.

Proof. Define Z, := inf,,>, X;,. Then Z, is an increasing sequence; indeed inf,,>, X,, < infy,>n11 X,
since the infinum is over a larger domain. Furthermore, Z, ~* Z := liminf, ,., X,,; this follows from the
fact that Z, is increasing and by definition

liminf X,, = lim (inf X,,) = lim Z,.

n—00 n—00 m>n n—00

Now Z,, = infy,>n Xy, > Y as X, > Y for all m € N. Thus we are in good shape to apply the monotone
convergence theorem:
lim EZ, = EZ = Eliminf X,

n—oo n—oo
But on the left-hand-side, as the limit exists it is equal to the liminf. Now Z,, = inf,,>, X,;, < X, and thus
Eliminf X,, = lim EZ, = liminf EZ,, <liminfEX,,. O
n—oo n—oo n—oo n—oo

10.9. Theorem (Dominated Convergence Theorem). Let X,Y, X, Xo, ... be random variables such that
|X,| <Y; EY < oo; and X,, 225 X as n — oo. Then

(a) E|X| < oo;
(b) EX, - EX asn — oo;
(c) E|X, — X| — 0.

Proof. To prove (a) note that X, &2 X as n — oo implies that |X,| 225 |X| as n — oo (mod is a
continuous function). Furthermore, since | X, | <Y, we have that | X| = lim,_,~ | X,| <Y almost surely.

To prove (b) we construct the following chain of inequalities

EX =E lim X, = Eliminf X, <liminf EX,, <limsupEX, < Elimsup X, =E lim X,, = EX,
n—o00 n—o0 ¥ Nn—o0 n—00 ¥ N—00 n—oo
where x follows from Fatou’s lemma and *x follows from Fatou’s lemma on —X,,; indeed we have the relation
liminf, o (—X,) = — limsup,,_,., X,,- Thus equality holds throughout the chain and we conclude that
liminf EX,, = limsupEX,, = EX.

n—00 n—o0

= =limn 00 EXn
Since the liminf and lim sup agree, lim,,_,,, EX,, exists and is equal to EX. Thus
lim EX,, = EX(=E lim X,),
n—oo * n—oo
where x follows from the fact that Elim,, o X, is also an element in the chain. This proves (b).

Now to prove (c¢) we note that | X, — X| < |X,,| +|X| < 2Y. Then we repeat the analysis above with
| X, — X| and bounding random variable Y = 2Y'. O



PROBABILITY 3 REVISION NOTES 31

10.10. Theorem (Cauchy-Schwarz Inequality). If X and Y are random variables with EX? < oo and

EY?2 < o then
E|XY| < VEX2EY?2.

Proof. A corollary of Holder’s inequality — later. O

10.11. Corollary. Let X be a random variable. Then X has finite variance if and only if X has finite
second moment.

Proof. Let EX? < co. Then VarX = EX2—(EX)? < EX? < co. (Indeed EX? < oo implies EX < E|X| < oo
by Cauchy-Schwarz.) If a random variable has infinite mean, then it has infinite second moment and thus
infinite variance. Thus finite variance implies finite mean. These together implies finite second moment. [J

10.12. Theorem (Jensen’s inequality). If g : R — R is convex and X is a random variable with
E|X| < oo then Eg(X) € RU {oo} ewists, and

g(EX) <Eg(X).

10.13. Remark. This is easy to remember from the definition of convexity: Any line segment between two
points on the curve lies entirely above the curve i.e., for 0 < a=1-0 <1, g(axi + fz2) < ag(zr1)+ Bg(x2).
Then we extend this definition in the natural way.

Proof. Since g is convex, for all zy € R there exists A such that g(x) > g(zo) + A(z — x¢). (E.g., the tangent
to the curve at all points is a lower bound for the curve if it happens to be differentiable, but this is not
needed.) Hence g(X) > g(xg) + A(X — x0); in particular, for zp = EX € R,

9(X) > g(EX) + A(X — EX).

Note that A is a constant which depends on the function g and the value of EX only (the slope of the
bounding line is dependent only on the position zy on the curve) and thus it is not random. Therefore
E(g(X)™) < oo, hence Eg(X) exists, and

Eg(X) > Eg(EX) + E[A(X — EX)] = g(EX) + A[EX — EX] = g(EX). O

10.14. Theorem (Ljapunov’s Inequality). For all 0 < s < t,
1

(EIX]*)* < (B|X|)7.

Proof.

1 1 sy tql 1
: 1 < [E(X])5]7 = (BIX[)?,

*

(EIX[F)s = [(EIX])?)

*

where xx follows from Jensen’s inequality on the function ()ﬁ : R — R; which is convex since ¢ > s and

therefore % > 1. 0
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10.15. Theorem (Holder’s inequality). Let p,q > 1 be such that % + % = 1. If the random variables X
and Y are such that E|X|P < oo and E|Y|? < oo then

E|XY| < (B|X[)> - (E[Y|7)a.

Q=

10.16. Remark (Cauchy-Schwarz). Note that with p = ¢ = 2, Holder’s inequality is precisely the Cauchy-
Schwarz inequality.

Proof. Since log : R — R is a concave function and % + % is a convex combination of x and y we have that

log (f + y) > logl@) | logly) _ 2 v 50
P q P g P q
)7 ¥]s

since the exponential function is increasing. Let = = EX[P and y = BY]a Then
LxpP 1y X Y]
pEIXP " qEYT ™ (mxpyr  (B|Y|7)s

Taking expectations of both sides,
E| XY
1>

- 1

_. O
(E|X|P)> (E[Y]7)

10.17. Deﬁnition1 (LP-norm). Let X be a random variable with finite pth absolute moment. We denote
| X, == (E|X|[P)» for p > 1 and call it the LP-norm of X. It is a norm on the space of F-measurable
functions X : Q2 — R.
In this notation the previous results reduce to the following.

e Ljapunov: for 0 < s < ¢, || X||s < || X ||+

e Cauchy-Schwarz: E|XY | < || X||2[[Y |l2;

e Holder: for p,g > 1 such that 3 + 1 =1, E[XY| < || X[|,[[Y ][,

10.18. Theorem. || - ||,, p > 1 defines a true norm on the space of F-measurable functions X : @ — R
with finite pth moment.

Proof. Clearly for all X € mF, || X||, > 0. Moreover, equality holds if and only if X = 0 almost surely. Let
1 1

A € R. Then [|[AX]|, = (E]AXP)» = (NE|X|P)» = A||X||p. Thus it remains to prove the triangle inequality.

See Minkowski inequality below. O

10.19. Theorem (Minkowski’s Inequality). For any random variables X and Y and for all p > 1, the
triangle inequality for the LP-norm holds, i.e.,

X+ Ylp < 1X1l + 1Yl

Proof. If either (or both) | X||, = oo or ||Y]|, = oo then the inequality holds trivially. Hence suppose that
Xy < o0 and Y], < ce.

For the case p = 1 this is trivial and follows immediately from the triangle inequality of the mod.
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Now consider the case p > 1. Define F(z) = (a + x)P — 2P~ 1(aP + 2P), x > 0; where a > 0 is some constant.
This has the derivative
F'(z) = pla+a)™ — 27" pa? ™,

and so F' is stationary at x = a. Furthermore,

F'(2) >0 <= pla+z)P"t =27 1paP 1 5 0 —= (a; i

p—1
> >1 <<= x<a.
X

Similarly, F’(z) = 0 if and only if = a and F'(z) < 0 if and only if > a. Thus F is an increasing function
for z < a; reaching a global maximum at = = a and then decreasing for > a. Therefore, F(z) < F(a) =0
for all x € R. We therefore have the inequality

(a+z)P < 271 (aP + 2P)
for all @ > 0, z > 0, p > 1. Applying this:
X+ Y < (IX]+ [Y])P < 227X+ [Y]P).
Taking expectations,
E|X + Y|P < 2P YE|X|P +E|Y|P) < co*
since we assumed that both || X[, < oo and ||Y||, < oo. This verifies that [|[X + Y|, < oo, that is,
X +Y € L¥(Q). Now we prove the Minkowski inequality.

