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This is a sketch of the Selberg sieve method as coverd in [MVO07].

1 Motivation and consequences.
When z,y € R and P is a positive integer we define
S(z,y; P):=#{ne€Z:x<n<zx+yand (n,P)=1}.
If p is a prime in the interval (z,z + y| then either p|P or (p, P) = 1. Thus
m(z +y) —m(z) <w(P)+ S(z,y; P), (1.1)

where w(P) is the number of distinct prime factors of P. An upper bound on
S(z,y; P) is therefore of patent interest. Using the Selberg sieve method we can
obtain the following bound:

Theorem 1.1. Let z,y,z € R withy >0 and z > 1 Then for any P € N
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S(z,y; P) < Tr() +0 (LP(Z)2) (1.2)

where

To utilise (1.2) we must find a lower bound for Lp(z). To this end take
P= Hpgz p, which ensures

Now for square-free n
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where s(m) is the square-free kernel of m. Hence for this choice of P
LP(Z)ZZM(TL)Q Z 1o Z LN Z 1 > log 2.
= — m — m - m -
n=z s(m)=n s(m)<z ms#

Setting z = y'/2 and P, = Hp<\/§p we obtain the following corollary of theorem
1.1: B

Corollary 1.2. For real x,y with y > 1
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w(py) < yl/Q <

(logy)*’
So combining (1.1) and (1.3) we have:

Corollary 1.3. Forxz >0 andy > 1

(@ +y)— () < lj:y (1 +0 (10;)) .

2 Proof of Theorem 1.1

Clearly we can assume P to be square-free. We will use the z in the statement
of our theorem as a ‘cut-off’ parameter. To this end, let (Ag)q4en be a sequence
of real numbers satisfying A; =1 and Ay =0 for d > z. Then trivially
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We use this and standard tricks for manipulating divisors sums to derive the
following estimate:
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Next we proceed to diagonalise the quadratic form Q((Ad)d) = Z el It
dp
e|P

will be clear from the resulting diagonal form how to minimise |Q — Lp(z)~}|
(in fact we will be able to attain zero). Because our change of variables turns
out to be invertible, we will then be able to extract the optimal choice for the
Ag.

Since ¢ * 1y = idy, we have
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Inputting this into our formula for Q and changing the order of summation, we
have

Q=" S ko5 = Y61 3 2l =S o,
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where yr = Z =, Using the same change in order of summation found in
f1d|P
the proof of Mobius inversion, it can easily be shown that

A
yr= > Fd forall f <= Ag=d Y ysu(f/d) for all d.
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Consequently

A1:1<:>nyu(f):1 and Ag=0ford>z < ys;=0for f>0.
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Completing the square, it can be checked that
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The right-hand side above can be made to equal zero by setting

p(f)
é(f)Lp(2)

yr = when f <z, yy =0 when f > z.

Fortuitously, this choice of y; also satisfies Z yru(f) = 1. It remains to bound

fIP
the error term.

Since P is square-free, if d|P and e|P/d then (d,e) = 1. So
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Therefore
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It follows that

Z¢ ZZ” -y 4 { }gzzr(;(r)«z. (2.2)

d<z/e d<z/e r|d T<z/e r=1

The last step in the above inequality assumes
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for some € > 0. To show this we first note that
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Thus

which establishes (2.3).
Inputting (2.2) into (2.1) we have
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which is the required estimate for our error term.
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