EX+YP=E(X +Y|X +YP Y <E[(IX|+[Y))|X + Y] =E(IX[|X + Y] + E(Y||X + Y]P7).
*

Above, x follows from the triangle inequality on R. Let ¢ be such that 1—1) + % = 1; this implies ¢ = p/(p — 1).
By Holder’s inequality

1 1 1 1 P
E(IX|IX +Y[P~") < BIX[P)7 (E[X + Y|P~V 7 = B|X[P)# (E]X + Y[P)e = | X[, X + V1|3,
————
<00 by *
1 1 1 1 u
E([Y|X +Y[P™) < EYP)r (BIX + Y|P D)0 = (E[YP)r (E]X +YP)s = [V ]| X + VI3
Plugging this into the above yields that,
2
EX +YP < (X[, + [YVp)IX + Y5
—_————
=[IX+Y
D
Dividing through by || X 4+ Y||5 (> 0) and noting that p — p/q = 1 by the definition of ¢ (multiply by p), this
is precisely the Minkowski inequality. O
11. MoODES OF CONVERGENCE

11.1. Definition (Modes of convergence). Let X7, X5, X3,... be a sequence of random variables. We say
that

(a) X, converges weakly (or in distribution) to X, written X,, — X or X, 4 X or X, = X, if and
only if for every bounded and continuous function f on the image of X we have Ef(X,) — Ef(X).

Note that this is equivalent to Fx, (z) — Fx(x) (the distribution functions for X,, and X respec-
tively) for all = for which Fx(z) is continuous.

Remark. We do not require a common probability space, only that the distribution functions con-
verge.

(b) X, converges in probability to X, written X, L, X, ifforalle >0, P(| X, — X|>¢) = 0asn — oc.

That is, the subset of the sample space €2 for which the difference between X,, and X is larger than
arbitrary € > 0 has probability going to 0.

Remark. Note that here we do require X,, and X to be on a common probability space (i.e. we can
couple the outcome of X, and X for a realisation w € 2).
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(¢) X, converges almost surely (or strongly) to X, written X,, 2> X if and only if P(X,, — X) = 1.

Note that X,, — X is an event that can be interpreted as follows. On a realisation w € €2, we define
a sequence of real numbers X;(w), Xo(w),... and X (w). If X,,(w) — X (w) then the event X,, — X
has occurred. We say X, =% X if the set {w € Q: X,,(w) — X(w)} has probability 1. Note that
this is a very strong stipulation.

(d) X,, converges in LP, written X, 2 X, if and only if ||.X;, — X||, — 0 as n — oo, or equivalently, if
and only if E|X,, — X|P — 0 as n — oc.

t
Remark. By Ljapunov’s inequality, || X||s < || X||; for all 0 < s < t. Hence for 0 < s < t, X, 2ox
o L*
implies that X,, — X.

11.2. Theorem.
(a) Xn =2 X if and only if for all € > 0, P(supys, |Xr — X| >€) = 0 as n — oo.

(b) X, is Cauchy almost surely if and only if for all ¢ > 0, P(supy, y>,, | X — X¢| > ) = 0 as n — oo.
This is also equivalent to for all € > 0, P(supy> | Xnir — Xn| > ) = 0.

11.3. Remark. Note that (a) is like a ‘boosted’ version of convergence in probability, where we require that
all points onwards from n are within € of X.

Proof. (a). Define the events A7 := {w € Q: |X}, — X| > L} and A™ := 72, U2, A7, which is the event
that |Xj, — X| > L for infinitely many k.

Note that X,, /4 X if for some m € N, A™ occurs; that is, for some m > 0, | X — X| > % for infinitely

many k. The event that this happens for at least one m is (J;,_; A™. Thus X, 2%, X if and only if
P(Upo_; A™) = 0. Since P(A™) < P(,._; A™) <> P(A™), P(U,—; A™) = 0 if and only if P(A™) =0
for all m € N. P(A™) = 0 if and only if

o0 [e.9] [e.9]
= m = 1 m = 1 — > .
0 ]P’< ﬂ U A} > nh_)rr;OP<kU A} > nll_)rr;OP(zlig\Xk X|>1/m)
n >

n=1k=n =
~—— N——
* *k

* defines a decreasing sequence. ** is the event that for some k > n we have | X — X| > %, which occurs
if and only if the supremum, supy,, | X — X| > 1/m.

As the above m is arbitrarily large, the proof is complete.

To prove (b), we repeat exactly the same analysis with the event B’y = {w € Q: | X} — X,| > 11 O

11.4. Theorem. The four types of convergence above can be partially ordered in strength.
(a) X, %5 X = X, 5 X.
® X, L x = x, 5 X.

€ Xn 5 X = X, 5 X.

Proof. To prove (a) we use the previous theorem, that is, that X, 2%, X if and only if for all € > 0,
P(supg>,, |[Xx — X[ > €) = 0 as n — oo. The event | X, — X| > ¢ implies that sup,, [ Xz — X| > ¢, and
thus

P(|X, — X| >¢) <P(sup | Xy — X|>¢) =0,
k>n
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which implies X, 2o x.

To prove (b) we use Markov’s inequality, which says that for a non-negative random variable Z, P(Z > ¢) <
EZ/c. Then for all p > 0,

_EX - XP X XIp

0

P(IX, — X| 2 ¢) = (X, - X]P > &) E E

as n — 0o since X, — if and only if ||.X; — X||, — 0.

Now we prove (c¢) which says that convergence in probability implies weak convergence (in distribution).
This is the most difficult to prove. Fix f bounded and continuous such that |f(z)| < ¢ (#) for some ¢ > 0.
We want to show that Ef(X,,) — Ef(X), or equivalently that [Ef(X,,) —Ef(X)| — 0. Fix € > 0.

Assuming X has a proper distribution, i.e., that X is finite almost surely, there exists N > 0 such that
€
P(|X|>N) < —.
® (1X1>N) < =
[-2N,2N] is compact, and thus f is uniformly continuous on [-2N,2N]. Hence there exists § > 0 such
that for all z,y € [-2N,2N] with |z — y| < & we have

() [f (@) = fy)| <

Define E(Z; A) = E(Z1 4). Then for a disjoint partition of the sample space A1, As, ..., A,, we may write
EZ = E(Z;Ay) + E(Z;Ay) + -+ + E(Z; Ay). This is because E(Z; A1) + E(Z;A3) + -+ + E(Z; A,) =
E[Z(14, +---+14,)] by linearity of expectation and because (14, +---+14,)(w) =1 for all w € Q by the
disjointness of the partition.

[Ef(Xn) = Ef(X)] = [E[f(Xn) — f(X)]]
<E[f(Xn) — f(X)] Jensen’s inequality on | - |

| ™

=E||f(Xa) = J(X)]; | X0 = X| <& |X| < N ]

<=1t = X,,X€[—2N,2N],1<1
+E[ |f(Xa) = FOO] [Xn = X| < 55]X] > ]
a— <2 1<1
+E[|f(X0) = X)X — X] > 0]
—_—
o — <2
< £ 4 2cP(|X] > N) +2eP(| X, — X| > 6)
2 N—_————
= <=

—4c

< e+ 2¢P(|X, — X| > 0).

Since X, = X, there exists N > 0 such that n > N implies that P(|X,, — X[ > ) < &. Thusn > N
implies that

IEf(X,) — Ef(X)| < e+ 2¢P(|X,, — X| > 0) < 2. 0

12. STRONG LAW OF LARGE NUMBERS

12.1. Theorem (Strong law of large numbers (SLLN)). Let X3, Xo,... be independent and identically
distributed random wvariables with finite mean p < co. Then

1 n
=1
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12.2. Corollary (Weak law of large numbers (WLLN)). Let X1, Xo,... be independent and identically
distributed random variables with finite mean pu < co. Then

1 <& P
— E Xz — U.
n “

i=1

Proof. This follows immediately from the strong law of large numbers, since almost sure convergence implies
convergence in probability. O

The rest of this section is work towards proving the SLLN.

12.3. Theorem (Kolmogorov’s inequality). Suppose we have X1, Xs, ..., X,, independent (not necessar-
ily identically distributed) with EX; = 0 and VarX; < oo for alli =1,2,...,n. Then,

(a) for alle >0,

ES2

P Spl >e) < 1

(1rﬁnlggxn‘ Hze) s g2’

where Sy = S°F_ | X;.
(b) If in addition |X;| < ¢ almost surely for alli=1,...,n and some ¢ > 0 then
(c+e)?
> >1- .
P(lrgggn |Sk| =€) > 1 ESZ

Proof. We start with (a). Define A := {w € Q : maxj<g<p |Sk(w)| > €} as the event that max; <<y, |Sk(w)| >
e and let Ay :={w e Q:|Sj(w)| <efori=1,2,...,k—1;|Sk(w)| > €} for k =1,...,n to be the event that
k is the first value for which |S;(w) > ¢|.

Then the Ay, are disjoint and (J;,_; Ay, is the event that at least one of |Sg(w)| for k =1,...,n is larger than
or equal to e. Hence A = |J;_; Ay.

Note that by the disjointness of the Ay,

ES; > E(S3; A) =Y E(S%; Ap).
k=1

Now we focus on E(S2; Ay).
E(S2; Ag) = E[(Sk + Xgy1 + -+ + Xn)?; Ay
= E(S7; Ag) + 2E [Sk(Xps1 + -+ + X0 )i A] + E[(Xprr + -+ + X)) A
independent of S, A >0
> E(S7; Ag) + 2B (Sk; Ag) E(Xpq1 + -+ + X)
=0

= E(S%; A)-
Thus E(S2; Ag) > E(SE; Ag), but E(S7; Ag) > E(e%; Ag) = £2P(Ay). The inequality holds since for w € Q
for which 14, is non-zero, |Si(w)| > e. Furthermore,

ESp > Y E(Sy; Ax) > > E(S7; Ap) > €2 P(A) = £°P(A),
k=1 k=1 k=1

since A = J;_; Ak and the partition is disjoint. Rearranging gives (a).
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Now we prove (b); to do so we use the same definition of A and Ay above. First we note that
E(S}; A) = ES] — B(Sy; A°) > ES] — e’P(A%) = ES] — &” + £’P(A).
The inequality * follows from that the w € Q for which 1 4¢ is non-zero is also the w € € for which
maxi<g<n |Sk(w)| < € and therefore S, (w) < ¢ and thus E(S2; A°) < E(e%; A°) = £2P(A°).
On the other hand,
E(S2; A) = E[(Sk + Xp1 + -+ + X0n)?; Ak
= E(5%; Ak) + 2E[Se(Xpq1 + -+ + Xn); Ap] FE[(Xpg1 + -+ 4+ Xn)%5 A

=0, as above

= E(S7; Ak) + E[(Sn — Se)%; A

Hence
n n

E(S5; A) = ij(S;‘;; Ag) =D E(SE; Ap) + Y E[(Sn — Sk)?; Ax].
k=1 k=1 k=1

The event Ay implies (by definition) that |Sx_1(w)| < e. Therefore |Sk| = | X+ Sk—1| < | Xk|+[Sk-1] < c+e
since X} is bounded by ¢ almost surely. Moreover,

(*) E(S]%7 Ak) < (C + €)2P(Ak)

Now S, — S = Xg+1+ - -+ + X, which is independent of Aj. Thus E[(Sn - S1)?; Ak] = E(S,, — Si)*P(Ax).
By the independence of the X;, E(X;X;) = EX;EX; = 0. Hence

(o) E[(Sn = Sk)% Ak] = E(S, — Sk)’P(A) = E(Xpa1 + -+ + Xp)"P(Ar) = Y EXIP(4y)
j=k+1

as all cross terms cancel by the above.

Moreover,

E(S2; A) = ZE(SI%§ Ag) + ZE[(Sn — Sk)%; A
k=1 k=1
by **

n

<> (e+e)’P(A)+ Y > EXJP(AR)
k=1 k=1j=k+1

by *

<S, EXZP(Ay)

< (c+¢)’P(A) + i EX?P(A) = [(c+¢)* + ESZ|P(A).
j=1

——
—ES2

Combining the two inequalities we have found we have that [(c + ¢)? + ES2|P(A) > ES2 — &2 + 2P(A).

Now we simply rearrange. The inequality implies that

ES? — &2
?— 2+ ES]P(A) > ES: — & P(A) > L
[(c+¢)" =& + ES,|P(4) > ES, - " = ()_(c+€)2—52+ES%
B (c+e)?
(c4¢)* — 2 +ES2

N———
>0

(c+e)?
>1 — .
- ES2
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12.4. Theorem (Kolmogorov-Khinchin). Let X1, Xs, ... be independent (not necessarily identically dis-
tributed) random variables with EX; = 0 for all i € N. Then

(a) S | EX2 <00 = > X, converges almost surely;

(b) If | Xn| < ¢ almost surely and ", X, converges almost surely then > oo | EX2 < o0.

Proof. In order to prove (a) we show that S, is Cauchy almost surely. Recall that S, is Cauchy almost
surely if and only if for all € > 0, P(supy>; [Snx — Sul > €) — 0.

P(zgrf [Snh = Sn| 2 €) = lim P(max [Sn — S| > €)

ZﬂjN1EX2 I =
< jjm &ZdEntl Ty - EX2 50
T Nvos g2 g2 _Z: J
j=n+1

since it is the tail of a convergent sum (by assumption).

* is allowed since maxj<k<n |Snir — Sn| > € is an increasing sequence of events in N. 1 follows from the
first part of Kolmogorov_ ir_lequality on Spir — Sy = Xpt1 + -+ Xnak := T where
n+N
ET; = ) EX;
j=n+1
since cross terms have zero-expectation. Thus S, is Cauchy almost surely. By the completeness of R, S,
converges almost surely, which proves (a).

Now for (b). If S,, converges almost surely then it is Cauchy almost surely. Again, using that theorem from
before, S, is Cauchy almost surely if and only if for all € > 0, P(supy>q [Snyx — Sn| > ) — 0. Then for all
sufficiently large n,

1 (c+¢)?
— > P(sup |Spar — S| >e) > 1 — ———-—.
2 (k21’ n+ nl ) I Z;?‘;nHEXf

1 follows from the second part of Kolmogorov’s inequality and by the same working with limits above.
Rearranging this inequality gives that

o
> EX} <2(c+e)
Jj=n+1

and hence it converges (for all n sufficiently large). Moreover, Z]Oil IEXJ2 converges since it is the sum of a
finite sum (up to n + 1) and an (infinite) convergent sum. O

12.5. Theorem (Toeplitz lemma). Let (ay) be a sequence with a, > 0 for all n and b, == ;" a; >0
(thus at least aq > 0 strictly). Suppose b, /o0 asn — oo. If x, — x as n — oo, then
1
bn

n
g a;T; — T asS n — 0.
=1

12.6. Example. If a; = 1 for all 7 € N then b, = n  oo. Then if z,, — =, %2?21 x; — x. This is also
known as Cesaro’s lemma.

Proof. Fix € > 0 and choose ng such that n > ng implies that |z, — x| < €/2. Then fix n; > ng such that

1 &
b_zaz|xl —$| < 8/2.

n 3
=1
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We can do this since we treat 2?21 ailx; — x| as fixed and since b, /* co we simply need to choose n; large
enough.

Then for all n > ny > ng, (writing = = (= .7, a;)z)

bn
1 — 1 &
b—Zaixi—x < b—Zai]xi—x
" oi=1 =1
no 1 n
< EZalm x| + D Z a;lz; — x|
i=1 i=ng+1
€ 1 ° €
<=+ — a; = <& (]
2 b, = 2
~—_———
<1

12.7. Theorem (Kronecker’s lemma). Let b, > 0 forn € N; b, /0o as n — oo. If (z,) is a sequence
such that )", x,, converges then
1 n
i=1

Proof. The proof of Kronecker’s lemma is slightly more involved than that of the Toeplitz lemma.

Let by := 0; so := 0 and sy, := > 1 | @;.

n

iilbixz Zb —5i-1) —b S”_b\of}l_zsi*l(bi—biﬂ)-

=0 =1

The equality * is known as summation by parts and is the analogue of integration by parts for sums. It is
easily verified by comparing terms:

e On the left we have +b1s1, +basa, ..., +b,s,.
e On the left we have —bysg, —bas1,..., —bpsp_1.
It is easy to see that these terms appear on the right hand side. Moreover,
1 n
_Zbixz—sn__zszl _zl)-
On i=1 s

Then a; > 0 for all i since b; increasing implies a; = b; —b;—1 > 0. Furthermore, > " ja; = > i (bi—bi—1) =
b,. Then we are in good shape to apply Toeplitz lemma,

1
lim—Zbim,—hmsn—hm—Za,sZ1—3—3—0 O

Tl—)OO

12.8. Theorem (Kolmogorov). Let X1, Xa,... be independent (not necessarily identically distributed)
with finite variance VarX,, < oo for alln € N. Let b, / 0o as n — oo; by, > 0 such that

o0

VarX, S, — ES,
E ar2 " < oo then 220 2%,
= bz b,

12.9. Example. When b, = n with X, i.i.d. random variables then Kolmogorov’s theorem is the strong
law of large numbers with the stipulation that the random variables must additionally have a finite second
moment.
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Proof. We rewrite the sequence in order that we may use Kronecker’s lemma.

57 bZX —EX;) ZbX EX

n

By Kronecker’s lemma, to show that this converges to 0 in n, it suffices to show that ), % converges.
Let

Xi —EX; IEX 9 VarX;
Y, = ZEY Z; v < 00

Thus applying Kolmogorov-Khinchin to Y; we have that Yoo, Y, < oo almost surely. U

12.10. Lemma. Let X be a random variable such that X > 0 almost surely. Then

iIP’(in)SEXgl—i—i]P’(XZn).

n=1 n=1

Proof. Note that if Y > 0 a.s. is an integer valued random variable, then EY = Y > P(Y > n), thus
equality holds on the left and strict inequality on the right. Why is this true in the integer valued case?

00 00 00 oo k 0o
Py zn) =) Y PY=k=)>PY=k=)> kP(X=k =EY.
n=1 k=1

n=1k=n k=1n=1

Now consider the general case. We can certainly approximate X by its floor: | X | < X < | X |+ 1. But the
above holds for | X|, and hence

iP(LXJ >n)=E|X| <EX <E|X] +1:1+§:IP’(LXJ > n).

n=1

But since n is an integer, X > n if and only if | X | > n, which completes the proof. O

12.11. Theorem (Strong law of large numbers). Let X1, Xo, ... be independent and identically distributed
random variables with finite mean p < oo. Then

1 n
a.s
n 2 Xi =
=1

Proof. Assume without loss of generality that g = 0 (if non-zero then the theorem applies to X; = X; —
which has zero-mean).

By the previous lemma,

oo oo
00 > E|X1| > ) P(X1| >n)=> P(IX,| >n)
n=1 =
by the fact that the X; are identically distributed. Let A, := {w € Q: |X,(w)| > n}. Then > 7 P(4,) <
oo. Hence by the first Borel-Cantelli lemma, P(A,, i.0.) = 0. (Note that this statement did not require the
independence of the X;.) So A4,, = {|X,,| > n} happens finitely many times almost surely.

Thus we define the adjusted random variable X,, where

~ X, if | X, <n,
X, = )
0, if | X,|>n.
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Since we previously concluded by Borel-Cantelli 1 that |X,,| > n only finitely many times almost surely,
then the new sequence X, is equal to X, except for only finitely many n’s almost surely. Therefore

1< RS
ﬁZXii)()(:’ EZXZ'@O.
=1 =1

This equivalence holds only because X, changes only finitely many terms (almost surely).
We calculate the limiting expectation of X,. Now EX, = E(Xn]l{\XnKn}) since X,, = Xnl{x,|<n} DY
defintion. Thus EX,, = E(X,;|X,| < n). By the ii.d. property of the X;, EX,, = E(X1;|X1| < n). Note
that

. ’X11{|X1|<n}’ < | X4 a.s;

e E|X;| < oo (by the hypothesis);

° Xl]l{\Xl\<n} 2% X, as n — 00.

Hence we are in good shape to apply the Dominated Convergence Theorem to the sequence X11y x,|<pn}
and conclude that

EX, = E(X1; |X1| < n) = E(X11{x,)<n}) = EX1 = p=0.

Hence we have shown that E)?n — 0 as n — co. Hence
1l e~ =
i=

by Toeplitz’s lemma. Note that in general EX; # 0. Why? Consider X7 a continuous random variable for
the purpose of illustration. Then

EX, = E(Xi1{x,j<n}) = / Tljz)<nyfx, (x)da = / zfx,(x)dr # EX = 0.

—n

We want to show that 1 377, X, 2250, By t,

1 LIy a.s. 1 LI i a.s. 1 = jz@ - Ejz@ a.s.
1= 1= 1=

X;—EX
7

Thus by Kronecker’s lemma it suffices to show that ), converges almost surely. By Kolmogorov-
Khinchin (since X; are independent, X; are independent and therefore (X; — EX;)/i are independent) this

is true if

00 oy 12 00 oy
Xi —EX Vaer-
Bl =] => .
iz; |: ’ :| i=1 & =
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In order to show this we perform some algebraic manipulation.

Z VarX, = EX2—[EX,]?
D
n=1 n=1
- > EX?
= 2
n=1 "
= EXE|X,| <n)
o Z n2
n=1
oo 1 n
= Z — E(X2%k—-1<|X,| <k) *.~ events form a disjoint partition
n=1 k=1
o 1 n
= Z -3 E(XZ%k—-1<|X,| <k) - X; are i.i.d.
n=1 k=1
oo [e.e] 1
= ZE(X%; E—1<|X1| <k) Z o By switching the order of the sum
k=1 n=~k
Let us work on > >° | # For k =1 this is simply equal to %2 < 2. For k > 2,
ii</°® Lo AT L 2
n:an_ 1 T2 ), k—-17k

Note that the final inequality holds only in the case k > 2. Hence for all k € N, "> # < % Making this
substitution,

[ee] oy o)

Var X, 2
St <Y E(XE k- 1< X <h);
n=1 n k=1 k

<k|Xi| <=

oo
<2 E(IX1lik -1 < |X1| < k)
k=1
=2E|X;| < o0 " disjoint partition O

12.12. Theorem (SLLN in reverse). Let X, Xo,... be an i.i.d. sequence such that

1 n
—ZXk a.s. ¢
n

k=1

for some ¢ < 00. Then EX} = c.

Proof. Indeed

¥ _g —1 8,
k:Sk Sk-1 Sk Skl:’”ﬁ;c—lxc:O

k k ok k k-1

Then
P(|Xk| > k i.0.) = P(| Xk /k| > 1 i.0.) = 0.

By independence and Borel-Cantelli Lemma 2,

o o0
D P( Xl >n) <oo = > P(X1|>n) <oo = p:=E[Xi| <o
k=1 k=1

by a few lemmas ago. Since the mean is finite we can apply the SLLN,

1 n
—§ X, 2y = p=EX, =c O
n

k=1
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12.13. Remark. Does SLLN hold when EX; < oo but EX;" = 0o (= EX; = c0)? Yes. Why? Define

Sn=D_ Xilx<p
i=1

SLLN applies to X;1(x,<.} as this is now bounded by ¢, preventing the unboundedness issue. Note that

C

lim inf Sn > lim inf Sn =E(Xil{x,<}) /" EX; = oo.

n—oo n n—oo n

13. CHARACTERISTIC FUNCTIONS

13.1. Definition. The characteristic function of a random variable X is the function ¢ : R — C is defined
by
o(t) = Re'X.

We write, see the remark on Lebesgue-Stieltjes itegration after Definition 9.22,

o0

o) = [ cvari)

—00

where F'(x) is the distribution function of X. Note that if X is continuous then
/ e dF (z) = / e f(x)dx
— 0o —0o0

and if X is discrete then

/ e dF () = Z etnp(x,).

13.2. Remark. The characteristic function always exists.

13.3. Proposition (Properties of characteristic functions).
(a) ¢ : R — C is uniformly continuous.
(b) ¢(0) =1; |p(t)| <1 for all t € R. Furthermore, ¢ satisfies one of
(1) |p)| <1 for all t # 0;
(ii) there exists A € R, X > 0, such that |o(t)| <1 for 0 <t < X and |p(N\)| = 1.

In this case, ¢ is periodic in | -| with period A, that is |p(t+n\)| = |¢(t)], and X has lattice
distribution, that is, there exists b € R such that

9
]P’<Xe{b+%k:kez}>:1.

(iii) |e(t)| =1 for allt € R.
In this case, p(t) = e® for some b € R and X = b almost surely.

(c) For a,b € R fized, p,x41u(t) = e®px(at).

(d) ex(t) = p-x(t) = ox(-t).
(e) There exist random wvariables X and Y of different distribution such that px(t) = @y (t) for
t € [a,b] for some —oco0 < a < b < 0.

However, if opx(t) = oy (t) for allt € R then X and Y are of the same distribution. In this
sense, the characteristic function uniquely determines the distribution of X.

(f) If X and Y are independent then
pxty (t) = px ey (1)
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Proof. (a). Note that using Jensen’s inequality
’(P(t + h) _ ‘P(t)‘ _ ‘Eei(H—h)X _ EeitX‘ _ ’EeitX(eihX _ 1)’ <E ‘eitX‘ ‘eihX _ 1‘.

=1
X 1| 225 0 as h — 0 and |eX

Left with something which is uniform in ¢. |e — 1| < 2 hence we can apply

DCT = E|e!X — 1] — E0 = 0.
(b). Clearly ¢(0) = Ee® = 1. Using Jensen’s inequality on | - |,

lo(t)] = [Ee™¥| < Ele™| = 1.
Clearly only one of (i), (ii) or (iii) can happen since |¢(t)| < 1 and ¢(0) = 1.

(i1). We prove that if there exists A € R, A > 0, such that |¢(t)] < 1 for 0 < ¢t < A and |p(\)| = 1 then ¢
has period A and X has lattice distribution.

If |o(A)| = 1 then ¢()\) = €™ for some b € R. Hence
1=p\)e ™ = X = E[cos(A(X — b)) + isin(A(X —b))].
So Esin(A(X — b)) =0 and Ecos(A(X — b)) =
— cos(A(X — b)) =1 and sin(A(X — b)) = 0 almost surely.
Why? Because cos < 1 so all mass is concentrated on values of X for which cos(A(X — b)) =
= AX —b) =27k, k € Z almost surely.
= X € {b+2nk/): k € Z} almost surely; so X has lattice distribution.
In this case we show that ¢ is periodic. As X has a lattice distribution we can define

pr :=P(X =b+2wk/\) where Zpk =1

kEeZ
Then
o(t) = Ee™X = Zpkezt(bJr%) _ ith Zpkeit¥.
kEZ keZ
On the other hand,
lo(t + A) {Ee t+>\)X‘ _ Zp SN O+ZEE) | | iAb ZP etm Ok zAb{ thzpke 2z
keZ keZ ] =
= |(t)].

Note that if ¢ is of period A then it is also of period nA. So there is a smallest A for which ¢ has period.

Note that if X has a lattice distribution then any finer lattice will also contain all of the probability, however
some points will have zero-mass. Seek to find the A which makes these gaps the widest.

With this A we claim that |¢(¢)| < 1 for 0 <t < A.

p(xe o 2Een)) -

Let X be the smallest A such that

Then
Z ppeit®+335)
keZ
Indeed for ¢ = A,
27'rk . .
Z pkez)\(bJr _ ‘ez)\b’ Z pkez%rk -1
keZ keZ
For t < A,
Z pkezt(bJr ) ’eltb’ Z pkez27rk 5
kEZ keZ
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Since t/A < 1 the exponential sees others than a full revolution and so is not equal to 1 for some k. That
implies that the sum cannot be one in mod either as we are adding up numbers of different complex phases
but with mods summing up to one. However, suppose that p, = 0 for where we don’t have a full revolution
(making the sum still 1), then there exists a finer lattice distribution, a contradiction. Hence by the triangle
inequality this is less than 1.

(iii). If |p(A\)| =1 for all A € R then by the same proof as start of (ii), for all A € R

2rk
XG{b)\-F%:kGZ}
almost surely. Fix a A1. Then on Ay’s lattice there exists at least 1 point with positive mass. Thus for any
other A, its lattice must have a point which coincides with this point. So all mass is on this point, call it b,
and X = b almost surely.

gD(t) — EeitX — eitb.

C) SOaXer(t) — Eeit(aX+b) — itbRei(at) X — eitbgpx(at).

(c).

(d). px(t) = EeitX = EeitX = Ee#X,
(
(f

e). The uniqueness part will follow from the inversion formula (see later).
).

ox+y(t) = EetX+Y) — EeXEeiY: separation of expectation follows from independence. O

13.4. Theorem (Bochner). A continuous function w is the characteristic function of a distribution if
and only if

o w(0) =1;
e w is positive definite, that is, for all t1,...,t, € R, for all z1,...,2, € C

> w(ty — tk)zZ > 0.
ik

Proof. Only in the forward direction. Let w be a characteristic function, then we already know that w(0) = 1.
Furthermore,

S wlty —ti)zzm = Y Bz = [ Stz 3 e—itk%]

ok Ik j k

— E[Z oiti ij eith Zk]
J k
2

>z

=E > 0. (]
J

kth if k even,

: moment is finite
k—1st if k odd

13.5. Theorem. If p(t) is differentiable k times at t = 0 then the {

k if k even,

d for all j <
and for a ]_{k—l if k odd

Proof. None given. O
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13.6. Theorem. If X has all finite moments define

k _l
R = liminf [EXT] k.

Then R is the radius of convergence for . That is, ¢ extends analytically to C within radius R and for
t € R with |t| < R we have that

_ v kmoyvk
o) = ot EX.
k=0
Intuitively this follows because of the Taylor expansion of the exponential, and for all t within this radius
the sum and expectation can be switched.

If R = oo then @ takes the form above and can be completely constructed from its moments, which in
turn implies that the distribution can be reconstructed in this case.

In general it is a nontrivial question, known as the moment problem, whether the moments completely
determine a distribution. The R = oo case above is a positive example.

Proof. None given. O
13.7. Example. If X ~ Cauchy(0, 1) then EX* does not exists for all k. ¢(t) = e~I*l which is not analytic.

13.8. Example (Is this a characteristic function?). Use the properties above to determine.
sin(t)? No. Because sin(0) = 0.
cos(t)? Well
eit + e—it
2
so it is the characteristic function of a discrete random variable which takes values +1 with equal probability.

(1 + cos(t))? Well

cos(t) =

1 1 eit e*it

5(1 + cos(t)) = 3 + VR
which will be the characteristic function of a random variable which is 0 w.p. 1/2 and 41 with probability
1/4.

Any convex combination of characteristic functions is a characteristic function! Let I = 1 with probability
p and I = 0 with probability ¢ = 1 — p, independent of random variables X and Y. Let Z =1X 4+ (1-1)Y.
Then Z = X with probability p and Y with probability q. By the partition theorem

pz(t) = Ee'? = pEe* + gEe™ = ppx (t) + qpy (1)

e "7 %e_t‘lhzo =0 hence EX?2 =0 = X = 0 almost surely. Then ¢(¢) = 1 — contradiction.

13.9. Lemma (Fubini’s theorem). The order of integration can be swapped if the double integrable of
the absolute value is finite.

13.10. Lemma (Jensen’s inequality for integration). Let f be a convexr function and g an integrable

function, then , ,
(525 [t ) < o2 [ satanas
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Proof. Let X ~ Uniform(a,b), then 5 f g(x)dx = Eg(X). By Jensen’s inequality for expectation

f(lfg%;guym):aﬂmev>SEf@cX»=3Lb L fgla))da

The example to be used below is f(-) = |- |. In this case b — a cancels out, and

x)dw‘ < /ab lg(z)|dx.

13.11. Theorem (Inversion formula). If ©(t) is the characteristic function of a probability measure p
then

(a) for everya <beR

1 1 ) 1 ¢ e—ita _ e—ztb
plab) + guda) + 3ulo} = tim 5o [ .

T J_. it
sz (t)|dt < oo then F is absolutely continuous, that is, X has continuous distribution and
1 [ _,
= — (8 dt.
f@) =5 [ el

(¢) Similarly, p{a} = lim. 2% [€ e Map(t)dt.

(d) if ¢ is the characteristic function of an integer valued random variable then

1 4 —q
pl) = 5= [ ottt

Proof. (a). Define

1 c _—ita _ ,—ith 1 c ,—ita __ ,—ith oo
o = _/ c_-° o(t)dt = — e -¢ / " dF (x)dt.
—c it e it oo

27 2
1 ¢ [ le
L

By Fubini’s theorem, if
then swapping the order of integration is permitted. Note that

—ita —ith
— ¢ itx

dF(x)dt < oo

—ita —itb —ita —itb b
e " —e - e " —e —

. ezt:v — — e zt:vdx

it @
< / le”"*|dz  <— Jensen’s for integrals
=b—a.

Therefore,
—ita __ efitb

eztx

1 [¢ [ |e
1.

Hence we can swap. Therefore,

ﬂm@ﬁgé%/i[:@—amF@yu:m@—ay<m.
I

(z)=1

fzta _ efztb
%_/ / £t ctdtar(a)

::wc
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- — dt.
Ve 2 or J_. it it

1 /c e—ita _ o—ith g _ i ¢ pit(z—a)  it(z—b)
it

Note that when we integrate e /it over some interval [—c, c] it is the same as integrating e® /2it —

00 sm(u)

(symmetry) hence (using that [~ du = 7), assuming a < b,

e = 1 /c sin(t(x — a))dt 1 /C sin(t(x — b))dt

27 t 27 t
_ 1 @=a) gin(u) du— 1 @=b) gin(u) du
27 —c(x—a) U 27 —c(z—b) u
a<b<z %ﬂ — %77 =0,
a<z<b £m—o(-m) =1,
— 1 1 _
il r<a<b 5( fr)—g(—lﬂ)— ,
r=a  0—E(-m =14,
x=0b %ﬂ -0= %

48

e /2t

The various cases come from the positivity of the limits. Can we swap limit and integral? [i.| < k uniformly

in z and ¢ so yes, by Dominated Convergence.
. . * < 1 1
tim oo = Jim [~ vedP(@) = [ i vedF(@) = e, + Gula) + 5t}

(b). Let f(z) = 5= [*2 e @ p(t)dt and show that this is the density.

—0o0

A f(x)dx = %/b / e " p(t)dtdr <— Fubini /b / le" " p(t)|dtdr = (b — a)/ lp(t)|dt

N———

<o

— / / _’mdﬂ:gp

—zta _ —ztb
=— | = )t
o) W
1 c efzta e ith
=1 — t)dt
o o /_ . el
1

1
= p(a,b) + §,u{a} + §,u{b} = continuity.

Note that by continuity we have that u{a} = u{b} = 0. With this the above display proves (b).
(c). Similarly as (a):

1 [° 2
- eiltagp(t)dt - 7Zta / ztmdF

2c J_.

= / P / @~V qtdF(x). <+— Fubini

When x = a,
1 ¢ it(x—a) 1 ¢
Ye(x) = [ e dt =— [ 1dt =1,

2c J_, 2c J_,

whereas for z # a

—0

’llz) (l‘) _ i /C eit($_a)dt _ el'c(fl'*a) — e*iC(xfa) . Sin(c(x — a))

2c 2ic(z — a) - c(z—a)

as ¢ — 00. Also, |[¢.(z)| < 1 uniformly in ¢ and z, therefore Dominated Convergence applies and

lim 1 /_c e Mp(t)dt = lim b Ye(x)dF (x) = /OO clggo Ye(x)dF(x) = p{a}.

c—o0 2¢ c—oo | oo
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1 [T 1 (™ . [
o e "Fo(t)dt = e etk /_OO " dF (x)dt
/ / le~ kel | dF (2)dt = 21 < 0o —> =5 / / @R dtdF ().
—7 J—00 TJ-cod—m

Similarly to the previous calculation, for x = k
1 ™ . 1 ™
Y(x) = —/ etk gy — —/ 1dt =1,
2 J_, 27 J_,

whereas for any other integer z,
() 1 /7r efte=k) gy — ¢ — 7 sin(r(x — k)

T on 2mi(x — k) - m(x — k) =0

and we are not interested in non-integer x as the distribution is integer-valued (dF' has only discrete masses
at integers). Plugging this back we have

- [ etetnde= [ ww)ar ) = plk) = p(h),

2r ) q

13.12. Corollary (of (c)). If ¢(t) — 0 as |t| = oo then u has no point masses (converse not true).

Proof. Let X and Y have characteristic function ¢ and be independent. Then

px-y (t) = B = o(t)p(t) = (1) .

By the inversion formula (c),

c—oo 2¢

1 [ 1 [c
P(X=Y)=P(X -Y =0) = lim —/ e O)p(t)?dt = lim —/ lo(t)2dt.

—C

Claim that this limit is 0. Fix ¢ > 0. As |¢(t)|> — 0 as [t| — co there exists § > 0 such that [t| > § implies
lo(t)]? < e. Note that for all [t| < § we have |¢(t)|? < 1 as a requirement of ¢ (properties above).

For all ¢ > 6,
L[ ewpa = o [ ewras & [ eopas & [eora
2c 70(,0 2 764,0 2c ,5('0 205('0
(c—=0d0) 20 (c—0d)e ¢ £
<Ly - =e
ST Tact T, Taptitg=e
So P(X =Y) =0. Let a € R be arbitrary. Then P(X = a)? =P(X = a)P(Y =a) <P(X =Y) = 0. O

14. WEAK CONVERGENCE, CENTRAL LIMIT THEOREM

We start with technicalities to prove the Prokhorov’s Theorem, then the Continuity Lemma which connects
the convergence of characteristic functions to that of distributions. The Central Limit Theorem will then
be an easy consequence of this Lemma.

14.1. Definition (Relatively compact). A family P of distributions is relatively compact if any sequence
(1n) € P has a subsequence which converges weakly to a probability distribution.

14.2. Example. F), = 1 x~,) is not relatively compact since any subsequence converges to 0, which is not
a probability distribution.
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14.3. Definition (Tight). A sequence of distributions (u,,) is tight if for all € > 0 there exists a compact
set K (that is bounded and closed in R™) such that

sup pn (Q\K) < e.
neN

14.4. Definition (Generalised distribution function). A generalised distribution function is a function G :
R — [0, 1] which is

e non-decreasing;
e continuous from the right;

e 0 <lim,, o G(z) <lim; o G(z) < 1.

14.5. Lemma. If (G,) is a sequence of generalised distribution functions then there exists a subsequence
ny and a generalised distribution function G such that for all x € R for which G is continuous

klg]g() Gp, (x) = G(z).

Proof. Let T be a countably dense subset of R, e.g. Q. Then T' = {x1,,...}, T = R.
(1) As Gy, (z1) € [0,1], Gy, has a subsequence G ,, such that Gy ,(z1) — g1.
(2) As Gip(x2) €]0,1], Gy, has a subsequence Ga,, such that Ga ,,(z2) — g2.
(3) As Goy(x3) € [0,1], G2, has a subsequence G3,, such that Gs,,(z3) — gs.

Hence we have a subsequence Gy, , which converges for all z € T', namely Gy, ,(x) — gi. Define
GT(mk) = lim Gn,n(xk) = gk-
n—oo
We now wish to extend G onto the whole of R. Define, for x € R,
G(z) =inf{Gr(y) :y e T,y > x}.
Claim: G(x) is non-decreasing. Let z; < z3. Then
G(z1) =inf{Gr(y) :y e T,y > x1} <inf{Gr(y) :y € T,y > z2} = G(x2).
Claim: G(z) is right continuous. Fix = € R and let (z,) be any sequence such that x,, \, x. Well as z,, is
decreasing
inf{Gr(y):yeT,y >z} >inf{Gr(y) :y €T,y >z} > - >inf{Gr(y) : y € T,y > x,}

and therefore this sequence G(z,,) has a limit which we need to show equals G(x). It is clear from mono-
tonicity that lim, o G(z,) > G(z), so by contradiction suppose

lim G(z,) > G(x) =inf{Gr(y) :y € T,y > x}.

n—oo

Then there must bea T > y > x with Gp(y) < lim,, G(z,,), which is a contradiction as for large n, x < z, <y
occurs and T is dense in R.

Claim: The third property of generalised distribution functions is immediate from 0 < Gr(y) < 1 for all
yerT.

It remains to show that G, ,(z) — G(z) where G continuous. Fix 2o such that G is continuous at z,. Take
y € T with y > 2. Because G, is a generalised distribution function ergo non-decreasing,

limsup Gy (20) < limsup G, »(y) = Gr(y).
n—oo n—oo
Taking the infinum over y € T, y > 2o,
limsup Gy, »(20) < inf{Gr(y) 1y € T,y > 20} = G(20).

n—oo
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Take z1 < zp, since T is dense in R there exists y € T such that z; <y < z9. By definition G(z1) < Gr(y)
SO

G(z1) < Gr(y) = Lm Gnn(y) = liminf G, »(y) < liminf Gy, ,(20).

n n—o0 n—oo

By the continuity at zg, G(20) = lim., ., G(21) and therefore
G(z0) < 1irr_1>inf Gnn(20).

All in all
G(z0) < lirginf Gnn(20) < limsup Gy, n(20) < G(20)

n—oo

which implies the result. O

14.6. Theorem (Prokhorov). If Q is a complete separable (contains a countably dense subset) metric
space (e.g. R) then a family of distributions P is relatively compact if and only if it is tight.

Proof. We give the proof for {2 = R. Suppose P is tight. Let F}, be a sequence of distributions in P. Let F,,
be a subsequence which converges to a generalised distribution function G (exists by the previous lemma).
We show that tightness implies that the limiting distribution is proper.

Fix € > 0, a < b € R such that

sup fin(R\[a,b]) < ¢
neN

which can be done as the sequence p, is tight.

Fact. If f: R — R is an increasing function then the set of points for which f is discontinuous is at most
countable.

Proof of the fact. Let A C R be the set of points for which f is discontinuous. For x € A, f(z7) < f(z™)
since f is increasing. Hence there exists ¢ € Q such that f(z7) < ¢ < f(z™). Define the function g : A — Q,
x +— ¢. This construction is not unique, but we claim that for any selection g(z) € Q under this procedure
is injective. Indeed, fix x,y € A such that x # y and without loss of generality assume x < y. Then
f(z™) < f(y™) (equality option possible if f constant between x and y). Moreover

fla™) <gle) < f@) < fly™) < aly) < fly™)
and so g(z) # g(y). So g is injective. So A is at most countable.
Thus there exists @’ < a < b < b such that G is continuous at a’ and b'. Then for all k
1—& < pin, [0, 8] < pin, (V] = B, (V) = Fr, (d) = G(d) = G(V)
as k — oo as G is continuous at these points. Taking &’ — oo and @’ — —oo we see that for all € > 0

lim G(b') — lim G(d')>1—-¢ = =1.

b 00 a' 00
Conversely, suppose that (u,) is relatively compact. For a contradiction, suppose (u,) is not tight.
Then there exists € > 0 such that for all K C 2 compact, sup, ey pin(Q\K) > €.

— Je > 0,VK compact, Ju, such that p,(R\K) > e.

= Je > 0,Vm, Ipy, such that p,(R\[—m,m]) > .

Hence there exists a subsequence p,, = of yu, such that for all m, u,,  (R\[-m,m]) > e.

Since uy, is relatively compact there exists a further subsequence J— 2 u for some probability measure
1.
For all m,d > 0 define f,, 5 by
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f7n,5(z)

-l

—m + 0

Clearly p,,, (R\[-m,m]) = fR\[im m) S8 (@) dpin,, (x) as on here it’s equal to 1. Hence

00 TN
i B\ ,0) < [ s, (225 [ @) [ L)) = R\ )

The first convergence follows from the definition of weak convergence (convergence of expectation of contin-
uous bounded function, the Lebesgue integral w.r.t. the measure is the expectation).

Since for all m we have pu,,, (R\[—m,m]) > ¢, the weakly convergent subsequence also satisfies this.

& < iy R\~ i) =5 & < Hmsup i, (R\ [~ my]).

k—o0

my is a strictly increasing sequence and hence for sufficiently large k, my > m. So eventually, [-m, m] C
(=, mi] = R\[=mpg, mi] € R\[=m,m] = pn,, (R\[=mg,mi]) < pin,, (R\[=m, m]).

Hence
e < limsup iy, (R\[=my, my]) < limsup g, (R\[=m,m]) < p(R\[=m,m]) "=5°0.
k—o0 k—o0
The last inequality follows from the construction of f,, ;.
Contradiction as € > 0. Hence (p,,) is tight. O

14.7. Lemma (1). Let () be a tight sequence. If every subsequence of (p,) which is weakly convergent
converges weakly to the same limit p then py, — L.

Proof. Assume that ,, £ p. Then there exists a bounded and continuous function f such that

[ t@diat@) £ [ s@yinta)

By definition of convergence in reals, there exists € > 0 and a subsequence s such that
[ t@duat@) - [ f@duto (%)

By Prokhrov’s theorem, as (u,) is tight, it is relatively compact. Hence every sequence in (p,) contains
a subsequence which is weakly convergent to a probability measure. Hence there exists a subsequence n”
of n' which is weakly convergent to a probability distribution. By the assumption, p,» — (all weakly

for all n'.

w
convergent subsequences — ). Hence

[ F@duanto) = [ fa)aute)

This contradicts (). O
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14.8. Lemma (2). Let (up) be a tight sequence on R. Let u, have characteristic function ¢,, that is
on(t) = [ € dp,(z). Then p, converges weakly if and only if for all t € R lim,, o0 ¢n(t) exists.

Proof. Let (u,) be tight.

Suppose fin, — p. Then for all bounded continuous f,
[ t@dnata@) > [ f@)inta).

In particular as ¢® is bounded (by 1) and continuous
onlt) = [ o) > [ (o) = p(0)

Conversely suppose that lim,, o, ¢, (t) exists. As (i) is tight, it is relatively compact by Prokhorov. Hence
there exists a subsequence p, — u for some probability measure p.

Suppose that p, 4 u (leads to contradiction).

If ,y is the only weakly convergent subsequence then i, — 1 by lemma 1. So by the negation of lemma 1,
there exists another subsequence of n (not of n') say n” such that p,» — v # L.

As limy, 00 ¢n (t) exists, all subsequences of ¢, (t) converge to the same limit. Therefore
ou(t) = lm @, (t) = lim @,(t) = lim @, (t) = eu(t).
n'’—oo n—o0 n/—o00

Since characteristic functions are unique to measures we have a contradiction. O

14.9. Lemma (3). There exists k > 0 such that for all a >0
/ dF(x) < E/ [1— Rep(t)]dt.
2> 3 0

a

Proof.

IS
| —

1 / h cos(ta:)dF(a:)] dt

—00

[1— cos(tz)|dF(z)dt +— as /dF(m) =1

Q
|\
28 8

\\é\g%%

l
a
1
a
1
Fubini — = — [1— cos(ta)|dt dF (z)

a

1 [t B sm(tx)] AP ()
@ J—oo T li=o0

1 [t B sm(tx)] AP ()
@ J—oo T li=o

1 y sin(ax) d4F ()
a —00

_ / 1 sin(ax) AP ()

o ax
—_————
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_ sin(ax) .
> /|a:1:21 1 dF (z)

ax
N———
>0

1
> —dF(x
/|ale k ( )

Reducing the size of the domain of integration makes the value smaller since the integrand is nonnegative
everywhere. Since we never integrate over = 0 on the reduced domain, for which the integrand is equal to
0, the integrand is strictly greater than 0. Hence there exists k such that the integrand is strictly greater
than k=1 O

14.10. Theorem (Continuity lemma). Let (1) be a sequence of distributions and (vy,) the corresponding
sequence of characteristic functions.

(1) If pt = 1 then @n(t) — @(t) as n — co.

(2) If for allt € R, p(t) = limy, 00 @n(t) exists and is continuous at t = 0 then ¢ is the characteristic
function of a probability measure 1 and pi, — .

xT

Proof. (1) is trivial by the definition of weak convergence, noting that ¢ — € is a bounded continuous

function.
To show (2) we
(1) Show that pu, is tight;
(2) Invoke lemma 2 (which is the result when tightness is assumed).

By lemma 3,

11 k [¢
ﬂn(R\(__a _)> = / dﬂn(x) < _/ [1 - Re@n(t)]dt'
2> 3 @ Jo

Aim to apply DCT. Bounded? |1 — Reg,(t)] < 1+ |Repn(t)| < 1+ |pn(t)] < 2 (application of Jensen’s
inequality, above). Furthermore 1 — Rey, (t) — 1 — Rep(t) for all t € R by the assumption. By dominated
convergence

11 k [® n—oo k[ a

[in (R\(——, —)) < —/ [1 - Rep,(t)]dt =3 —/ [1— Rep(t)]dt =3 0.

0 0

a a

To prove the last convergence note that ¢ continuous at ¢ = 0 implies that lim;_,o ¢(t) = ¢(0) = 1. Fix
e > 0. Then there exists § > 0 such that |[t| < § implies |1 — ¢(t)] < €.

So [1 —Rep(t)| = [Re(1 — (1)) = /|1 — ¢(t)]2 — Tm(1 — ()2 < |1 — ¢(t)| < € too. Moreover, for any
a <4,

ko[ ko[ ke (o
—/ [1- Regp(t)]dt' < —/ 1 — Rep(t)|dt < —6/ dt = ke.
0 aJo a Jo

a

So the integral can be made arbitrarily small.

So for fixed e there exists sufficiently small a such that u,(R\(—1/a,1/a)) < e. Choose any compact set K
such that (—1/a,1/a) C K, then p,(R\K) < p,(R\(—-1/a,1/a)) < e. Then sup,cy pn(R\K) < e. Hence
(1) is tight.

Applying lemma 2 gives the result. O



PROBABILITY 3 REVISION NOTES 55

14.11. Lemma. IfE|X|" < oo for some n > 1 then ast — 0

p(t) = (k? EX* + (ignou).
k=0

Proof. By the Taylor expansion of exp we have for some random ©1, ©9; |01 < 1,|02] < 1,
p(t) = EB”X

{3
I

n!

(cos(@ltX) + iSin(Gti))}

ol
3HM\
N

ti L (@X)"
tX

(itX )"

(cos(©1tX) + isin(OgtX) — 1)]
k

) EXk (th E|X"(cos(01tX) + isin(OtX) — 1)}

n!

k=
Note that | cos(©1tX) + isin(thX) — 1] < 3 and goes to 0 as t — 0 hence by DCT the whole expectation
goes to 0 as t — 0 (as EX™ < 00) so equal to o(1). O

14.12. Theorem (Weak law of large numbers). Let (X,,) be an i.i.d. sequence of random variables with
EX; = m finite. Then

Proof. Show converges weakly and then that it converges in probability.

Let S, = > p_; Xi. Then

s = s, (£) =TTon (£) = [on (F)] = (1+ 22+ 20 s om

Hence % Y1 Xk = m. The following fact implies the result.
Fact. Weak convergence and convergence in probability are equivalent when the limit is a constant.
Proof of the fact. Suppose X,, — c¢. Then

P(|Xp, —¢c|>e) <P(X,,<c—¢e)+P(X, >c+e)=Fyc—¢e)+1—F,(c+¢e) = 0.
Conversely suppose X, L ¢. Then

Folc=e)+1—=Fy(c+¢e) <P(X,<c—e)+P(X, >c+e)=P(X, —¢| >¢) =0,

or limsup,,(F,(c—¢)+1—F,(c+¢)) <0, liminf, (F,(c+¢)— F,(c—¢)) > 1 which forces lim,, F},(c+¢) =
and limnFn(c—s):0by0§Fn(c+e),F (c—e) <1 O

14.13. Theorem (Global central limit theorem). Let (X,,) be an i.i.d. sequence of random variables
with B| X |> < oo (= E|X}| < 0o by Cauchy-Schwarz or Lyapunov). Put EX; = m, VarX; = 0% and
Spn = p_1 Xi. Then

Sp—nm

e N,
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Proof. By the continuity lemma we show IF’(SZ_% <a)— ®(a).

Case 1. m =0, 0 = 1.

t fi t t\1" L itm tQEXQ 752(1)”_> 2
n prng _— prng ) B — = . B — prng _— ——0 e s
PR T\ X\vn) T 1P\ Vo =~
k=1 ~ =1
m=0
the Standard Normal characteristic function.
Case 2. General m and o.
Sp—nm Y ore1 X’“O_m
ovn N

Each term has mean 0 and variance 1 so the previous case applies. O

14.14. Theorem (Poisson central limit theorem). Let X ~ Poisson(\). Then

X_Aw
A=A w0,
o o Noy

Proof. Can prove using characteristic functions (homework) or using a sneaky trick and the central limit
theorem.

Note X < > ,E)‘:Jl X} where X}, ~ Poisson(\/|[A]). Then use central limit theorem. O

14.15. Theorem (Cramér-Berry-Esseen). Let X; be i.i.d., EX; = 0; E|X;|? = 02 and E|X;|® < oo.
Then there exists ¢ € [\/LQ—W,O.S) such that

Sgp‘P<af}% < a> —®(a)| <

cE| X3
o/’

No proof given.

14.16. Example. X; ~ Bernoulli(1/2). Note that this isn’t centered! Let X; = X; — EX;. Then EX; =
0; VarX; = VarX = 1/4. Take n = 10 i.i.d. copies of these. On one hand, P(S19 < 6) = 0.8281 by direct
calculation with the Binomial(10,1/2) mass function. On the other hand, the CLT gives

Sio—10- 4 65—10-%> <65—10-%

P(S1o < 6) = P(Sy < 6.5) =P 2 < — =
(S10<6) (S10 £6.5) (%\/1—0 = 1.0 310

The difference is 0.8389 — 0.8281 = 0.0108. The Cramer-Berry-Esseen bound would be, with IE)Z'Z?’ =1/8,

1/05\//% ~ (.25 for this difference.

):0%%.

14.17. Theorem (Local central limit theorem). X; i.i.d., EX; = 0; VarX; = 02 < oo with X; absolutely
continuous with bounded density function. Then

iIP S < 1 -2
dx o n_:'3 \/271-6 -

lim sup
n—oo

That is, the densities become close.

No proof given.
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14.18. Theorem (Lindeberg central limit theorem). Let {X,, ,, : n € N,1 <m < N,} be a set of random
variables such that

o EX, ,n =0;

e VarX, ,, = Ug,m < 00y

Sn = Z%":1 Xn,m;'

For fized n, Xy, 1, Xn2,...,Xn N, are independent;
= VarS, = Zﬁ" L2 ms

The Lindeberg condition holds, that is, for all € > 0,

n—00 g7

N,

. 1 &

lim — § E( nm7‘Xnm‘ > eoy) = 0.
=1

Then P(Sy,/opn < a) — ®(a) as n — oo.

No proof given.

14.19. Remark (Intuition behind the Lindeberg condition). Fix ¢ > 0.

P EX2,
on o
E( nma|Xnm| > eoy) + E( nma|Xnm| <eop)
— =
E(X72 0 | Xnm| > e0m) + 202

ok
= —E(X,% i | Xnm| > €0) + €%,
Un
2

The Lindeberg condition states that this quantity stays small, in other words no individual variance oy, ,,

plays a macroscopically visible role in the sum 2.



